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In this paper we propose to compute the maximal degree of the inverse of a cubic
automorphism of the affine plane with Jacobian 1 via Grobner Bases. This degree is
equal to 9 and we give coefficients of the inverse.

1. Introduction

If k is any commutative ring, k[X, Y] will denote the algebra of polynomials with coeffi-
cients in k in the indeterminates X,Y and A7 = Spec k[X,Y] the affine plane over k. A
k-endomorphism f of AZ will be identified with its coordinate functions f = (f1, f2) where
fi (i =1,2) belongs to k[X,Y]. We define the Jacobian of f by Jac(f) = %% - %%
and the degree of f by deg(f) = maxi<;<2 deg(f;).

Let d be a nonnegative integer and f an endomorphism of A(zc whose degree is less than
or equal to d. The Jacobian Conjecture in degree d (CJ(d)) states that f is invertible if
and only if its Jacobian is a nonzero constant.

Let Cy be the smallest integer C' such that if k is a Q-algebra and f a k-automorphism
of A? satisfying Jac(f) =1 and deg(f) < d, then we have deg(f~!) < C.
H. Bass has proven the following result in (Bass, 1983):

THEOREM 1.1. The three following assertions are equivalent :

(i) CJ(d) is true,

(ii) if k is any Q-algebra and f any k-endomorphism of A whose degree is less than
or equal to d, then f is invertible if and only if Jac(f) is an invertible element of
KX, Y],

(iii) Cq < oc.

If k is a reduced Q-algebra and f a k-automorphism of A7 satisfying Jac(f) =1 and
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deg(f) < d, it follows from a formula of O. Gabber (see (Bass, Connel, Wright, 1982) and
(Cheng, Wang, Yu, 1994)) that deg f~! = deg f. What happens if k is not reduced ? Is
it true that Cy = d (see Question 2.19 of the paper (van den Essen, 1991)) ?

A negative answer to this question is given in (Furter, to appear) where it is proven
that Cy > d + 1 as soon as d > 3. Also, T. T. Moh has proven that CJ(d) is true when
d <100 (see (Moh, 1983)). It then follows from Theorem 1.1 that Cy is finite for d < 100.

We could easily check that C7 = 1. Theorem 2 of (Furter, to appear) shows us that
C5 = 2. The purpose of this paper is to establish the following result :

THEOREM 1.2. C3 = 9.

As far as we know, there is no explicit upper bound for Cy; when d > 4 and there is
even no conjectured upper bound. An investigation of Cy seems rather important to us
in order to get some insight in the behaviour of Cy in general.

2. Computation of Cj

Let k& be the algebra of polynomials with coefficients in Q in the indeterminates a1, asg,
as, bl, bg, b3, b4, C1, C2, C3, dl, dg, dg, d4 and let f = (fl, fz) be the k—endomorphism of
Az whose coordinate functions are

fi=X+a3X? 4+ XY + a1 Y2+ 0, X3 4 b3 X2V 4+ 0o XY? + 0, Y3,
fo=Y + 3 X2+ XY + Y2 + dy X3 + ds X2Y + do XY? 4+ d, Y3,

Let g = (g1, g2) be the formal inverse of f. The formal series g; and go have expressions
of the form

g1 = X + Z $i7inYj,
(4,5)EN2, i4+j>2

g2 =Y + Z Yi g XYY,
(1,§)EN?, i+5>2

where x; ;,y; ; belong to k.

The Jacobian of f is a polynomial with coefficients in k in the indeterminates X,Y.
Its constant term is equal to 1 and we could check that its other nontrivial coefficients
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are equal to

—3 b3 dy + 3 by ds,
—6 by dy + 6 by do,

—9 by dy —3 by dz+3 b3 dy+9 by dy,

—6 b1 d3 +6 b3 dy,

—3 by da + 3 by dy,

730,2 d4+2a3 dg*?bg 03+3b4627

—6@1 d4—a2 d3+4a3 d2—4b2 Cg+b3 CQ+6b401,
—4 a1 dzg+as do+6agdy —6by cg—by co+4b3c,
—2&1 d2+3a2 d1—3b1 02+2b2 C1,

ds —2 as c3+2 az ca + 3 by,

2d274a1 03+4a3 Cl+2b3,

3d1—2a1 02+2a201+bg,

c2 + 2 as,

2 ¢y + as.

Let I be the ideal of k generated by the 14 polynomials given above.

