Discretized Sum-product and Fourier decay in R"
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Abstract

We generalize Bourgain’s theorem on the decay of the Fourier transform of the multi-
plicative convolution of measures on R to the case R™.

1 Introduction

The purpose of this manuscript is to generalize a result of Bourgain to R™. This result deals
with the Fourier decay of the multiplicative convolution of Borel probability measures on R.

If E is a metric space, we write Bg(z,r) for a close ball centred at x of radius r. Vectors in
R™ are seen as column vectors. The product structure on R" is given by coordinate, that is for
r=(x1, -+ ,2n) and y = (y1,- -+ ,yn) in R™, the product is defined to be zy = (x1y1, -+ , TnYn).
For a Borel probability measure on R™, let pu be the k-times multiplicative convolution of u.

Theorem 1.1. Given kg > 0, there exist €,e; > 0 and k € N such that the following holds for
0 > 0 small enough. Let p be a probability measure on [1/2,1]" C R™ which satisfies (0, Ko, €)
projective non concentration assumption, that is

W28 sup  (m)u(Br(a.p)) = suppfal(v,2) € Brla,p)} <8P0 (L)
a€R,veS™ ™ a,v

Then for all ¢ € R™ with ||&|| € [671/2,571],

| ()] = ‘/ exp(2im (€, x" -+ a"))du(x") - - dp(zh)| < 5 (1.2)

Remark 1.2. This theorem will be used in [LI18] to give the Fourier decay of the Furstenberg
measure and an exponential error term of the renewal theorem in the context of products of
random matrices.

Remark 1.3. We cannot have a sharper result like €1 > n/2, because here we only use the
product structure. In R*, there exist Borel subgroups which have fractional dimension. (See
[EV66] for example) For a measure supported on a fractional Borel subgroup, the decay rate
of Fourier transform is controlled by the Hausdorff dimension of the Borel subgroup. Hence,
fractional Borel subgroups are obstacles for large decay rate of Fourier transform.

If we continue to exploit the additive structure, that is to say replacing py by v = (ur)*",
the r-times additive convolution of uy, then the Fourier transform of v can have arbitrary large
decay rate.

The Fourier transform detects the additive structure. But our measure ui has the multi-
plicative structure. The decay of Fourier transform means that the additive and multiplicative
structures are hard to coexist, the sum-product philosophy.

The projective non concentration means the projection of the measure p on every one
dimensional linear subspace Ruv satisfies a non concentration assumption (the case of R).

The case n = 1 is due to Bourgain [Boul0, Lemma 8.43]. The main ingredient of the proof of
Fourier decay is the discretized sum-product estimates in R”. The sum-product estimate roughly



says that if the set does not concentrate in small balls, then under addition or multiplication
the size of the set will become robustly larger than the initial set.

For 6 > 0 and a bounded set A in a metric space E, let N5(A) be the minimal number of
closed balls of radius § needed to cover A. In a metric space, we say that a set A is p away
from a set B if A is not contained in the p neighbourhood of B, that is there exists z in A such
that d(z, B) > p. In (R*)", we note id the identity element (1,---,1) € (R*)". In R", we will
consider maximal proper unitary subalgebras, such subalgebras are given by {z € R"|z; = z;}
for 1 <i < j <n. We say that A is p away from proper unitary subalgebras of R™ if A is p
away from any maximal proper unitary subalgebra of R".

Now we state the discretized sum-product estimates on R™, which is the main ingredient of
the proof of Theorem 1.1.

Theorem 1.4. We will consider the action of (R*)™ on V. = R™. The action is given by
gv = (G101, ..., gnvy) for g in (R*)™ and v in V. There ezists a neighbourhood U of the identity
in (R*)™ such that the following holds. Given k > 0,0 € (0,n), there exists € > 0 such that
for all 6 > 0 sufficiently small, if A C U and X C By(0,07°) satisfy the following (6, k,0,€)
assumption:
(i)For j=1,...,n
Wp > 8, Ny(my(A)) > 697",

where m; denotes the projection into j-th coordinate,
(ii) A is 6¢ away from proper unitary subalgebras of R™,
(iii)For j =1,...,n
Vp 2 8, Ny(m(X)) 2 07",

(iv)Ns(X) < §-(n=o)—¢,
Then
Ns(X + X) + sug/\/};(X +aX) > 6 Ns(X).
ac

Remark 1.5. The case n =1 is due to Bourgain. Compared with [BG12, Prop.1], our situation
does have invariant subspace under the action. Hence we put more reqularity on the projection
into coordinate subspaces.

This theorem relies on a recent result of He and de Sazcé [HdS18]. Please see Proposition

2.4.

Remark 1.6. Roughly speaking, (i) and (iii) mean that the projections of A, X into coordinate
subspaces are non concentrate. Assumption (ii) is reasonable since it prevents A from being
trapped in a subalgebra.

Compared with the projective non concentration in Theorem 1.1, the assumption here is
weaker. In multiplicative convolution, we need additionally that p is not trapped in any affine
subspace.

From the discretized sum-product theorem to the Fourier decay of multiplicative convolution
can be found in [BoulO]. The analogue result for finite fields is established in [BGK06]. See
also [Gre09], where he gave a really clear treatment of the sum-product phenomenon in F,,. The
proof of Theorem 1.1 from Theorem 1.4 will be given in Section 3.

Notation

We will make use of some classic notation: For two real valued functions A and B, we write
A=0(B),A < Bor B> A if there exists constant C' > 0 such that |A] < CB, where C only
depends on the ambient space. We also write A ~ B if B < A < B.

We write A = O,(B), A <, B, B>, A and A ~, B if the constant C' depends on an extra
parameter r > 0.



2 Discretized sum-product estimates in R"

The non concentration assumption in Theorem 1.1 is a little different from that in [Boul0],
but the two assumptions are equivalent up to constants.

Lemma 2.1. Let 1 > § > 0. Let v be a Borel probability measure on R. We have two non
concentration assumptions.

(1) (6,k1,€1) ForVp >, we have v(B(a,p)) < §~Lpht.
(2) (6,k,€) For p € [d,5], we have v(B(a,p)) < p*.

Then (2)(9, k,€) implies (1)(6,mink,1,€) and if k1 > 2€1, we have that (1)(0,k1,€1) implies
(2)(5, /‘61/2,261//{1).

Proof. (2) = (1) For p < 6¢, it is obvious. For p > §¢, we use the trivial bound
I/(B(a,p)) <1< 5—e+emin{n,1}.

Hence (2) implies that (1) holds for (e1,x1) = (¢, min{x, 1}).
(1) = (2) We want to find (e, ) such that (2) holds. Let p = §*. That means

€1 —tky < —tr for t € [e,1].
Due to k1 > 2€1, we can take (€, k) = (2¢1 /K1, K1/2). O

The assumption (2) in Lemma 2.1 is the original definition of Bourgain. This assumption
roughly says that the measure v has dimension k at scale 0 to scale §¢. The assumption (1) is
more convenient to be proved. The smaller the parameter €; is, the more regularity the measure
v has.

Let A be a bounded subset of R™. Let (A)s be the set of elements which are obtained by
taking sum or multiplication of elements in A at most s times.

Lemma 2.2. Let A be a subset of Brn (0, K). If
Ns(A4+ A) + Ns(A+ A-A) < KNs(A),

then for any integer s

N;s((A)g) < KO WNG(A).

(See [He, Lemma 11] and [Brell, Lemma 4.5] for more details) This lemma tells us that
instead of proving that A+ A or A+ A-A is large, it is sufficient to prove that (A); is substantially
large.

Our result on the discretized sum-product estimates relies on a result of He and de Saxcé.
They study sum-product phenomenon in finite dimensional linear representations of Lie groups.
We will state the version we need, their theorem is much more general.

Definition 2.3. Recall that we consider the action of (R*)™ on V- =R"™ given by multiplication
in each coordinate. Let W be a linear subspace of V' such that W is not a submodule, that is
there exists g in (R*)™ such that gW & W. Then we call Stabr+y»(W) a proper stabilizer.

Let A be a subset of (R*)" and let X be a subset of R"™. For s > 1, we define (A, X ) to be
the set of elements which can be obtained as sums, differences and products of at most s elements
of A and X. For example, we have (A, X)s = {+g11 - g1.,v1 £ £ g1 guiul i1, 0,1 €
N, i1+ +1 < s}



Proposition 2.4. [HdS18, Thm.2.3] Recall that we consider the action of (R*)" on V = R"
given by multiplication in each coordinate. There exists a neighbourhood U of the identity in
(R*)™ such that the following holds. Given ey, k > 0, there exist s > 1 and € > 0 such that for all
0 > 0 sufficiently small, if A C U and X C By(0,1) satisfy the following (0, k,€) assumption:

(i) Forj=1,...,n
Wp> 6, Ny(ms(A)) > 59",

where w; denotes the projection into j-th coordinate,
(ii) A is 0 away from proper stabilizers,
(iii) X is 0¢ away from coordinate subspaces.

