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ABSTRACT. This article describes the geometry of isomorphisms between complements
of geometrically irreducible closed curves in the affine plane A2, over an arbitrary field,
which do not extend to an automorphism of AZ.

We show that such isomorphisms are quite exceptional. In particular, they occur only
when both curves are isomorphic to open subsets of the affine line A!, with the same
number of complement points, over any field extension of the ground field. Moreover,
the isomorphism is uniquely determined by one of the curves, up to left composition
with an automorphism of A2, except in the case where the curve is isomorphic to the
affine line A! or to the punctured line A\ {0}. If one curve is isomorphic to Al,
then both curves are equivalent to lines. In addition, for any positive integer n, we
construct a sequence of n pairwise non-equivalent closed embeddings of A! \ {0} with
isomorphic complements. In characteristic 0 we even construct infinite sequences with
this property.

Finally, we give a geometric construction that produces a large family of examples of
non-isomorphic geometrically irreducible closed curves in A? that have isomorphic com-
plements, answering negatively the Complement Problem posed by Hanspeter Kraft
[Kra96]. This also gives a negative answer to the holomorphic version of this prob-
lem in any dimension n > 2. The question had been raised by Pierre-Marie Poloni in

[Pol16].
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1. INTRODUCTION

In the Bourbaki Seminar Challenging problems on affine n-space [Kra96|, Hanspeter
Kraft gives a list of eight basic problems related to the affine n-spaces. The sixth one is
the following:

Complement Problem. Given two irreducible hypersurfaces E, F' C A"
and an isomorphism of their complements, does it follow that £ and F
are isomorphic?

Algebraically, the formulation of this problem is the following: given some base-field
k, two irreducible polynomials P,Q € k[xy,...,z,], and an isomorphism of k-algebras
T e e [ TR %], is it true that the k-algebras k[z1, ..., z,]/(P)
and k[xy, ..., x,]/(Q) are isomorphic?

We may restrict ourselves to the case where the isomorphism between the complements
does not extend to an automorphism of A" or equivalently when the isomorphism ¢
does not restrict to an automorphism of k[zy, ..., z,]. Indeed, otherwise, the answer to
the complement problem is trivially positive.

Recently, Pierre-Marie Poloni gave a negative answer to the problem for any n > 3
[Pol16]. The construction is given by explicit formulas. There are examples where both
E and F' are smooth, and examples where F is singular, but F' is smooth. This article
deals with the case of dimension n = 2. The situation is much more rigid than in
dimension n > 3, as we discuss in Theorem 1.

We will work over a fixed arbitrary field k and we will only consider curves, surfaces,
morphisms, and rational maps defined over k, unless we explicitly state so (and will then
talk about k-curves, k-surfaces, k-morphisms, and k-rational maps, where k denotes the
algebraic closure of k.) We recall that two closed curves C, D C A? are equivalent if there
is an automorphism of A? that sends one curve onto the other. Note that equivalent
curves are isomorphic. A variety (defined over k) is called geometrically irreducible if it
is irreducible over k. A line in A? is a closed curve of degree 1.

Theorem 1. Let C C A? be a geometrically irreducible closed curve and let p: A%\
C — A? be an open embedding. Then, the complement D C A% of the image of ¢ is
also a geometrically irreducible closed curve. Assuming that ¢ does not extend to an
automorphism of A2, the following holds:

(1) Both C' and D are isomorphic to open subsets of A', with the same number of
complement points. This means that there exist square-free polynomials P, Q) € K|t]
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with the same number of roots in k and such that
1 1
Moreover, the same result holds for every field extension k' /k.
(2) If C is isomorphic to A, then both C' and D are equivalent to lines.

(3) If C is not isomorphic to A or A\ {0}, then o is uniquely determined up to a left
composition with an automorphism of A?.

and D =~ Spec(k|

Corollary 1.1. If C C A? is a geometrically irreducible closed curve not isomorphic to
A\ {0}, then there are at most two equivalence classes of closed curves whose comple-
ments are isomorphic to A?\ C.

Corollary 1.2. Let C C A? be a geometrically irreducible closed curve. Then there
exists at most one closed curve D C A%, up to equivalence, such that C and D are
non-isomorphic, but have isomorphic complements.

Corollary 1.3. Let C C A? be a geometrically irreducible closed curve, not isomorphic
to A or A'\ {0}. Then, the group Aut(A?,C) = {g € Aut(A?) | g(C) = C}, which can
be naturally identified with a subgroup of Aut(A%\ C), has index 1 or 2 in this group.

Corollary 1.4. If C C A? is a singular, geometrically irreducible closed curve and
p: A2\ C — A2 \ D is an isomorphism, for some closed curve D, then ¢ extends to
an automorphism of AZ.

Corollary 1.4 shows in particular that the Complement Problem for n = 2 has a
positive answer if one of the curves is singular, contrary to the case where n > 3, as
pointed out before. This is also different from the case of P2, where there exist non-
isomorphic geometrically irreducible closed curves with isomorphic complements [Bla09,
Theorem 1], but where all these curves are necessarily singular (see Proposition A.1
below).

Theorem 1 moreover shows that the Complement Problem for n = 2 has a positive an-
swer if one of the curves is not rational (this was already stated in [Kra96, Proposition 3|
and does not need all tools of Theorem 1 to be proven, see for instance Corollary 2.7
below). More generally, the answer is positive when one of the curves is not isomorphic
to an open subset of A'. The circle of equation 2? + y?> = 1 over R is an example of
a smooth rational affine curve which is not isomorphic to an open subset of A'. Note
that [Kra96, Proposition 3| says in addition that the Complement Problem for n = 2
and k = C has a positive answer if one of the curves has FEuler characteristic one; this is
also provided by Theorem 1.

Corollary 1.1 describes a situation quite different from the case of dimension n > 3,
where there are infinitely many hypersurfaces £ C A", up to equivalence, that have
isomorphic complements [Poll6, Lemma 3.1|. It is also in contrast with the case of
P2, where we can find algebraic families of closed curves in P2, non-equivalent under
automorphisms of P2, that have isomorphic complements (and thus infinitely many if k
is infinite). This follows from a construction in [Cos12|, see Proposition A.3 below.

All tools necessary to obtain the rigidity result (Theorem 1) are developped in Sec-
tion 3, using some basic results given in Section 2. The proof is carried out at the end
of Section 3. It uses embeddings into various smooth projective surfaces and a detailed
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study of the configuration of the curves at infinity. We study in particular embeddings
into Hirzebruch surfaces that have mild singularities on the boundary and then study
blow-ups of these, and completions by unions of trees.

Our second theorem is an existence result which demonstrates the optimality of The-
orem 1.

Theorem 2.

(1) There exists a closed curve C' C A%, isomorphic to A1\ {0}, whose complement A?\C
admits infinitely many equivalence classes of open embeddings A%\ C' — A? into the
affine plane. Moreover, the set of equivalence classes of curves with this property is
infinite.

(2) For every integern > 1, there exist pairwise non-equivalent closed curves Cy, ..., C, C
A% all isomorphic to A\ {0}, such that the surfaces A*\ Cy, ..., A?*\ C, are all
isomorphic. Moreover, if char(k) = 0, we can find an infinite sequence of pairwise
non-equivalent closed curves C; C A%, i € N, such that the surfaces A*\ C;, i € N,
are all isomorphic.

(3) For each polynomial f € K[t] of degree > 1, there exist two non-equivalent closed
curves C, D C A?, both isomorphic to Spec(klt, %]), such that the surfaces A?\ C

and A?\ D are isomorphic. Moreover, the set of equivalence classes of the curves C
in such pairs (C, D) is infinite.

A constructive proof of Theorem 2 is given in Section 4. We use explicit equations
and work with birational maps which either preserve one projection A? — A! or are
compositions of a small number of them.

Note that parts (1) and (2) of Theorem 2 concern closed curves C' C A? isomorphic to
A\ {0}. This is the only case where there can be more than two curves D C A% up to
equivalence, such that A%\ C'is isomorphic to A?\ D (Corollary 1.1). When k = C, the
classification of curves C' C A? isomorphic to A'\ {0} has a long history. A line L C A?
intersecting C' with multiplicity 0, resp. 1, is called a “very good asymptote”, resp. “good
asymptote”, and the curves of C? isomorphic to C* admitting such asymptotes have been
classified in seven families in [CKR09, Theorem 8.2] (the first two families corresponding
to the “very good” asymptote were already classified in [Kal96]). These curves also
belong to the longer list of [BZ10], which covers curves homeomorphic to C* with some
additional regularity condition. The curves isomorphic to C* in C? without any “good” or
“very good” asymptote are called “sporadic” and studied in [KR13, KPR16], where some
restrictions on the possibilities are given, in order to possibly give a future classification.

The examples of curves isomorphic to A\ {0} that we give to prove Theorem 2(1)-(2)
are all given by 2y? + b(y) = 0 for some d > 1 and some polynomial b(y) € kly| with
b(0) # 0 (see §4.2). These form a subfamily of the very first case of the classification
of [CKR09, Theorem 8.2|, which are the curves given by y™ + (xy? + b(y))" = 0, where
m,n > 1 are coprime, and b(y) € k[y| satisfies b(0) # 0. This family also appears in the
proposition on page 143 of [Kal96].

It would be interesting to study the more complicated cases of the partial classification
and in general to determine for a curve C' C A? isomorphic to A'\ {0} all curves D C A?
such that A?\ C' and A%\ D are isomorphic (note that D is again isomorphic to A'\ {0}
by Theorem 1). The structure of the group Aut(A?\ C) also seems to be a nice subject
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for investigation. Let us at least mention that according to [BS15, Theorem 2|, the
natural subgroup Aut(A? ') is always algebraic and even finite in most cases.

We then give counterexamples to the Complement Problem in dimension 2:

Theorem 3. There exist two geometrically irreducible closed curves C, D C A? which are
not isomorphic, but whose complements A?*\ C and A?\ D are isomorphic. Furthermore,
these two curves can be chosen of degree 7 if the field admits more than 2 elements and
of degree 13 if the field has 2 elements.

The proof is given in Section 5. We first establish Proposition 5.1 (mainly via blow-
ups of points on singular curves in P?) which asserts that, for each polynomial P € k|[t]
of degree d > 1 and each \ € k with P()) # 0, there exist two closed curves C, D C A?
of degree d?> — d + 1 such that A2\ C' and A? \ D are isomorphic and such that the
following isomorphisms hold:

C' ~ Spec (k[t, %]) and D ~ Spec (k[t, é]), where Q(t) = P</\ + %) - pdes(P),

Then, the proof of Theorem 3 follows by providing an appropriate pair (P, A) for every
field. The case of infinite fields is quite easy. Indeed, if k is infinite and P € k[t] is
a polynomial with at least 3 roots in k, then Spec(k[t, -]) and Spec(k[t, %]) are not
isomorphic, for a general element A € k (Lemma 5.4). This shows that the isomorphism
type of counterexamples to the Complement Problem is as large as possible (indeed, by
Theorem 1(1), any curves C, D C A? providing a counterexample to the Complement
Problem are necessarily isomorphic to open subsets of A! with at least three complement
k-points).

We finish this introduction by presenting some easy consequences of Theorem 3 that
are further elaborated in Section 6:

(1) The negative answer to the Complement Problem for n = 2 directly gives a negative
answer for any n > 3 (Proposition 6.1): Our construction produces, for each n > 3,
two geometrically irreducible smooth closed hypersurfaces E, F' C A™ which are not
isomorphic, but whose complements A" \ £ and A"\ F' are isomorphic (Corollary 6.2).
All the hypersurfaces constructed this way are isomorphic to A"~2 x C for some open
subset C' C A'. This does not allow us to give singular examples like those of [Pol16],
but provides a different type of example.

(7i) Choosing k = C, our construction gives families of closed complex curves C; D C
C? whose complements are biholomorphic (because they are isomorphic as algebraic
varieties), but which are not themselves biholomorphic (Proposition 6.3). From this
there directly follows the existence of algebraic hypersurfaces E, F C C" which are
complex manifolds that are not biholomorphic, but have biholomorphic complements,
for every n > 2 (Corollary 6.4). This answers a question asked in [Pol16]. Note that in
the counterexamples of [Pol16], if both hypersurfaces are smooth, then they are always
biholomorphic (even if they are not isomorphic as algebraic varieties).

The authors thank Hanspeter Kraft, Lucy Moser-Jauslin and Pierre-Marie Poloni for
interesting discussions during the preparation of this article.
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2. PRELIMINARIES

In the sequel, k is an arbitrary field and k its algebraic closure. Unless otherwise
specified, all varieties of dimension at least one are k-varieties, i.e. algebraic varieties
defined over k, or equivalently k-varieties with a k-structure. When we say for example
rational, resp. isomorphic, we mean k-rational, resp. k-isomorphic (which means that
the maps are defined over k). Nevertheless, we will often have to consider k-varieties,
but we will then always state so explicitly. A variety is called geometrically rational,
resp. geometrically irreducible, if it is rational, resp. irreducible, after the extension to
k. When dealing with “points” (but also with “base-points” or “complement points”) we
will always specify k-points or k-points. Finally, let us recall that a k-base-point of a
k-birational map f: X --» Y, where X and Y are smooth projective k-surfaces, is either
proper, when it belongs to X, or infinitely near, when it does not belong to X, but to
a surface obtained from X via a finite number of blow-ups. If we assume furthermore
that f, X,Y are defined over k, then a k-base-point of f is defined in the following
obvious way: it is either a proper k-base-point defined over k, or it is an infinitely near
k-base-point of f which is a k-point of a surface obtained from X via a finite number of
blow-ups of k-points. Of course, there is no reason for a birational map f: X --» Y to
admit a k-base-point. For example, when k = I, the birational involution of P? given
by [z :y:z2] = [22 +y? +yz 2z +y? + 2% : 22 + 2y + 2?] admits no k-base-point
(but has three base-points over Fg = F3[u]/(u® + u + 1), namely [1 : u : u* + u + 1],
[w:vu?+u+1:1] and [u> +u+1:1:u]). Similar examples of degree 5 for k = R are
classical and can be found in [BM15, Example 3.1]. Also, a closed curve in A? does not
necessarily admit a k-point. For example, the geometrically irreducible closed curve of
equation 22 + y? + 1 = 0 admits no R-point.

Working over an algebraically closed field, every birational map ¢: X --+ Y between
two smooth projective irreducible surfaces X and Y admits a resolution, which consists
of two birational morphisms n: Z — X and n: Z — Y, where Z is a smooth projective
irreducible surface, such that the following diagram is commutative.

Let us also recall that a birational morphism between two smooth projective irreducible
surfaces is a composition of finitely many blow-downs. We can moreover choose this
resolution to be minimal, which corresponds to asking that no irreducible curve of Z
of self-intersection (—1) be contracted by both n and 7. The morphism 7 is obtained
by blowing up all base-points in X of ¢. Analogously 7 is obtained by blowing up all
base-points in Y of ¢~!. In Lemma 2.5(2), we will prove that under some additional
hypotheses (satisfied by all birational maps that we will consider), such a miminal reso-
lution also exists over an arbitrary field k, and that moreover the morphisms n and 7 are
obtained by sequences of blow-ups of k-points (which may be proper or infinitely near).

2.1. Basic properties. In order to study isomorphisms between affine surfaces, it is
often interesting to see the affine surfaces as open subsets of projective surfaces and then
to see the isomorphisms as birational maps between the projective surfaces. Recall that
a rational map p: X --+ Y between smooth projective irreducible surfaces is defined on



EXCEPTIONAL ISOMORPHISMS BETWEEN COMPLEMENTS OF AFFINE PLANE CURVES 7

an open subset U C X such that F' = X \ U is finite. If C is an irreducible curve of the
surface X, its image is defined by ¢(C) := ¢(C' \ F). We then say that C' is contracted
by ¢ if p(C) is a point. The aim of this section is to establish Proposition 2.6, that we
often use in the sequel. Its proof relies on some easy results that we begin by recalling:
Proposition 2.3, Corollary 2.4 and Lemma 2.5.

We begin with the following definition, that we will frequently use, in particular to

extend birational maps of A? to birational maps of P%:

Definition 2.1. The morphism
A? — P?
(z,y) = [r:y:]]

is called the standard embedding. It induces an isomorphism A2 —» P? \ Lo, where
L., C P? denotes the line at infinity given by z = 0.

With this embedding every line in A%, given by an equation ax + by = ¢ where a,b, ¢
are elements of k and a,b are not both zero, is the restriction of a line of P2, given by
the equation ax + by = cz and distinct from L.

Definition 2.2. For each birational map ¢: P? --» P2 we define J, C P? to be the
reduced curve given by the union of all irreducible k-curves contracted by .

Proposition 2.3. Let ¢: P? ——s P? be a birational map.
(1) The curve J, is defined over k, i.e. is the zero locus of a homogeneous polynomial

f €klz,y.2].
(2) The restriction of ¢ induces an isomorphism P? \ J, — P?\ J,-1. Moreover, the
number of irreducible components of J, and J,-1 over k are equal.