Let us set k = k/I. By reducing all the coefficients of f modulo I, we obtain a
k-endomorphism of A2 which we will denote by f. Clearly, f is the generic cubic en-
domorphism with Jacobian 1 of the affine plane with the following meaning. Let A be
any Q-algebra and o be any cubic A-endomorphism of A% with Jacobian 1. Up to an
affine change of coordinates, we can always suppose that «(0) = 0 and &/(0) = Id.
Therefore, there exists a canonical algebra-homomorphism ¢ : k — A such that the
A-endomorphism of A% obtained by replacing the coefficients of f by their image under
¢ will be equal to a. As CJ(3) is true, the endomorphism f is an automorphism and we
have clearly C3 = deg (f)~!. Hence, the integer Cs is the smallest integer C' such that

%i,5,Yi,; belong to I as soon as ¢ +j > C.

Using a computer, we found that the smallest integer NV such that z; ;,y; ; belong to
I as soon as i + j = N is equal to 10. This encouraged us to believe that C3 = 9 (and
this already proved that C3 > 9). Let h denote the k-endomorphism obtained from g by
truncating its terms of degree bigger than or equal to 10. Then, to show that C5 = 9,
we only had to check that all coefficients of the endomorphism f o h — Id of A7 (whose
degree is 93 = 729) belong to I. Indeed, denoting by h = (h1, h) the k-endomorphism
of A% obtained by reducing the coefficients of h modulo I, the latter fact is equivalent to
saying that the endomorphism f o h — Id of A% is identically zero, which is well known

to ensure that h = (f)~1.

All computations were done using computer algebra system AXIOM (see (Jenks, Sutor,
1983)).

3. Inversion formula

Let us endow k = Q[ay, . . . , d4] with the total degree-inverse lexicographical order (see
(Davenport, Siret, Tournier, 1993)) for the following order of the indeterminates :

g <ay<az<cr <cg<cz<b <by<by<by<d <do<d3<dy.
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Considering the automorphism (Y, X) o f o (Y, X), one could easily show that the
coefficient of X?Y7 in hs is obtained from the coefficient of X?Y? in h; by replacing a1,
ag, as, €1, €2, €3, b1, ba, b3, by, dy, da, d3, dy by c3, c2, ¢1, a3, az, ai, dg, ds, da, dy, by, b3, b2,
by respectively. Now we give the coefficients of hy, or, to be more precise, the coefficients
of hy reduced modulo the Grobner basis of T (see (Davenport, Siret, Tournier, 1993)).

coefficient of X2 Co

N[—=

coefficient of XY 2¢;

coefficient of Y?2 —ay

Coefficients of degree 2

coefficient of X3 %b4 + %dg,

coefficient of X2V  ds

coefficient of XVY? —%bg + %dl

coefficient of Y3 —b;

Coefficients of degree 3

coefficient of X4 %Cgbz; — %ngg + %ngg — %Cld4

coefficient of X3Y  ¢1by — 2¢3dy + c1ds

coefficient of X?2Y? —%(a1b4 + cody + a1ds)

coefficient of XY? %Clbg —3c1dy — %Chdg

coefficient of Y4 Clbl + %albg — %aldl

Coefficients of degree 4
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coefficient of

X5

bi + %d% + %b3d4 — id2d4

Y

coefficient of

X'y

3bsby + 2bsds + 3dads + 2bady — 3didy

coefficient of

X3y?

$b2by — Sbsda + 5d3 + 2byds + Sdids + 6bydy

coefficient of

X?y3

—3b1by + 2d1da + 3bids

coefficient of

Xy?

—3bybs + 3d3 — 1bidy

coefficient of

Y5

—Lbiby — 3byd,

Coefficients of degree 5

coefficient of X6 %Cgbi - %ngzd‘g + iCng + %01b4d4 + %ng1d4 — 202d2d4

coefficient of X°Y %Clbi — 5esdqids + %nggdg — 26103% + 12¢1b3dys + 33a1bady
—%62d1d4 + %C1d2d4 + 19a1d3d4

coefficient of X*Y? f%albi — %Clbgdg — %Cledg + %cldgdg + %aldg
+15¢1bady + Sarbsds + Perdidy — Pardady

coefficient of X3Y3 —§a1b3b4 - %cld% - %clbgdg, — %albgdg + %Cldldg
—%aldgdzg + %C1b1d4 — %albgdzl + %a1d1d4

coefficient of X2Y4 7%&11)2&)4 - %Clbgdg + 1—30a1b3d2 — 5Cld1d2 - %aldg
—gclbldg - %albgdg - 5a1d1d3 — %a1b1d4

coefficient of XY? 2%01[71[)3 + 3a1b1by — %cld% 4+ c1b1dy — a1d1ds

coefficient of Y %Clblbg + %alblbg, + c1bidy — iald% + %albldg

Coefficients of degree 6
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coefficient of