Then,
By (0,0%°) C (A, X)s + By (0,0).

We will use the ring structure of R”. Recall that for a subset A of (R*)", which is also a
subset of R", we define (A)s as (A, X)s with X = A. As a corollary of Proposition 2.4, we have

Proposition 2.5. There exists a neighbourhood U of the identity in (R*)™ such that the following
holds. Given k > 0,eg > 0, there exist € > 0 and s > 0 such that, for & sufficiently small, if A
is a subset of U satisfies the following (0, k,€) assumption:
(i)For j =1,...,n
Vp 2 8, Ny(ms(A)) = 8p~",

where m; denotes the projection into j-th coordinate,
(ii)A is 0¢ away from mazimal proper unitary subalgebras.
Then we have

BRn(O,(SGO) - <A>5 -+ BRn(O,(S)

Proof. Take X = A — A. We can shrink U to ensure that X C U — U C Bgn(0,1). Then we
claim that A, X satisfies (, k, 2¢/k) assumption of Proposition 2.4.

Assumption (i) of Proposition 2.4 is the same as Assumption (i) of this proposition. For
assumption (iii) of Proposition 2.4, take p = §2¢/%. Then

Nyl (X)) 2 Ny (A)) = 897 = 57 > 1.

Hence, X is 62¢/% away from coordinate subspaces. The assumption(iii) in Proposition 2.4 is
satisfied.

It remains to verify Assumption (ii) of Proposition 2.4. We need to change the point of
view. The set G = (R*)™ C R" is seen as subsets of Aut(V) C End(V), the automorphism group
and the endomorphism ring of V. The main point is that in the case of R", proper stabilizers
are contained in the subalgebras. In other words, let W be a subspace of V' which is not a
G-submodule. Then the proper stabilizer satisfies

Stabg(W) = G N Stabrn (W) =GN {a € R"a- W C W}.

By definition, StabgW is a proper subgroup of G. The fact that Stabgn (W) is a unitary
subalgebra of R™ implies that Stabg» (W) must be a proper unitary subalgebra of R™. Hence,
the assumption (ii) of Proposition 2.4 is automatically satisfied.

Applying Proposition 2.4 with k, ey implies that there exists s; such that

Bgrn(0,6%) C (A, X)s, + Brn(0,0),
when € is small enough. The observation that
<A7 X>81 = <A7A - A>81 - <A>281

implies the result. ]



As a by-product, using Lemma 2.2, we have the following version of discretized sum-product
estimates in R".

Proposition 2.6. There exists a neighbourhood U of the identity in (R*)™ such that the following
holds. Given k > 0,0 € (0,n), there exists € > 0 such that for all 6 > 0 sufficiently small, if
A C U satisfies the following:
(i) For j=1,...,n
Vp > 5, Nj(mi(A)) 2 6%,

where m; denotes the projection into j-th coordinate,
(ii) A is 6¢ away from proper unitary subalgebras of R™,
(i11) Ny(A) <67 77¢.
Then
Ns(A4+A) + Ns(A+ A-A) > 5 Ns(A).

We deduce Proposition 2.6 from Lemma 2.2 and Proposition 2.5. The proof is exactly the
same as the proof of [He, Theorem 2]. We include its proof for completeness.

Proof of Proposition 2.6. Suppose that the result fails. For every € > 0 there exists A satisfying
the hypothesis of Proposition 2.6 but

Ns(A+ A) + Ns(A+ A-A) <5 Ns(A).

We will reach a contradiction when € is small enough depending only on x, o and R".
Then by Lemma 2.2 and assumption (ii) of Proposition 2.6, for every integer s, we have

Ns((A)g) < 67O ONG(A) < 5957, (2.1)

On the other hand, A also satisfies the assumptions of Proposition 2.5. Given ¢y > 0, there exist
€1 > 0 and integer s such that if € < €7, then

B (0,5%) C (A), + By (0,6).

Therefore
Ni((A)s) > Ni(Ban (0, 60)) = (- 1+0), (2.2)

If we take € sufficiently small such that n(1 — ey) > o, and take e sufficiently small such that
n(l —ep) > Os(e) + o,
then (2.1) contradicts (2.2). O

This version is not sufficient to imply the decrease of Fourier transform of multiplicative
convolution of measures. We will introduce more tools of additive combinatorics to obtain a
stronger form of discretized sum-product estimates.

2.1 Basics of discretized sets

Before proving our results, we recall some elementary and known results in the discretized
setting. Let & > 0 be the scale. Let K > 2 be a roughness constant. Two quantities bounded
by a polynomial of K is considered as equivalent.

Lemma 2.7. Let f be a K-Lipschitz function from R™ to R"™. Let A be a bounded subset of R™.
We have
N;5(fA) < K"N5(A). (2.3)



Definition 2.8. For a bounded subset A of R", we denote by AY) the §-neighbourhood of A,
given by
AD = {2 e R"|d(z, A) < 5}.

Lemma 2.9. Let A be a bounded subset of R". Let A be a mazimal 6-separated subsel of A,
that is different elements of A have distance at least 6 and A is mazximal for inclusion. Then

Ni(A) ~ [AC07" ~ 4, (24)
where |A| denotes the volume of A and #A denotes the number of elements of A.

Definition 2.10 (Ruzsa distance). Let A, B be two bounded subsets of R™. We define the Ruzsa
distance of A, B at scale § by

1 ./\/:;(A—B)2
ds(A, B) = 5 log 5 NG (B

This is not a real distance. It measures the additive structure of A and B.

Lemma 2.11 (Ruzsa triangular inequality). Let A, B,C be three bounded subsets of R™. Then
N5(B)Ns(A - C) < Ns(A— B)Ns(B - C). (2.5)
The above inequality (2.5) is roughly a triangular inequality for the Ruzsa distance ds.

Lemma 2.12 (Pliinnecke-Ruzsa inequality). Let A, B be two bounded subsets of R™. If Ns(A+
B) < KNs(B), then for k.l in N we have

Ns(kA —14) < O(K)*N3(B).

In [Hel7], He explains how to deduce the discretized version from the discrete version of the
above two lemmas. For the discrete version, please see [TV06]. The main ingredient of proof is
the Ruzsa covering lemma.

Definition 2.13. Let A, B be two bounded subsets of R®. We define the doubling constant of A

at scale § by

05 A] = Ns(A+ A)

N5 (A)

We write A ~x B if Ns(A+ B) < KNs(A)Y2N5(B)'/?, which is equivalent to that the Ruzsa
distance is small, that is ds(A,—B) < log K.

= exp(ds(A,—A)).

Lemma 2.14 (Ruzsa calculus). Let A, B,C be three bounded subsets of R™. Then

(1) If A=~k B, then A =00y —B, K~°WN3(B) < N3(A) < KOWN3(B) and o5[A],05B] <
KOO,

(2) If A~k B and B =~k C, then A ~goq) C.
(3) If 05[A],05[B] < K and N5(A®) N B®) > K=IN5(A)YV2N5(B)Y/2, then A ~pon) B.

The proofs are direct applications of the Ruzsa triangular inequality and the Pliinnecke-
Ruzsa inequality. For the discrete version, please see [TV06] and the second note of Green in
[Gre]. The first and second statements says that the Ruzsa distance is symmetric and transi-
tive. The Ruzsa calculus will be used to prove Proposition 3.9 (Additive-Multiplicative Balog-
Szemerédi-Gowers theorem).



The additive energy: the discrete case

We first introduce the additive energy in the discrete case. Let A, B be two finite sets in an
abelian group G. We define the additive energy w(+, A x B) as the number of the quadruplet
(a,b,a’,b’) in A x B x A x B such that a+b=a’ + V', that is

w(+,A x B) = #{(a,b,a’,b')) e Ax Bx Ax Bla+b=ad +V}.
We also have a formulation with £2 norm
w(+, A x B) =14 % 1glf3, (2.6)

where the measure in defining £2 norm is the counting measure. From the definition, by Young’s

inequality, we have
W+, A x B) < |AP/2|BJ2, (2.7)

where |A| denotes the number of elements in A. The additive energy is important because it

reflects the additive structure of A and B. If |A + B| < K|A|'/?|B|'/2, then by the Cauchy-
Schwarz inequality,

AP BI?

w(+,Ax B) > ———-

( ) |A + B|

which is robustly large with respect to the optimal value of w(+, A x B) (2.7). (See [TV06] and

[Gre09] for more details).