Proof. (1). The maps ¢ and ¢! may be written in the form

o: lxiy:zle= [solz,y,2):si(x,y, 2) : so(z,y,2)]  and

where sg, 51, 52 € k[z,y, 2] (as well as qo, ¢1, ¢2) are homogeneous polynomials of the same
degree and with no common factor. Since ¢! o ¢ = id, there exists a homogeneous
polynomial f € k[z,y, z] such that go(so, s1,52) = xf, q1(s0, 51, 52) = yf, q2(50, 51, 52) =
zf. We now observe that J, is the zero locus of f. Indeed, the polynomial f is zero
along an irreducible k-curve if and only if this curve is sent by ¢ to a base-point of ¢!
In characteristic zero, note that J, is also the zero locus of the Jacobian determinant
associated to .

(2) By extending the scalars, we may assume that k = k is algebraically closed. We
take a minimal resolution of ¢, with the commutative diagram

where 7 and 7 are birational morphisms. The morphism 7, resp. m, is the sequence of
blow-ups of the base-points of ¢, resp. ¢~ 1.

By computing the Picard rank of X, we see that n and 7 contract the same number of
irreducible curves of X. Let n be this number. We then denote by E C X, resp. F' C X,
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the union of the n irreducible curves contracted by 7, resp. m. The map ¢ then restricts
to an isomorphism

P2\ n(EUF) —P*\n(EUF).

We now show that n(E U F) = n(F). Since n(FE) consists of finitely many points,
it suffices to see that these are contained in the curves of n(F'). Each point p of n(E)
corresponds to a connected component of E, which contains at least one (—1)-curve
E C E. The curve £ is not contracted by 7, by minimality, and hence is sent by 7 onto
a curve m(€) C P? of self-intersection > 1. This implies that £ intersects F and thus
p € n(F). We similarly get that 7(F U F) = 7(FE), and obtain that ¢ restricts to an
isomorphism

P?\ n(F) = P>\ n(E).
Since n(F') is a closed curve in P? whose irreducible components are contracted by ¢, we
have n(F) = J,. Similarly, we get m(E) = J,-1. Moreover, the number of k-irreducible

components of n(F) is equal to the number of irreducible components of F'\ E, which is
equal to the number of irreducible components of £\ F. This completes the proof. [

Corollary 2.4. Let T' C P? be a closed curve and p: P2\ T < P? an open embedding.
Then the complement of (P> \T) is a closed curve A C P* with the same number of
wrreducible components over k as I.

Proof. Let ¢: P2 ——s P? be the birational map induced by ¢. Proposition 2.3 implies
that J, C I, that J; and J;-1 have the same number of irreducible components over k,
and that ¢ induces an isomorphism P2\ J; — P2\ J,-1.

If J, =T, the proof is finished. Otherwise, I" = T'\ J, is a closed curve of P?\ J;;, which
has the same number of irreducible components over k as the closed curve A’ = @(I")
of P?\ J;-1. The result follows with A = A" U Jy-1. O

Lemma 2.5. Let p: X --»Y be a birational map between two smooth projective surfaces
that restricts to an isomorphism U = X \ C =Y \ D =V, where C, resp. D, is the
union of geometrically irreducible closed curves Cy,...,C,. in X, resp. Dy,...,Ds inY.
Then, the following holds.

(1) All k-base-points of ¢, resp. =", are k-rational and belong to C, resp. D.

(2) The map ¢ admits a minimal resolution which is given by birational morphisms
n:Z — X and w: Z — Y, which are blow-ups of the base-points of ¢ and p~*
respectively, as shown in the following diagram:

A
X f{f’_x \%
J - J
U — %

(3) In the above resolution, we have n~*(U) = 7= 1(V).

(4) For each i € {1,...,r}, there exists j € {1,...,s} such that either ¢ restricts to a
birational map C; --» D; or (C;) is a k-point of D;. In this latter case, the curve
C; is rational (over k).
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Proof. We argue by induction on the total number of k-base-points of ¢ and ¢~'. If
there is no such base-point, then ¢ is an isomorphism and everything follows.

Suppose now that ¢ € Y is a proper k-base-point of ¢ ~!. As ¢ induces an isomorphism
U =V, we have ¢ € D;(k) for some j € {1,...,s}. There is moreover an irreducible
k-curve of Y contracted by ¢ onto g, which is then equal to C; for some i € {1,...,r}.
Since C; is defined over k, so is its image (the generic point of C; is defined over k and
is sent onto the k-point ¢), i.e. ¢ is k-rational. Let &: Y — Y be the blow-up of ¢

and let £ C Y be the exceptlonal divisor (which is 1som0rph1(: to P'). The birational

map p = e o P X s Y induces an 1som0rphlsm U =5V, where V = ¢ V) =

Y\ (Dl U---UD,UE), and where D; C Y is the strict transform of D; fori =1,...,s
The k-base- pomts of ¢~1 correspond to the k-base- points of ¢ ~1 from which the point ¢
is removed and the k-base-points of ¢ coincide with the k-base-points of ¢.

We may thus apply the induction hypothesis and obtain assertions (1)-(4) for ¢.
Denoting by 7: 2 — X and 7: Z — Y the blow-ups of the base-points of ¢ and ¢!
respectively (which give the resolution of ¢ as in (2)), we obtain (1)—(2) for ¢ with n = 7,
7 = efr. Assertion (3) is given by n~1(U) = 77 }(U) ® Lor? FUV) = a7 (e Y(V)) =
71 (V). Assertion (4) follows from the assertion for ¢ and from the fact that e restricts
to a birational morphism D; — D; for each i, and sends E ~ P! onto a k-point of D;.

In the case where ! admits no k-base-point, a symmetric argument can be applied
to ¢! by starting with a proper k-base-point of ¢. O

In the sequel, we will frequently use the following result.

Proposition 2.6. Let C' C A? be a geometrically irreducible closed curve and let p: A%\
C < A? be an open embedding. Then, there exists a geometrically irreducible closed
curve D C A? such that p(A%\ C) = A?\ D. Denote by C and D the closures of C' and
D in P2, using the standard embedding of Definition 2.1. Denote also by Lo, = P?\ A?
the line at infinity and by ¢: P2 ——s P? the birational map induced by w. Then, one of
the following three possibilities holds:

(1) We have $(C) = D. Then, the map @ extends to an automorphism of A? = P?\ L,
that sends C onto D.

(2) We have $(C) = Lp2. Then, the curve D is a line in A%, i.e. D is a line in P? and
© extends to an isomorphism A? = P?\ Lo, — P?\ D that sends C' onto Ly, \ D.
In particular, C' is equivalent to a line.

(3) The map $ contracts the curve C to a k-point of P2. Then, the curve C (and
therefore, also the curve C') is a rational curve (i.e. is k-birational to P').

Proof. The restriction of ¢ to P?\ (Ls, UC) = A%\ C gives the open embedding ¢: A%\
C < A? — P2, By Corollary 2.4, we obtain an isomorphism P? \ (L, UC) — P2\ A,
for some curve A C P?, which is the union of two k-irreducible closed curves of P2
Since Lo is included in A, there exists an irreducible closed k-curve D of A? such that
A = Lo UD. As a conclusion, the restriction of ¢ at the source and the target induces
an isomorphism

P2\ (Lo UC) — P2\ (L, U D).
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It follows that @(A?\ C') = A? \ D. The equality D = A? \ p(A?\ C) proves that the
curve D is defined over k and is therefore geometrically irreducible. By Lemma 2.5(4),
one of the following three possibilities holds:

(1) We have $(C) = D. Hence, the restriction of % at the source and the target
provides an automorphism of A? =P?\ L., (Proposition 2.3).

(2) We have ¢(C') = Lo. Then, the restriction of ¢ at the source and the target
provides an isomorphism P? \ L., — P2\ D (again by Proposition 2.3). Since
the Picard group of P?\ T is isomorphic to Z/ deg(T")Z, for each irreducible curve
I, the curve D must be a line in P2.

(3) The map ¢ contracts the curve C' to a k-point of P2. Then, by Lemma 2.5(4)
this point is necessarily a k-point and the curve C is k-rational. 0

Corollary 2.7. Let C C A? be a geometrically irreducible closed curve. If C is not
rational (i.e. not k-birational to P'), then every open embedding A%\ C — A? extends
to an automorphism of A2.

Proof. This follows from Proposition 2.6 and the fact that cases (2)-(3) occur only when
C' is rational. O

Remark 2.8. Tt follows from Corollary 2.7 that the automorphism group Aut(A? \ C),
where C' is a non-rational geometrically irreducible closed curve, may be identified with
the group Aut(A2, C) of automorphisms of A? preserving C. By [BS15, Theorem 2],
this group is finite (and in particular conjugate to a subgroup of GLg(k) if char(k) =
0, as one can deduce from [DGT75, Theorem 5|, [Ser77, §6.2, Proposition 21| or from
[Kam79, Theorem 4.3|). For a general discussion on the group Aut(A?\ C'), where C' is
a geometrically irreducible closed curve, see Section 3.5 below.

We find it interesting to prove that case (3) of Proposition 2.6 occurs only when C
intersects L, in at most two k-points, even if this will not be used in the sequel.

Corollary 2.9. IfC Cc A% is a geometrically irreducible closed curve such that C inter-
sects Lo, = P*\ A? in at least three k-points, then every open embedding A?\ C — A?
extends to an automorphism of A?.

Proof. We may assume that k = k. Assume by contradiction that the extension ¢: P? --»
P? does not restrict to an automorphism of A%2. By Proposition 2.6, the curve C is con-
tracted by ¢ (because C' is not equivalent to a line, so (2) is impossible). We recall that
¢ restricts to an isomorphism A2\ C' = P?\ (L, UC) — A2\ D = P?\ (L, UD)
(Proposition 2.6) and that C' C Js C Lo U C, Jp—1 C Lo U D, where J, Jp—1 have the
same number of irreducible components (Proposition 2.3). We take a minimal resolution
of ¢ which yields a commutative diagram

We first observe that the strict transforms~i]pz, C C X of Ly,C by 7 intersect in at most
one point. Indeed, otherwise the curve Lpz would not be contracted by m, because m
contracts C, and is sent onto a singular curve, which then has to be D. We get J; = C,
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Js—1 = Lo and get an isomorphism P? \ C' — P? \ L., which is impossible, because C
has degree at least 3.

Secondly, the fact that L2, C' C X intersect in at most one point implies that 71 blows
up all points of C' N L, except at most one. Since Jp—1 C DU Ly, there are at most
two (—1)-curves contracted by 1. But L., and C intersect in at least three points, so we
obtain exactly two proper base-points of ¢, corresponding to exactly two (—1)-curves
Ei,E, C X contracted to two points pi,ps € C' N Ls by 7. Moreover, the identity
Js-1 = DU Lo implies that J; = C'U Ly (Proposition 2.3). We write E] = n=1(p;) \ E;
and find that 7 contracts F = E| U Ey U C U Lps.

We now show that F; - F' > 2, for i = 1,2, which will imply that 7(E;) is a singular
curve for ¢ = 1,2, and lead to a contradiction since E;, E, are sent onto L., and D by
7. As E; U E! =~ (p;), it is a tree of rational curves, which intersects both C' and Lpe
since p; € CN Log. If E! is empty, then E; - C > 1 and E;- I~4p2 > 1, whence E; - F > 2 as
we claimed. If E! is not empty, then E; - E! > 1. The only possibility to get E; - F <1
would thus be that F; - £l =1, E; - C = E; - Lp> = 0. The equality E; - E! =1 implies
that E/ is connected, and E; - C' = E; - Lp> = 0 implies that C'- E! > 1 and L2 - B > 1.
Since Lpz and C' intersect in a point not contained in E!, it follows that F' contains a
loop and thus cannot be contracted. O

Remark 2.10. In case (3) of Proposition 2.6, it is possible that C intersects the line L,
in two k-points. This is the case in most of our examples (see for example Lemma 4.2

or Lemma 4.9). The case of one point is of course also possible (see for instance
Lemma 2.12(1)).

We will also need the following basic algebraic result.

Lemma 2.11. Let f € k[z,y] be a polynomial, irreducible over k, and let C C A? be the
curve given by f = 0. Then, the ring of functions on A%\ C and its subset of invertible
elements are equal to

O(A?\ C) =k[z,y, f ] Ck(z,y), OA*\ C) = {\f"| X €k*,n€Z}.
In particular, every automorphism of A%\ C' permutes the fibres of the morphism
A*\ C — A"\ {0}
given by f.
Proof. The field of rational functions of A? \ C' is equal to k(z,y). We may write any

element of this field as u/v, where u,v € k[z,y| are coprime polynomials, v # 0. The
rational function is regular on A2\ C if and only if v does not vanish on any k-point
of A2\ C. This means that v = Af", for some A € k*, n > 0. This provides the
description of O(A%\ C) and O(A?\ C)*. The last remark follows from the fact that the
group O(A?\ O)* is generated by k* and one single element g, if and only if this element
g is equal to A\f*! for some A € k*: Therefore, every automorphism of A%\ C' induces
an automorphism of O(A? \ C') which sends f onto \f*!. O

2.2. The case of lines. Proposition 2.6 shows that we need to study isomorphisms
A2\ C = A%\ D which extend to birational maps of P? that contract the curve C
to a point. One can ask whether this point might be a point of A? (and would thus
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be contained in D) or belongs to the boundary line Lo, = P?\ A% As we will show
(Corollary 3.6), the first possibility only occurs in a very special case, namely when C' is
equivalent to a line. The case of lines is special for this reason, and is treated separately
here.

Lemma 2.12. Let C C A? be the line given by x = 0.
(1) The group of automorphisms of A%\ C is given by:
Aut(A?\ O) = {(z,y) = (N, pay + s(z,271) [ A p € K'n € Z,s € K[z, 7]}

(2) Every open embedding A%\ C' — A? is equal to Yo, where o € Aut(A? \ C) and
¥ A%\ C — A? extends to an automorphism of A%. In particular, the complement
of its image, i.e. the complement of wa(A?\ C) = (A?\ C), is a curve equivalent
to a line.

Proof. To prove (1), we first observe that each transformation (z,y) — (Az*!, ua"y +
s(z,z71)) actually yields an automorphism of A?\ C. Then we only need to show that
all automorphisms of A?\ C' are of this form. An automorphism of A? \ C' corresponds
to an automorphism of k[x,y, z7!] which sends x to Ax*!, where A € k* (Lemma 2.11).
Applying the inverse of (z,y) — (Ax*!,y), we may assume that z is fixed. We are left
with an R-automorphism of R[y|, where R is the ring k[x, 2!]. Such an automorphism is
of the form y — ay+b, where a € R*, b € R. Indeed, if the maps y — p(y) and y — ¢q(y)
are inverses of each other, the equality y = p(q(y)) implies that degp = degq = 1. This
actually proves that p has the desired form, i.e. p = ay + b, where a € R*, b € R.

To prove (2), we use Proposition 2.6 and write ¢ as an isomorphism A%\ C' — A%\ D
where D is a geometrically irreducible closed curve, and only need to see that D is
equivalent to a line. We write ¢ = ¢~!, choose an equation f = 0 for D (where
f € k[z,y] is an irreducible polynomial over k), and get an isomorphism *: O(A2 \
C) = klz,y,27'] — O(A%\ D) = k[z,y, f'] that sends = to A\f*! for some X\ € k*
(since the group O(A? \ D)* is generated by k* and the single element 1*(z), this
forces 1*(x) = Af*!). We can thus write ¢ as (z,y) — (Af(x,v)L g(x, ) f(z,y)"),
where n € Z and ¢ € k[z,y]. Replacing ¢ by its composition with the automorphism
(r,y) — (A tz) y((A o)) ™) of A2\ C, we may assume that v is of the form
(z,y) — (f(z,y),9(z,y)). If g is equal to a constant v € k modulo f, we apply the
automorphism (z,y) + (x,(y — v)z~!') and decrease the degree of g. After finitely
many steps we obtain an isomorphism A%\ D — A2\ C of the form ty: (z,y) —
(f(x,y),9(x,y)) where g is not a constant modulo f. The image of D by 1y is then
dense in C, which implies that 1, extends to an automorphism of A? that sends D onto
C' (Proposition 2.6). O

3. GEOMETRIC DESCRIPTION OF OPEN EMBEDDINGS A%\ C' — A?

3.1. Embeddings into Hirzebruch surfaces. We will need not only embeddings of
A? into P2, but also embeddings of A? into other smooth projective surfaces, and in
particular into Hirzebruch surfaces. These surfaces play a natural role in the study
of automorphisms of A% (and of images of curves by these automorphisms), as we can
decompose every automorphism of A? into elementary links between such surfaces and
then study how the singularities at infinity of the curves behave under these elementary
links (see for instance [BS15]).
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Example 3.1. For n > 1, the n-th Hirzebruch surface F,, is
F,={(Ja:b:c],[u:v]) €eP*xP" | " =cu"}
and the projection m,: IF,, — P! yields a P!-bundle structure on F,,.
Let S,, F,, C F,, be the curves given by [1: 0 : 0] x P! and v = 0, respectively. The
morphism
A2 — T,
(,y) = (w:y" 1]y 1])
gives an isomorphism A? = F,\(S, U F,).
We recall the following easy classical result:

Lemma 3.2. For each n > 1, the projection m,: F, — P! is the unique P'-bundle
structure on F,, up to automorphisms of the target PL. The curve S, is the unique
irreducible k-curve in F,, of self-intersection —n, and we have (F,)? = 0.

