Fourier dimension and spectral gaps for stationary
measures on circle
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1 Introduction

Definition 1.1. Let C7(P(R?)) be the space of y—Hélder function on P(R?). For z € C, let P,
be an operator on C7 given by

P.f(z) = /ezlogllg;f(gx)du(g), where x = Rv € P(R?).

Theorem 1.2 (Spectral gap). Let pu be a Borel probability measure on SLa(R) with finite expo-
nential moment, such that the support of i generates a Zariski dense subgroup.

For every v > 0 small enough, there exists 6 > 0 such that for all |b] > land |a| small
enough the spectral radius of P,y acting on C7(P(R?)) satisfies

p(Patip) <1—34.

This should be compared with random walks on R. Let u be a Borel probability measure
on R with finite support. Then
liminf |1 — 4(ib)| = 0.
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The proof is direct. Let {x1,...,2;} be the support of u. Then [i(ib) = Z1§j§lﬂ($j)eibxj,
and we only need to find b such that the terms are uniformly near 1. Using the fact that
lim infp_o0 dgi (b(z1, . . ., 27), 27Z") = 0, we have the claim.

We can also compare with the counting problem in hyperbolic surfaces. The spectral gap is
used to obtain an exponential remainder term as in [LP82], [Nau05] and [Stoll]. An analogue
application is given in Section 5.1, that is an exponential remainder term in renewal theorem.

The main ingredient for proving these result is a property about the power decay of the
Fourier coefficients of the p-stationary measure.

Theorem 1.3 (Fourier decay). Let p be a Borel probability measure on SLao(R) with finite
exponential moment, such that the support of u generates a Zariski dense subgroup. Let X =
P(R?) and let v be the p-stationary measure on X.

For every v > 0, there exists g > 0 depending on p such that there exists §1 > 0 such that
the following holds. For any ¢ € C*(X), r € C7(X) such that |¢'| > |£|7 on the support of r,
Ir| <1 and

lellez + ey (r) < [€1°,
then
\/eig‘p(gﬁ)r(x)du(xﬂ < [€]7%  for all €] large enough. (1.1)

Remark 1.4. As a consequence, the Fourier coefficients of the measure v converge to zero with
a power decay. This is also a generalization of the same theorem for the Patterson-Sullivan
measures as in [BD17].

Inspired by [BD17], we introduce the following definition, which is the key input to using
the machine of the discretized sum-product estimate.

Definition 1.5 (Non-concentration hypothesis). Let v be a Borel probability measure on SLa(R)
with finite exponential moment, such that the support of i generates a Zariski dense subgroup.
Let 0, be the Lyapunov constant. We say that j1 satisfies non-concentration hypothesis if there
exist Cq,€1,c1 > 0 such that for all x € X,h € G and n € N we have
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b Thagr— € [eF e} < Cremr® (12)
ac

Consider a degenerate case that u is supported on diagonal matrices. counterexample on
R, with p = %(5_1 + 01), where 0, is the Dirac measure.

We will make use of some classic notation: For two real numbers A and B, we write
A=0(B),A < Bor B> A if there exists constant C' > 0 such that |A] < CB, where C only
depends on the ambient group G and the measure u. We write A = O.(B), A <. B or B >, A
if the constant C' depends on an extra parameter ¢ > 0.

2 Random walks on Lie groups

We will write V' for R?, equipped with the norm ||v||*> = v? 4+ v3. Let e; = (1,0) and
es = (0,1). For g in G, let ||g|| be the operator norm. Let o, be the Lyapunov constant of s,
defined by

1
op = lim —loglgi---gul,

almost surely for (g1, go,...) following the law of u®N. For g in G and z = Rov in X, we define
the Iwasawa cocycle by

gl




Let G = KATK be a Cartan decomposition, where AT is the semigroup of diagonal matrices
diag{a,a'} with @ > 1 and K = SO(2). For an element g in G, under the Cartan decomposi-
tion, it can be written as g = kqayl,. We will write x(g) = log ||g||, called the Cartan projection
of g, because we have a, = diag{e”(g),e*””(g)}. Let xéw = Rkgeqr and yg' = Rl eq, called the
density point of g and g%, respectively.

For r > 0, g in GL(V), let

béw(r) ={z € ]P’V|d(x,xéw) <r},

By'(r) = {zx € PV|d(z,y,") > 1}
2.1 Distance and norm

This section deals with general g in GL(V') acting V', where V' is a finite dimensional vector
space with euclidean norm. We need some technical control of distance.

Definition 2.1. Let x = Rv, 2’ = Rv’ be two points in X. We define the projective distance by

_ lond]
[[of[{o"]

d(z, ")
This is a lemma about the relation between cocycle, Cartan projection and the distance of
points

Lemma 2.2. [BQ16, Lem 17.11, Lem 13.2, Lem 14.2] For any g in GL(V) and x,2’ in PV,
we have

V2d(x, z")

/
o(g,xz) —o(g,x)] < — 2.1
lolg,) = o5, 2] min(6(z, yg"), 6(', yg*)) 2.1)
k(g) +logd(z,yy") < o(g,z) (2:2)
d(gz, zy") < |lgl|7%/6 (=, y)") (2.3)
As a corollary, we have
Lemma 2.3. For g in GL(V), let 0 < 8 <~v12(g). If B < 6%, then
m p
gBI'(d) C bfg”(g) C by (9).
This is a lemma of distance, we use Cartan projection.
Lemma 2.4. For any g,h in GL(V) and z = Ru, 2’ = RV in PV, we have
/ —2k(g)
e—21(9) < d(gl‘,g;w) < € / (2.4)
d(z,2) ~ oz, yg)é(a’, yg)
k(gh) > r(g) + K(h) +log d(x", yy") (25)
Proof. By (2.2), we have
lg(v A )| A% gl 71,2(9)
d(gz, gz') = < = :
lgvllllgvll — Nlgli?o(z, ygt)o(a’,yg?) oz, yg)o(a’, yg")
v A gV v AV vl

o Aol I lTgvlllge

On the other hand, k(gh) > o(gh,l; 'e1) = o(g, M) + k(h) > k(g) + k(h) + log 6(:UhM,y;”).
O

This lemma says that when z is not in the neighborhood of y;*, then if h is a general
element, this kind of regularity will be inherited to hzx.