> K APPBP2, (2.8)

The additive energy: the continuous case

We now define the discretized version of the additive energy. On a Cartesian product X xY
of metric spaces, we use the distance defined by

d((x.9). (') = /&% (. 2") + &y, 7).

where z,2' are in X and y,7' are in Y.

Definition 2.15 (Energy of a map). Let X,Y be two metric spaces, and let ¢ be a Lipschitz
map from X toY. For a subset C' of X, the energy of ¢ at scale § is defined by

ws(p, C) = Ns({(a,d’) € C x Cld(p(a), p(a’)) < 6}). (2.9)

Lemma 2.16. Let ¢ be a K-Lipschitz map from R™ to R™, and let C' be a bounded subset of
R™. Then

(i) We have
Ns(C)?
N5(C)? yO) Snm < 2.10
5( ) >>CU5(§0 )>> ) N&((,O(C)) ( )
(ii) Let C be a mazimal 6—separated subset of C. Then
wi(p, C) < #{(a,a") € C?|d((a), p(a')) < (1+2K)3}. (2.11)

(See [He, Lemma 12] for more details) When m = 2n, C = A x B C R*" with A, B in R
and ¢(a,b) = a + b, we call ws(+, A x B) the additive energy of A, B at scale . We have a
formulation with L? norm (see [BISG17, Appendix A.1] for example. This is also the discretized
version of (2.6).) We have an inequality

ws(+, A x B) > 673714 % 153 (2.12)



Lemma 2.16 (i) implies that

Ns(A x B)? - Nis(A)2N5(B)?

st Ax B) > NOAX D Nl AP il (213
If A~ B, that is N5(A+ B) < KN5(A)Y/2N5(B)'/2, then (2.13) implies
ws(+, A x B) > K~ N5(A)¥2N5(B)>/2, (2.14)

This means that when two sets A, B have additive structure then the additive energy is relatively
large.

The additive energy is powerful when combined with the following proposition, a partial
converse to (2.14), which says that if two sets have relatively large additive energy, then there
exist large subsets which have additive structure.

Proposition 2.17 (Balog-Szemerédi-Gowers). [Tao08, Theorem 6.10] Let A, B be two bounded
subsets of R™ such that

ws(+, A x B) > K~ 'N5(A)¥2N5(B)>/2.
Then there exist subsets A', B of A, B such that
Ns(A') >, K~OUN;(A), N5(B') >, K-°YN5(B)
and

Na(A/ +B/) < KO(I)N(S(A/)I/2N5(B/)1/2.

2.2 Sum-product estimates in R”

We first state the discrete version of the growth under a ball.

Lemma 2.18. [Gre09, Lemma 3.1] Let p be a prime number. If X is a subset of Fp,, then

1
sup | X +aX| > - min{|X|?, p}.
a€cF 2

p

The proof is by calculating the additive energy in two ways. Suppose that the result does
not hold, then the additive energy w(+, X x aX) is large for every a in F,. But the sum of the
additive energy w(+, X x aX) with respect to a in F), is small, which gives the contradiction.

The continuous version uses a Fubini type argument to study the growth under a ball in
(R*)™. Recall that id = (1,--- ,1) is the identity in (R*)™.

Lemma 2.19. Given k > 0,0 € (0,n), there exists € > 0 such that for § sufficiently small the
following holds. Let X be a bounded subset of R™ such that for j =1,...n

Vp > 6, Np(mj(X)) = 6p "
and N§(X) < §777¢. Then

sup  Ns(X +aX) > 5 N3(X).
a€Bgn (id,1/2)

Remark 2.20. We follow closely the proof of [He, Theorem 3]. To prove the stronger version,
we need another lemma, which is a reducible version of [He, Prop.29]. The proof is essentially
the same as the irreducible version, with the estimate of small balls replaced by thin cylinders.



Proof of Lemma 2.19. Assume that N5(X + X) < 6~°N3(X), if not the proof is finished. For
p>dand j=1,--- ,n, we have

No(X + X) = Ny (; (X)) max No(X 0 ;- Br(b, p))- (2.15)
This can be proved by the following standard argument. Choose a maximal subset {¢;} of X

such that 7;(c;) is 2p-separated. Fix b in R. Choose a maximal d-separated subset {dy} of
X N ' Br(b, p). If (i,k) # (i, k), then

d(CZ' + dg, cir + dk’) > 4.

Hence {c¢; + dj }i  is a d-separated subset of X + X and (2.15) follows.
For all b in R, by (2.15) and hypothesis

N5(X +X) _ 5-N5(X)

No(mi(X)) = op*
Let p be the normalized Lebesgue measure on Bgn(id, 1/2) with total mass 1, and let a be

a random variable following the law of . Define ¢, : R® x R® — R" by

N5(X N7 ' Br(b, p)) < = 52" N5 (X). (2.16)

pa(®,y) = = + ay.
By Lemma 2.16 (i),

Ns(X x X)?
X x X _
Naleal XX > X XY
which is also Ny ()
s(X
X X _—
N5(X +aX) > o on X X X)
By the Jensen inequality on the function ¢ — 1 from R* to R,
Ns(X)*
E(N5(X 4 aX)) > : 2.17
W+ 0> B0 X X X)) 247
Therefore it is sufficient to give a bound that E(ws(a, X x X)) < 6“Ns(X )3.
By Lemma 2.16 (ii), letting X be a maximal J-separated subset of X, we have
E(ws(¢a; X x X)) < E(#{(2,2",y,9) € X[||(z — ) + aly —¢/)|| < 56})
= > PF{llaly—y)+ (@) <58, (2.18)

$7x, ’y?y’eX

where a is contained in Bgn(id,1/2) and K = 2. Let p be a parameter to be fixed later. We
distinguish two cases

e If min; [y; — y}| > p, then
P{la(y — ¥/) + (& — 2')]| < 56} < 8" (2.19)

e Otherwise, the number of pairs (y,y’) such that min; |y; — y;| < p can be bounded using
(2.16) and (2.4)

#{(y,y) € X?| min|y; —yj| < p} < #X (D max#{X Nj " Br(b, p)}) < 072 p"Np(X)?.
j

(2.20)
Moreover, we have for all z,y,y’ € X,

> P{laly —y) + (z — ') < 56} < 1, (2.21)
z'eX

since for every event, there exists a finite number of z’ which satisfies the assumption.



Therefore combining (2.18) (2.19) (2.20) and (2.21), and taking p = 5%7
E(ws(pa, X x X)) < N5(X)18"p™" + N5(X)?67%p"
< Ng(X)3(5n*U*6pfn + 572ep,{)
K(n—o)

< N3(X)367 % nvn
When e is sufficiently small, we have E(ws(@q, X x X)) < Ns(X)35¢, which finishes the proof. [

Before proving Theorem 1.4, we need to introduce Ss, the set of “good elements”. Let A
be a bounded subset of R”. Let

Ss(A, K) = {a € Bpnamn)(0, K)|Ns(A + ad) < KN;5(A)}.

The following lemma says that Ss(A, K) has a “ring structure”.
Lemma 2.21. Let A C B(0,K) be a subset of R™.

(i) If a is in S5(A, K) and ||la — b|| < K§, then b belongs to Ss(A, KOW),

(ii) Ifid,a,b are in Ss(A, K), then a — b,a + b, ab belong to S(;(A,KO(I)).
(iii) Suppose that a is invertible. If a=' is in B(0,K) and a is in S5(A, K), then a=' belongs

to S5(A, KOW).
(See [He, Lemma 30] and [BKT04, Proposition 3.3] for more details)

Proof of Theorem 1.4. The idea is to use Proposition 2.5 to force A to grow to a fat ball. Then
Lemma 2.19 implies the growth of regularity under the action of a fat ball.