Proof. Since F,\(S, U F,) is isomorphic to A2, whose Picard group is trivial, we have
Pic(F,) = ZF, +ZS,, (where the class of a divisor D is again denoted by D). Moreover,
F, is a fibre of 7, and S, is a section, so (F},)? = 0 and F, - S, = 1. We denote by
S/ C F, the section given by a = 0, and find that S is equivalent to S, + nF,, by
computing the divisor of £.

Since S, and S/, are disjoint, this yields 0 = S,,- (S, +nF,) = (S,)*+n, so (S,)* = —n.

To get the result, it suffices to show that an irreducible k-curve C' C F,, not equal to
S, or to a fibre of m, has self-intersection at least equal to n. This will show in particular
that a general fibre F' of any morphism F,, — P! is equal to a fibre of m,, since F' has
self-intersection 0. We write C' = kS,, + [F}, for some k,l € Z. Since C' # S,, we have
0<C-8S, =10—nk. Since C is not a fibre, it intersects every fibre, so 0 < F}, - C' = k.
This yields [ > nk > 0 and C? = —nk? + 2kl = kI + k(I — nk) > kl > nk* > n. O

Lemma 3.3. Let C C A? be a geometrically irreducible closed curve. Then, there exists
an integer n > 1 and an isomorphism v: A> — F,\(S, U F,) such that the closure
of L(C) in F, is a curve I' which satisfies one of the following two possibilities:
()I-F,=1andTNF,NS, =0.
(2) T'- F,, > 2 and the following assertions hold:

(a) If n =1, then 2m,(I') < T - Fy for {p} = S1 N Fy1, and m,(I') < T -S; for each

re F1 (k)

(b) If n > 2, then 2m,.(I') < T'- F, for each r € F,(k).
Furthermore, in case (1), the curve C' is equivalent to a curve given by an equation of
the form

a(y)z + by) = 0,
where a,b € k[y| are coprime polynomials such that a # 0 and degb < dega. Moreover,
the following assertions are equivalent:
(1) The polynomial a is constant;
(17) The curve C' is equivalent to a line;
(i17) The curve C is isomorphic to A';
(w) I'- S, =0.
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Proof. Let us take any fixed isomorphism ¢: A2 — F,\(S, U F,) for some n > 1, and
denote by I" the closure of ¢(C').

We first assume that I"- F;, = 1. This is equivalent to saying that I' is a section of .
We may furthermore assume that the k-point ¢, defined by {¢,} = F, NS, does not
belong to I', as otherwise we could blow up the point ¢, contract the curve F},, change
the embedding to IF,,;; and decrease by one unit the intersection number of I" with .5,
at the point g,. After finitely many steps we get ¢, ¢ I', i.e. we are in case (1).

If - F, =0, then I is a fibre of 7,,: F,, — P'. Let ¢ be the unique automorphism of
A? such that ¢ o1 is the standard embedding of A? into [F,, of Example 3.1. Then, the
curve C' is equivalent to the curve ¢~1(C'), which has equation y = ), for some \ € k.
This proves that C' is equivalent to the line y = A, and thus to the line z = A, sent by
the standard embedding onto a curve satisfying conditions (1).

It remains to consider the case where I' - F;, > 2. If T" satisfies (2), we are done.
Otherwise, we have a k-point p € F;, satisfying one of the following two possibilities:

(@) n=1,m,(I") >T-5, and p € F}.
(b) 2m,(I') > T'- F,, and either n > 2 or n =1 and p € S; N F}.

We will replace the isomorphism A?> — F,\ (S, UF,) by another, where the singularities
of the curve I' either decrease (all multiplicities are unchanged, except one which has
decreased) or stay the same (as usual, the multiplicities taken into account concern not
only the proper points of F,, but also the infinitely near points). Moreover, the case
where the multiplicities stay the same is only in (a), which cannot appear two consecutive
times. Note that in all that process the intersection I' - F}, remains unchanged. Then,
after finitely many steps, the new curve I" satisfies the conditions (2).

In case (a), we observe that the inequality m,(I") > I'-S; combined with the inequality
-S> (-5, >my(I') - my(Sy) implies that p ¢ S;. We may then choose p to be
a k-point of Fy \ S; of maximal multiplicity and denote by 7: F; — P? the birational
morphism contracting S; to a k-point ¢ € P? observe that 7(F}) is a line through g,
that 7(I') is a curve of multiplicity I' - S at ¢ and of multiplicity m,(I") > I" - S; at
p' = 7(p) € T7(F1). Moreover, p’ is a k-point of 7(F;) of maximal multiplicity on that
line. Denote by 7': F} — P? the birational morphism which is the blow-up at p’. Let S}
be the exceptional fibre of 7/, FY the strict transform of 7(F}) and I'' the strict transform

of 7(I'). We then replace the isomorphism A? —» F; \ (S; U F}) with the analogous
isomorphism A? — F} \ (S} U F/) and get

Vre F, m (") <T"- 5] =m,().

Hence, (a) is no longer possible. Moreover, the singularities of the new curve I” have
either decreased or stayed the same: Indeed, the multiplicities of the singular points of
7(I") are the same as those of I', plus one point of multiplicity I" - S;. Similarly, the
multiplicities of the singular points of 7(I") are the same as those of I, plus one point of
multiplicity m,(I"). Of course, we do not really get a singular point if the multiplicity is 1.
Therefore, the singularities of the new curve remain the same if and only if m,(I') = 1
and I' - 51 = 0. The situation is illustrated below in a simple example (which satisfies
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J/ﬂ

In case (b), we denote by k: F,, --» I,/ the birational map that blows up the point p and
contracts the strict transform of F,,. Call ¢ the point to which the strict transform of F;,
is contracted. We have = 7, o (m,)~!, where m,, resp. m,, are blow-ups of the point p
of IF,,, resp. the point g of F,,,. The drawing below illustrates the situation in a case where
n’ = n—1. The composition of . with x provides a new isomorphism A% — F,,/\ (S, UE}),
where S, is the image of S,, and F}, is the curve corresponding to the exceptional divisor
of p. Note that F,, is a fibre of the P'-bundle 7’: F,, — P! corresponding to 7’ = 7,0k},
and that S, is a section, of self-intersection —n’, wheren’ = n+1ifp € S, andn’ =n—1
if p ¢ S,. Hence, sincen > 2orn=1and {p} = S, NF,, we get that (S,/)> = —n’ <0,
and obtain a new isomorphism ¢/: A?> — F,,\ (S, U F,s). The singularity of the new
curve I'" at the point ¢ is equal to I'- F}, —m,(I"), which is strictly smaller than m,(I") by
assumption. Moreover 2m,(I') > I"- F,, > 2, which implies that p was indeed a singular
point of I'.

Tq

Fl

Q

F, F

Finally, we must now prove the last statement of our lemma, which concerns case (1).
Let 1 be the unique automorphism of A% such that ¢ o 1) is the standard embedding
of A? into F,, of Example 3.1. Then, by replacing ¢ by ¢ o9 and C by the equivalent
curve ¢~ 1(C), we may assume that ¢: A2 — F,\(S, U F},) is the standard embedding.
This being done, the restriction of m,: F,, — P! to A% is (x,y) — [y : 1]. The fibres
of m,, equivalent to F,, being given by y = cst, the degree in = of the equation of C' is
equal to I' - F, (this can be done for instance by extending the scalars to k and taking
a general fibre). Since I' - F,, = 1, the equation is of the form xa(y) + b(y) for some
polynomials a,b € k[y], a # 0. Since C' is geometrically irreducible, the polynomials a
and b are coprime. There exist (unique) polynomials q,b e k[x] such that b = aq +b
with degb < dega. Then, changing the coordinates by applying (z,y) — (z + q(y), ),
we may furthermore assume that degb < dega.

Let us prove that points (i)-(iv) are equivalent. The implications (i) = (ii) = (ii7)
are obvious. We then prove (iii) = (iv) = (7).

(i17) = (iv): We recall that T is a section of 7,: F,, — P!, so that we have isomor-
phisms I' ~ P! and T'\ F,, ~ A'. The fact that C =T\ (F, U S,) ~ A! implies that
CN (S, \ F,) is empty. Since I' N F,, NS, = () by assumption, we get " - S,, = 0.
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(1v) = (i): We use the open embedding

A2 — F,
(u,v) = ([1:w™:ul,v:1]).

The preimages of I and S,, by this embedding are the curves of equations a(v)+b(v)u = 0
and v = 0. Hence I - S,, = 0 implies that a has no k-root and thus is a constant. 0

3.2. Extension to regular morphisms on A2. The following proposition is the prin-
cipal tool in the proof of Proposition 3.10, Corollary 3.11 and Proposition 3.13, which
themselves give the main part of Theorem 1.

Proposition 3.4. Let C C A? be a geometrically irreducible closed curve, not equivalent
to a line, and let ¢: A%\ C < A? be an open embedding. Then, there exists an open
embedding v: A?> — F,,, for some n > 1, such that the rational map v o ¢ extends to a
reqular morphism A* — F,,, and such that «(A?) =T, \ (S, UF,) (where S, and F,, are
as in Example 3.1).

Proof. By Proposition 2.6, ¢(A%\ C) = A?\ D for some geometrically irreducible closed
curve D. If ¢ extends to an automorphism of A? sending C' onto D, the result is obvious,
by taking any isomorphism ¢: A> — F,,\ (F, US,), so we may assume that ¢ does not
extend to an automorphism of A%, Lemma 2.12 implies, since C' is not equivalent to a
line, that the same holds for D. Moreover, Proposition 2.6 implies that the extension
of ¢~! to a birational map P? --» P2, via the standard embedding A% < P?, contracts
the curve D to a k-point of P?. In particular, it does not send D birationally onto C' or
onto L.

We choose an open embedding ¢: A? < F,, given by Lemma 3.3, which comes from
an isomorphism ¢: A2 — F,\(S, U F,), such that the closure of ¢(D) in I, is a curve
I which satisfies one of the two possibilities (1)-(2) of Lemma 3.3.

We want to show that the open embedding ¢ o ¢: A?\ C' — T, extends to a regular
morphism on A?. Using the standard embedding of A? into P? (Definition 2.1), we get
a birational map v¢: P? --» F, and need to show that all k-base-points of this map
are contained in L.,. Note that ¢ restricts to an isomorphism P? \ (L, U C) —
F, \ (F, U S, UT). This implies that all k-base-points of 1,7~ are defined over k
(Lemma 2.5(1)) and gives the following commutative diagram

A*\ D,

where 7, 7 are blow-ups of the base-points of ¢ and ¢~ respectively, and where n~!( L., U
O) =n"YF,US,uUTl) (Lemma 2.5(2)-(3)).

We assume by contradiction that ¢ has a base-point ¢ in A?> = P?\ L, which means
that one (—1)-curve £, C X is contracted by n to q. This curve is the exceptional
divisor of a base-point infinitely near to ¢, but not necessarily of ¢q. The minimality of
the resolution implies that 7 does not contract E,, so w(E,) is a curve of IF,, contracted
by 1~ to q, which belongs to {T', F},, S, }.
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We first study the case where ¢/ has no base-point in L.,. The strict transform of L.,
has then self-intersection 1 on X. Hence, it is not contracted by 7, and thus sent onto
a curve of self-intersection > 1, which belongs to {I', F},, S,} by Lemma 2.5(4). As
(F,)? =0and (S,)? = —n < —1, Ly, is sent onto ' by 9. This contradicts the fact that
I" is not sent birationally onto L., by 1.

We can now reduce to the case where v also has a base-point p in L.,. There is thus a
(—1)-curve E, C X contracted by 7 to p and not contracted by 7. As above, this curve
is the exceptional divisor of a base-point infinitely near to p, but not necessarily of p.
Again, 7(E,) belongs to {I', F},, S, }.

We thus have at least two of the curves I', F},, S,, that correspond to (—1)-curves of X
contracted by 7.

We suppose first that S,, corresponds to a (—1)-curve of X contracted by n. The fact
that (S,)? = —n < —1 implies that n = 1 and that 7 does not blow up any point of S,,.
As there is another (—1)-curve of X contracted by 7, the two curves are disjoint on X,
and thus also disjoint on [y, since m does not blow up any point of S;. The other curve
is then I' (since F} - S; = 1), and I' - S} = 0. If moreover I" - F; = 1 (condition (1)
of Lemma 3.3), then the contraction F; — P? of S; sends I' onto a line of P2, which
contradicts the fact that D C A? is not equivalent to a line. If I'- F; > 2, then condition
(2) of Lemma 3.3 implies that m,(I') < I'-S; = 0 for each r € Fj(k). Hence, the
intersection of I with F} (which is not empty since I' - F} > 2) consists only of points
not defined over k, which are therefore not blown up by «. The strict transforms I' and
Fy on X then satisfy I'- F; = '- F; > 2. As I is contracted by 7, the image 77(F1) is a
singular curve and is then equal to C. This contradicts the fact that ¢ contracts C to
a point.

There remains the case where S,, does not correspond to a (—1)-curve of X contracted
by n, which implies that {r(E},), 7(E,)} = {F, I'}, or equivalently that {E,, E,} =
{Fn, F} where F,, and T denote the strict transforms of F,, and T on X. Since (F )2 =0
and (F,)? = —1, there exists exactly one k-point 7 € F, (and no infinitely near points)
blown up by 7, which is then a k-point (as all base-points of 7 are defined over k). We
obtain

m(I')=T-F,>1and I'NF, = {r},

since F, and T are disjoint on X (and because I' - F,, > 1, as I satisfies one of the two
conditions (1)-(2) of Lemma 3.3).

We now prove that 771(r) and 771(S,) are two disjoint connected sets of rational
curves which intersect the two curves F, and T, i.e. the two curves E, and E,. For
this, it suffices to prove that r ¢ S,, and that S, - I" > 1. Suppose first that ' - F}, = 1
(condition (1) of Lemma 3.3). Since 'NF, NS, =0, we get r € F,, \ S,. The inequality
['- S, > 0 is provided by the fact that D is not equivalent to a line (see again condition
(1) of Lemma 3.3 and the equivalence between (i7) and (iv) given in that case). Suppose
now that I' - F,, > 2. As m,.(I') =T - F,, > 2, we have 2m,(I") > I" - F,,, which implies
that n =1,r € F,\ S, and 2 < m,(I") <T'-S, (see again possibility (2) of Lemma 3.3).

We conclude by observing that, since n(E,) = ¢ € P?\ Ly, and n(E,) = p € Lo,
any connected set of curves of 77! (Lo U C) which intersects the two curves E, and
E, must contain the strict transform C of C. Since 7~'(r) and 7~(S,) are included in
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7Y (F,US,Ul") = 7} (LsUC), this contradicts the fact that 7~(r) and 771(S,,) are two
disjoint connected sets of rational curves which intersect the two curves F,, and I'. [

A direct consequence of Proposition 3.4 is the following corollary, which shows that
only smooth curves C' C A? are interesting to study. This also follows from Proposi-
tion 3.10 below. Since the proof of Proposition 3.10 is more involved, we prefer first
to explain the simpler argument that shows how the smoothness follows from Proposi-
tion 3.4.

Corollary 3.5. Let C C A? be a geometrically irreducible closed curve. If C is not
smooth, then every open embedding ¢: A*\ C' — A? extends to an automorphism of A?.

Proof. By Proposition 2.6, ¢(A%\ C) = A%\ D for some geometrically irreducible closed
curve D. We apply Proposition 3.4 and obtain an open embedding ¢: A? — F,, for
some n > 1, such that the rational map ¢ o ¢ extends to a regular morphism A? — F,,.
Embedding A? into P?, we get a birational map ¢: P? --» F,, which is regular on A
In particular, the singular k-points of C' are not blown up in the minimal resolution of
1. Hence, the curve C is not contracted by 1 and is thus sent onto a singular curve
¢(C) C F,. Since ¢ restricts to an isomorphism P?\ (Lo, UC) — F,, \ (F, U S, U D),
Lemma 2.5(4) shows that the singular curve ¥(C) must be F,, S, or D. As F,, and S,
are smooth, we find that ¢(C) = D. Proposition 2.6 then shows that ¢ extends to an
automorphism of A2 O

Another direct consequence of Proposition 3.4 is the following result, which shows
that in case (3) of Proposition 2.6, the point to which C'is contracted lies in A% only in
a very special situation:

Corollary 3.6. Let C C A? be a geometrically irreducible closed curve and let ¢: A?\
C — A? be an open embedding. If the extension of ¢ to P* contracts the curve C' (or
equivalently its closure) to a point of A%, then there exist automorphisms a, 3 of A? and
an endomorphism 1: A — A? of the form (x,y) — (z,2"y), where n > 1 is an integer,
such that ¢ = apB. In particular, C C A? is equivalent to a line, via 3.

