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1 Number fields with PARI/GP
We consider the field K = Q[x]/(x3 − 19). We set α = x mod f(x). We can compute once

for all a lot of arithmetic invariants of this number field by typing.

f = xˆ3-19;
F = bnfinit(f);

For example

F.pol;
> xˆ3 - 19

returns the polynomial f(x). A basis for the ring OK of integers is also computed once for all.

F.zk;
>[1, 1/3*xˆ2 + 1/3*x + 1/3, x]

Every element in this basis is given by its coordinates in the power basis generated by α =
x mod f(x). The first element in the basis is always

β1 = 1.

The second element is

β2 =
α + α2

3

in this case. The third element is
β3 = α

here.
Elements in K can be given by their coordinates in the basis (β1, β2, β3) of the Z - moduleOK.

They can also be given as classes modulo f(x). We can easily change from one representation to
the other one.
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nfalgtobasis(F,xˆ2)
>[-1, 3, -1]˜
nfbasistoalg(F,[1,2,3]˜)
>Mod(2/3*xˆ2 + 11/3*x + 5/3, xˆ3 - 19)

It is possible to multiply and divide two elements in K given by their coordinates in the basis
(β1, β2, β3).

a=nfalgtobasis(F,x)
>[0, 0, 1]˜
b=nfeltmul(F,a,a)
>[-1, 3, -1]˜
nfeltdiv(F,b,a)
>[0, 0, 1]˜

The index of Z[α] inside OK is

F.index
>3

The divisor class group of OK can be computed also

G=F.clgp
>[3, [3], [[2, 1, 1; 0, 1, 0; 0, 0, 1]]]

We obtain its order, its group structure as an abelian group, and a system of generators. We have
a single generator γ1 here. The class γ1 is given by an ideal i1 in it. This ideal is given by a basis
as a Z - submodule inside OK.

I1=G[3][1]
>
[2 1 1]
[0 1 0]
[0 0 1]

Here i1 is the Z - module generated by 2, 1+β2 = 3+α+α2

3
and 1+β3 = 1+α. These correspond

to the three colums of the matrix above. Ideals in OK can be represented by such bases, as Z -
modules. They can also be given by a system of two generators (the first one beeing a rational
integer) as OK - modules.

idealtwoelt(F,I1)
>[2, [1, 1, 0]˜]

Conversely, given two elements u and v inOK, we can compute a Z-basis for the idealOKu+OKv
they generate in OK.
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idealhnf(F,2,[1,1,O]˜)
>
[2 1 1]
[0 1 0]
[0 0 1]

The different d of OK can be obtained in either forms.

F.diff
>
[57 0 20]
[0 19 16]
[0 0 1]
idealtwoelt(F,F.diff)
>[57, [20, 16, 1]˜]

We can recover the polynomial defining K, its complex roots, the signature, the discriminant of
OK.

F.pol
>xˆ3 - 19
F.roots
>[2.668401648721944867339627372,
-1.334200824360972433669813686 - 2.310903615293484117027112563*I]
F.sign
>[1, 1]
F.r1
>1
F.r2
>1
F.disc
>-1083

We also obtain informations about the unit group U , namely : the regulator, the size of the
cyclic group of roots of unity µ(K), and a generator for this group, a system of fundamental units.
Every unit can be expressed as a combination of these fundamental units and the appropriate root
of unity.

F.tu
>[2, Mod(-1, xˆ3 - 19)]
F.reg
>2.629072959873913406745676565
F.fu
>[Mod(1/3*xˆ2 - 2/3*x - 2/3, xˆ3 - 19)]
a=%[1];
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b=Mod(14/3*xˆ2 - 10/3*x - 73/3, xˆ3 - 19);
bnfisunit(F,b)
>[3, Mod(1, 2)]˜
b+aˆ3
>0

We can compute prime ideals above a given rational prime, the ramification index, and the
inertia degree. Above 3 we have one unramified prime ideal p3,1 of residue degree 1 and one
ramified prime p3,2 with ramification index 2 and residue degree 1.

L=idealprimedec(F,3)
>[[3, [-2, -1, 0]˜, 1, 1, [2, 2, 1]˜], [3, [0, 1, 0]˜, 2, 1, [2, 0, 1]˜]]
P_3_1=L[1]
>[3, [-2, -1, 0]˜, 1, 1, [2, 2, 1]˜]
P_3_2=L[2]
>[3, [0, 1, 0]˜, 2, 1, [2, 0, 1]˜]
P_3_1.e
>1
P_3_1.f
>1
P_3_2.e
>2
P_3_2.f
>1

We can add, multiply, and intersect ideals given in any form. The result is given by a basis as
a Z - module. Division may result in a fractional ideal.

idealmul(F,F.diff,P_3_1)
>
[57 0 20]
[0 57 54]
[0 0 1]
idealintersect(F,P_3_2,P_3_1)
>
[3 0 2]
[0 3 0]
[0 0 1]
idealtwoelt(F,%)
>[3, [-1, 0, 1]˜]
idealadd(F,P_3_2,P_3_1)
>
[1 0 0]
[0 1 0]
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[0 0 1]
idealdiv(F,F.diff,P_3_1)
>
[57 0 134/3]
[0 19 35/3]
[0 0 1/3]
idealtwoelt(F,%)
>
[57, [-37/3, 35/3, 1/3]˜]
idealinv(F,P_3_1)
>
[1 0 2/3]
[0 1 2/3]
[0 0 1/3]

We can compute norms of elements and ideals. We can check if an element belongs to an
ideal. We can factor an ideal (an element) of K.

a=Mod(-1/3*xˆ2 - 1/3*x - 7/3, xˆ3 - 19);
norm(a)
>-12
idealnorm(F,P_3_1)
>3
nfeltreduce(F,a,idealhnf(F,P_3_1))
>[0, 0, 0]˜
idealfactor(F,F.diff)
>
[[3, [0, 1, 0]˜, 2, 1, [2, 0, 1]˜] 1]
[[19, [0, 0, 1]˜, 3, 1, [-1, 3, -1]˜] 2]
idealfactor(F,idealhnf(F,x+1))
>
[[2, [3, 0, 1]˜, 1, 1, [0, 1, 0]˜] 2]
[[5, [1, 0, 1]˜, 1, 1, [0, -2, -2]˜] 1]

For every ideal, we can compute its class (as a combination of the known generators for the
class group).

bnfisprincipal(F,F.diff)
>[[1]˜, [-3, -1/2, -3]˜]
nfbasistoalg(F,%[2])
>Mod(-1/6*xˆ2 - 19/6*x - 19/6, xˆ3 - 19)

This means that the class of the different d is the class γ1 and the quotient di−1
1 is the principal

ideal generated by
−3β1 − β2/2− 3β3 = −(α2 + 19α + 19)/6.
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Question 1 Solve the following Diophantine equations :

x2 − 7y2 = 1,

x2 − 5y2 = 1,

x2 + 11y2 = 1.

Question 2 Solve the following Diophantine equation :

x2 + 29y2 = 1045.

Question 3 Find all integers with norm 6 in K = Q[x]/(x3 − 19).
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