2.2 Large deviation principles

In the next proposition we summarize the large deviations principle for the cocycle and for
the Cartan projection,

Proposition 2.5. [BQ16, Thm13.11, Thm 13.17] Under the assumptions of Theorem , for
every € > (0 there exist C,c > 0 such that for alln € N and x € X we have
pw{g € Gl lo(g,x) —nou| = ne} < Ce™ ™™, (2.6)
p{g € G| |k(g9) —noy| > ne} < Ce ", (2.7)

The following proposition describes regularity properties of ;*™, which is a corollary of the
large deviations principle.

Proposition 2.6. [BQ16, Prop14.3] Under the assumptions of Theorem , for every e > 0 there
exist C, ¢ such that for all z, ' in X and n > 1 we have

w{g € G| d(gz,z’) < e ™} < Ce ", (2.8)
g € Gl dzM, x) < e ) < ce—cm, (2.9)
g € Gl d(yy',x) <e "} < Ce ™, (2.10)

Theorem 2.7 (Holder regularity). [Gui90/[BL85, Chapter 6,Prop. 4.1] Under the assumptions
of Theorem , there exist constants C > 0, ¢ > 0 such that for every x in X and r > 0 we have

v(B(z,r)) < Cre. (2.11)

2.3 Derivative

Lemma 2.8. Let g be in G and x be in X. We fix the unit tangent vector field on X. Then the
derivative g'(x) can be viewed as real numbers, and we have

g’(m) _ e—2o(g,ac) .

Lemma 2.9 (uniform non integrability). If d(y,", y;"), d(x,y;"), d(x,yp') > ¢ and ||g]], ||h| >
1/c¢% we have

1/c > |0x(0(g,x) —o(h,z))| > ¢/2 (2.12)

and

’acco'(gax”? |8xa:0'(97«73)| < 1/C (2.13)

Remark 2.10. These properties tell us the random walk in a large set behave like uniformly
expanding map, and has nonvanish derivative.

Proof. Suppose g = diag{a,a~'}. By definition

ota.r) =t il =os (* ) (527)1

= 1/2log(a® cos* x + a~?sin? z)

Hence, using cosx > ¢ we have

2 3 -1

(a®> — a=?) coswsinx a~2(cos xsinz + sin® x cos
8xa(gax):_ 2 2 2 2 = —tanz + 2 2 2 qin2
a®cos*x + a~“sm”x a“cos“xr +a “sin“x

= —tanz + O(a"*c™?)

z)




The condition d(yg*, yj') > ¢ means that |sin(0p)[ > c.

8,0(g,2) — Opo(h, z)| = | tan(z) — tan(z + 0y) + ¢ 20(e~%9) 4 = 26(h))]
.y sin(60y)
~ cos(z + 0 cos(z

+¢30(e™*9))| > ¢/2

For the estimate of the second order derivative, by definition we have

2 .ol —2 4
a’cos*r —a “sin*x

Opz0(g, ) = —(a®> — a2

20(9,2) ( )(a20082:c+a—2sin2

2 <1/c

The proof is complete. O

3 Sum-product estimates

3.1 Non concentration condition

If we want to get the non-concentration directly, then this becomes an effective local limit
estimate, which is difficult due to the lack of spectral gap. Hence, we transfer it to the Holder
regularity of stationary measure.

Another technique is to replace tiny interval by a neighborhood of diagonal. This technique
is already used in [BD17]. We first get an estimate of both the action and the position. Then
we fix the position to get the non-concentration estimate. But if we do this naively, different a
in R will obstruct us getting an estimate uniformly on all @ in R. The estimate of the diagonal
implies uniform estimate for all a in R.

Let (g, z) = exp(—20(hog, ) + 2k(hg) + 2w(g)o,) for x in X and g in G*".

Definition 3.1. We say that p satisfies diagonal non-concentration, if there exist e,c,C > 0
such that for alln in N and x in X

13 (g, 1, B)|[¢(g, he) — (1, ha)| < e~} < Ceon

This is a probabilistic analogue of [BD17, Lem.2.16], which is the main input for the sum-
product estimates. Our new observation is that this implies non concentration, a rather pleasant
form.

Lemma 3.2. Diagonal non-concentration implies non concentration condition.

Proof. Let § = e™" and B = e~ "%+, Separate g = g1g2 such that g1, go follow the same law of
©*. Fix go and measure on g;. Then

A= sup " {g|¢(g, ) € [a F 8]}
< /G sup 1™ {g1 | (g1, g2) € €299 520 F 8]} (go)

By large deviation principle, for go outside an exponential small set, we have e20(92:%)=2nou <
612, Let §' = 6%/2. Therefore

A= / sup 1" {g1[1(g1, g22) € [a F 01} (g2) + Oc(64),
G a

where ¢; > 0 depends on €. Replace sup estimate by diagonal estimate

A< /G’ 1 @ (g1, 9191, ga) — P(dh, gow)| < 28'}2dp ™ (g2) + Oc(6°)

<™ (g1, 91, 92) |10 (g1, gor) — (g}, ga)| < 28'}H2 + O (64)

The proof ends by Definition 3.1. O



3.2 Holder regularity

This is the key new ingredient compared with [BD17]. Using other representations, we can
get more information on the cocycle. Our method is flexible, which can be generalized to higher
rank case. This idea has already been used in [Aoul3] for problem concerning transience of
algebraic subvariety of split real lie groups.

The key tool is the large deviation principle

Lemma 3.3. Let V' be an irreducible representation of G. There exist €,¢,C > 0 such that for
vinV and f in V* we have

"l f (o)l < ([ fllllgvlle™"} < Cem ™.