Proof. By Proposition 2.6, ¢(A%\ C) = A%\ D for some geometrically irreducible closed
curve D. Denote by ¢~!: A% ——» A? the birational transformation which is the inverse of
. Since C'is contracted by ¢ to a point of A2, it is not possible to find an open embedding
t: A2 < F,, for some n > 1, such that the birational map ¢ o ¢~! actually defines a
regular morphism A? — F,. By Proposition 3.4, this implies that D is equivalent to
a line. Hence, the same holds for C, by Lemma 2.12. Applying automorphisms of A2
at the source and the target, we may then assume that C' and D are equal to the line
z = 0. By Lemma 2.12(1), the map ¢ is of the form (z,y) — (Az, pa™y + s(x)), where
A€ k*,n>1and s € k[z] is a polynomial. We then observe that ¢ = a1, where « is
the automorphism of A? given by (z,y) — (Ax, uy + s(x)) and 1 is the endomorphism
of A% given by (z,y) — (z,z"y). O

Corollary 3.6 also gives a simple proof of the following characterisation of birational
endomorphisms of A? that contract only one geometrically irreducible closed curve. This
result has already been obtained by Daniel Daigle in [Dai91, Theorem 4.11].
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Corollary 3.7. Let C C A? be a geometrically irreducible closed curve and let ¢ be
a birational endomorphism of A® which restricts to an open embedding A? \ C' — AZ.
Then, the following assertions are equivalent:

(i) The endomorphism ¢ contracts the curve C'.
(1) The endomorphism ¢ is not an automorphism.
(i1i) There exist automorphisms o, 8 of A? and an endomorphism : A% — A? of the
form (z,y) — (x,2™y), where n > 1 is an integer, such that p = apf.

Proof. (ii1) = (ii): This follows from the fact that, for each n > 1, the map ¢: (z,y) —
(z,2"y) is a birational endomorphism of A% which is not an automorphism, as its inverse
Y7t (z,y) = (2,27 ™y) is not regular.

(it) = (i): Denote by ¢: P? --» P? the birational map induced by ¢. Since ¢ is an
endomorphism of A% which is not an automorphism, cases (1)-(2) of Proposition 2.6 are
not possible. Hence, we are in case (3): C is contracted by ¢ to a point of P2, which is
necessarily in A% since p(A?) C A%

(1) = (di7): This follows from Corollary 3.6. O

3.3. Completion with two curves and a boundary. The following technical Propo-
sition 3.10 is used to prove Corollary 3.11 and Proposition 3.13, which yield almost all
statements of Theorem 1.

Definition 3.8. Let X be a smooth projective surface. A reduced closed curve C' C X
is a k-forest of X if C'is a finite union of closed curves C1, ..., C,, all isomorphic (over
k) to P! and if each singular k-point of C is a k-point lying on exactly two components
C;, C; intersecting transversally. We moreover ask that C' does not contain any loop. If
C' is connected, we say that C' is a k-tree.

Remark 3.9. If n: X — Y is a birational morphism between smooth projective surfaces
such that all k-base-points of 7! are defined over k, then the exceptional curve of  (the
union of the contracted curves) is a k-forest £ C X. Moreover, the strict transform and
the preimage of any k-forest of Y is a k-forest of X. The preimage of a k-tree is a k-tree.

Proposition 3.10. Let C, D C A? be geometrically irreducible closed curves, not equiv-
alent to lines, and let p: A>\ C — A%\ D be an isomorphism which does not extend
to an automorphism of A%. Then there is a smooth projective surface X and two open
embeddings pi1, pa: A% — X which make the following diagram commutative

A%\ C ? A%\ D

~

and such that the following holds:

(1) The curves T' = p1(C) C X, A = py(D) C X are isomorphic to P'.
(it) Fori=1,2, we have p;(A?) = X \ B; for some k-tree B;.
(1i1) Writing B = By N By, we have By = BUA and B, = BUT.
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(1tv) There is no birational morphism X — Y, where Y is a smooth projective surface,
which contracts one connected component of B, and no other k-curve.

(v) The number of connected components of B is equal to the number of k-points of BN
I' and to the number of k-points of BN A, and is at most 2.

Proof. By Proposition 3.4, there exist integers m,n > 1, and isomorphisms
1 AP S T\ (S UE,), to: A2 =T, \ (S, UF,)

such that both open embeddings t1p™': A2\ D — F,, and w9: A? \ C — F,, extend
to regular morphisms u;: A? — F,, and uy: A2 — F,,. Denoting by ¢': F,, --» [F,, the
corresponding birational map, equal to to(u;) ™" = uy(sy) ™!, the restriction of ¢ gives an
isomorphism F,, \ (S, U F,, U11(C)) — F, \ (S, U F,, U 15(D)) (which corresponds to
¢). We then have the following commutative diagram

A%\ C ‘ A\ D

where 17 and 7 are birational morphisms, which are sequences of blow-ups of k-points,
being the base-points of 1 and ¢! respectively (Lemma 2.5).

Since wu;, uy are regular on A2, the k-base-points of 1 (which are k-points), resp. 1!,
are infinitely near to k-points of F,, U .S,, C F,,, resp. F,, US,, C F,. In particular, we
get two open embeddings

p1 :n_lle A? — X, P2 =71ty A2 X

such that psp = p; (or more precisely pa = pi|az\c). We have p;(A?) = X \ B; and
p2(A?) = X \ By, where By := n7(S,, U F,,,) and By := 7 '(S, UF},) are k-trees (see
Remark 3.9).

By Lemma 2.5, the following equality holds:

N (S U Fpy Ua(C)) = 7 1S, U F, U ta(D)).

The left-hand side is equal to By UT', where I' = p;(C') C X is the strict transform of
11(C) C F,, by 1 and the right-hand side is equal to By U A, where A = py(D) C X
is the strict transform of m C F, by w. The fact that ¢ does not extend to an
automorphism of A? implies that B; # By, whence A # I'. Writing B := B; N By, the

equality By UT' = By U A yields:
By =BUTI and By = BUA (with I' = p;(C), A = p2(D) C X).

In particular, since By, By are two k-trees, I' and A are isomorphic to P! (over k) and
intersect transversally B in a finite number of k-points. We have now found the surface
X together with the embeddings py, p2, satisfying conditions (7)—(i7)—(i7i). We will then
modify X if needed, in order to get also (iv)—(v).
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The number of connected components of B is equal to the number of k-points of BNT,
and of BN A: This follows from the fact that BUT and B U A are k-trees. Remember
also that each k-point of BN T, or of BN A, is a k-point, as mentioned earlier.

Suppose that the number of connected components of B is r > 3, and let us show
that at least r — 2 connected components of B are contractible (in the sense that there is
a birational morphism X — Y, where Y is a smooth projective rational surface, which
contracts one component of B and no other k-curve). To show this, we first observe that
[ intersects r distinct curves of B. Since I is one of the irreducible components of By =
71(S, UF,), we can decompose 7 as my o m; where m;(T") is an irreducible component
of (my)™'(S, U F,) intersecting exactly two other irreducible components Rj, Ry, and
such that all k-points blown up by 7, are infinitely near points of 71 (') \ (R, U Ry). This
proves that we can contract at least » — 2 connected components of B.

If one connected component of B is contractible, there exists a morphism X — Y,
where Y is a smooth projective rational surface, which contracts this component of B,
and no other curve. Since the component intersects A transversally in one point, and also
[' in one point, we can replace X by Y, p1, po by their compositions with the morphism
X — Y and still fulfill conditions (i)—(i7)—(éi7). After finitely many steps, condition (iv)
is satisfied. By the observation made earlier, the number of connected components of B,
after this is done, is at most 2, giving then (v). O

Corollary 3.11. Let C, D C A? be geometrically irreducible closed curves and let ¢: A%\
C =5 A? \ D be an isomorphism which does not extend to an automorphism of AZ.
Then, the curves C, D are isomorphic to open subsets of A': there exist polynomials
P, Q € k[t] without square factors, such that C' ~ Spec(k[t, 5|) and D =~ Spec(k[t, %])
Moreover, the numbers of k-roots of P and Q are the same (i.e. extending the scalars to
k, the curves C' and D become isomorphic to A minus some finite number of points, the
same number for both curves). The numbers of k-roots of P and Q are also the same.

Remark 3.12. When k = C, this follows from the fact that C' and D are isomorphic
to open subsets of A!, since the curves are rational (Corollary 2.7) and smooth (Corol-
lary 3.5). Indeed, since A? \ C' and A? \ D are isomorphic, they have the same Euler
characteristic, so C' and D also have the same Euler characteristic.

Proof. 1f C or D is equivalent to a line, so are both curves (Lemma 2.12), and the result
holds. Otherwise, we apply Proposition 3.10 and get a smooth projective surface X and
two open embeddings pi, po: A% < X such that pyp = p; and satisfying the conditions
(4)-(2)-(2ii)-(iv)-(v). In particular, C' is isomorphic to I'\ By =T'\ (I'N B) U (' U A)).
Since I is isomorphic to P! and I' N B consists of one or two k-points, this shows that T’
is isomorphic to an open subset of Al. Proceeding similarly for D, we get isomorphisms
C =~ Spec(k[t, ]) and D ~ Spec(k[t, %]) where P, @ € k[t] are polynomials, which we
may assume without square factors.

The number of k-roots of P is equal to the number of k-points of I' N B; minus 1.
Similarly, the number of k-roots of Q is equal to the number of k-points of ANB, minus 1.
To see that these numbers are equal, we observe that ' By = (I'N B) U (I'N A), that
AN By =(ANB)U(ANT), and that the number of k-points of I' N B is the same as
the number of k-points of A N B (this follows from (v)). As each point of I' N B that
is contained in I' N A is also contained in A N B, this shows that P and () have the
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same number of k-roots. As each k-point of I' N By or A N B, which is not a k-point is
contained in I' N A, the polynomials P and () have the same number of k-roots. 0

Proposition 3.13. Let C, D, D’ C A? be geometrically irreducible closed curves, nmot
equivalent to lines, and let ¢: A2\ C — A2\ D, ': A2\ C — A2\ D’ be isomorphisms
which do not extend to automorphisms of A%. Then, one of the following holds:

(a) The map ¢' ()™t extends to an automorphism of A* (sending D to D');

(b) The curves C, D, D" are isomorphic to A';

(¢) The curves C, D, D" are isomorphic to A\ {0}.

Remark 3.14. Case (b) never occurs, as we will show later. Indeed, since C' is not
equivalent to a line, the existence of ¢, ¢’ is excluded (Proposition 3.16 below).

Proof. If C ~ A or C' ~ A\ {0}, then D ~ C ~ D’ by Corollary 3.11. We may thus
assume that C' is not isomorphic to A! or A1\ {0}. We apply Proposition 3.10 with ¢ and
¢’ and get smooth projective surfaces X, X’ and open embeddings p1, pa, oy, ph: A% — X
such that pop = p1, phe’ = p} and satisfying the conditions (7)-(i7)-(ii7)-(iv)-(v). In
particular, we obtain an isomorphism &: X \ (BUTUA) — X'\ (B'UTI"UA’) (where
' =p(C) C X,A=p(D)Cc X, I"=p(C) C X', A = py(D’) C X') and a

commutative diagram

G L . x |
/ & / Pa
A2 \A2 \A2
2 ® 2‘-T o ) /
A*\ D = A\ C 4 A%\ D

By construction, k sends birationally I' = p;(C) onto IV = p}(C). If k also sends A
birationally onto A’, then ¢’p~! extends to a birational map that sends birationally D
onto D' and then extends to an automorphism of A? (Proposition 2.6). It remains then
to show that this is the case.

Using Lemma 2.5, we take a minimal resolution of the indeterminacies of x:

where 1 and 7 are the blow-ups of the k-base-points of x and !, all being k-rational.

We want to show that the strict transforms A and A’ of A € X, A’ € X’ are equal. We
will do this by studying the strict transform I' = I of T and I and its intersection with
A and A’ and with the other components of By = p"'(BUT UA) = 7~ 1(B'UT' U A’).

Recall that By = BUA, By = BUT', B} = B'UA’, B, = B'"UI"” are k-trees and that
C' is isomorphic to I'\ By and I'" \ B} (Proposition 3.10).

(1) Suppose first that I' N B, contains some k-points which are not defined over k.
None of these points is thus a base-point of x and each of these points belongs to I' N A,
so I'N A contains k-points not defined over k. Since BY is a k-tree, 7~ 1(B}) is a k-tree,
so T' = I intersects all irreducible components of By into k-points, except maybe A’.
This yields A = A’ as we wanted.
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(1) We can now assume that all k-points of I' N B; are defined over k, which implies
that all intersections of irreducible components of By are defined over k. We will say
that an irreducible component of By is separating if the union of all other irreducible
components is a k-forest (see Definition 3.8).

Since By = B U A is a k-tree, its preimage on Bz is a k-tree. The union of all
components of By distinct from T' being equal to the disjoint union of n~1(B;) with
some k-forest contracted to points of I' \ By, we find that [ is separating. The same
argument shows that A and A’ are also separating.

It remains then to show that any irreducible component £ C Bz which is not equal
to A or T is not separating. We use for this the fact that ¢ ~ T \ Bj is not isomorphic
to A! or A\ {0}, so the set I'N By contains at least 3 points. If n(E) is a point ¢, then
the complement of 77(¢) in Bz contains a loop, since I intersects the k-tree By into at
least two points distinct from ¢. If n(E) is not a point, it is one of the components of
B. We denote by F the union of all irreducible components of B U T' U A not equal to
n(E), and prove that F' is not a k-forest, since it contains a loop. This is true if ANT
contains at least 2 points. If A N I" contains one or less points, then A N B contains at
least two points, so contains exactly two points, on the two connected components of
B which both intersect I" and A (see Proposition 3.10(v)). We again get a loop on the
union of I'; A and of the connected component of B not containing n(E). The fact that
F contains a loop implies that n~!(F') contains a loop, and achieves to prove that E is
not separating. [

3.4. The case of curves isomorphic to A! and the proof of Theorem 1. To finish
the proof of Theorem 1, we still need to handle the case of curves isomorphic to A!. The
case of lines has already been treated in Lemma 2.12. In characteristic zero, this finishes
the study by the Abyhankar-Moh-Suzuki theorem, but in positive characteristic, there
are many closed curves of A% which are isomorphic to A!, but are not equivalent to lines
(these curves are sometimes called “bad lines” in the literature). We will show that an
open embedding A? \ C' — A? always extends to A? if C' is isomorphic to A!, but not
equivalent to a line.

Lemma 3.15. Let n > 1 and let I' C F,, be a geometrically irreducible closed curve
such that T - F,, > 2. If there exists a birational map F, --+ P? that contracts T’ to a
point (and perhaps contracts some other curves), then I' is geometrically rational and
singular. Moreover, one of the following occurs:

(a) There exists a point p € F,,(k) such that 2m,(I') > ' - F,.
(b) We have n = 1 and there exists a point p € Fy(k)\ Sy such that m,(T') > T - S;.

Proof. We may assume that k = k. Denote by 1: F,, --» P? the birational map that
contracts C' to a point (and maybe some other curves). The minimal resolution of this
map yields a commutative diagram
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In Pic(FF,) = ZF, @ ZS,, we write
I' = aS, +bF,
—Ky, = 2S5,+(2+n)F,

for some integers a,b. Note that a = I'- F}, > 2 and that b —an =T"-5, > 0. By
hypothesis, the strict transform I' of " on X is a smooth curve contracted by 7. In
particular, ' is rational and the divisor 2I" + a Ky is not effective, since

(2L + aKx) - 7*(L) = aKx - 7*(L) = ar*(Kp2) - 7*(L) = aKp> - L = —3a < 0
for a general line L C P2,

Denoting by Fi,..., E, € Pic(X) the pull-backs of the exceptional divisors blown up
by n (which satisfy (E;)? = —1 for each i and E; - E; = 0 for i # j) we have

I = an*(S,) + by*(F,) - Z::1 m;E;
o —EKx o= 297(5) + 2+n)nt(F) - ik
' +aKyx = (20 — a2+ n))*(F,) + Yoi_(a—2m;)E;

which implies, since 2T + aKx is not effective, that either 2b < a(2 +n) or 2m; > a for
some 7. If 2m; > a for some i, we get (a), since the m; are the multiplicities of T at the
points blown up by 7.

It remains to study the case where 2m; < a for each i, and where 2b < a(2 + n).
Remembering that b —an =1"-.5,, > 0, we find n < g < #n whence n = 1 and thus

2
2b < 3a. We then compute
3SC+bKx = (3a—20)0"(S,) + S0 (b—3m,)E;

which is again not effective, since (3T + bK) - 7*(L) = bKx - 7*(L) = —3b < 0 for a
general line L C P2, because b > an = a > 2. This implies that there exists an integer i
such that 3m; > b. Since 2m; < a, we find m; > b —a =T - Sy, which implies (b). O

Proposition 3.16. Let C' C A? be a closed curve, isomorphic to A' (over k). The
following are equivalent:

(a) The curve C' is equivalent to a line.

(b) There exists an open embedding A?\ C' < A? which does not extend to an automor-
phism of A2.

