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Abstract.

Let N > 2. We describe some classes of subgroups of the n-jet group of local ana-
lytic diffeomorphisms of (CV,0). We apply the results to show that if G is any group
of algebraic automorphisms strictly containing the affine group, then any algebraic auto-
morphism can be approximated at the origin and at any order by an element of G. We
also show that any algebraic or analytic automorphism can be interpolated at any order
and at any finite set of points, by a tame one.
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INTRODUCTION.

The first aim of this paper is to generalize a result of [4] asserting that any algebraic
automorphism of CV can be approximated at the origin and at any order by a tame one.
Indeed, we will show the two following results:

Theorem A. If G is any group of algebraic automorphisms of CV which is strictly
larger than the affine group, then any algebraic automorphism can be approximated at
the origin and at any order by an element of G.

Theorem B. Any algebraic (resp. analytic) automorphism of CV can be approximated
at any finite set of points and at any order by a tame algebraic (resp. analytic) auto-
morphism.

Our second aim is to establish preliminary results to be used in [17]. Since this last
paper is devoted to the study of embeddings of finite union of fat points in CV, it is no
wonder that the next result will be useful.

Theorem C. Let n > 1, let wlll, ... ul™ be distinct points of CV and let f[l], e f[m]
be analytic (resp. algebraic) automorphisms of CV. There exists an analytic (resp.
algebraic) tame automorphism f such that the n-jets of f and f (K] coincide at each ulF!
if and only if the fI*/(ul*]) are distinct (resp. the fI*¥/(ul*]) are distinct and the Jacobians
of the f¥! are equal).



Let us note that th. B is a direct consequence of th. C. Let J,(A) (resp. Jn(g)) be

the group of n-jets at the origin of algebraic (resp. analytic) automorphisms of CV fixing
the origin. These two jet groups play an important part in the last quoted paper. A basic
description of them is needed. Let J,(E) be the monoid of n-jets at the origin of algebraic
(or analytic) endomorphisms of C"V fixing the origin and let GL be the linear group. It
is shown in propositions 3.2 and 3.3 below that J,,(A) = {f € Ju(E), Jac f € C*} and
Jn(A) ={f € Jo(E), J1f € GL}.

Finally, our third aim is to describe the subgroups of .J,(A) containing GL and the
subgroups of J,(A) containing J,(A). Indeed, these desciptions turn out to be very
nice and we found they were interesting for themselves. We will also use them to prove
theorems A and C. If K C N, let Ax be the set of algebraic automorphisms of CV
which can be written as finite sums of k-homogeneous endomorphisms, k € K. If S is
a submonoid of (N, +), is is shown in prop. 3.1 below that A;;g is a group of algebraic
automorphisms fixing the origin (we call monoidal such a group). Let J,(A14+5) be the
associated n-jet group. In fact, we will prove:

Theorem D. Any subgroup of .J,(A) containing GL is equal to some J,,(A11g) where
S is a submonoid of N.

If1<k<mn,let J, : Jn(A) = Ji(A) be the natural group-morphism associating

to a n-jet its restricted k-jet. Since Ji(A) is a subgroup of Ji(A), its inverse image
J;}C (Jk(A)) is a subgroup of J,(A). Actually, we will show:

Theorem E. Any subgroup of J,,(A) containing J,(A) is equal to some Jn_,lg (Jx(A))
where 1 < k <n.

Our paper is divided into six sections. Sections I and II are devoted to establish
preliminary results on the vector space F of algebraic endomorphisms of CV considered
either as a GL-module or as a Lie algebra. In section III, we introduce the notations
and tools that we use in section IV (resp. section V) to prove th. D, E, A (resp. th. C).
Finally, in section VI, we apply some of the previous notions to variables (or coordinates)
and recover a result of [13].