Lemma 3.4. Diagonal non-concentration is a consequence of the following: There exist €1, ¢y
such that for all x € X, n € N there exists Gy, in G* with p*" @ p*"{G,} > 1 — Cre= ", such
that for (g,1) € G,, we have

M*n{h||¢(g, h:L‘) — ¢(l, hfL‘)| < e—ﬂn} < Cre~aran,

The idea is that we will transform the inequality of cocycle to an inequality of polynomial
function on v, with some exponentially small error. Then the polynomial function can be
interpreted as an linear form on the symmetric product of the vector space V. In order to using
large deviation principle, we need to estimate the norm of this linear form. The norm will satisfy
our demand of largeness if g, are in ”general position”.

Proof. Let B = e™ "¢ and let 6 = e~ ", which will be determined later. Take n large enough
depending on € such that § < 1/2. We will prove that we can take

G = {(9, DIl yg"), 0 (xy" yi) = 6, llgll, 11 € B71[0,67 ]}

Suppose that (g,l) € G,,. Due to ¢¥(g,x) = W, we have

0(g,7) — (i, )] = APOLBZI i gt (3.1)
ThogolPThoo]

By the definition of G, the fraction term satisfies
ol *B~2llvl* g 1

> > 3.2
Moo EToloE = Tho P9 PO = Tol2B%5 2ol (3.2)
Now we consider the linear form on Sym?V
F(0) = llhogo|2  [Iholo]? (3.3)
By (3.1), (3.2), (3.3)
0
— > . .
‘w(gax) ¢(l7$)| = ”h0||2,82572”2}||2 (3 4)

Next we want to use large deviation principle, so we give an estimate of ||f||. We take
z = Rv =y, and we get ||holv|| < ||hol|36~1. Due to d(yg',yi") > 6, by Lemma 2.3, we have
gz € b(q:é\/[, llgll/6) C b(:cé”,&/Q). Hence 0(yy, gz) > 6/2, and by (2.2) we have

lhogoll = I1holllgllo(yrs. 92)d(yy", 2ol = Ilholl 5~ 87D o]

Therefore when € is small compared to o, by 6 < 1/2 we have

151 = sup > hol (520000 — 552 > 15726, 3.5)




for some constant C' > 0. Then by (3.4), (3.5)

B f(v)50+2
(g, 2) =¥l 2)| > T (3.6)
By Lemma, we have
p {1 f (ho)| < || f[[Ihv]|d} = O (), (3.7)

where ¢; > 0 depends on e. If we fix ¢ small and take e~€" = §°*3, then by (3.6), (3.7) the
result holds for n large. For n small, the result follows by replacing C; by a large number. [
3.3 Key combinatorial tool

One of the key tools is the sum-product estimates.

Proposition 3.5. [Boul0, Lemma 8.43] For every k1 > 0, there exist €,€ and k € N, such that
the following holds. Let N be a large integer depending on k1. For all probability measures A
supported in [1/2,1], which satisfies

sup A(B(z,0)) < o™

for all o € [N~ N~¢], we have

’

’/exp(%m‘xl cexp)dA () - dA (ag) | S NT€ (3.8)

for all T € R,|7| ~ N.
An adaptation to the case of several different measures

Proposition 3.6. [BD17, Prop. 3.2] Fiz k1 > 0. Then there exist k € N,e > 0 depending only
on k1 such that the following holds. Let Cy > 0 and A1, ... A be Borel measures on [Co_l, Co] CR
such that \;(R) < Co. Let 7 € R,|7| > 1, and assume that for all o € [Cy'|7|71, Co|T|~¢] and
j=1,... .,k

N x N({(z,y) € R |z —y| < 0}) < Coo™™.

Then there exists a constant Cy depending only on Cy, k1 such that

| /exp(Qﬂ'iTxl cexp)dAr(xr) o dAg(zg)| < ChlT| ™€

In our case, the measures are not compactly supported, hence we give another version

Proposition 3.7. For every kg > 0, there exist €2 and k € N depending only on kg such that
the following holds. Let Cy > 0 and let 7 € R, |7| > 1. Let Ay, ... \x be Borel measures supported
on [|T|7, |7|®], where e3 = min{ea, earo}/10k, with total mass less than 1. Assume that for all
oc[l7]72|7|7) and j = 1,2,...k we have

sup Aj(B(z,0)) < Coo"™. (3.9)

Then there exists a constant Cy depending only on Co, ko such that for alls € R, |s| € [|7[>/4, |7]5/4]
we have

‘/exp(iga:l cexp)dAr(zr) - dAg(zr) | < CaolT| 2. (3.10)



Proof. Let € as in Proposition 3.6 with k1 = k(/2, and let e = €/4.
Divide [|7]7¢, 7] into [2!,2!*!]. We rescale the measure in each interval to [1/2,1]. Let
M(A) = )\|[2171,211(2lA). For o € [173/2 77¢/2] we have

A s N {(2,y) € R2||z — y| < o} < A x M(2'2,2'y) € R[[x — y| < o}

=X x M(z,y) € RY|z — y| < 2'o} < sup AB(a,2'0) < Cp(2lo)"0
a€R

where we use 2lo € [r=3/27¢s r=<2/24&] ¢ [172 72/4). Since 07 /2 > 12/* > 73 > 2L for
o € [r73/2,77/2] we have

Ao M (z,9) € R ||z —y| < 0} < Co(2lo)"0 < Cyo™™/2, (3.11)

Summing up over || < e3log; 7, we have

‘/ exp(2imszy - - x)dAi(x1) - - - dAg (k)

< Z ‘/exp(%wgwl a)dAE (27 ) - -d/\f,g’“(2_l’“xk)’
Lj

= Z ’/ exp(2ime2it Ty oy ) AN (gy) - - d)\éf (yk)
Lj

Let 7 = ¢2ht+h ¢ [73/4_k€3,75/4+k53]. Then we have [7'1_1,7'1_62] C [7'_3/2,7_62/2]. The
condition of Proposition 3.6 is verified by (3.11) with 7 replaced by 7;. Therefore