(c) There exists a birational map P* --» P? that contracts the curve C (or its closure)
to a k-point (and perhaps contracts some other curves). In this statement A? is
identified with an open subset of P? via the standard embedding A% — P2,

Proof. The implications (a) = (b) and (a) = (c¢) can be observed, for example, by taking
the map (z,y) — (z,7y), which is an open embedding of A?\ {z = 0} into A% which
does not extend to an automorphism of A2, and whose extension to P? contracts the line
x = 0 to a point.

To prove (b) = (c), we take an open embedding ¢: A? \ C' < A? which does not
extend to an automorphism of A? and look at the extension to P2. By Proposition 2.6,
either this contracts C, or C is equivalent to a line, in which case (c) is true as was
shown earlier.

It remains to prove (¢) = (a). We apply Lemma 3.3, and obtain an isomorphism

v A? = F,\(S, U F,) such that the closure of +(C) in F,, is a curve I which satisfies
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one of the two cases (1)-(2) of Lemma 3.3. In case (1), the curve is equivalent to a line
as it is isomorphic to Al (equivalence (i) — (7ii) of Lemma 3.3). It remains to study
the case where I' satisfies conditions (2) of Lemma 3.3 (in particular I' - F,, > 2), and
to show that these, together with (c), yield a contradiction. We prove that there is no
point p € F,,(k) such that 2m,(T) > T'- F,. Indeed, since I' - F}, > 2, such a point would
be a singular point of T, and since T\ (S, U F},,) = «(C) ~ C' is isomorphic to A', p
would be a k-point and the unique k-point of I' N (S,, U F},). Moreover, as I'- F}, > 2, we
would find that p € F,,. Since 2m,(I") > I" - F}, and because I satisfies conditions (2) of
Lemma 3.3, the only possibility would be that n =1, p € F;\ S; and 0 < m,(I') < T'- 5.
This contradicts the fact that I' N (S; U F}) contains only one k-point.

Denote by 1: P2 --» P2 the birational map that contracts C' (and maybe some other
curves) to a k-point. Observe that 1y o t~! yields a birational map : F,, --+ P? which
contracts I' to a k-point. As there is no point p € F,(k) such that 2m,(I') > T - F,,
Lemma 3.15 implies that n = 1 and that there exists a point p € Fy(k) \ S; such that
my(I') > T'-S;. Again, this point is a k-point, since C' is isomorphic to A'. This
contradicts the conditions (2) of Lemma 3.3. O

Remark 3.17. If k is algebraically closed, the equivalence between conditions (a) and
(¢) of Proposition 3.16 can also be proved using Kodaira dimension. We introduce the
following conditions:

(a)" The Kodaira dimension k(C, A?) of C' is equal to —oc.
(c)’ There exists a birational transformation of P? that sends C' onto a line.

The equivalence between (a) and (a) follows from [Gan85, Theorem 2.4.(1)] and the
equivalence between (a)" and (¢)" is Coolidge’s theorem (see e.g. [KM83, Theorem 2.6]).
We now recall how the classical equivalence between (¢) and (¢) can be proven. Every
simple quadratic birational transformation of P? contracts three lines. This proves (c¢)’ =
(c). To get (c) = (c)/, we take a birational transformation ¢ of P? that contracts C
to a point and decompose ¢ as ¢ = @, o --- 0 ¢, where each ¢; is a simple quadratic
transformation (using the Castelnuovo-Noether factorisation theorem). If ¢ > 1 is the
smallest integer such that (o; 0 ---0 ¢;)(C) is a k-point, the curve (¢;_1 0 --- 0 ¢;)(C)
is contracted by ¢; and is thus a line.

Remark 3.18. If the field k is perfect, then every curve that is geometrically isomorphic to
A! (i.e. over k) is also isomorphic to A'. This can be seen by embedding the curve in P!
and considering the complement point, necessarily defined over k. For non-perfect fields,
there exist closed curves C' C A? geometrically isomorphic to A!, but not isomorphic to
A (see [Rus70]). Corollary 3.11 shows that every open embedding A?\ C' — A? extends
to an automorphism of A? for all such curves.

We can now conclude this section by proving Theorem 1:

Proof of Theorem 1. We recall the hypotheses of the theorem: we have a geometrically
irreducible closed curve C' C A? and an isomorphism ¢: A2\ C' — A%\ D for some
closed curve C C A% Moreover, ¢ does not extend to an automorphism of A% We
consider the following three cases:

If C is isomorphic to A', then the implication (b) = (a) of Proposition 3.16 shows
that C is equivalent to a line and Lemma 2.12(2) implies that the same holds for D. In
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particular, the curves C' and D are isomorphic. This achieves the proof of the theorem
in this case.

If C is isomorphic to A\ {0} then so is D by Corollary 3.11. This also gives the
result in this case.

It remains to assume that C' is not isomorphic to A! or to A\ {0}. Proposition 3.13
shows that the isomorphism ¢: A%\ C' — A%\ D (not extending to an automorphism
of A?) is uniquely determined by C, up to left composition by an automorphism of
A?. In particular, there are at most two equivalence classes of curves of A? that have
complements isomorphic to A%\ C. Corollary 3.11 gives the existence of isomorphisms
C =~ Spec(k[t, $]) and D =~ Spec(k[t, %]) for some square-free polynomials P, Q) € k|[t]
that have the same number of roots in k, and also the same number of roots in the
algebraic closure of k. By replacing k with any field k' containing k we obtain the
result. OJ

Corollaries 1.1, 1.2 and 1.4 are then direct consequences of Theorem 1.

3.5. Automorphisms of complements of curves. Another consequence of Theo-
rem 1 is Corollary 1.3, which we now prove:

Proof of Corollary 1.3. Recall the hypothesis of the corollary: we start with a geometri-
cally irreducible closed curve C' C A? not isomorphic to A' or A\ {0}. We want to show
that Aut(A?, C) has index at most 2 in Aut(A? \ C). If p1, ¢y are automorphisms of
A%\ C which do not extend to automorphisms of A it is enough to show that (¢s) ¢y
extends to an automorphism of A?. This follows from Theorem 1(3). O]

Remark 3.19. With the assumptions of Corollary 1.3, the group Aut(A?\ C) is a semidi-
rect product of the form Aut(A% C) x Z/27Z if and only if there exists an involutive
automorphism of A%\ C' which does not extend to an automorphism of A2

Corollary 3.20. Ifk is a perfect field and C C A? is a geometrically irreducible closed
curve that 1s

(1) not equivalent to a line,
(i7) not equivalent to a cuspidal curve with equation ™ — y™ = 0, where m,n > 2 are
coprime integers,
(ii1) not geometrically isomorphic to A\ {0},

then Aut(A?\ C) is a zero dimensional algebraic group, hence is finite.

Proof. Conditions (2)-(i7)-(744) imply that Aut(A? C) is a zero dimensional algebraic
group [BS15, Theorem 2|. If moreover C' is not isomorphic to A!, then Aut(A?\ C) is
also zero dimensional by Corollary 1.3. If C is isomorphic to A! (but not equivalent to
a line by (7)), then Aut(A? \ C) = Aut(A?%, C) by Proposition 3.16. O

Remark 3.21. Let us make a few comments on the group Aut(A?\ C) when C' C A? is

a geometrically irreducible closed curve not satisfying the conditions of Corollary 3.20.

(i) If C is equivalent to a line, we may assume without loss of generality that C' is
the line = 0. Then, Aut(A?\ C) is described in Lemma 2.12.

(ii) If C' does not satisfy (ii), we may assume that C' has equation 2™ — y™ = 0,

where m,n > 2 are coprime integers. Since the curve C' is singular, we have
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Aut(A%\ C) = Aut(A? C) by Corollary 3.5. Moreover, we have Aut(A? C) =
{(z,y) — (t"z,t™y) | t € k*} by [BS15, Theorem 2(ii)].

(iii)(a) If C' is geometrically isomorphic to A'\ {0}, but not isomorphic to A \ {0},
then Aut(A?, C) has index 1 or 2 in Aut(A? \ C') by Corollary 1.3. The group
Aut(A?% () is then an algebraic group of dimension < 1 by [BS15, Theorem 2|, so
the same holds for Aut(A?\ C). An example of dimension 1 is given by the curve
of equation x? + y* = 1, in the case where k = R (see [BS15, Theorem 2(iv)]).

(iii)(b) If C' is isomorphic to A'\ {0}, we do not have a complete description of Aut(A?\
(). The simplest cases where C' has equation z™y™ — 1, where m,n > 1 are co-
prime, can be completely described. In particular, Aut(A?\ C') contains elements
of arbitrarily large degree.

4. FAMILIES OF NON-EQUIVALENT EMBEDDINGS

In this section, we study mainly the curves of A? given by an equation of the form

a(y)z +b(y) =0

where a,b € k[y| are coprime polynomials such that degb < dega. This will lead us to
the proof of Theorem 2.

These curves already appeared in Lemma 3.3, where we proved in particular that they
are isomorphic to A! if and only if a(y) is a constant (Lemma 3.3(i)-(z47)). Actually, we
have the following obvious and stronger result:

Lemma 4.1. Let C C A? be the irreducible curve given by the equation

a(y)x +b(y) = 0,

where a,b € kly| are coprime polynomials and a is nonzero. Then, the algebra of reqular
functions on C' is isomorphic to kly, 1/a(y)].

Proof. The algebra of regular functions on C' satisfies

k[C] = K[z, y]/(a(y)z + b(y)) = kly, =b(y)/a(y)] = kly, 1/a(y)],

where the last equality comes from the fact that there exist ¢, d € k[y] with ad — bc = 1,
which implies that 2 = 9= = d — ¢ 2 e ky, 2. 0

4.1. A construction using elements of SLy(k[y]).

Lemma 4.2. For each matriz ( aly) b(y) ) € SLo(kly]), we have an isomorphism

c(y) d(y)

o: A?2\C = A2\ D
e(y)a-+d(y)
(l’,y) = (may)

where C, D C A? are given by a(y)z + b(y) = 0 and a(y)z — c(y) = 0 respectively.

Proof. Note first that ¢ is a birational transformation of A2, with inverse ¢: (z,y)
( —b(y)z+d(y)

al)o—e(y) ,¥). It remains to prove that the isomorphism ¢*: k(z,y) — k(z,y), z —
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Zﬁiﬁ, y — y induces an isomorphism kz, v, azl_c] — k[z, v, #er] This follows from the
equalities:

p*(z) = %{f? ©*(y) = v, 90*(M1,C) =ar+b and

) = 2 gey) g, () =av—c -

The curves C' and D of Lemma 4.2 are always isomorphic thanks to Lemma 4.1. We
now prove that they are in general not equivalent.

Lemma 4.3. Let C;,Cy C A? be two geometrically irreducible closed curves given by
ai(y)z + bi(y) = 0 and as(y)z + ba(y) = 0

respectively, for some polynomials ay,as,by, by € K[y| such that dega; > degb; > 0 and
degas > degbs > 0. Then, the curves Cy and Cy are equivalent if and only if there exist
constants a, \, u € kK* and B € k such that

ay(y) = A-ar(ay +F),  ba(y) = p-ba(oy + ).

Proof. We first observe that if as(y) = A - ay(ay + 5) and ba(y) = p - byi(ay + B) for
some o, \, u € k*, § € k, then the automorphism (z,y) — (3% ay + () of A? sends Cy
onto C.

Conversely, we assume the existence of ¢ € Aut(A?) that sends Cy onto C; and want
to find o, A, € k*, B € k as above. Writing ¢ as (x,y) — (f(z,v),9(x,y)) for some
polynomials f, g € k[x,y], we get

(A) 1(ar(9)f +bi(g)) = aa(y)z + ba(y)

for some p € k*.

(1) If g € k[y], the fact that k[f, g] = k[x, y| implies that ¢ = ay + 3, f = vz + s(y) for
some «a,y € k*, 8 € k and s(y) € k[y]. This yields a1(g)f + b1(g) = a1(g)(vx + s(y)) +
b1(g), so that equation (A) gives:

ag = py-ai(g), by=p- (al(g)s(y) + bl(Q))-

This shows in particular that deg a; = deg aq, whence deg by < degay(g). Since deg by (g) <
degai(g), we find that s = 0, and thus that by = - b1(g), as desired. This concludes
the proof, by choosing A\ = p~y.

(77) It remains to consider the case where g ¢ k[y], which corresponds to deg,(g) > 1.
We have deg, a1(g) = degay - deg,(g) > degb; - deg,(g) = deg, bi(g), which implies
that deg, (a1(g)f + bi1(g)) = deg(a1) - deg,(g) + deg,(f). Equation (A) shows that this
degree is 1, and since dega; > 1, we find dega; = 1. Similarly, the automorphism

sending C; onto (5 satisfies the same condition, so degay, = 1. This implies that
b1, by € k*. There thus exist some a, A\, u € k*, 8 € k such that as(y) = A - a1(ay + 5)
and ba(y) = i - by(ay + B). 0

Proposition 4.4. For each polynomial f € k[t] of degree > 1, there exist two closed
curves C, D C A2, both isomorphic to Spec(k|t, %]), that are non-equivalent and have iso-
morphic complements. Moreover, the set of equivalence classes of the curves C' appearing
in such pairs (C, D) is infinite.
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Proof. We choose an irreducible polynomial b € k[t] which does not divide f. For each
n > 1 such that deg(f™) > 2deg(b), we then choose two polynomials ¢, d € k[t] such that
f"d — bec = 1 (this is possible since ged(f™,b) = 1). Replacing ¢,d by ¢ + af™,d + ab,
we may moreover assume that dege < deg f*. The curves C,, D, C A? given by
fy)"x 4+ b(y) = 0 and f(y)"z — ¢(y) = 0 are both isomorphic to Spec(kl[t, an]) =
Spec(k]t, %]) by Lemma 4.1 and have isomorphic complements by Lemma 4.2. Moreover,
as degbc = deg(f"d—1) > deg(f") > 2deg(b), we find that deg ¢ > deg b, which implies
by Lemma 4.3 that C, and D, are not equivalent. Moreover, the curves C, are all
non-equivalent, again by Lemma 4.3. U

4.2. Curves isomorphic to A\ {0}. We consider now families of curves in A? of the
form zy? +b(y) = 0, for some d > 1 and some polynomial b(y) € ky] satisfying b(0) # 0.
Note that all these curves are isomorphic to Spec(k|y, yid]) = Spec(k[y, %D ~ A\ {0} by
Lemma 4.1.

Lemma 4.5. Let d > 1 be an integer and b(y) € k[y| be a polynomial satisfying b(0) # 0.
We define D, C A? to be the curve given by the equation

ry® +b(y) =0
and @y, to be the birational endomorphism of A? given by
po(2,y) = (zy* +b(y), y)-
Denote by L, resp. L,, the line in A* given by the equation x = 0, resp. y = 0.
(1) The transformation ¢y, induces an automorphism of A*\ L, and an isomorphism
A%\ (L, U Dy) — A%\ (L, U L,).

(2) Assume now that b has degree < d — 1 and fix an integer m > 1. Then, there exists
a unique polynomial ¢ € Kly| of degree < d — 1 satisfying

(B) b(y) = c(yb(y)™) (mod y?).

Furthermore, we have ¢(0) # 0.
(3) Define the birational transformations T and ¥y, of A% by

T($7y) = (Iv ZL"y) and ¢b,m - ((pc)_leQOb'

Then, ¥y induces an isomorphism A?\ D, 5 A? \ D. whose expression is

r+ A+ yf(z,y)
md ’ Yy
(zvyd+b(y)>

for some constant X € k and some polynomial f € k[x,y] (depending on b and m).
(4) Fizing the polynomial b, all open embeddings A*\ Dy, — A* given by y,m, m > 1,
are non-equivalent.

wb,m (il', ?J) =

(v + o))" |

Proof. (1): The automorphism (¢,)* of k(x,y) satisfies
(o) (x) = 2y* + b(y) and ()" (y) = y.
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The result follows from the following two equalities:
(po) (klz,y,5]) = klay' +0(y),y, ;] =k[z,y,;] and
(o) (e, y, 50D = Koy +0), ey v ] = X200 4 i)

(2): Since b(0) # 0, the endomorphism of the algebra k[y]/(y?) defined by y — yb(y)™
is an automorphism. If the inverse automorphism is given by y +— u(y), note that (B)
is equivalent to c(y) = b(u(y)) (mod y?). This determines uniquely the polynomial c.
Finally, replacing x by zero in (B), we get ¢(0) = b(0) # 0.

(3): Since 7 induces an automorphism of A\ (L, U L, ), assertion (1) implies that 1
induces an isomorphism A2\ (L, U D,) — A2\ (L, U D,) (this would be true for any
choice of ¢). It remains to see that the choice of ¢ which we have made implies that v

extends to an isomorphism A%\ D, N \ D, of the desired form.
Since (p.) Mz, y) = (m <y ),y) (2, y) = (z,2™y), and Yy = (¢c) 7"y, We get:

. Vom(2,y) = (@) ' 7™ (xy + b(y), y)
© = (M) yA) | with A = (o + b))

ydAd

To show that 1, has the desired form, we use b(y) = c(yb(y)™) (mod y?¢) (equation
(B)), which yields A € k such that b(y) = c(yb(y)™) + \y? (mod y**!). Since yA =
yb(y)™ (mod y¥™), we get b(y) = c(yA) + Ay? (mod y*™). There is thus f € k[z, ]
such that

2y’ +0(y) — c(yA) = y'(z + X+ yf (2, 9)).
This yields the desired form for 1, and shows that 1, restricts to the automorphism

z+ =+ A on L, and then restricts to an isomorphism A%\ D, — A%\ D,.