Assume that the result fails. That is for every € > 0, there exist A, X satisfying the
assumptions of Theorem 1.4 such that

A C S5(X,67°). (2.22)

We will reach a contradiction when € is small enough depending on «,o.
By Proposition 2.5, for every ¢y > 0, there exist s € N and ¢; > 0 depending only on ¢y and
K, such that if € < €; then

Bgn(0,6) C (A)s + Bgn(0,6). (2.23)
By Lemma 2.21 (ii) with K = 6~ and (2.22), we have
(A), C Ss(X, 090, (2.24)
By Lemma 2.21 (i) with K = 6-9()¢ and (2.24), (2.23)
Bgn (0,8) C S5(X,600)e), (2.25)
By Lemma 2.21 (iii) with K = §-9()e=¢0 ¢ = 22id and (2.25), we have
26~id = o' € S5(X, 60Ok, (2.26)
Again by Lemma 2.21 (ii), using product and (2.25), (2.26), we obtain
Bgn(id, 1/2) C Bgn(0,2) = 267id - Bga(0,) C Sg(X, - O)=0l)y, (2.27)

By Lemma 2.19, there exists €5 > 0 depending only on ¢ and k, such that when € < e

sup  N3(X +aX) > 5 2N(X). (2.28)
a€Bgn (id,1/2)

Taking e sufficiently small, and then taking e sufficiently small such that O(s)e+O(ep) < €2,
we get a contradiction from (2.27) (2.28)

6TOWTOCOING(X) > sup  NG(X +aX) > 5 =NG(X).
a€Bgn (id,1/2)

The proof is complete. ]
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3 Application to multiplicative convolution of measures

Notation: For a measure p on R”, let u~ be the symmetry of p, that is 4= (E) = u(—FE)
for any Borel set E of R™. Let u(") be the r-times additive convolution of p. Recall that py is
the k-times multiplicative convolution of p. For an element z in R", we write x; for its j-th
coordinate, 7 = 1,2,--- ,n. We use the norm induced by the standard scalar product on R",
that is to say for x € R™, ||z|| = /22 + - - + 22. All vectors z, ¢ in R” are column vectors, and
(-,-) is the inner product. For y in R"™ and measure v on R", let (m,),v be the pushforward
measure of y by the multiplication action of y, that is (my).v(E) = v(y 'E). In order to
simplify the notation, we abbreviate Bgn (0, R) to B(0,R). For a function f on R", we write
| fllp, p=1,2, 00, for its LP norm on R".

1 . .
Let Fs = ; BB(E)O%)P where | - | is the Lebesgue measure of a Borel set in R™. Let vs = v * Py,
which is an approximation of v at scale 4.

3.1 L’-flattening

Lemma 3.1 (L2-flattening). Given o1, k > 0, there exists € = (01, k) > 0 such that the follow-
ing holds for 6 small enough. Let v be a symmetric Borel probability measure on [—0~¢, 6" C
R™. Assume that

lvs))3 >0~

and v satisfies (0, k, €) projective non concentration assumption, that is

Vp > 6, sup 1(7r1,)*V(B]R(a,,0)) = sup v{z|(v,x) € Br(a,p)} <0 p". (3.1)
acRveES"— a,v
Then
/llVa * (my)vs|3dv(y) < 6lvs|3- (3.2)

Remark 3.2. The first assumption that the L? norm is not small means that the measure is
not too smooth. Because if the measure is already smooth, then the convolution can not make
the measure more smooth. This assumption should be compared with the assumption (iv) in
Theorem 1.4, where we need that the covering number of the set is not too large.

By definition and (3.1), ||lvs||? < ||vslloollvslli < 657", Hence k + o1 < € + n, that is the
non concentration assumption gives a upper bound of L?> norm. Another explication of the L?
norm s in Lemma 3.14.

Remark 3.3. The non concentration assumption here is stronger than the non concentration
in Theorem 1.4. This is because we need to make multiplication in the proof. The projective non
concentration assumption is stable under multiplication and addition. But the non concentration
assumption in Theorem 1.4 is not.

The hypothesis of projective non concentration can be weakened to (i) non concentration
on coordinate subspaces and (ii) away from linear subspaces. Please see Remark 3.11. But the
assumption needed in Theorem 1.1 is projective non concentration. Hence we write the same
assumption here for simplicity. The step where we really need a projective non concentration is
explained in Remark 3.18.

Remark 3.4. When n equals 1, this is due to Bourgain [Bou03] [Boul0]. It roughly says that
under multiplicative and additive convolution the Hélder reqularity of a measure will increase,
that is given k > 0 there exists € > 0 such that if for all x in R and r > 0, we have v(B(x,r)) <
%, then v vo(B(xz, 1)) < vt With this observation, Bourgain gave a quantitative proof of the
Erdés-Volkmann ring conjecture [Bou03, Section /).
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Instead of using the original approach in [Bou03] [Boul0], we will follow the approach
used for proving L?-flattening in the case of simple Lie groups, using dyadic decomposition to
simplify the argument, developed by Bourgain and Gamburd (see [BGO08], [BdS16], [BISG17]
for example). We introduce an approximation by dyadic level sets.

Definition 3.5. Let {D;}icr be a family of subsets of R™. We call {D;}icr an essentially disjoint
union, if each point x in R™ is covered by at most C' different D;, where C is a fized constant
only depending on R™.

Lemma 3.6. [LS15/[BISG17, Lemma A.4] Let v be a Borel probability measure on R™. Let C
be a maximal §-separated set of R™. Let Co = {x € C|0 < vo5(x) < 1} and C; = {x € C|2¢7! <
vos(x) < 2%} fori > 1. Fori >0, let X; = Ugec, B(x,0). Then X; is empty if i > O(log%), and
we have

(1) vs € 3 i502'1x, and Y ;02" 1x, < vs5.
(2) X; is an essentially disjoint union of balls of radius 0, for each i > 0.

Lemma 3.7. [BISG17, Lemma A.5] Let a > 0 and v be a Borel probability measure on R™.
Then

[Vasll2 <a [[vs]l2-

We also need the following inequality, which is an inverse Chebyshev’s inequality. Its proof
is elementary.

Lemma 3.8. Let K > 0. Let v be a probability measure on a measure space X. Let f be a
nonnegative function on X. If | f(x)| < K [y fdv on the support of v, then

V{xEX‘f(a:)Z;/deu}Zzi(.

Here is the main idea of the proof of L2-flattening: Suppose that (3.2) fails. By (2.12), we
can obtain two sets with large additive energy from the convolution of its character function.
Hence we can find some sets in the support of v5 with large additive energy. Together with
Balog-Szemerédi-Gowers theorem (Proposition 2.17), this produces two sets which violate sum-
product estimates (Theorem 1.4).

Proof of L?-flattening (Lemma 3.1). We follow closely the proof of [BdS16, Lemma 2.5]. Proof
by contradiction: Assume that the result fails. Then for every € > 0, there exist 6 small and a
measure v satisfying

/ s * (my)evs|3du(y) > 65 3. (3.3)

We will reach a contradiction for e sufficiently small.
Lemma 3.6, (3.3) and Cauchy-Schwarz’s inequality imply

553 < / 15" 20y, %201, [3du(y) < (0g8)* Y / 121 x, * 271,x, | 2dv(y).
i, 1,
There must exist ¢, 7 such that

pllvsll3 > 69 w3 > 69 (3-4)

. . )
= [ |21y, « 271, x.||2 —
Q= [ 21 P ) > oo

With the same argument as in [BISG17, Appendix A.2|, we can conclude that i,j > 0. If
i = 0, since suppr C [—67¢,67¢]", we have a bound on volume, that is |Xo| < §=9©), If j > 0,
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by Lemma 3.6, then [[2/1x,[[1 < [lvss]l1 = 1. Therefore, for j > 0 and [jy|| < 67, by Young’s
inequality ‘ ‘
1L, % 27Ty, ll2 < [T, ll2l|2/ Lyl < 6790,

which contradicts to (3.4) if € is sufficiently small with respect to o. Similarly, we obtain j > 0.
Therefore, Lemma 3.6 implies

2'|1 X = |21, |1 < [lvaslh = 1,

2 i 2 2 2 . - (3.5)
27| Xi| = (121 I3 < llvssllz < [lvsllz, and similarly for j,

where the last inequality is due to Lemma 3.7. Hence by Young’s inequality, for every y in the
support of v
127 x, # 2Ly x|z < 112°Lx, 111127 Ty, 12 = 2° X127 Lx, [lo] det y]' /2 < 6799 w52, (3.6)

where det y is the determinant of y seen as an endomorphism of R™, that is dety = y1 - - - yn.
Then we take a set B such that for every y in B we have that [|2'Lx, * 271, x, |3 is relatively
large. Let

B = {y € R"[|2'Lx, * 2'1yx,I3 > Q/2}. (3.7)
Using Lemma 3.8 with f(y) = [|2'Lx, * 2/ 1, x, |3 and (3.4), (3.6) we have
Q o)
v(B) > > 50, 3.8
( ) 28upy€suppu f(y) ( )

We verify that X;, X; and B satisfy some natural assumptions. Take y in B. By (3.4) and
Young’s inequality, we have