< Z ‘§211+---+lk ’*62

L

Z ‘/ exp(2ime2i iy oy ) AN (yy) - 'dAZk (Yr)
L

< Cos™( Z (2_1)_52)]€ < C’Qg—527-k6362(1 _ 2—62)—k < 027_—62/4.
[l|<eslogy T

The proof is complete. ]

3.4 Application to our measure

Let (e, ¢1) be constants in non-concentration condition. Let (€1/4,¢’) be constants in large
deviation principle. Take

1
Ko =75 min{c, c'}.

Using Proposition 3.7, we get €3, €3.
For g,h in G and z in X, let ¢4(h, ) = exp(—20(gh,x) + 2k(g) + 2no,). Let Ay, . be a
pushforward measure on R of p*" restricted on a subset G, 4, of G, defined by

)‘9071‘(E) = H*n{h € Gn,goﬂfw)go (h’$) € E}v

for Borel subset E, and where
Grgow = {h € Gld(yg, x3"), d(yp', @) > 26, |h|| € 57'[6,67']} (3.12)

and f = e 7" 6 = e~ ", where 0,/4 > € > 0 will be determined later.

The non-concentration condition is only at one scale, we need to verify all the scale needed
in the sum-product estimate. The idea is to separate the random variable and try using the
non-concentration condition in other scale, where we use the cocycle property to change scale.

Proposition 3.8. With € small enough depending on ese1, there exists Cy such that the measure
Ago,x Satisfies the conditions in Proposition 3.7 with constant T = e“'".



Proof. We abbreviate Ay, » to \. We first verify the condition on the support of A\. By hypothesis
3.12, the upper bound only need the control of Cartan projection

o(goh, @) — K(g0) — nry < (k) — no, < en.

For the lower bound, we need to control the position of y;*, hx. By hypothesis 3.12 and Lemma
2.3, we have hx € bM(8/6%) C b (5) C By (). Hence by (2.1)

o(goh, x) — k(go) — noy > logé(hx,yy ) + k(h) +logd(y,', x) — noy > —3en

Hence taking € small depend on ezeq, we have |o(goh, x) — £(go) —no,| < ezlog 7. Therefore the
support of A is contained in the interval [|7]| %, |7|].
Let o € [|7|72, |7|7%2]. Since the support of \ is restricted in an interval, for the condition

3.9, we could suppose a + o € [|T|7%,|7|®]. Let m = \lgiiffl. Then m lies in [ean/2,n|. We

separate h = hiho with h; the law p*™ and ho the law p**~". We have
Yo (hy ) = gy (h1, haw)e 201 (h2:0),
where o1 (ho,x) = o(h,x) — (n —m)o,. Then
A(B(a,)) < sup ™ bty (b, haw) € e?71h2) B(a, o)} (3.13)
2
o If 01 (hy,z) < eym/2, then ge?71(h2:%) < 51/2 = e=e1m T follows by the non-concentration
condition at scale m that

p " {ha |y (R, hox) € B(a,e” ™)} < e” @™ < o™

o If oy (hy,x) > eym/2, then (a — 0)e201(h2:2) > |7|=Gearm > gam/2 — 5-1/4 where we use
the fact that es > 2e3. It follows by large deviation that

g, (h, how) € €727 B(a, o)} < i {ha [hgy (b, how) > e™/?}
e e—c’qm < O_/io7

where the large deviation principle applies to random variable h; with quantities o(h1, hox) <
m(oy, — e1/4) and §(hihow,y) < e~ am/4,

The proof is complete. ]

4 Proof of the mains theorems

4.1 From sum-product estimates to Fourier decay

In this subsection we prove Theorem 1.3, an estimate of Fourier decay, by using the result
in section 3. We will say that a property P,(b) is true except on an exponentially small set if
there exists C, ¢ > 0 such that for n € N we have

w"{g € G|P,(g) is true } > 1 —Ce™ "

Recall the definition that

1
Ko =75 min{c, '},

where (€1,¢1) is constants in non-concentration condition and (e1/4,¢’) is constants in large
deviation principle. Take k, €2, €3 from Proposition 3.7 with this . Let

€1
T = [|WF+Donta n =log T /€1 (4.1)



Let € be a positive number to be determined later (the only constant which is not fixed yet),
and let

B=e " §=e". (4.2)
With these choices of constants, we have
1 4k+2+ _
5 — 3 _ gik2 -1 (4.3)

The constant €y in the hypothesis of Theorem 1.3 is defined as €/((4k + 2)o, + €1), which will
be fixed once € is fixed. Hence regularity scale equals

|0 = e7 = 5L, (4.4)
Notation: We state some notation which will be used throughout this section.
e Let g = (go,...,gr) be an element in G**+1),
e Let h = (hy,...,ht) be an element in G**.
e We write g xh = gohy - - - hipgr € G be the product of g, h.
e We write T'g xh = goh1--- gr_1hr € G.

e For I € N, let j1,, be the product measure on G*! given by i =@ @u"

[ times

e Recall that for g, h in G and z in X, we define ¥y (h, x) = exp(—20(gh, ) +2k(g) + 2no,).

e Recall the definition of Ay ;. For g in G and z in P(R?), let A, be a pushforward measure
on R of p*™ restricted on a subset G, 4, defined by

)\g,w(E) = :U'*n{h € Gn,g,x’f‘/}g(hwr) S E}7
for Borel subset E, and where Gy g = {h € Gld(y*,z"), d(y;*, z) > 26, |h] € B~16, 671}

o For j=1,...,k let \; = )‘gjfl,:rgf. and let
J

4.1.1 Regularization procedure

First step: Let
fla,a!) = / €elEhn) e (8h ) (g 4 (g « ha!)djig s (@) dpgn(h).  (45)
Lemma 4.1. We have
\/ L@ (2)dv () |? < /f z, 2’ )dv(z)dv(z') (4.6)