(4): It suffices to check that for m > n > 1 the birational transformation 0 =
Upno(tym) " of A% does not correspond to an automorphism of A%, Setting [ = m—n > 1
and denoting by ¢,, and ¢, the elements of k[y| associated to b and to the integers m
and n respectively, we get

0= ((pe,) ' 7"p0) © ((wcm)*%m%) T (pe) T

The second component of 6(z,y) is thus equal to the second component of 7~'p. (z,y)
which is 7t € k(z,y) \ k[z,y]. This shows that 6 is not an automorphism of A?
(and not even an endomorphism) and completes the proof. O

Remark 4.6. Note that Lemma 4.5(1) provides an isomorphism A2\ (L, U D}) —
A%\ (L, U L,) where the reducible curves (L, U D;) and (L, U L,) are not isomorphic.
Indeed, the reducible curve (L, U D,) has two connected components (since L,ND;, = (),
while the reducible curve (L,UL,) is connected (since L,NL, # ). As noted in [Kra96,
this kind of easy example explains why the complement problem in A™ has only been
formulated for irreducible hypersurfaces.

Remark 4.7. Geometrically, the construction of Lemma 4.5(3) can be interpreted as
follows: the birational morphism ¢,: (z,y) — (zy? + b(y),y) contracts the line y = 0
to the point (6(0),0). If d = 1 then ¢ just sends the line onto the exceptional divisor
of (b(0),0). If d > 2, it sends the line onto the exceptional divisor of a point in the
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(d — 1)-st neighbourhood of (b(0),0). The coordinates of these points are determined by
the polynomial b. The fact that 7: (x,y) — (x,2™y) contracts the line x = 0 implies
that vy, contracts the curve Dy, given by zy? + b(y) = 0. Moreover, 7™ fixes the point
(6(0),0) and induces a local isomorphism around it, hence acts on the set of infinitely
near points. This action changes the polynomial b and replaces it by another one, which
is the polynomial ¢ = ¢, provided by Lemma 4.5(2).

Proposition 4.8. There exists an infinite sequence of curves C; C A?, i € N, all
pairwise non-equivalent, all isomorphic to A\ {0} and such that for each i there are
infinitely many open embeddings A?\ C; — A2, up to automorphisms of A2.

Proof. It suffices to choose the curve C; given by zy"™ + y + 1, for each i > 2. These
curves are all isomorphic to A\ {0} by Lemma 4.1 and are pairwise non-equivalent by
Lemma 4.3. The existence of infinitely many open embeddings A? \ C; — A2 up to
automorphisms of A% is then ensured by Lemma 4.5(4). O

One can compute the polynomial ¢ = ¢, provided by Lemma 4.5(2), in terms of b
and m, and find explicit formulas. We obtain in particular the following result:

Lemma 4.9. For each p € k define the curve C, C A? by
2y’ + py® +y+1=0.

Then, there exists an isomorphism A*\ C, — A%\ Cu-1. In particular, if char(k) =
0, we obtain infinitely many closed curves of A%, pairwise non-equivalent, which have
1somorphic complements.

Proof. The isomorphism between A%\ C, and A%\ C,_; follows from Lemma 4.5 with
d=3,m=1,b=u’+y+landc= (u—1)y* +y+ 1.

To get the last statement, we assume that char(k) = 0 and observe that the affine
surfaces A% \ C), are all isomorphic for each n € Z. To show that the curves C,,, n € Z
are pairwise non-equivalent, we apply Lemma 4.3: for m,n € Z, the curves C,, and C,
are equivalent only if there exist a, A\, u € k*, 8 € k such that

v =A-(ay+B)°, my’ +y+1=p- (n(ay+ B)*+ (ay + B) + 1).

The first equality gives 8 = 0, so that the second one becomes my?+y+1 = p- (na’y?+
ay + 1). We finally obtain g = 1, & = 1 and thus m = n, as we wanted. 0]

If char(k) = p > 0, Lemma 4.9 only gives p non-equivalent curves that have isomorphic
complements. We can get more curves by applying Lemma 4.3 to polynomials of higher
degree:

Lemma 4.10. For each integer n > 1 there exist curves C1, ..., C, C A2, all isomorphic
to A'\ {0}, pairwise non-equivalent, such that all surfaces A*\ Cy, ..., A?\ C, are
1somorphic.

Proof. The case where char(k) = 0 is settled by Lemma 4.9 so we may assume that
char(k) =p > 2. Set b(y) = 1 +y and d = p" + 2. For each integer ¢ with 1 <i < n, we
apply Lemma 4.5(2) with m = p’. Hence, there exists a unique polynomial ¢; € k[y] of
degree < d — 1 satisfying

(D) b(y) = ci(yb(y)”) (mod y?).
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Let C; C A? be the curve given by the equation

zy® + ci(y) = 0.
By Lemma 4.5(3), all surfaces A%\ C, ..., A?\ C, are isomorphic to A?\ D, where
D C A? is given by

zy® + b(y) = 0.
It remains to check that C1, ..., C,, are pairwise non-equivalent. Assume therefore that
C; and Cj are equivalent. By Lemma 4.3, there exist o, A\, n € k*, 8 € k such that

y' =X (ay+B), cly) = p-cilay + B).
The first equality gives g = 0, so that we get:

(E) ¢i(y) = p-cilay).
However, by equation (D) we have
1+y=cly+y?™)  (mod y?'*2)
and this equation admits the unique solution
G=1+y—y" "+ (terms of higher order).

(Unicity follows for example again from Lemma 4.5(2)). Hence, looking at equation (E)
modulo y?, we obtain 1 +y = u(1+ ay), so that o = = 1. Equation (E) finally yields
¢; = ¢;, so that the above (partial) computation of ¢; gives us i = j. 0

The proof of Theorem 2 is now complete:

Proof of Theorem 2. Part (1) corresponds to Proposition 4.8. Part (2) is given by
Lemma 4.9 (char(k) = 0) and Lemma 4.10 (char(k) > 0). Part (3) corresponds to
Proposition 4.4. 0

5. NON-ISOMORPHIC CURVES WITH ISOMORPHIC COMPLEMENTS

5.1. A geometric construction. We begin with the following fundamental construc-
tion:
Proposition 5.1. For each polynomial P € k[t] of degree d > 3 and each A\ € k with
P(X\) # 0, there exist two closed curves C, D C A? of degree d*> —d + 1 such that A*\ C
and A%\ D are isomorphic and such that the following isomorphisms hold:
C' ~ Spec (k[t, %]) and D ~ Spec (k[t, %]), where Q(t) = P()x + %) -7
Proof. The polynomial Py(x,y) := P(g)yd € klz,y] is a homogeneous polynomial of
degree d such that Py(x,1) = P(z). Let then I'; A, L, R C P? be the curves given by the
equations
D:y'2=Pyz,y), A:2=0, L:x=X\y, R:y=0.

By construction, P; is not divisible by y. Moreover, the two lines L and A satisfy
LNT ={p1,q:} where py =[A:1: P(A\)], s =1[0:0: 1] and A does not pass through
p1 or qi.

Note that I' C P? is a cuspidal rational curve, that the point ¢; = [0 : 0 : 1] € P*(k)
has multiplicity d — 1 on I', and is therefore the unique singular point of this curve (this
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follows for example from the genus formula of a plane curve). The situation is then as
follows.

T R
P

q1

Denote by 7: X — P? the birational morphism given by the blow-up of p;, ¢, fol-
lowed by the blow-up of the points ps,...,ps_1 and ¢o,...,qq infinitely near p; and ¢
respectively and all belonging to the strict transform of I'. Denote by [,A, L R, &, ..,
Ea_1, F1,. .., Fqg C X the strict transforms of I', A, L, R and of the exceptional divisors
above pi1,...,pi-1, q1, - - -,qq¢- Consider the tree (which is in fact a chain)

d—2 d
B=LulJ&ulJF.
=1 =1

We now prove that the situation on X is as in the symmetric diagram (F),

where all curves are isomorphic to P!, all intersections indicated are transversal and
consist in exactly one k-point, except for ' N A, which can be more complicated (the
picture shows only the case where we get 3 points with transversal intersection).

Blowing up once the singular point ¢; of I, the strict transform of I" becomes a smooth
rational curve having (d — 1)-th order contact with the exceptional divisor. The unique
point of intersection between the strict transform and the exceptional divisor corresponds
to the direction of the tangent line R. Hence, all points ¢, ..., g4 belong to the strict
transform of the exceptional divisor of ¢;. This gives the self-intersections of Fi, ...,
F, and their configurations, as shown in diagram (F). As p; is a smooth point of T, the
curves &1, ..., &1 form a chain of curves, as shown in diagram (F). The rest of the
diagram is checked by looking at the definitions of the curves I') A L, R.

We now show the existence of isomorphisms

Yr: X\ (BUA) = A% and ¢: X\ (BUT) = A?

such that C' =1 (I'\ (BUA)) and D = (A \ (BUT)) are of degree d*> —d + 1.

We first show that 1, exists (the case of 1, is similar, as diagram (F) is symmetric).
We observe that since 7 is the blow-up of 2d — 1 points defined over k, the Picard group
of X is of rank 2d, over k and over its algebraic closure k. We contract the curves F,
..., J1 and obtain a smooth projective surface Y of Picard rank d (again over k and
k). The configuration of the image of the curves &, ..., &1, L, T is then depicted in
diagram (G) (we omit the curve R as we will not need it):
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(G)

In fact, Y is just the blow-up of the points pi, ..., ps_:1 starting from P2

In order to show that X \ (BUA) ~ Y\ (AULU& U---U&,,) is isomorphic to
A2, we will construct a birational map ¥ : Y --» P? which restricts to an isomorphism
Y\N(AULUE& U---U&;y) — P?>\ L for some line £. Let us now describe this
map. Denote by 7 the unique point of Y such that {r} = ANLinY. We blow up r
and then the point ry lying on the intersection of the exceptional curve of r; and of the
strict transform of A. For i = 3,...,d, denoting by r; the point lying on the intersection
of the exceptional curve of r;_; and on the strict transform of the exceptional curve of
r1, we successively blow up r;. We thus obtain a birational morphism #: Z — Y. The
configuration of curves on Z is depicted in diagram (H) (we again use the same name
for a curve on Y and its strict transform on Z; we also denote by G; C Z the strict
transform of the exceptional divisor of r;):

(H)

We can then contract the curves A,Qg, e ,gd_l,i,sl, ...,&4_2,G1 and obtain a bira-
tional morphism p: Z — P2. The image of the target is P?, because it has Picard rank 1;
note also that the image £ of G, is actually a line of P? since it has self-intersection 1.
The birational map 77@1 Y --» P2 given by @ZAzl = pf~ ! is the desired birational map. The
closure C of C' C A? in P? is then equal to the image of " by p.

For each contracted curve above, the multiplicity (on C) at the point where it is
contracted, is equal to d for A, G, ...,Ga_1,to d — 1 for L, &, ..., Es_», and is equal to
(d — 1)? for G;. Adding the singular point of multiplicity d — 1 of T, we obtain the two
sequences of multiplicities (d, ..., d) and ((d—1)?, d—1,...,d— 1) The self-intersection

-~

d—1 d

of C' is then
(d®—d+1)+(d=1)-d®+(d—1)-(d—1)*+ ((d = 1)*)? = (&> —d + 1),

which implies that the curve has degree d> —d + 1.

The case of 1y is similar, since the diagram (F) is symmetric.

In particular, this construction provides an isomorphism A*\C' ~ A?\ D, where C, D C
A? are closed curves isomorphic to I'\ (BUA) ~ I'\ (AU{¢;}) and A\ (BUL') ~ A\ (T'UL)
respectively, both of degree d? — d + 1.

Since '\ {q} is isomorphic to A! via t + [t : 1: Py(t,1)] = [t : 1 : P(t)], we obtain
that C' ~ T\ (AU {q}) is isomorphic to Spec(k[t, 5]).
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We then take the isomorphism A" — A\ L = A\{[\: 1:0]} given by t = [At+1:
0]. The pull-back of ANT" corresponds to the zeros of Py(At+1,t) = thd(/\—i— 1) =0Q(t )

Hence, D is isomorphic to Spec(k|t, %]) as desired. O

Corollary 5.2. For each d > 0 and every choice of distinct points ay,...,aq,b1,bs €
P!(k), there are two closed curves C, D C A? such that A*\ C and A*\ D are isomorphic
and such that C ~P'\ {ay,...,aq,01} and D ~P'\{ay,...,aq,b2}.

Proof. The case where d < 2 is obvious: Since PGLy(k) acts 3-transitively on P!(k),
we may take C' = D given by the equation z = 0, resp. zy = 1, resp. z(x — 1)y = 1,
if d =0, resp. d = 1, resp. d = 2. Let us now assume that d > 3. Since PGLy(k)
acts transitively on P!(k), we may assume without restriction that b; is the point at
infinity [1 : 0]. Therefore, there exist distinct constants p,...,pus, A € k such that
a; = [ 2 1],...,aq = [pa = 1] and by = [A : 1]. We now apply Proposition 5.1 with
P =1L, (t — ). We get two closed curves C, D C A? such that A2\ C' and A%\ D are
isomorphic and such that C' ~ Spec(k[t, ]) ~ A"\ {1, ..., pa} = P\ {a1, ..., aq,b1}
and D ~ Spec(k[t, ]) Al\{u1 O #d_/\}, where Q(t) = P(A+1)-t%. It remains to
observe that D is 1somorphlc to PP\ {[ur : 1, [pa : 1, [N 1} viat = [Me+1:¢]. O

Corollary 5.3. If k is infinite and P € k[t] is a polynomial with at least 3 roots in k,
we can find two curves C, D C A? that have isomorphic complements, such that C is
isomorphic to Spec(k[t, ]), but D is not.

Proof. By Lemma 5.4 below, there exists a constant A in k such that P(\) # 0 and
such that the curves Spec(klt, 5]) and Spec(k[t, %]) are not isomorphic. The result now
follows from Proposition 5.1. 0

Lemma 5.4. If k is infinite and P € K[t] is a polynomial with at least 3 roots in k, then
for a general \ € k, the polynomial Q(t) = P(\ + %) - t4e(P) has the property that the
curves Spec(k[t, 5]) and Spec(k|t, %]) are not isomorphic.

Proof. Let Ay, ..., \q € k be the single roots of P. It suffices to check that for a general

A there is no automorphism of P! that sends {\y, ..., \g, 00} to {rl_w - /\d 5,00}, or
equivalently that there is no automorphism that sends { A, ..., A\g, 00} to {A1,..., \g, A}
But if an automorphism sends {1, ..., A\g, 00} to {A\1,..., Ag, A}, it necessarily belongs

to the set A of automorphisms ¢ such that ¢ 1({\, A2, A3}) C {\1,..., A\g,00}. Since
an automorphism of P! is determined by the image of 3 points, the set A has at most
6(dJ3“1) = (d+ 1)d(d — 1) elements. In conclusion, if A is not of the form ¢(u) for some
¢ € Aand some p € {\1,..., A\, 00}, then no automorphism of P! sends {\y, ..., \g, 00}

to {A1,. .., A, AL 0

Remark 5.5. If k is a finite field (with at least 3 elements), then the conclusion of

Corollary 5.3 is false for the polynomial P = [] (z — «). Indeed, if C, D C A? are two
ack

curves such that C' is isomorphic to Spec(k[t, 5]) and A? \ C is isomorphic to A? \ D,
then D is isomorphic to Spec(k[t, %]) for some polynomial () that has no square factors

and the same number of roots in k and in k as P (Theorem 1(1)). This implies that ¢
is equal to uP for some p € k* and thus that C' and D are isomorphic.
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A similar argument holds for P = [[ (x—a)and P= [] (z—a) (when the field
ack* aek\{0,1}
has at least 4, respectively 5 elements) since PGLy(k) acts 3-transitively on P!(k).

Corollary 5.6. For each ground field k with more than 27 elements, there exist two
geometrically irreducible closed curves C, D C A? of degree 7 which are not isomorphic,
but such that A*>\ C and A*\ D are isomorphic.

Proof. We fix some element ¢ € k\{0,1}. Foreach A € k\{0, 1, {}, we apply Corollary 5.2
withd =3,a; =[0:1], a0 =1[1:1],a3 =[C:1], by =[1:0], by = [\: 1] and get
two closed curves C, D C A? such that A? \ C' and A? \ D are isomorphic and such
that ¢ ~ A'\ {0,1,¢} = P*\ {[0 : 1],[1 : 1],[¢ : 1],[1 : 0]} and D ~ P'\ {[0 :
1,[1: 1],[¢ : 1],[A : 1]}. Tt remains to see that we can find at least one A such that
C and D are not isomorphic. Note that C' and D are isomorphic if and only if there
is an element of Aut(P!') = PGLy(k) that sends {[0 : 1],[1 : 1],[¢ : 1],[A : 1]} onto
{[0 - 1],[1 : 1],[¢ : 1],[1 : 0]}. The image of this element is determined by the image
of [0:1],[1:1],[C : 1], so we have at most 24 automorphisms to avoid, hence at most 24
elements of k \ {0,1,(} to avoid. Since the field k has at least 28 elements, we find at
least one \ with the desired property. 0

We can now prove Theorem 3.

