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Master mentions Mathématiques et Informatique

Enseignant responsable : Jean-Marc Couveignes.

Examen du 15/12/2011, de 8h30 à 11h30 (trois heures)
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Exercise 1 : Using Chinese remaindering theorem, find the smallest positive integer n such
that n is congruent to 30 modulo 35 and n is congruent to 23 modulo 77.

Exercise 2 : Let G = (Z/7Z)∗ and let f : Z3 → G be the application that maps (x, y, z)
onto 2x3y5z. Let L ⊂ Z3 be the kernel of f .

Compute a basis for L.
Let A be the 3 by 3 matrix whose columns are the vectors in this basis. Compute the

Hermite normal form of A.
Compute the Smith normal form of A. Give the invariant factor decomposition of the

image of f .

Exercise 3 : Illustrate Berlekamp’s algorithm on the polynomial x6+x+1 in F2[x]. Describe
every step in detail.

Exercise 4 : Let K = F2[x]/(x6 + x+ 1).
How many elements in K∗ generate it as a multiplicative group ?
How many elements in K generate it as an F2-algebra ?

Exercise 5 : For every i in Z/4Z let Li ⊂ {0, 1}∗ be the language consisting of the binary
expansions of all non-negative integers in the class i.

Prove that Li is a regular language (give an automaton that accepts it).
Let f : {0, 1}∗ → {0, 1}∗ the involution defined by f(ε) = ε and f(b1b2 . . . b`) = b`b`−1 . . . b2b1

for every ` ≥ 1 and bk ∈ {0, 1}. So f associates to every word its reversion.
For every i in Z/4Z let Ti ⊂ {0, 1}∗ be the image of Li by f .
Prove that Ti is a regular language (give an automaton that accepts it).

Exercise 6 : Prove that 2 is a generator of (Z/19Z)∗.
Prove that (x19 − 1)/(x− 1) = x18 + x17 + · · ·+ x3 + x2 + x+ 1 is irreducible in F2[x].
Describe all binary cyclic codes of length 19.
Give the dimension and minimal distance of each of them.
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Exercise 7 : Let d ≥ 1 be an integer. Let M be a d× d matrix with integer coefficients. Let
L ⊂ Zd be the lattice generated by the columns of M . Assume that det(M) is non-zero.

Prove that the index of L in Zd is the absolute value of det(M).

Exercise 8 : Let K be a number field and OK its ring of integers. Remind the norm of a
non-zero ideal I ⊂ OK is defined to be the cardinality of the quotient OK/I. Remind the
norm of an element α ∈ K is the determinant of the Q-linear map µα : K → K defined by
µα(x) = αx.

Assume α belongs to OK. Prove that the restriction of µα to OK defines an endomorphism
of the free Z-module OK.

Prove that the absolute value of the norm of α is the norm of the principal ideal (α).

Exercise 9 : Let K be the quotient Q[x]/(x2 − 15).
1. Prove that K is a field and give all its embedings in C.
We set α = x mod x2 − 15. Compute the ring of integer OK and its discriminant.
2. Factor 2, 3, 5, 7 and 13 as products of prime ideals in OK. For each prime ideal

containing one of the above prime integers, give the ramification index and inertia degree.
Factor 1 + α as a product of prime ideals in OK. Same question for 1− α.
Give an element of infinite order in the group of units of OK.
3. Let σ : K→ K be the unique Q-linear map such that σ(1) = 1 and σ(α) = −α. Prove

that σ is a field automorphism.
Prove that the group of field automorphisms of K is generated by σ.
Prove that σ induces an automorphism of the Z-module OK.
Let I ⊂ OK be an ideal of OK. Prove that the image σ(I) of I by σ is an ideal of OK.
Prove that the image of a fractional ideal I ⊂ K is a fractional ideal.
For I and J two (fractional) ideals prove that σ(IJ) = σ(I)σ(J).
Prove that σ acts on the group of fractional ideals. Prove that the subgroup of principal

ideals is stable under this action. Deduce an action of σ on the class group.
4. We want to prove that the unique prime ideal p3 ⊂ OK containing 3 is not principal.

We assume on the contrary that p3 = (β) is principal.
Prove that σ(β) = −β.
Prove that β2 = ±3.
Why is this impossible ?
Deduce that the class group of OK contains a subgroup isomorphic to Z/2Z.
5. Prove that for every positive integer r there exists a quadratic field K such that the

class group of OK contains a subgroup isomorphic to (Z/2Z)r.
6. We just proved that the class group of the ring of integers of a quadratic field can have

arbitrarily large order. What about the exponent ?
Given a positive integer e, construct an imaginary quadratic field K and an ideal p in OK

such that the class of p has order bigger than e.

2