Proof. By the Cauchy-Schwarz equuality,
| [ @@
= | [ €2 (ga)au v < [ ] [ @ go)du(a) e @)
= [ [ estetam e gy gy B D g (o)),

With z, 2’ fixed considering the following formula, we rewrite the formula

/ 9=l ) gy (ga ) dp* PRI (g) = f(x, )

The proof is complete. ]
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Definition 4.2 (Good Position). Let z,z" be in X, we say they are in good position if
d(z,z') > ¢ (4.7)
We fix z, 2’ in good position, which means x, 2" are separated, and rewrite the formula

Lemma 4.3. We have
[ r@an@P < [ paa)a @) + 0@ (48)
d(z,z’)>6

Proof. If z,x’ are in bad position, that is
d(z,z") <6,

then by regularity of stationary measure (2.11), this part has exponentially small ¥ ® v measure,
that is
vRv L. (4.9)

The proof is complete. O

Second step: Here we mimic the proof of [BD17], where they heavily use the property of
Schottky group and symbolic dynamics. But in our case, the group is much more complicate in
the point of view of dynamics. We use the large deviation principle to get a same formula.

By very careful control of g;, with a loss exponentially small measure, we are able to rewrite
the formula in a form to use the sum-product estimates. The key point is that by control the
Cartan projection and the position of xé\/l and yg" of each g, we are able to get a good control
of their product g * h.

We should be careful that the element with even index will be fixed, and we will integrate
first the elements with odd index. This gives the independence of the cocycle o(gj—1h;, xé\;[ ),
that is for different j they are independent, which is an important point to apply sum-product
estimates.

By large deviation principle, the property

lgill € 871[6,671]. (4.10)

is true except on an exponentially small set. Then we fix g; for [ = 0,...k — 1.The following
property of h;1q with respect to g;

S(ypr, gl )6 (yg ) > 26, ||l € 876,67 (4.11)

gi+1 hiy1

is true except on an exponentially small set, due to large deviation principle.
We write the main result of this part

Lemma 4.4. With go, ..., hy satisfying the above condition (4.10) (4.11), for x € b%(ﬁ/é), let

2y = githiy1---hgx for 1 =0,...,k, where we let xy, = x. We have
x € by (B/5°) (4.12)
o (gihisr, zig) — o(gihipr, o), )| < B/6°. (4.13)
exp(—o(gihi, ) ) < 52/690) (4.14)

Proof. We use induction to prove the inclusion. For I = k, it is trivial.
Suppose the property holds for [ 41, then x; = gjhj112;11. We abbreviate hy, gi41, 2741, acgf
to h,g,x,2’. The condition becomes

d(z,2') < B/8%,d(yy", z3"), d(y;",2") > 46 and ||g]|, ||hl| > B/6.
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By (4.11) and Lemma 2.3, due to = € B(a',5/6) C B(2',6) C Bj'(5), we have hx €
bp!(8/6%) C BI(8). Therefore ghx € b)Y (8/62).
By (2.1), we have

d(x,x") N d(hx, hx')
min(d(z,y;"), d(2',y;))  min(d(h,yy), d(ha', yg))

|0(gh, ‘T) - U(gh7 xl)‘ <

By Lemma 2.3, we have z,2/ € B(a/,8/6%) C B*(46) and hx,ha’ € bM(B/6%) C By (0).
Therefore
|U(gh7 'CC) - U(gh,$/)| < ﬁ/ég
The third equuality, by (2.2) (2.5)
exp(a(gh,2')) > ||gllIblld(yp, «")d(yy", ha') > B~26°0).
The proof is complete. ]

Remark 4.5. The intuition here is that by controlling fi(g),xé\/l,y;", all the other position or
length will also be controlled, which is similar with hyperbolic dynamics.

4.1.2 End of the proof

Third step: We collect the results in the above two steps to give a new formula of the
main term, to which we can apply the sum-product estimates.
We return to (4.8). We call g "good ” if

g satisfies (4.10) and 0(y,, ), d(yy, , x") > 49, |g0’(x%)| >4 (4.15)

We call h is g-regular if h satisfies (4.11). Let
)= [ el (4.16)
g—regular
Lemma 4.6. For x,2’ in X with d(xz,2') > §

Fla,a')] < / e, ) [t (g) + Ou(5%), (4.17)

g”gOOd”
if € is small enough with respect to .

Proof. Let

Folw,a') = / ) ) g (g ¢ ) () (4.18)
g—regular

We call g ”semi-good” if g satisfies conditions of ”good” without the last inequality on ¢’. Then
by Large deviation principle,

£ < | [ (o) +0.0)) dinsnale)] < [ el ")tk 1.0 (8) + Oc5)
g

g’ semi—good”
(4.19)

Lemma 4.4 and the Hélder norm of r imply

r(@))? = r(g * ha)r(g * ha')| < 2fr|acc, (1) (8/6)7 < 28757177 < 25,
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if € is small enough with respect to . Hence

|f~g(x7 x/)\ < ‘ / l eif(so(g*hx)*ép(g*hz/))T(x%)2duk7n(h)| + 06(50) (4 20)
g—regular .
< (g )?| fa(a, 2)| + O(5°%)

By the hypothesis on ¢’ and (4.4), we have that |¢/| > 6! on the support of 7. So if r(m%) #£0,
then that g is "semi-good” implies g is "good”. Combined with (4.19) (4.20), by |r| < 1, we
have

o)l < / (g e ) 4 Oc(0)) ditiesrn(8) + Oc(8°)
g’ semi—goo
S /77 a4’ ‘fg(aj7x/)’duk+lvn(g) + 06(50)
g goo

The proof is complete. O

Proposition 4.7. Let I, = [7'3/4, 75/4]. The following formula is true for g good,

|[fg(@,a")| < sup| [ €7 rdN (1) - Ai(ax)| + OB W), (4.21)

(GIT
when € 1s small enough with respect to €.