Proof of Theorem 3. If the field is infinite (or simply has more than 27 elements), the
theorem follows from Corollary 5.6. Let us therefore assume that k is a finite field. We
again apply Proposition 5.1 (with A = 0). Therefore, if |k| > 2 (resp. |k| = 2), it suffices
to give a polynomial P € k[t] of degree 3 (resp. 4) such that P(0) # 0 and such that if
we set Q := P(1)t%°8 " then the k-algebras k¢, 5] and k[t %] are not isomorphic.

We begin with the case where the characteristic of k is odd. Then, the kernel of
the morphism of groups k* — k*, x + 22 is equal to {—1,1}, so that this map is
not surjective. Let us pick an element o € k* \ (k*)2. Let us check that we can take
P = (t—1)((t—1)?*— a). Indeed, up to a multiplicative constant, we have @ =
(t —1)((t — 1)*> — at?). Let us assume by contradiction that the algebras k[t, ] and
k[t, %] are isomorphic. Then, these algebras would still be isomorphic if we replaced P
and @ by

P=Pt+1)=t(t*—a)and Q =Q(t +1) =t(t* — a(t +1)?).

This would produce an automorphism of P!, via the embedding ¢ — [t : 1], which sends
the polynomial uv(u* — av?) onto a multiple of uv(u® — a(u+ v)?). This automorphism
preserves the set of k-roots: {[0: 1],[1 : 0]}, and is of the form either [u : v] — [pu : V]
or [u:v] — [pv : u] where u € k*. The polynomial u? — av? must be sent to a multiple
of u? — a(u + v)?, which is not possible, because of the term uv.

We now treat the case where k has characteristic 2. We divide it into three cases,
depending on whether the cube homomorphism of groups k* — k*, x + 22 is surjective
or not (which corresponds to asking that |k| not be a power of 4) and setting aside the
field with two elements.

If the cube homomorphism is not surjective, we can pick an element o € k*\ (k*)3. We
may take the irreducible polynomial P = 3 — o € k[t]. Indeed, up to a multiplicative
constant, we have Q = 3> — a~!. Assume by contradiction that the algebras kl[t, %] and
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k[t, é] are isomorphic. Then, there should exist constants A, u, ¢ € k with Ac # 0 such
that

c(t* —a )= (M +p)? —a.
This gives us ¢ = 0 and \* = ¢ = % Since the square homomorphism of groups
k* — k* x +— 22 is bijective, there is a unique square root for each element of k*.
Taking the square root of the equality a? = A3, we obtain a = (v)3, where v is the
square root of X\. This is impossible since a was chosen not to be a cube.

If the cube homomorphism is surjective, then 1 is the only root of t3 —1 = (t —1)(¢? +
t+1),s0 t*+t+1 € k[t] is irrreducible. If moreover k has more than 2 elements, we can
choose a € k\ {0,1} and take P = (t — )(t* + t + 1). Up to a multiplicative constant,
we have Q = (t — a™')(t* + ¢ + 1). Let us assume by contradiction that the algebras
k[t, ] and Kk[t, é] are isomorphic. Then, these algebras would still be isomorphic if we

replaced P and () by
P=P(t+a)=tE+t+a*+a+1)and Q= Q(t+a ') =t +i+a > +a ' +1).

This would yield an automorphism of P!, via the embedding ¢ — [t : 1], which sends the
polynomial uv(u?+uv+ (a?+a+1)v?) onto a multiple of uv(u?+uv+ (a2 +a~ 4+ 1)v?).
The same argument as before gives o> +a+1 =a 2 +a ' +1,ie. o> +a+1 =
a~?(a?* + a+1). This is impossible since o + a + 1 # 0 and a® # 1.

The last case is that in which k = {0,1} is the field with two elements. Here the
construction does not work with polynomials of degree 3: the only ones which are not
symmetric and do not vanish at 0 are t3 +¢2> + 1 and t3 +¢ + 1, and they are equivalent
via t + t + 1. We then choose for P the irreducible polynomial P = t* + ¢ + 1 (it has
no root and is not equal to (* +t + 1)* = ¢* +¢* +1). This gives Q = t* + > + 1. Let
us assume by contradiction that the algebras k¢, 5] and k[t, %] are isomorphic. Then,
there would exist constants A, i, ¢ € k such that Ac # 0 and

c(t* + 3+ 1) = (M4 p)* + (M +p) + 1.
This is impossible since (At + ) + (M +p) + 1= Mt + X+ (p* +p+ 1), O

5.2. Finding explicit formulas. To obtain the equations of the curves C, D and the
isomorphism A2\ C' — A%\ D given by Proposition 5.1, we could follow the construction
and explicitly compute the birational maps described: The proposition establishes the
existence of isomorphisms

Yr: X\ (BUA) = A% and ¢y: X\ (BUT) = A?
such that C' = ¢4 (I'\ (BUA)) and D = ,(A\ (BUT)) are of degree d*> — d + 1, where
d—2 d

B=1LU U &U U Fi, and ¢, 99 are given by blow-ups and blow-downs, so it is possible
i=1 i=1

to compute ¢;71: P? --» P? with formulas (looking at the linear systems), and then to

get the isomorphism ¢y7 1 o (Y7~ 1)~1: A2\ C — A2\ D. However, the formulas for

Y P! are complicated.

Another possibility is the following: we choose a birational morphism X — W that
contracts L, &y, ..., Eq_s and Fy, . .., F to two smooth points of W, passing through the
image of F; (this is possible, see diagram (F)). The situation of the image of the curves
R, &1, Fi.T, A (which we again denote by the same name) in W is as follows:
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Computing the dimension of the Picard group, we find that W is a Hirzebruch surface.
Hence, the curves £;_1, R are fibres of a P'-bundle W — P and Fi, A, T are sections of
self-intersection d — 2,d,d. We can then find many examples in F; and F, (depending
on the parity of d), but also in F,, for m > 2 if the polynomial chosen at the outset is
special enough.

The case where d = 3 corresponds to curves of degree 7 in A% (Proposition 5.1), which
is the first interesting case, as it gives non-isomorphic curves for almost every field
(Theorem 3). When d = 3, we find that F; is a section of self-intersection 1 in W = Fy,
so [F; \ Fi is isomorphic to the blow-up of A? at one point, and [, A are sections of self-
intersection 3 and are thus strict transforms of parabolas passing through the point blown
up. This explains how the following result is derived from Proposition 5.1. However,
the statement and the proof that we give are independent of the latter proposition:

Proposition 5.7. Let us fix some constants ag, a1, as, az € k with agas # 0 and consider
the two irreducible polynomials P,Q € k[z,y| of degree 2 given by

P=2*—ax—asy and Q =vy*+ apx+ ary.

(1) Denoting by n: A2 — A% the blow-up of the origin and by T, A C A? the strict
transforms of the curves I'; A C A? given by P = 0 and Q = 0 respectively, the
rational maps

wp: A2 A? and  pq: A% s A?

(z,y) (—%,me) (z,y) <ﬁ@(x,y)>

are birational maps that induce isomorphisms
vp = (epling: A2\T 5 A and g = (egn)ljma: A*\A 5 A%

(2) Define the curves C,D C A? by C = o(T'\ A), D = ¢¥p(A\T) and denote by
Y: A2\ C = A%\ D the isomorphism induced by the birational transformation
Yp(g)~t: A% —-» A% Then, the curves C, D C A?* are given by f = 0 and g = 0
respectively, where the polynomials f,g € k|x,y| are defined by:

f = (1 — z(xy + a1)> <y (1 — z(xy + a1)> - aoa2> — z(ap)?as,

g = (1 —z(zy + ag)) (y (1 —z(zy + a2)> — a1a3> — zap(az)?.

The following isomorphisms hold:

1
C ~ Spec | k[t, =——] and D ~ Spec | k[t, ——] | .
( Z:is:o agt’ ) Z?:o az—it*
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Moreover, 1 and ¥~ are given by

| ag (:z:(:cy +a1) — 1) v f(z,y)
b (2,9) i flz,y) " (ao)?

as (m(:vy +ag) — 1) yg(z, y)
9(z,y) " (a3)?

i (z,y).

Proof. (1): Let us first prove that ¢p is birational and that ¢pn induces an isomor-
phism A2\ T —» A2 We observe that «: (z,y) — (2,22 — apx — asy) is an auto-
morphism of A? that sends I' onto the line L, C A? of equation y = 0. Moreover
op = ppr b (z,y) — (=%, y) is birational, so ¢p is birational. Since « fixes the origin,
n~'kn is an automorphism of A% that sends T onto the strict transform L, C A2 of L,.
The fact that ¢pn induces an isomorphism A2 \ L, — A? is straightforward using the
classical description of the blow-up A? in which

A = (2 ), [ o)) | 20 = yu} € A2 x P!
and n: A2 — A? is the first projection. Actually, with this description L, = L, x [1 : 0]
is given by the equation v = 0 and the following morphisms are inverses of each other:
B2\ Ly 87, ((2y),us o) o (—2,0)
A? 5 A?\ Ly, (z,9) = ((—2y,9), [~z 1]).
It follows that (ppn)(n~'kn) = @pn induces an isomorphism A2\ I' — A2 The case
of pg and pgn would be treated similarly, using the automorphism of A? given by
(z,y) = (y* + aor + a1y, y). This proves (1).
(2): Now that (1) is proven, we get two isomorphisms

Vplu: U — A2\ D, yglu: U — A?\ C,

where U = A2\ ([ UA). Remembering that I' C A? is given by z(z — as) = asy, we
have an isomorphism

p: Al — r
t — (ta3 + ao, t(tag + CZQ))
;—B(LE - a2) A <x7y)

Replacing p(t) in the polynomial Q(z,y) = xap + ya; + y* used to define A, we find
Q(tag + ag, t(ta3 + CLQ)) = (ta3 + ag)(t?’ag + t2a2 + ta; + CL()).
The root of taz + az is sent by p to the origin, which is itself blown up by n. Hence, the
map 71~ 'p induces an isomorphism from V' = Spec(k|t, ﬁ]) C Al toT'\ A. Applying
i=0 1 Gi
Vo = (¢on)|iz\ &, We get an isomorphism 6 = (pgp)|v: V — C. Since (pg)~" is given
by
o (1= oo+ )

(pQ) " (z,y) = 2y |,
Qo




40 JEREMY BLANC, JEAN-PHILIPPE FURTER, AND MATTIAS HEMMIG

we can explicitly give # and its inverse:
0: Spec(k[t, so—]) — C
Zi:ot ai
t 3
t = (ng—tl’ (tas + CLQ)(Zi:gt ai))

1 (v (1 — z(zy — a1)> o

— — < .
as ao a2 (ZE, y)

Computing the extension of 6 to a morphism P! — P2, we see that the curve C' C A?
has degree 7. To find its equation, we can compute ((pg)~")*(P): since (ag)?P(z,y) =
(aor)(agz — agas) — (ag)*azy, we get

(@0)* (@) ) (P) = (ag)*P (M=slarsend) )
= y(L—aley+a1) (y (1 = wlay +a1)) - aoaz) - xy(ao)’*ay
= yf($7y)a
where

f=0—z(y+a))(y(1 —z(zy+a1)) — apaz) — x(ag)?as € k[z, ]
is the equation of C' (note that the polynomial y = 0 appears here, because it corresponds
to the line contracted by (o) !, corresponding to the exceptional divisor of A? — A? via
the isomorphism A? — A%\ A). The linear involution of A? given by (z,y) — (—y, —x)
exchanges the polynomials P and () and the maps ¢p and ¢, by replacing ag, a1, as, as
by as, as, ay, ag respectively. This shows that D C A? has equation g = 0, where g is
obtained from f on replacing ag, ay, as, az by as, as, aq, ag, i.e.

g=1—x(vy+a2)) (y (1 —z(zy + az)) — ayas) — zag(asz)* € k[z, y].

1

gzt
phism ¢: A2\ C — A%\ D, which is by construction equal to the birational maps
Up(Yo)™" = ¢pr(pg)~". Using the equation (ag)*P (%ﬁ*‘””w) = yf(z,y), we
get:

Therefore, D is isomorphic to Spec(k|t |). It remains to compute the isomor-

Way) = op (y“‘x@““”),w)

¢y}

o va—seyra)
ao P <y(1—:c(xy+a1)) 7 xy) ’ ao

ag

<ao (z(zy +a1) — 1) yf(x,y)>
f(z,y) Co(a0)? )
By symmetry, the expression of ¢)~! is obtained from that of 1 by replacing ag, a1, as, as
as (x(zy + az) — 1) yg(z,y) 0
9(z,y) " (a3)?

by as, as, ay, ag, i.e. it is given by 1/1_1(a:,y) = (

Remark 5.8. Proposition 5.7 yields an isomorphism ¢*: k[x,y, é] = k[z,y, %] which
sends the invertible elements onto the invertible elements and thus sends g onto \f*!
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for some A € k* (see Lemma 2.11). This corresponds to saying that v induces an
isomorphism between the two fibrations

A2\ C 5 AN\ {0} and A2\ D% A\ {0},
possibly exchanging the fibres. To study these fibrations, we use the equalities

0 (o) (1) = 0L (orrte) = 1L,

which can either be checked directly, or deduced as follows: the first equality follows

from ((pg)~")*(P) = %, applying (yq)*, and the second is obtained by symmetry.

Note that equation (I) provides ¢*(g) = M, since ¥ = pp(pg) "

For each u € k, the fibre C), C A? given by f(x,y) = p is an algebraic curve isomor-
phic to its preimage by the isomorphism 1q = (pgn)|z2\4 A2\ A =5 A? of Proposi-
tion 5.7(1). By construction, (1g)~(C,,) is equal to T', \ A, where T, € A? is the strict

transform of the curve I',, C A? given by (ag)*P — p@ = 0 (follows from equation (I)).
The closure of '), in P? is the conic given by

(a0)?2” = py? = = (a0l + agaz) = (1 + (ao)’as)y) =0,

which passes through [0 : 0 : 1] and is irreducible for a general p. Projecting from the
point [0 : 0 : 1] we obtain an isomorphism with P! (still for a general ;). The curve T',\ A
is then isomorphic to P! minus three k-points of A, which are fixed and do not depend
on 4, and minus the two points at infinity, which correspond to (ag)?z? — uy? = 0.

When the field is algebraically closed, we thus find that the general fibres of f are
isomorphic to P! minus 5 points, whereas the zero fibre is isomorphic to P! minus 4
points (if 377 a;t’ is chosen to have three distinct roots). Moreover, the two points of
intersection with the line at infinity say that this curve is a horizontal curve of degree 2,
or a horizontal curve which is not a section (in the usual notation of polynomials and
components on boundary, see [NN02, AC96, CD17]), so the polynomials f and g are
rational, but not of simple type (see [NN02, CD17]). When k = C, this implies that the
polynomial has non-trivial monodromy [ACD98, Corollary 2, page 320].

6. RELATED QUESTIONS

6.1. Higher dimensional counterexamples. The negative answer to the Comple-
ment Problem for n = 2 also furnishes a negative answer for any n > 3. This relies
mainly on the cancellation property for curves, as explained in the following result:

Proposition 6.1. Let C,D C A? be two closed geometrically irreducible curves that
have isomorphic complements. Then for each m > 1, the wvarieties Ho = C x A™
and Hp = D x A™ are closed hypersurfaces of A2 x A™ = A™*2 that have isomorphic
complements. Moreover, C' and D are isomorphic if and only if C x A™ and D x A™
are.

Proof. Denoting by f, g € k[z,y| the geometrically irreducible polynomials that define
the curves C, D, the varieties Ho, Hp C A? x A™ = A™2 are given by the same
polynomials and are thus again geometrically irreducible closed hypersurfaces. The
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isomorphism A2\ C' — A%\ D then extends naturally to an isomorphism A™*2\ He —

Am+2 \ HD-
The last equivalence is the well-known cancellation property for curves, proven in
[AHET72, Corollary (3.4)]. O

Corollary 6.2. For each ground field k and each integer n > 3, there exist two geomet-
rically irreducible smooth closed hypersurfaces E, F C A™ which are not isomorphic, but
whose complements A"\ E and A™\ F are isomorphic. Furthermore, the hypersurfaces
can be given by polynomials f,g € k|xy, z5] C K[x1, ..., x,] of degree T if the field admits
more than 2 elements and of degree 13 if the field has 2 elements. The hypersurfaces
E, F are isomorphic to C x A2 and D x A"~2 for some smooth closed curves C, D C A®
of the same degree.