8% lwsllz < |12 Lx, * 27 Lyx, 12 < 12°0x, 120127 Ly x; 11 = 271X5][12°Lx, [lo| det . (3.9)
By (3.5), the inequality (3.9) gives
|det y| > 69, for y € B. (3.10)
By [[271x; |2 < |lvsl2 , |dety] < 6909 and (3.5), the inequality (3.9) implies
27| X;| = 6909 and similarly 2°|X;| = §°(. (3.11)
Next, (3.5) and (3.9) also imply

6% |wsll2 < 271X1[12°Lx, [lo| det y| < 52|12 < 67022,

We have ‘
20> 6909 ||y;5)|2 > 571 +O), (3.12)
Since X; is an essentially disjoint union of § balls, we have Ns(X;) ~ ‘g{f‘ and Ns(X; N
7 'Bg(a,p)) < 67"|X; N7, ' Br(a,2p)| for every p > 6 and [ = 1,---,n . By (3.11) and

(3.12) we have
X el _ _

N(S(XZ) ~ ‘5n| :50(6)2 T« § n+o1 O(e). (313)
By Lemma 3.6(1), the projective non concentration and (3.13) for p > §,a € Randl =1,--- ,n,
Ns(X; N7 Br(a, p)) < 67" X; N7 ' Brla,2p)| < 672 vas(m; ' Br(a, 2p)) (3.14)

< Ni(X;)67 00 g,
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This means that X; inherits non concentration from v.
We calculate additive energy. By (2.12) we have

ws(+, Xi X yX;) > 6| 1x, * Lyx, 13-
Then for every y in B, by (3.7), (3.5), (3.11) and (3.13)
ws(, Xi X yX;j) > 67500 g 5272
3> 57O X5 12| X512 > 58Ol | X532 x5 3
> 00 NG(X,)3 2N (X;)3/2.

We can use the following proposition, which is a uniform version of the Balog-Szemerédi-Gowers
theorem, inspired by the version on finite field I, due to Bourgain.

Proposition 3.9 (Additive-Multiplicative Balog-Szemerédi-Gowers theorem). Let K > 2 be the
roughness constant, let X, X', B be bounded subsets of R"™ in B(0, K), with B~! bounded by K
(if b € B then |bj| > 1/K for j =1,...n), and let u be a Borel probability measure on B. If for
every b € B we have

ws(+, X x bX') > %_/\/’5()()3/2_/\/‘6()(/)3/2‘

Then there exist X, C X, b, € B and B; C BN B(by, 1/K?) such that N5(X,) > K~OWN;(X),
w(By) > K9 and for every b € b, ' By

Ns(X, 4+ bX,) < KOWNG(X,).

Take K = 69,y = ﬁyhg, X = X; and X’ = X;. By (3.10), the set B satisfies the
assumption in Proposition 3.9. Take B(1,2r) C U as in Theorem 1.4 with the group G = (R*)",
V = R". Proposition 3.9 implies that for § small enough that 6¢ < r there exist Cq > 0,

X, C X; and By C BN B(b,, 6r)

such that
N3(X,) > 69 N5(X;), (3.15)
((By) > 69, (3.16)
and for b € b, ' By
N3(X, +bX,) < 67 CN5(X,). (3.17)

Lemma 3.10. There exists Co > 0. These sets b;lBl,Xo satisfy the (9, k, 01, Co€) assumption
of Theorem 1.4 when  is small enough.

Proof. By Proposition 3.9, the set X, satisfies X, ¢ X; C suppr® c B(0,67°), and B,
satisfies by 1By C b, 1 B(b,, 6r) C U.

Let
1

vy = (?1)(1431)-

v

By (3.8) and (3.16)
v(By) = v(B)u(By) > 690,

Hence for any Borel measurable set E, we have
v(E) <5 9y (E). (3.18)
Assumption (i) (non concentration): By (3.18) and projective non concentration

Vp > 6, supuvi(m;  Br(a,p)) < 6~ supv(n; ! Br(a, p)) < 67°Cp",
a€R a€R
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Therefore by [|b; || < 6799 and Lemma 2.7,

%1 (Bl)
supoeg v1(m; ' Br(a, p))

Np(j(by Br)) = 67N, (m5(B1)) > > 59 pr, (3.19)

Assumption (ii) (away from proper unitary subalgebras): All the maximal unitary subalge-
bras of R” have a form {x € R"|z; = x;} with i # j. Let f;;(z) = 2; — z; for x € R™. By (3.10)
we know that |(b,)il, |(bo);] > 69, By (3.18),

vi{z|fi;(by'x) € Br(0,p)} < 6~%Ov{z|f;;(by ) € Br(0,p)}.

This is an estimate of being away from linear subspace. If we take the vector w with its i-th, j-th
coordinate equal to (b,); ", —(bo)j_l, and other coordinates equal to zero, and let v = w/||w||,

then
fij (b5 ) = (w, z).

Hence projective non concentration (3.1) for v implies that
v{al fij(b; 'x) € Br(0, p)} < w(m, ' Br(0,6-%p)) < 5-19p".

Hence b, !By is 69(9) away from proper subalgebra.
Assumption (iii) (non concentration of X,): By (3.15) and (3.14) we have for p > § and
j = 17 N,

N5 (Xo) s 50 Ni(Xi)

N j Xo >
p(m3(Xo)) supger Ns(Xo N WIIBR(G,P)) supger Ns(Xi N WJ'_IBR(G"O))

> 50(6)/)711.

Assumption (iv): By (3.13),
Ni3(X,) < Ns(X;) < 6 Ho1=0(),

When § is small enough such that 6¢ < 1/2, the inequalities with Landau notation can be
replaced by > or < with augmenting O(e). O

The end of the proof of the L%flattening lemma: Let Cje and Cae be given in (3.17) and
Lemma 3.10, respectively. Suppose that Cy > Cy (we can always augment Cy in Lemma 3.10.
The larger Oy is, the easier the assumption is). Applying Theorem 1.4 with A = b;!1B; and
X = X,, when ¢ is sufficiently, we have

N(S(Xo + Xo) + sup Né(Xo + on) > 5_C2€N5(X0)'
beb, ' By

Due to Co > Cf, we have 6“2 N;(X,) > 6~“1°N;(X,), which contradicts (3.17). The proof is
complete. O

Remark 3.11. The only place where we need a stronger non concentration than non concen-
tration on coordinate subspaces is in the proof of Lemma 3.10, when we check assumption (ii)
of Theorem 1.4. In this step, we need a property of being away from a linear subspace.

It remains to prove Proposition 3.9. We first state a similar version on I,

Proposition 3.12. [Bou09, Thm.C] [Gre09, Prop. 4.1] Let K > 1. Let A CF, and B C F}, be

two sets. If for all b in B, we have w(+, A x bA) > K| A[>/2|B[*/2. Then there exist x in B
and A' C A, B' C z7'B with |A'| > K~OW|A| and |B'| > K~°W|B| such that for allt/ € B,

|A,+b/A/| < KO(1)|A,‘.
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The main point is to find A’ which is uniform for b. This is accomplished by using the
pigeon-hole principle. For more details, please see [Gre09, Prop. 4.1] or the following proof.

Proof of Proposition 3.9. We follow closely the proof of [Gre09, Proposition 4.1]. Since B and
B! are bounded by K, if we multiply a set by an element in B, then Lemma 2.7 implies that
we only lose some power on K, which does not change the result. That means for b in B and a
subset X of R", we have

K OWN5(bX) < N3(X) < KCON3(bX).

Hence, we will not write the comparison of Ns(A) with Ns(bA) for bounded set A. They have
the same size.

For every b € B, using additive Balog-Szemerédi-Gowers theorem (Proposition 2.17), we
have Xj x X| C X x X’ such that

Ns(Xp 4+ bX}) < KODNG(X)V2N5(X")/? (3.20)

and
N3(Xp) > KOWN5(X), N3(Xp) > K-OWN5(X). (3.21)

The result we need is a uniform version, independent of b. For this purpose, we want to find an
element b, in B and a portion of B such that the intersection of Xj , X is large for b in this
portion.

Lemma 3.13. Let p be a probability measure on a set B C Brn(K). Let S be a compact set of
R™. Assume that for every b in B, there exists Sy C S such that

‘Sb| > K_l‘S‘.