Proof. The element x, 2’ and g, are already fixed. Let Z = gz and 2’ = gzz'. By (2.4), we have
d(z,a") € ||gi||~*[5,67%] € B2[5OW), 67OW)).
Therefore the arc length distance, defined by d,(z,z’) = arcsind(z, z'), satisfies
do(z, ') € B2[60W 500, (4.22)

By Newton-Leibniz’s formula on the circle, we have
plgho) — plg s ha') = [ o(Tg s b ()'ds, (4.23)

where v is an arc connecting #,% with unit speed with length less than m/2. Let s; =
gjhjs1---hpy(s). By the chain rule, we have

o(Tg+hy(s)) = ¢'(s0)(goh1) (s1) -+~ (gr—1Tr) (7(5))7'(s). (4.24)

Using the trivialization in Lemma 2.8, we know that the unit tangent vector +/(s) equals +1,
depending on the position of z,Z’. Without loss of generality, we suppose that 7/(s) = 1.
By [¢/ (1) > 6, |¢"| < 1/6 and (4.12), we have

¢ (50)/ ¢ (xgy )| € [L £ B/8%]

By Lemma 4.4, we have

_ 3/53ye-0/8) « ¥ (s0)(goh1)(51) -~ (gr—1hw)'(sk) 3),0(58/9)
=000 < G o)+ (gn ) = %) (4:29)

By (4.14), we also have

(x5 (goha) (p]) - - (ge—rhw) (x})) < g6~ (4.26)
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Together with (4.22), (4.23), (4.24), (4.25) and (4.26)
lp(g * hr) — (g + ha') — do(&, )¢ (x4 ) (goh1) () - - (gr—1ha) ()| < 36700 (4.27)
Let

§da(@, 2)¢ () (g0h) (g -~ (g1 i)' (f)
H?:1w91—1(hlﬂ xé\{[)
Due to & = 78~ 4F+2) by (4.10) (4.22) we have ¢ € |7|[0°M),§=OW)] € [|7]3/4, |7]°/4], when § is

large enough with respect to 7.
Hence by (4.27)

¢ = = Eda(&,2)¢ (40) 5 g0l 72 - lgn—1 I~

|€(¢(g * ha) — (g + ha')) — I g, (h,2))| < B~ OWr (4.28)

By definition, the distribution of ¢ngl(hlvx§l/[> with h; of law p*™* is the measure \;. At last,
due to e — e¥| < |z — y| for x,y € R, the inequality (4.28) implies (4.21). O

Fourth step: Another difference with [BD17] is that we avoid using the renewal idea, which
simplifies the proof of this part. The renewal idea is that instead of using p*", we use a renewal
measure (i, which is defined to be the law of g1 - - - g,, for the first time that its Cartan projection
exceeds t. Because we generalize the sum-product estimate to a form that the measure can have
a support depend on the frequency, and we use the large deviation principle to prove that our
measure has a support not too large with respect to the frequency.

We are able to apply sum-product estimates.

For 7 =1,2,...k, Proposition 3.8 tells us that with e small enough depending on e3¢, there
exists Cp such that the measures \; satisfy the conditions in Proposition 3.7 with 7.

Proof of Theorem 1.3. Proposition 3.7 implies
|/exp(i§a:1 o)A (21) - A ()] < Colr| e
By (4.8) (4.17) (4.21), we have
y/ €0 (2)du (@) 2 <, 0 + Bo~OW T 4 7|72,
Due to 36~ 9Wr = e(-outOMeter)n take ¢ small enough. The proof is finished. O

4.2 From Fourier decay to spectral gap

In this section, we will prove the theorem of uniform spectral gap. The first part is classic,
where we use some ideas of Dolgopyat [Dol98] to transform the problem to an effective estimate
Proposition 4.12, see also [Nau05] [Stoll]. The key observation is that this effective estimate
(Proposition 4.12) can be obtained by the Fourier decay, regarding the difference of cocycle as
an function on X.

The intuition here is from Lemma 2.9. When g, h are in general position and z not too
close to yg*, y;", the difference o(g, ) — o(h, z) will satisfy the conditions in Theorem 1.3.

We state our main result of this section

Proposition 4.8. With the same assumption as in , there exists p < 1,C > 0 such that for all
b large enough, a small enough and f in CV(X), we have

|Pateanfly < CIOIP 0" £y (4.29)
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Theorem 1.2 follows directly from this proposition.

Definition 4.9 (p,~ contraction). [BQ16] If there exist C' > 0,p < 1 such that for all x # 2’
m X o 1%
gx, gr *
——=— ) du™ < Cp" 4.30
/(M%M) w(g) < Cp (4.30)

Proposition 4.10. [BL85, V, Thm.2.5/[BQ16, Prop 11.10, Lem.13.5] For every vy small enough,
there exist C >0 and 0 < p < 1 for all f in C7(X)

P fl < | /X fdv] + Cp| flen (4.31)

We start to consider complex perturbation of the transfer operator. For z € C, write
z = a + ib. This is classic priori estimate, we recall a proof for completeness.