Proof. It suffices to choose for f,g the equations of the curves C,D C A? given by
Theorem 3. The result then follows from Proposition 6.1. O

6.2. The holomorphic case.

Proposition 6.3. For every choice of d + 1 distinct points aq, ..., aq,aq11 € C, with
d > 3, there exist two closed algebraic curves C, D C C? of degree d*> —d+ 1 such that C
and D are algebraically isomorphic to C\ {ay,...,aq_1,aq} and C\{ay,...,aq_1,a4:1}
respectively, and such that C*\ C and C*\ D are algebraically isomorphic.

In particular, if we choose the points in general position, the curves C' and D are not
biholomorphic, but their complements are.

Proof. The existence of C', D follows directly from Proposition 5.1. It remains to observe
that C' and D are not biholomorphic if the points are in general position. If f: C'— D
is a biholomorphism, then f extends to a holomorphic map CP! — CP!, as it cannot
have essential singularities. The same holds for f~!, so f is just an element of PGLy(C),
hence an algebraic automorphism of the projective complex line. Removing at least 4
points of CP! (this is the case since d > 3) and moving one of them produces infinitely
many curves with isomorphic complements, up to biholomorphism. 0

Corollary 6.4. For each n > 2, there exist algebraic hypersurfaces E, F C C" which
are complex manifolds that are not biholomorphic, but have biholomorphic complements.

Proof. 1t suffices to take polynomials f, g € Clxy, 23] provided by Proposition 6.3, whose
zero sets are smooth algebraic curves C, D C C? that are not biholomorphic, but have
holomorphic complements. We then use the same polynomials to define £, FF C C",
which are smooth complex manifolds that have biholomorphic complements and are
biholomorphic to €' x C*2 and D x C" 2 respectively. It remains to observe that
C x C"2 and D x C" 2 are not biholomorphic. Denote by pe: C x C*2? — C and
pp: D x C"2 — D the projections on the first factor. If ¢¥: C" 2 x C' — C" 2 x D is
a biholomorphism, then pp o1: C*~2 x C' — D induces, for each ¢ € C, a holomorphic
map C"2 — D which must be constant by Picard’s theorem (since it avoids at least two
values of C). Therefore, the map pp o1 factors through a holomorphic map x: C' — D:
we have pp o p = x o po. We analogously get a holomorphic map 6¢: D — C', which is
by construction the inverse of x, so C' and D are biholomorphic, a contradiction. 0
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APPENDIX: THE CASE OF P?

In this appendix, we describe some results on the question of complements of curves
in P? explained in the introduction. These are not directly related to the rest of the text
and serve only as comparison with the affine case.

We recall the following simple argument, known to specialists, for lack of reference:

Proposition A.1. Let C,D C P? be two geometrically irreducible closed curves such
that P*\C and P?\ D are isomorphic. If C and D are not equivalent, up to automorphism
of P2, then C and D are singular rational curves.

Proof. Denote by ¢: P2 —-s P2? a birational map which restricts to an isomorphism
P2\ C — P2\ D. If ¢ is an automorphism of P2, then C' and D are equivalent.
Otherwise, the same argument as in Proposition 2.6 shows that both C' and D are
rational (this also follows from [Bla09, Lemma 2.2|). If C' and D are singular, we are
done, so we may assume that one of them is smooth, and then has degree 1 or 2. Since
the Picard group of P2\ C' is Z/ deg(C)Z, we find that C' and D have the same degree.
This implies that C' and D are equivalent under automorphisms of P2. The case of lines is
obvious. For conics, it is enough to check that a rational conic over any field is necessarily
equivalent to the conic of equation xy + 22 = 0. Actually, we may always assume that
the rational conic contains the point [1 : 0 : 0], since it contains a rational point. We may
furthermore assume that the tangent at this point has equation y = 0. This means that
the equation of the conic is of the form xy+u(y, z), where u is a homogenous polynomial
of degree 2. Using a change of variables of the form (x,y, z) — (x + ay + bz, y, z), where
a,b € k, we may assume that the equation is of the form zy + cz? = 0, where ¢ € k*.
Then, using the change of variables (z,y, z) — (cx,y, z), we finally get, as announced,
the equation zy + 22 = 0. O

In order to get families of (singular) curves in P? that have isomorphic complements,
we here give explicit equations from the construction of Paolo Costa [Cos12]. We thus
obtain unicuspidal curves in P? which have isomorphic complements, but which are
non-equivalent under the action of Aut(lP?). We give the details of the proof for self-
containedness, and also because the results below are not explicitly stated in [Cos12].

Lemma A.2. Let k be a field. Let d > 1 be an integer and P € k[z,y] a homogenous
polynomial of degree d, not a multiple of y. We define the homogeneous polynomial
fp € klz,y, 2] of degree 4d + 1 by the following formula, where w := xz — y*:

fr = zw* 4 2yw'P(2? w) + zP?*(2*, w).

Denote by Cp, L, Q C P? the curves of equations fp =0, resp. z =0, resp. w = 0, and
by Vb, Ve, Vo C A3 their corresponding cones (given by the same equations). Then:

(1) The polynomial fp is geometrically irreducible (i.e. irreducible in k[z, y, z]).
(2) The rational map V¥p: A% --+ A3 which sends (x,y,2) to

(x, y+aP (x2w’1, 1) 2+ 2yP (a:Qw’I, 1) + 2 P? (x2w’1, 1) )
is a birational map of A3 that restricts to isomorphisms

A3\ Vg — A3\ Vg, Ve \ Vo — Vi \ Vg and A3\ (Vo U Vp) — A%\ (Vo U V).
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Since p is homogeneous, the same formula induces a birational map of P* that
restricts to isomorphisms

P2\ Q P>\ Q, Cp\Q — L\ Q and P>\ (QUCp) — P*\ (QUL).

Since the point [0 : 0 : 1] is the unique intersection point between Cp and Q, it is
also the unique singular point of Cp.
(3) Let A be a nonzero element of k. Then, the rational map

"% (1'7:% Z) = (l‘ + (A - 1)wz_1,y, Z) = (/\CC - (/\ - 1)y22_1,y72)

is a birational map of A3 that restricts to automorphisms of A*\ Vp, Vo \ V¢ and
A3\ (V;UVy). The same formula then gives automorphisms of P2\ L, Q \ L and
P2\ (LU Q).

(4) Set P(z,y) = P(\z,y) and & = (¥3) "oaxbp. Then, the rational map k restricts to
an isomorphism A3\ Vp =5 A3 \ V. In particular, k also induces an isomorphism
P2\ Cp — P2\ Cp.

(5) For each homogeneous polynomial P € k[z,y] of degree d which is not divisible by vy,
the curves Cp and Cp are equivalent up to automorphisms of P2, if and only if there
exist some constants p € kK*, u € k such that

P(z,y) = pP(p*x,y) + py".

Proof. (1)-(2): As does each rational map A% --» A3 the rational map vp supplies
a morphism of k-algebras (vp)*: k[z,y, 2] — k(z,y,2). This sends z,y,z onto z,y +
rP(x?w 1), 2 + 2y P(2*w™, 1) + 2 P*(z*w™"',1). Note that (¢p)* fixes z and w. This
implies that (1p)* extends to an endomorphism of k[z,y, z,w™!], which is moreover an
automorphism since (¢¥p)*o(¢)_p)* = id. Extending to the quotient field k(z, y, z), we get
an automorphism of k(x,y, z), that we again denote by (1)p)*, so 1p is a birational map
of A% and induces moreover an isomorphism of A®\ Vo, because (vp)*(k[z,y, z,w™!]) =
k[z,y, 2, w™!]. We then observe that (¢p)*(z) = fpw2? where fp and w = zz — y? are
coprime since fp(1,0,0) = P?(1,0) # 0. Let us also notice that Vp NV = {(z,y,2) €
A% | x =y =0} and that V; N Vg = {(x,y,2) € A% | y = 2 = 0}. Hence ¥p restricts
to an isomorphism of surfaces Vp \ Vo —+ V \ Vo. This implies that Vp and Cp are
rational, and that fp is geometrically irreducible, which proves (1). This also implies
that 9p restricts to an isomorphism A%\ (Vo U Vp) — A3\ (Vo U V;). As ¢p is
homogeneous, we get the analogous results by replacing A3, Vp, V., Vo by P2, Cp, L,
Q respectively.

(3): We check that oy o py-1 = id, so @, is a birational map of A3, which restricts
to an automorphism of A® \ V., since the denominators only involve z. Moreover,
(pa)*(w) = Aw (where (¢y)* is the automorphism of k(x,y, z) corresponding to ¢,),
so the surface Vg \ V. is preserved, hence p, restricts to automorphisms of A%\ V,
Vo \ Ve and A3\ (V; U Vg). Since ¢y is homogeneous, the same formula then gives
automorphisms of P?\ £, @\ £ and P?\ (LU Q).

(4): By (2)-(3), the transformation k = (1) 'pap restricts to an isomorphism
AP\ (VU Vp) — A%\ (Vo UV3). Let us prove that with the special choice of P that

we have made, x then restricts to an isomorphism A3\ Vp — A3 \ V5. For this, we
prove that the restriction of x is the identity automorphism on Vo \ Vp = Vo \ Vi =
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Vo \{(z,y,2) € A’ |z =y =0}. We compute
orbp(,9,2) = (x4 (= D 5y 4 eP(?, wuw, fouw ™)

which satisfies (prp)*(w) = (vr)*(w) = Aw. To simplify the notation, we write 6 =
(A — Dw?H f21 and get that k(z,y,2) = (¥p) Loabp(r,y, 2) is equal to

(x + 6,y + zP(x*, w)w™? — (x4 6)P A @+ 62w 1), 2+ C)
for some ¢ € k(z,y, z). Since P(z,y) = P(\z,y), the second component is

zP (22, w) — P((z + 6)*,w)(z +6)

RAY) =y +

As w®! divides the numerator of §, we can write x*(y) as y + w(fp) "R, for some
R € k[z,y,2] and n > 0. Similarly, x*(z) = = + wfp'S, where S € k[z,y,z]. Since
K*(w) = Aw, we get

o= (z+wfp'S)(z+¢) — (y +wfp"R)%,

which shows that ((z +wfz'S) = wf;mf for some T € k[x,y, 2], m > 0. Hence we can
write K*(2) = 2 +( = z +wfp™T for some T € k[x,y, z] and m > 0. This shows that &
is well defined on Vg \ Vp = Vo \ V5 = Vo \ {(,y,2) € A* | z = y = 0} and restricts to
the identity on this surface.

Since  is homogeneous, the isomorphism A%\ Vp — A%\ V; also induces an isomor-
phism P? \ Cp — P2\ O, which fixes pointwise the curve @\ Cp = Q \ C.

(5): Suppose first that P(z,y) = pP(p?x,y) + uy? for some p € k*, i € k. Define the
transformation o € GL3(k) by

a(z,y,z) = (x, py — px, p°z — 2ppy + 1°x)
and the birational transformation s € Bir(A%) by s = ¥pa(p)~!. Let us note that
s* = (¢Yp)las. We check that a*(w) = p*w, from which we get s*(w) = p*w. The
equality
@ (Wey) = a(y+ 2Pl 1) = py — pz + 2P(p~?c*w ™, 1)
= py+prP(tw 1) = pp(y)
gives us s*(y) = py. The relation z = 27! (w — y?) combined with the equality s*(z) = z

now proves that s*(z) = p?z. But we have (¢p)*(2) = fpw ™% and (¢5)*(2) = fpw ™2,
so that we get o (fpw™2) = p? fpw=2?. In turn, this latter equality yields

o (fp) = p" "2 fp.
This shows that « induces an automorphism of P? sending Cp onto Cp.

Conversely, suppose that there exists 7 € Aut(P?) sending Cp onto C's.

We begin by proving that 7 preserves the conic Q. Since Cp\Q ~ Cp\Q ~ L\Q ~ Al
the irreducible conic @ C P? intersects Cp (respectively C'5) in exactly one k-point, the
unique singular point [0 : 0 : 1] of Cp (resp. C5). The irreducible conic 7(Q) thus also
intersects C's in one k-point, namely [0 : 0 : 1]. Observe that this implies that 7(Q) = Q.
We first notice that Cs \ {[0: 0 : 1]} ~ A, so there is one k-point at each step of the
resolution of Cs. We can then write ¢ = [0 : 0 : 1] and define a sequence of points
(¢i)i>1 such that g; is the point infinitely near ¢;_; belonging to the strict transform of
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Cp, for each ¢ > 2. Denote by r the biggest integer such that g, belongs to the strict
transform of @ and by r’ the biggest integer such that ¢~ belongs to the strict transform
of 7(Q). By Bézout’s Theorem (since Q and 7(Q) are smooth), we have

Z Mg, (Cp) = deg(Q) deg(Cp) = deg(7(Q)) deg(C Z mg,(C
which yields » = r’. On the blow-up X — P? of qi,...,q,, the strict transform of
the curve Cs is then disjoint from those of Q and 7(Q), which are linearly equivalent.
Assume by contradiction that we have 7(Q) # Q. Then, we claim that the strict
transform of any irreducible conic Q" in the pencil generated by Q and 7(Q) is also
disjoint from the strict transform of C5. Indeed, we first note that Cs and Q' have no
common irreducible component since Cp is an irreducible curve whose degree satisfies

degCp >5>2=deg Q.

Finally, since the (infinitely near) points ¢, ..., g, belong to both Q" and C and since
Yo mg(Cp) = deg(Q') deg(Cp), the curves @ and C's do not have any other common
(infinitely near) point.

Choose now a general point ¢ of P? which belongs to Cp \ {¢:} ~ A' and choose the
conic Q' in the pencil generated by Q and 7(Q) which passes through ¢. Then, the strict
transforms of Q" and C's intersect in X (at the point ¢). This contradiction shows that
Q is preserved by 7.

Since 7 € Aut(P?) = PGL3(k) fixes the point [0 : 0 : 1] (which is the unique singular
point of both Cp and Cp) and preserves the line © = 0 (which is the tangent line of
both Cp and Cp at the point [0 : 0 : 1]), it admits a (unique) lift & € GL3(k) which is
triangular and satisfies a*(z) = z. This means that « is of the form:

a: (z,y,2) = (z, py — px, vz + 6y + €x),

for some constants p, 1,7, 6, ¢ € k (satisfying py # 0). Since a*(w) is proportional to w,
we get v = p?, 6 = —2pp and € = p?, i.e. a is of the form

a: (z,y,2) = (z,py — px, p°z = 2ppy + px).

Set s := Ypa(vp)~t € Bir(A?). Since o (w) = p?w, we also get s*(w) = p*w. Since
(Vp)*(2) = frw™2 (Yp)*(2) = fpw™? and since a*(fp) and fp are proportional, the
fractions s*(z) and z are also proportional. Therefore, there exists a nonzero constant
¢ € k such that

(J) s'(2) =x, s'(w)=p'w, s(z)=¢

Moreover, s induces a birational map § of P? which is an automorphism of P? \
Q, because the same holds for «, ©p and 5. Let us observe that s is in fact an
automorphism of P2. Indeed, otherwise § would contract Q to one point. This is
impossible: Since § preserves the two pencils of conics given by [z : y : 2] — [w : 27|
and [z : y : z] — [w : 2?], which have distinct base-points [0 : 0 : 1] and [1 : 0 : 0],
these base-points are fixed by 5. Hence, there exist some constants (, 7,0 € k such that
s*(y) = (x + ny + 0z. Hence (J) gives us ( = 0 = 0, i.e. s*(y) = ny. But the equality
s = Ypa(p)~t is equivalent to s = sip and by taking the second coordinate we get

(py — p) + P (p~*a*w ™ 1) = (Upa) (y) = (svp)"(y) = 0 (y + 2P (+*w ™, 1))
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which yields p = n and P(p~2z2w™',1) = pP(a?w ™', 1) + . By substituting p~2y +
x~'y? for 2 and by noting that w(z,y, p~>y + 2~ 'y*) = p~>xy, we obtain P(xy~', 1) =
pP(p*zy~1, 1)+ u, which is equivalent to P(x,y) = pP(p?z,y) + uy?, as we required. [

The construction of Lemma A.2 yields, for each d > 1, families of curves of degree
4d + 1 having isomorphic complements. These are equivalent for d = 1, at least when k

is algebraically closed (Lemma A.2(5)), but not for d > 2. We can now easily provide
explicit examples:

Proposition A.3. Letd > 2 be an integer. Set P = %429 y and w = z2—y? € k[z,y].
All curves of P? given by
2w 4 2w P(\a?, w) + 2 P?(\r?, w) = 0

for X € k*, have isomorphic complements and are pairwise not equivalent up to auto-
morphisms of P2.

Proof. The curves correspond to the curves Cp(ys,) of Lemma A.2 and thus have iso-
morphic complements by Lemma A.2(4). It remains to show that if C'p(\, ) is equivalent
to Cp(sgy): then A = A Lemma A.2(4) yields the existence of p € k*, u € k such that
P(\z,y) = pP(p* z,y) + py®. Since d > 2, both P(Az,y) and pP(p*\z,y) do not have
component with y¢, so u = 0. We then compare the coefficients of ¢ and 2% 'y and get

M= p(p’ N, X = p(pP A",

which yields A = p?), whence p =1 and A = ) as desired. U
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