Then there exists b, in B and By C B N B(by,1/K?) such that u(By) > K=°W | and for every
b in Bl
15,1 Sy, | > KOW|g]. (3.22)

Proof. We cover B with O(K?") balls of radius 1/K?, written as Cj,...,C;. We claim that:

There exists 7 such that

/C 155 1 Syldu(b)du(®) > K-O0]s]. (3.23)
By hypothesis, we have

| [ 1 @)dodutv) = [ [suldn(e) = K1j3] (3.24)
BJS B

By Cauchy-Schwarz’s inequality

K23 ( /C | ]lgb(x)du(b)>2 > < /B Ilgb(x)du(b)>2. (3.25)

i

By Cauchy-Schwarz’s inequality and (3.24)

L(A lsb(x)dﬂ(b>>2dm > (/S/B]lsb(x)du(b)dm)?/m > K-0M)|g]. (3.26)

Rewrite the left hand side of (3.25) and integrate it with respect to the Lebesgue measure on
S. Combined with (3.26) we have

Z/ |Sp N Sy |dpe(b)dp(t') 3> K~OW|S].
i JCF
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The claim (3.23) follows.
By Lemma 3.8, we can find C’, a subset of C?, such that u ® u(C’) > K90 and for all
(b,t)) e C’

1S, N Sy| > K~°W|s]. (3.27)
By Fubini’s theorem, we can find a b, such that u{b € C;|(b,,b) € C'} > KM, We let
By = {b € C;|(b,, b) € C'}, then this set satisfies the measure assumption. O

The § neighbourhood of a set behaves well under intersection. In order to simplify the
notation, abbreviate X(®, X'@, x9 x/®) o0 ¥, Y", ¥}, /. By (2.4) we have

Ns(X) ~ [Y]6™ (3.28)

Due to (3.20) and (3.21), we have Ns(X)'/2N5(X")1/2 > K=OWN5(Xp+bX]) > K-OWN;(X;) >
K~OWNj5(X), which implies
Ns(X) ~ oy Ns(X7).

Hence
Y] ~ 0" N5(X) ~goq S"Ns(X') ~ Y. (3.29)

Let
S:YXY’andSb:Y},be’forbeB. (3.30)

By (3.21), we have |Y3| > §9©|Y| and |V}| > 6°9)|Y’|. Hence, we can use Lemma 3.13 with
K = 690 to obtain u, By with desired property. Next, we want to find X,. Due to

SOOI = 6918 < ISy N Sy, | = Yy N Y5, ||V N Y,
together with (3.29), we obtain
Yy N Yy, ||V N Yy | > 699, (3.31)
The proof concludes by Ruzsa calculus. By Lemma 2.14(1) and (3.20), we have
05X, 05(Xa), 05 X5, ], o5 X;) < KOO,
By (3.31) and (3.28), we have
X2 0 X,V 1X0 0 X D) 2 KTOWIX O] > KW NG(X),

By Lemma 2.14(3), we have Xj, ~roa) Xp and X; =pow) X;, the latter implies bX; = o)
bX]. Therefore by Lemma 2.14(2)

b b
Xy, Rgon) Xp Rgon) bX) Rpon bX; = FboXéo ~row Xo,.
o o
We get X;, =00 %Xbo. Let X, = X3, C X. The proof is complete. O

3.2 Proof of the Fourier decay of multiplicative convolutions

Using L?-flattening (Lemma 3.1), we give a proof of Theorem 1.1. The strategy is to apply

L?-flattening to
1

) Gk 1))+ G 1))

We need a lemma which explains the connection of ||vs||2 and the Fourier transform of v
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Lemma 3.14. Let § >0, C > 1 and let 5y = 25/C. Let v be a Borel probability measure on R™
with support in B(0,C). We have

15, |2 ~c / (6 Pde, (3.32)
B(0,26-1)

)

2
[ s tmas ) > [ o Pewe e (3.33)

The proof of Lemma 3.14 will be given at the end of this section.
Recall that py is the k-times multiplicative convolution of u. We have

] [expleim(e,al e Dute) - duteh)| = ln(o).

For k,r € N, let 01, be the real number defined by

108 e O )
ko = [Tog 0| |logd|

(3.34)

where i, = (g * 1, )*".

The remainder of the proof is to control oy, divided into two steps. We first prove that
if oy, is not sufficiently small, then L?-flattening (Lemma 3.1) reduces the value of Okr. When
oy is sufficiently small, the Holder regularity of p enables us to finish the proof. This can
be understood that if a measure p satisfies non concentration assumption, then after sufficient
multiplicative and additive convolutions, the sum-product phenomenon implies that i, ;- is much
more smooth.

Proof of Theorem 1.1. Let
k1 = Kko/4, € = min{e(k1/2, ko), ko }/2, (3.35)

where €(k1/2, ko) is given in L?-flattening (Lemma 3.1).
Reducing the value: We have a consequence of L?-flattening (Lemma 3.1), whose proof
will be given later.

Lemma 3.15. Under the assumption of Theorem 1.1, if oy, > K1, then for 6 small enough
depending on k,r, we have
02k 1 < Oknr — €

where ' = 8r2 + 4r.

Sufficient regularity: We have a higher dimensional version of [Boul0, Theorem 7], which
says that if two measures have sufficient Holder regularity, then the multiplicative convolution
of these two measures has power decay in its Fourier transform.

Lemma 3.16. Leta > 3> 0 and 6 > 0. Let pu be a measure on B(0,1) such that forj=1,...,n

sup(m;)«p(Br(a,d)) < 0% (3.36)
Let K > 2 be a parameter. Let v be a compactly supported measure on B(0, K) such that
[ e <s (3.37)
B(0,26-1)

Then for ||&|| € [5—1/2,5—1]
[ 1@9)iaute) < 552,
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The proof of Lemma 3.16 is classic and will be given at the end of Section 3.2 for complete-
ness.

If 01,1 > k1, iterating Lemma 3.15 several times implies that o, < k1, where k,r only
depend on k.

We will now apply Lemma 3.16 to a well-chosen measure. Take (p, *,u,;)(’") as v, a = Kg—€,

f =k and 7= % For ||&| € [671/2,671], by Hélder’s inequality and Lemma 3.16,

2r
e (O = ' [inan@)| < [lnaoPane = [ ol <. 6

When ¢ is small enough, this yields (1.2) with

T Ko —€— K1 _ Ko/2— K1 K1
61 = — = = = ;
dr  4A(n+2)r 4n+2)r — 4(n+2)r
where the last two inequalities are due to (3.35) and r only depends on xg. O

Now we will prove Lemma 3.15, where we use the L?-flattening (Lemma 3.1).

Proof of Lemma 3.15. Fix k,r and set

1

v=3 ((M% s pg )+ (g u;)(’")) : (3.38)

This is the key construction of this proof. The measure v is the bridge to connect por and pg.
We summarize the properties of v in the following lemma.

Lemma 3.17. The measure v satisfies (0/r, ko, 2€) projective non concentration assumption
when 6 is sufficient small depending on k,r.

Proof. Projective non concentration property is invariant under addition. That is if a prob-
ability measure m satisfies projective non concentration, then m * m’ also satisfies projective
non concentration for any probability measure m’. The reason is the following calculation. By
Fubini’s theorem, we have

(70)«(m + m')(Br(a, p)) < igﬂg(m)*m(BR(b, p))-

Hence we can drop the additive convolution, and for p > 1, we have

Sup_ (mu)a(Bie(a,p)) < 5 sup(me)opus (B p)) + 5 sup(me)oise(Bala p)).  (3.39)

a€RveSn—1 a av

The property that the support of 1 is contained in [1/2,1]™ and the projective non concentration
of 1 imply the left hand side of (3.39) is less than

sup(m, )« p1(Br(a,4"p)) < 6~ (max{4"p,rp})™ < 572 p", (3.40)

a,v

where we have used rp > rd§; = § for projective non concentration and the last inequality holds
for § small enough depending on k,r. Then (3.1) follows from (3.39) and (3.40). The measure
v satisfies non concentration with (kg, 2¢) at scale d;. O

Remark 3.18. This is a step where we really need projective non concentration.
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Lemma 3.19. Let C > 0 and r € N. Let u be a probability measure on [1/C, 1" C R™. Let v
be defined by

v = % ((ug w05) ")+ (ux /f)(”> :
We have
[ @Pag~e [ Jaelvae, (3.41)
B(0,25-1) B(0,26—1)
and
[ meras< [ [o© P Pavms (3.42)
B(0,26-1) B(0,26-1)

where ' = 8r% + 4r.

The proof is an elementary computation, using Fourier transform and the Holder inequality.

Proof. The lower bound part of (3.41) is trivial, which is due to the definition of v.
For a measure m on R and r € N, we have a formula

(€)Y = |(mxm=) D (€)). (3.43)

By the multiplicative structure of R”, we have

| |_ '/ 2z7r£xy)du dﬂ ’ ‘/ yg dﬂ ‘ (3.44)

By the Holder inequality,
(€)1 < / ()| dpu(y).