Proposition 4.11. [GLP16, Cor.3.21] For every ~ small enough, there exist p <1 and C > 0
such that for f in C7(X) and |a| small enough
P2 floo < C17| flo (4.32)
& (PLf) < CCP B floo + e () (4.33)
Proof. The first inequality is due to the finiteness of the exponential moment and the Jensen

inequality.
For the v norm

e*70) f(ga) — 790 f(gy) = (e — *709)) (gr) + €7 (g2) — f(gy))

e29(9:y) 7)— *n e29(9,2) _ezo(g9,y) T n
Let Ay, = | [ eI qyen (g)| and B, = | [ gttt 4 (). By Cauchy-

Schwarz’s inequality

d(gzx, gy)?
A, <ec / e (9:9) du™™
’Y(f) G d(ﬂ?, y)ry :u (g)

<eth (/[ em(ngdﬂ*”@)m ( /| (‘W} dﬂ*”(Q))

One term is controlled by (4.32), the other term is due to (u,~y) contraction. Therefore when a
small enough, there exists p; < 1 such that A, < Cipfc,(f), where Cq > 0.
Since

1/2

le¢ — e?| < (2max(e®, e%))1 77 (max(e®¢, e™d)|c — d|)?
for ¢,d in C, we have

|lezo(9m) — g2zo(a.y))|
d(n,y)7

where k¢ (g) is the Lipschitz norm of o(g, ) and ko(g) < C||x(g)|| by [BQ16, Lemma 13.1]. Then
by the hypothesis of finite exponential moment and Hélder’s inequality, we have

< (el 1= (elals(9) |2 Lip(a (g, -)))Y < 2elalslo)Frrol)|p|7,

By < 07| floe " "
(we take the same constant C). Therefore

e (PIf) < Ciplies (F) + [pl7ey 1™ £l (4.34)
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We want the term C{‘QHW)R does not depend on 7. Fix n large enough such that Cp}' =

p2 < 1. For natural number N, iterate (4.34) N times and use (4.32). We have
C’Y(Panf) < pQC»y(PZn(Nil)f) 4 |b|'ycll+(|a‘+"/)n’PZn(Nfl)f‘oo

< pacy (PPN=V ) |b|7011+(|a\+v)n|f|oocla|n(N—1)

C|a|nN laln
< &y (£)pd + On(IB7C1"" )| floo

(4.35)

1+(|a n
S e R ==
— p2Ly

Given m € N, we can write m = nN + r with r € [0,n — 1]. Therefore by (4.35) (4.34)

(P f) = ey (P™NF7 ) < pl e (PLf) 4 On ([ CIN ) Y £
< oY (Cupies (f) + BT £l L) + 0, (167 CI™) oo

1/n

By setting p = p;,’" and choosing C' large enough, we have (4.33). O

Recall the norm |f|,, = | f|oc + | f|y/b?. We reduce Proposition 4.8 to the following propo-
sition.

Proposition 4.12. For vy small enough, for |b| large enough and |a| small enough, there exists
€1, C1 > 0 such that for f holder, satisfies |f|,p < 1, we have

/

From Proposition 4.12 to Proposition 4.8. We set N = C1In |b|, using (4.31) for P™N (4.36)
for PN f and (4.33) for PN

P6‘1 In

2
i ‘b‘f‘ dv < e @ In|b| (436)

[PUEON 2, < Clem PRV 2| < V[P R+ o P £l .
< ClalmN (equ/Cl +pmN(Cl+\a|N(1 +b’y) +Cpr'Y)2)

So we can choose m large such that p™N[b|>Y = pmC¢™mP|p|2Y < 1. This m is only depend on
v,C and p. By continuity of a we obtain the equality for inﬁnity norm. That is when m large
enough and a small enough depend on m we have |Pz(m+1 fI% < |b|=¢2, where 3 > 0

For  norm, we use (4.33) for (PN P(mH)Nf) and (P; pimtN  f)

z

ey (PN £ flp7 < ClIN | P IN £l pNe (P DON £) /o[
< ClN|PImON £l o pN (MmN B 4 N b)) /b
Then, when |b| is large enough and a is small enough, we have
PN Flp < (b7 (4.38)
(where we should use (4.37) with m replaced by m + 1).
Let Ny = (m+2)N = (m+2)CyIn|b|. Given n, we can write n = dNj +r with 0 < r < Nj.
v (4.38), (4.32), (4.33)

|P2 flyp < b7 PT flyp < [b|~dCtHalm < Cjp|eepn,

where p = [b|~3/MClel = ¢~ Tm9er Clal. The result follows by taking |a| small enough. O
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From Fourier decay to Proposition 4.12. We need to reduce (4.36) to Fourier decay. Let n =
C1log|b] (with Cy > max{1/0,,1}), let § = e~ (with € > 0 to be determined later), and let
G, be defined by

Gue ={(g.h) € G®ld(yg", yp") > &, llgll, [Ill € e™"[6,67 1]} (4.39)

For |f|’y,b <1

/ P2 fPdv = / 20020 00) £ (g) f(ha)dv () dpe™™ (g)dps™™ (h)

| (4.40)
= [ [ et flga) fha)an @) () ) + 07

Since the support of the u-stationary measure is contained in the image of the flag variety
X. Hence a function on the support of v can be lifted to a function on X. We will use the same
character, and from now on all the functions are on X. Let

Xgn =X —{z € X[o(x,yy") <6} — {z € X|o(z,y;") <}

and let p be a smooth function on R such that p|(g o) = 1, p takes values in [0, 1], suppp C [-1, 00)
and |p| < 2. Let

dlz,y™ x, Yy
o(w) = (o(g.) — a(h,2)p(AY) ) AEUE) )
and o™ ] -
(@) = flgz) f(ha)eroton) o0y REUT) gy ATVE) g

Then er(z) equals '#(7(92)=0(h2) £(g0) f(hx) on X — B(yy*,36) — B(yy', 30). By Lemma 2.9,
we have || > § on X, which contains the support of 7.

Lemma 4.13. With C1 > 1/0,, and |a| small enough depending on €, we have

ol 2 + ¢y () < eOhm,

The functions ¢ and r satisfy the condition in Theorem 1.3 with g = €O(1)C;. Hence
taking e small enough according to €y, by Theorem 1.3, we have

| / M@ (2)dv(z)| < [b] 70 (4.41)

Let Agp = [y ei#((g:2)=o(h2)) f(g) f (hx)dv(z). The difference of A, and [ €@ r(z)dv(z) is
bounded by v(B(y",35) U B(y;",36)) < e~ = [b|~/1. Therefore

A <[]0 4 [b] 7/
Combined with (4.40), the proof is complete. O

It remains to prove Lemma 4.13.