X7

%dg + %b3b4d4 — %b3d3d4 - %d2d3d4 + 2b2di + %dldi

coefficient of

X%y

T dod? + 2Lbybydy — 4d3ds — Lbodsdy + 12d1dsdy + 18byd3

coefficient of

X°y?

19013 + Hbobydy — Bbibady + Bbodody + Tdidads — 2bydsds

coefficient of

X4y3

g%d1d2d3 - %lhd% + 33b3ds + 22b1bgdy + %d%d;; + Y801 dydy

coefficient of

X3y*

2b1bgds + 1P dids + 5bydads + Lbibady + 15201 d1dy

coefficient of

X?y?®

_ibng + %d%dg — %bld% + 2b1bads + %)bldldg + 2*27b%d4

coefficient of

XY®

—3biboby + 363by + ZLd3 — 2bibads — 3024

coefficient of

~ 10163 — 26,43 — 3034,

Coefficients of degree 7
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coefficient of X8 —ﬁ62d3 — %62d2d3d4 + %cld§d4 — %Clbgdi — %albzldi
14762d1d2 1cld2di — %aldgdi

coefficient of X7Y —%cldg — %clb3d3d4 cld2d3d4 — 3a1d2d4 + Clb2d2
+8Lerdid] + 9ardad

coefficient of X%Y?2 8a1d3 Clb2d3d4 + 203a1b3d3d4 + 24a1d2d3d4 — 18901b1d4
—iﬁa1b2d4 — 1:%9a1d1d4

coefficient of X5Y3 a1d2d3 + 2101b2d2d4 + a1d2d4 - 6301b1d3d4 + 203 albgd3d4
—35a1d1d3d4 - 609a1b1d2

coefficient of X4Y4 %aldldg 31501b1b3d4 — 144 a1b2b3d4 — a1b1b4d4 - Cld2d4
_3%61b1d2d4 - 2905&1deQd4 - a1d1d2d4 - @1b1d3d4

coefficient of X3Y5 *Clbldgdg + a1d1d2d3 + 581a1b1d2 alb%d4 + %a1b1b3d4
—701b1d1d4 — a1d2d4 — a1b1d2d4

coefficient of X2Y6 —%Clblbgdg — %alb%dg — %Cﬁblb‘gdg — %albldgdg + %Clb%dzl
+49a1b1body + %albldldzl

coefficient of XY7 7361b1b2d2 — lCl1b2dg a1b1d2 + 90162d3 alblbgdg
+ a1b1d1d3 + a1b2d4

coefficient of Y8 clb2b3 + 35 5 a1b1bobsg + ¢ 2alb2b4 + clb1d2 Sald:{’ + %clb%dz

+-%a1bibady + 3arbidids + Ea1b%d3

Coefficients of degree 8
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coefficient of X — 55 d3d3 — LR bodsd] + L didsdi + 235 b1d}

coefficient of XSY 131 b2b3d2 1179 b1b4d2 131 b2d2d4 393 b1d3d4

coefficient of X"Y? —13pd3dy — 3L1b62d3 + 223b1b3d3 + 22b1dad3

coefficient of X°Y?  2Tb1bsdsdy + SLbidodsdy — 2b1bod3 — 221bydyd3

coefficient of X°Y*  2Th d3dy + 2Lbibodsds — 222Lbydydsdy — 2233033

coefficient of X*Y®  8233p2b,d, + 8253 d3dy + 8232 bydydady + B2520Tdad,

coefficient of X?Y®  9Tp2dZ + 2Llbb3dy — LLbibsdy — Ll bidady

coefficient of X2Y7  —13Lp2hsdy — 13L02dydy + 39302body + LL0b3d, dy

coefficient of XY 131 bid3 — 131 b2b2d3 + 393b2d1d3 + 11791)3(14

coefficient of Y — 2L (b3bg + brd3 + bididy + b3ds)

Coefficients of degree 9
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