Integrating ¢ on B(0,2571), we have

/ a(6)["rde < / (O dpu(y)de.
B(0,26-1)

yeR" £€B(0,26~1)

Due to suppu C [1/C, 1]™, we have

A 5025~ / el "anac < [ [ g [ AE)AY)
~c [ (07257)\ <>|4ng,

which implies that

[ m@itaese [ jae)t
B(0,26-1) B(0,26—1)
Therefore (3.41) follows from

[ o= [ (e +a©P) de<e [ jaeds
B(0,26-1) B(0,26-1) B(0,26-1)

y (3.44), Holder’s inequality and (3.43)

oPr = \ [ iteerauta)

‘/ px ) (z€)dp(x)

" < ( / !ﬂ(fbé)\”du(x)yr

4r
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By the Plancherel theorem and Holder’s inequality, the above inequality becomes

4r
|ﬂ2<s>\&"?s] / AE) A+ ) ()| < / AT+ ) ). (3.45)

Let
A, = / () A )| d (g # ) () e
yGR",SGB(O,Qéfl)

Therefore, by (3.45) and (3.43)
[ mertrag< [ @ [laol a0 @i = 4. (346)
B(0,25-1) B(0,26-1)
By (3.38)
Iy (€)1 (y6) P () e,
yER" £€B(0,261)

Combined with (3.46), we obtain (3.42). O

Lemma 3.17 and Lemma 3.19 enable us to decrease the parameter oy, by L?-flattening
(Lemma 3.1).
We return to the proof of Lemma 3.15. By (3.41) and the hypothesis oy 2, > k1, we have

/ D(€)PAE >y 67 (3.47)
B(0,26-1)

Due to suppr € [—r,7]" and (3.47), taking C' = r in Lemma 3.14, we have
5, 113 v 675 = 77716,
When ¢ is small enough depending on k,r, k1, we have
lvs, |13 > 5;K1/2 and suppy C [—r,r]" C [0, 672" (3.48)

Lemma 3.17 implies that v satisfies assumption of L2-flattening lemma with o1 = k1/2, K = kg
at scale ;. Also notice that (3.35) implies 2¢ < €(k1/2, ko). Then L?-flattening (Lemma 3.1)
implies

/ 15y * (my)evs, I3du(y) < 82w, 3. (3.49)
Using Lemma 3.17, we obtain
/ / 196215y Pdu(y)de <, 6% / 5(6)[de. (3.50)
B(0,26—1) B(0,2671)

Using Lemma 3.19 with p = 1, and C' = 2*, by (3.50), we have
/ ik (6)|™ A€ <y 67 / | (€)1 dE = &~ Th2r G <, 57Tk,
B(0,26—1) B(0,2671)

Therefore we have
Ok’ < O 2r — 2e + Ck,r/ log 5_17

with some constant Cj, > 0. For ¢ small enough, it follows that dof v < 02, — €. O

It remains to prove Lemma 3.14 and Lemma 3.16.
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Proof of Lemma 3.14. Recall that 6 = 2C'¢;. We observe that the Fourier transform of Pj
satisfies

Eg(f) = /Pg(x)ei<5’“>da: = /Pl(x/5)5"ei<§’x>da: = 73\1(55).
Due to Py (€) = R [501)€ e“&8 dz|B(0,1)]~ = JBo.1) cos((§, ))dz| B(0, 1)|~1, we see that
P is positive for ¢ € B(0,1). (3.51)

We are going to prove (3.32). By (3.51), we have ﬁ(élﬁ) > 1 for ¢ in B(0,1/6;1), which
implies

s, |12 = / ()21 B, (6) [2de = / ()P (5:€)Pee

5(€)]2d 2 de.
> /B e, PO 2 /B an [7O0E

For the other direction of (3.32), let do = 20 = 4Cd;. Due to 1/62 + 1/62 = 1/6, we have
P /5> Pys, « Py /62 which implies

(3.52)

/B(o 26~ OFde> /‘ P17 s(OF 076 > /‘ *1Prys, * Prys, (€)7072"d¢

(3.53)
= / v * P1/52(a:)\2dx.

By (3.51), we have P} () = P2(2/02) > 1p(0s,)(x). Combined with [B(0,81)| ¢ 67", this
implies

vk ]312/52 ()07 " > vx* Ps, () = vs,(x).

Together with (3.53), we have the other direction of (3.32).
The second inequality (3.33) follows from the same argument. By Parseval’s formula

/ 15, * () |30 (y) / / 55, (€)1 (1)o7, (€) e dw ()
- / / () P10 (yE) 21 By ()21 P, (4E) i (y) e (3.54)
- / / () 21 (wE) PP (619)2 1| Py (516) Pl (y)de

For y € B(0,C) and ¢ € B(0,267 1), we have ||§19¢|| < 1. By (3.51), the inequality (3.54) implies
(3.33). O

Proof of Lemma 3.16. Let R =61, Consider Hr; = {£ € B(0, R)||9(£)| > t}, where 0 <t < 1
will be fixed later. Since v is supported on B(0, K), the function |¢] is K Lipschitz. We have

t
HRJ*‘B( 2K> CHpyyt-

Hence by (2.4)
7%)
|

Ni(Hpy) <K |H £ < [Hp g o]t

By the definition of Hg ¢, Chebyshev’s inequality and (3.37),

Ny(Hp,) <t ! / |p(€)|de < RPt™1, (3.55)
B(0,R+1)
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From now on, suppose that ||£|| € [R/2, R]. Let H]%t = {z € R"|z{ € Hr;}. Then due to
Il€]l < R, we have ||z€|| < R for x € suppu C B(0,1), and

[ iaeldnto) < -+ aif,). (3.56)

We cover Hp; with balls of radius ¢ and we also get a cover of H]%t by Bé(y,t) = {x € R"|x€ €
B(y,t)}. Due to [[{|| > R/2, there is at least one j € {1,...,n} such that |{;| > R/(2n).
Therefore, we can replace BS(y,t) by a cylinder W{lBR(y, 2n/R) and we obtain

pB(y,t) = p{z € R"[ax€ € B(y, 1)} < L Sup (m;)«p{z|z € Br(y,2n/R)}.
yekR,y=1,...,n

The above inequality combined with the hypothesis (3.36) implies

pBS(y,t) < R™°. (3.57)

Therefore by (3.55) and (3.57)
p(H, ) < Ni(Hp) max pBS(y, ) < R+, (3.58)
If we take t = R_%, then the result follows from (3.56) and (3.58). O

4 Appendix

The main purpose of the Appendix is to give a version of Theorem 1.1 (Proposition 4.4)
for its application in [LI18] to the products of random matrices.

In the application, we need to vary the measure. Using the same idea as in [BD17, Pro-
postion 3.2], we have a version for several different measures (Proposition 4.2). The measures
appearing in the random product of matrices are not compactly supported, hence we will relax
the assumption on support in Proposition 4.4.

Proposition 4.1. Fiz k > 0. Then there exist k € N,je > 0 depending only on k1 such that
the following holds for T large enough. Let \ be a Borel probability measure on [%, 1™ c R™.
Assume that for all p € [t71,77¢] and

sup  (my)«A(Br(a, p)) = sup Mz|{v,z) € Br(a,p)} < p~. (4.1)

a€R,veSn—1 a,v

Then for & in R™ with ||€|| € [7/2, 7]

|/eXp(2i7T<§7SC1---a:k>)d)\(a:1)...d)\(a:k.)| <7
Proof. By Lemma 2.1, Theorem 1.1 implies the result. ]

We state a version with different measures.

Proposition 4.2. Fix k > 0. Then there exist k € N, e > 0 depending only on k1 such that the

following holds for T large enough. Let \i, ...\, be Borel measures on [%, 1]™ € R™ with total

mass less than 1. Assume that for allp € [t~ 77 and j =1,... k
S (1) Ay(Ba(a p) = sup Ay, a) € Balan p)} < o (42)
acR,veS"— a,v

Then for & in R™ with [|£|| € [7/2, 7]
| /exp(2i7r(§, 21z (@) - d(zr)| < 7
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Proof. The proof is the same as the argument in [BD17, Propostion 3.2]. For completeness, we
give a ketch here.