Proof of Lemma 4.13. We need a lemma, to control the derivative of the function multiplied with
a cutoff.

Lemma 4.14. Let f be a y-Hélder function on X, and let p be a smooth truncate function (that
is0<p<1), then
ey (pf) < ey(p)|floo + ¢ (flsuppp) (4.42)
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Proof. For z # z’ in X, we have

Alw, o) — | 1@ =2l @) @) o) — pla)

(=) (f(z) - f(fv’))’
d(x,z")Y d(x,z")Y

p
[+ d(z,z')Y

(4.43)
If x or 2’ is not in suppp, by symmetry we can suppose that 2’ is not in suppp, then (4.43)
implies that A(z,z") < |floocy(p)

Else, we have A(z,2’) < ¢y(p)|floo + ¢y(fsuppp)- O

By Lemma 4.14, we only need to control the C” norm on the support of the cutoff function
and the maximal norm.

The term |¢|c2 is controlled by Lemma 2.9, and we have |¢|qe < e@en,

The term ¢4 (r) is more complicated. We have

d(g$1,g$2) 9% n —9% n
cv(f(g-)‘xg’h) < Cy(f) sup (di)“f < (|b|e 2k(g)+2 )'y < (]b]e( 20,,44€) )’Y
$15£372,271,132€Xg,h (33]_,332)

Due to n = C}log|b|, we have |b|e(=20nt4n — |p|1+C1(=20u+4¢) - Hence, take € small and take
C1 > 1/0y,. This implies ¢, (f(g-)) < 1.
Using Lemma 2.9 with ¢ equal to §, one has

Cv(ea0(97w)|ngh) < 6\alﬁ(g)(1*v)(e|a\ﬂ(g)’a‘Lip(a(% .)|Xg’h))v < e\al'{(g)(’a‘(;fl)v
< e\alnauy(aﬂ)mp _ e(\alaﬁ(la\ﬂ)e)n‘ap

Hence, when |a| is small enough depending on e, we have ¢, (e27(9:)| Xon) < eOMn  The maximal
value is bounded by elals(9) < elal(onten  Therefore |€m’b(g’x)|oo < eOM)n, O

5 Applications

5.1 Exponential decay in the Renewal theorem

We define a renewal operator R as follows. For a positive bounded Borel function f on
X xR, a point x in X and a real number ¢, we set

+oo
Rf(,t) =Y /G F(gz.0(g,2) — ) (g).
n=0

Because of the positivity of f, this sum is well defined. In [Kes74], Kesten proved a renewal
theorem for Markov chains, which is valid in our case [GLP16]. In this section, we will prove
that the speed of convergence is exponential using our result on the spectral gap.

The main properties of P(z) are summarized as follows

Proposition 5.1. For any v > 0 small enough, there exists n > 0 such that when |Rz| < n, the
transfer operator P(z) is a bounded operator on H”(X) and depends analytically on z. Moreover
there exists an analytic operator U(z) on a neighborhood of |Rz| < n such that the following holds
for |Rz| <n
1
(I —P(2)' = —Ny+U(2), (5.1)
oz
where Ny is the operator defined by Nof = [ fdv. For z. There exists C > 0 such that for
[Rz[ <n
U=y < O+ 132))>. (5.2)
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This is generalization of [LI17, Prop. 4.1] [Boyl6, Theorem 4.1], the proof is exactly the
same. The only difference is that the spectral radius of P, is bounded below 1 in a strip of
imaginary line (except at 0), from which we have analytic continuation of U, to the strip. (7?7
Proposition 4.8) The idea is due to Guivarch and Le Page.

Proposition 5.2. There exists € > 0 such that for ¢ € C°(R), we have
1 o0
/sO(U(g,w) —#)dji(g) = U/ p(u)du + e~ MO PP (|| 1+ 1) (5.3)
wJ—t

Proof. By [LI17, Lemma 4.5], we have

Riw.0) = - [ fdudv) + 5 [ €U fe ae

™

Hence, we only need to control the error term.
By Proposition 5.1, we have that U(z) is analytical on {z € C||Rz| < n} and uniformly
bounded by (1 + |3z])%.

Lemma 5.3. [RS75, Thm.IX14] If T is in S'(R), the distribution T has analytic continuation
to |S¢| < a and supy,|, [ |T(iz +y)|dy < oo, then T is a continuous function. For allb < a,
let Cy = max [ |T(+ib+ y)|dy. We have

1T (x)| < Cpe™ V7. (5.4)

By [@(ie +&)| < e PPl || 11, and [$(€)] < e P[] 1, we have

|B(6)] < el ("o + Il ).

1+ &7

Then by Lemma 5.3, we have

!/@(ﬁ)U(iﬁ)ﬂ(x)e_itsdﬁl = [FH@@U (i) 1()) ()] < e max|@(Fie + U (Fe +i&) 1(x)| 1)

2

< ee'supp“"'eet'/l+ |£|2(|<P”\L1 + lelp)|U(Fe +i€)1(x)|dg
<y PP (1| 4 [l ).

The proof is complete. ]

Corollary 5.4. There exists € > 0 such that for I = [0, a] an interval in R we have

R1j(z,t) = Jﬁ 4 Ou(e™), (5.5)
N

where 1 is the characteristic function of I.

Proof. The idea is rather simple, using to smooth function to bound 1; from above and from
below. For § > 0, let 1) = [=§, a + 6] and Ii5y = [6,a—0]. Let ps1, ps,, be two smooth function

such that ps1|r = 1, suppps;1 C I® and P572|I<5) = 1, suppps2 C 1. Then

a+ 26

R1j(x,t) < Rpsa(x,t) < +0(e™ (o5 1l 11 + 1psa1)

Ou

Due to |pf,|z1 < 1/6 and |ps1]pr < a + 20. Taking § = e~ 2 we have Rl(x,t) < ajo, +
Oa(e*t/ 2). The other direction of R1; is due to the same estimate by replacing ps.1 by pso. O
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