We first verify that if the mass of the measure A is less than 1, the result also holds. Let ey
be given by Proposition 4.1 when the regular exponent equals /2. We distinguish two cases

o If A(RY) > 77¢%/2 then replace X by N = A/A(R?). For p € [r~1, 7], we have

sup  (mp) N (Br(a, p)) < 722 sup  (my)«A(Bgr(a, p)) < 7252 pk.
a€R,vesSn—1 a€R,vesSn—1
Due to p < 77, we have 7¢2%/2p% < p"/2. The measure N satisfies non concentration

with x/2. By Proposition 4.1, we have the result.

o If A(R?) < 772%/2, then we have
[ explain(e - a)drm) . dAm)| < 7,

Hence we can take e = min{ey, kear/2}.
Then we want to prove that the result holds for different measures. For z € R, let

)\z = Zlgjgk Zj)\j- Let

G, ) = /exp(2i7r<f,a:1 coexg))dAr(x1) - dAg (k)

and
F(Z) :F(zlv"' 7Zk) :G(/\Z7 a)\z)-

Then F(z) is polynomial of k variables of degree k, and k!G(A1,---,\g) is the coefficient of
z1-- 2 in F(z). For z € Rgo, we have

F(z)| < |27, where |2 = 3 |zl,
1<5<k

by using the result of the first part with A = |71|)\Z.

Lemma 4.3. Let F' be a polynomial of k variables of degree less than n. Let h(F') be the
mazximum of the absolutely value of the coefficients in F'. Then

ME)<On s (PG
2€{0,-- ,;n}kCRF

In this lemma, we define two norms on the space of polynomials of k variable of degree less
than n. The inequality is due to the equivalence of norms on finite dimensional vector space.
Hence

|G(A1,- - s A)| g h(F) < 77°
The proof is complete. ]

Now we will give another version of Fourier decay of multiplicative convolution, which
releases the assumption on the support of A;.

Proposition 4.4. Fiz kg > 0. Let Cy > 0. Then there exist €2 and k € N depending only on
ko such that the following holds for T large enough depending on Cy, ko. Let A1,... A\ be Borel
measures on R"™ supported in ([—7%, =773 U [17%,79])" with total mass less than 1, where
€3 = min{eg, eakp, 1}/10k. Assume that for all p € [T72, 77 and j =1,...,k

sup_(m)j(Ba(a, ) = sup Xy ({0, ) € Baa p)} < Copf™. (4.3)
a€R,veS"— a,v
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Then for all ¢ € R™, |[s|| € [r3/4,7%/4] we have

‘/exp(%w(g, X1 xp))dA (z1) - dAg ()| < 772 (4.4)

Remark 4.5. The proof is tedious, but the idea is clear. If the non concentration assumption is
valid in some large range, then there is some place to rescale a little the measure and the result
still holds. We only need to find some exponent es carefully.

Proof. 1t is sufficient to prove the case that suppA; € [77%, 7%]". Because we can divide each
measure into \; = ZmE(Z 122y AT, where AT" is the unique part of A; whose support is in the
same orthant as m and we identify (Z/2Z)" with {—1,1}" € R™. Then

‘ / exp(2im{c, a1 - - ) )ANT (1) - - - AN ()
= ‘/exp(%ﬂ((gml ey, @ - xg) JAAT (ma ) - - - AN (mgay) |

We know that the support of measure (m;),A; is in [T, 7]™. Hence by the result of the case
supp]; positive, we have the result with a constant onk,

Let € as in Proposition 4.2 with k = k¢/2, and let €2 = €/4.

Divide [7, 7] into [2!, 211 = [2h,2h+]] x ... [2ln 20 F 1] with [ € Z". We rescale the
measure in each interval to [1/2,1]". Let A\/(A) = /\\[21_172@(2114). For p € [73/2,7°/2] we have

(m0): X (Br(a, p)) < (m):A(I[2'0]| Br(a, p)), (4.5)

where v’ = 2lv/||2']||. The inequality [|2'v|| € [r~3, 73] implies that ||2'v]|p € [r~3/27¢3 r—€2/2%e3]
(772, 77¢/4. Due to p~1/2 > 72/ > 73 > ||2ly|| for p € [r73/2,772/2], by (4.5) we have

()< X (Br(a, ) < Co([[2"]lp)™ < p/?, (4.6)

for 7 large enough depending on Cjy.
Summing up over ||/|| < ezlogy 7, we have

'/exp(2i7r<g, x1 - xp))dA (z1) -+ - A (ag)
<

< >

ez ||li]|<eslog T

. 1y gk 1 k
-7 ‘ [eptzime 2"y () ()
ez ||li]|<eslog T

exp(2im(s, 1 - - - $k>)d)\lll (2711371) . d)\f: (Qflkwk)

Let 7, = Hg211+”'+lk|], then 1y € [r3/47kes 75/44kes] Then we have [r 1,7, 2] C [r73/2,77/2].
The assumption of Proposition 4.2 is verified by (4.6) with 7 replaced by 71. Therefore

2 DD e

i ez ||l7]|<eslog T
< (263 10g2 T)kn(T3/4—k:eg)—e < 7_—6/4,

/ exp(2im (s, 2"y -y AN (y) - AL ()

when 7 is large enough depending on k,n,e. The proof is complete. ]
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4.1 The case of C

In this part, we consider the case of C. The decay of Fourier transform of multiplicative
convolution of measures was already indicated in [BD17]. They said that by using the sum-
product estimate on C [BG12] and the same method as the real case we can obtain the complex
case. Here we indicate that our approach can also give the result for C. This result will be used
in a joint work with Frédéric Naud and Wenyu Pan on the Fourier decay of Patterson-Sullivan
measures associated to Kleinian Schottky groups.

Let p be a Borel probability measure on C. For ¢ in C, we define the Fourier transform of
p by

i(e) = [ M),

As two algebras of dimension 2, the algebras R? and C are different in their product structure.
We need a version of discretized sum-product estimate on C.

Proposition 4.6. Given k > 0,0 € (0,2), there exists € > 0 such that for all 6 > 0 sufficiently
small, if A, X C Bc(0,07°) satisfy the following (0, k,0,€) assumption:
(i)
Vo > 8, Ny(A) > 657",
(ii) A is ¢ away from R in C,
(iii)
Vo> 6, Ny(X) > 65",
(iv) N3(X) < - (=)=,
Then
Ns(X + X) +supNs(X +aX) >0 “Ns(X).
acA

This is a consequence of [He, Theorem 3] (see also [BG12, Proposition 2]).

Proposition 4.7 (He). Given k > 0,0 € (0,2), there exists € > 0 such that for all § > 0
sufficiently small, if X C Bg2(0,67°) and A C Bgpqmr2)(0,07°) satisfy the following (6, k, 0, €)
assumption:
(i)
Vp > 8, Ny(A) > 65",
(ii) for every nonzero proper linear subspaces W C R? | thereisa € A and w € WNBg2(0,1)
such that d(aw, W) > §¢ .
(iii)
Vp =6, Np(X) = 6%",
(iw)Ns(X) < §—(n=o)—¢,
Then
Ns(X +X) + SugNg(X +aX) > 6 Ns(X).
ac

Form Proposition 4.7 to Proposition 4.6. We identify C with R?, and the multiplication of a

x
we only need to verify Assumption (ii) of Proposition 4.7. By Assumption (ii) of Proposition
4.6, there exists a € A such that d(a,R) > §¢. We take w in W with unit length, since the
distance is invariant under the rotation, then

complex number x + iy for x,y € R is seen as the multiplication of the matrix <:3j —y> . Then

d(aw, W) = d(a,R) > 6.

The proof is complete. ]

26



With the same argument as in Section 3, by using Proposition 4.6 we have

Proposition 4.8. Given ko > 0, there exist €,¢; > 0 and k € N such that the following holds
for 6 > 0 small enough. Let p be a probability measure on the annulus {z € C:1/2 < |z| < 2}
which satisfies (0, ko, €) projective non concentration assumption, that is

Vp > 6, sup p{z € C|R(e?2) € Br(a,p)} < 5 p"™. (4.7)
a€R,HER

Then for all £ € C with ||€]| € [071/2,671],

(©)] = ] [ epimiteen - a0)duten) - dutan)| < (4.8)

Then by the same argument as in [BD17, Section 3.1] and Lemma 2.1, we obtain

Proposition 4.9. Given kg > 0, there exist € > 0 and k € N such that the following holds for
0 €(0,1). Let Cy > 0 and let pu1,- -+ , ug be Borel measures on the annulus {z € C:1/Cy < |z| <
Co} with total mass less than Cy and which satisfy projective non concentration assumption, that
isforj=1,---k

Vp € [Cod,Cy 169, sup  p;{z € C|R(e"2) € Br(a,p)} < Cop™. (4.9)
a€R, R

Then there exists a constant C1 depending only on Cy, kg such that for all & € C with
€l € (672,671,

‘/exp(%ﬂ%(ﬁzl ez dp(z1) - dpg(zx) | < Cro°. (4.10)
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