I. THE SPACE E AS A GL-MODULE.

In this section, we will give the decomposition into irreducible submodules of the G L-
module E. Let (ej,...,ey) be the canonical basis of V := CV and let (z1,...,7x) be
the dual basis of V*. We will identify any element f of E to the N-uple of its coordinate
functions f = (fi,..., fv) where each fr belongs to the ring R = C[x1, ...,z x] of regular
functions on AN. Let SV* ~ R be the symmetric algebra of V*. The isomorphism
E—-SV*eV, Z frer — Z fr ® er, will be the main thread. Since V is naturally a
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G L-module, so is E, the action being the following: GL x E — E, (g9, f) + go fog™'.
For m > 0, let R, C R be the space of homogeneous polynomials of degree m and let
En = (RN C E It is clear that E,, is a GL-submodule of E. If f € E and r € R, let

us set Vf = Z % and Ar = rid, where id := (x1,...,2y) is the identity element of
L

E. We will show that E,, splits into two irreducible submodules E,, = E9, @ E} , where
ES ={f € EnVf=0}and EL, :={Ar,r € Ry_1}.

We begin to give the direct sum decomposition £ = E°@® E'. It is closely linked with
the maps of contraction ¢ : SV*®@V — SV* and multiplication m : SV* — SV*® V.
The contraction map is defined by its restriction

LU VAR R VA STV
ViU ® U Z<v > vy 17 Uit
The induced map on F is the operator V : F — R.

The map m is the multiplication by the identity element id € V* @V = Hom(V, V).
Its restriction S™V* — S™HV* ® V is the composition of the two maps:

Smyr s SmVF ® VeV and ST"VF ® V¥ @ V — SNV g V
t —> t ® id t X u ® v = tu ® .
The induced map on R = SV* is the operator A : R — E.

Lemma 1.1. Themaps V : E— Rand A : R — FE are GL-morphisms.

Proof. Since V and A correspond to the natural maps ¢ and m, the checking is straight-
forward. 0

Lemma 1.1 shows us that EY := Ker V and E! := Im A are GL-submodules of E.

Lemma 1.2. E=E°® EL.

Proof. One could easily check that A is a section of V : Ep11 — Ry, The
\Y

split short exact sequence: 0 — E° ma1 — Emt1 <—5 R, — 0 shows us that Fp,11 =
N+m

Ep1 ® By O

It is clear that the direct sums F = @& FE,, and F = @& E" are compatible, i.e.
m>0 n=0,1

FE= @ . where E = E,, N E"™ In fact, we have the following result, where
(m,n) e Nx{0,1}
SL denotes the special linear group of CV:

Theorem 1.1. (i) The G L-representations E,, (m,n) € N x {0,1}, are irreducible and



pairwise non isomorphic;
(ii) If N > 3, the restricted SL-representations are still pairwise non isomorphic;
(iii) If N = 2, the restricted SL-representations EY,, m € N, are still pairwise non
isomorphic, but the restricted S L-representations EY, and E} |9 are now isomorphic.

Remarks. 1. According to their definition of irreducible representations, some readers
may prefer to except the case (m,n) = (0,1) where E} is the null space.

2. A G L-representation is irreducible if and only if its restricted SL-representation
is. Furthermore, it is well known that two irreducible G L-representations are isomorphic
if and only if their restrictions to SL and to C* C GL are isomorphic.

Proof. Let us begin to show that the restricted S L-representations are irreducible. The

case m = 0 being obvious since Ej ~ V and E} = {0}, let us assume that m > 1.

It is sufficient to show that Ef o~ S™V @ V* ~ §™V @ AN"'V is the direct sum of

exactly two irreducible representations. If A = (A1,..., ;) is a partition of an integer

d>1(d=XMN+...+ X\ with \;y > ... > X\ > 1), let us denote by Sy the Schur

functor associated to A (see for example [16]). Since S™V ~ S,V, where A = (m) is
m

——
represented by the Young diagram: [ [ [ [ [ ], the Littlewood-Richardson rule shows
us that B, ~ S,V & S,,V where v; = (m,1,...,1) and vr» = (m +1,1,...,1) are
——— ——

N-1 N—2
represented by the hooks:

[ [ [] a—

N N_l{ [T11]

L and L

so that we have shown the irreducibility of the EJ .

Finally, S,V ~ S,V where p; = (m —1) is represented by the single row with m —1
-1
- *
boxes: [ I T T, sothat p; and vy are the reduced partitions such that (Egl) ~S,V

and (EL)" ~S,,V. This shows (ii) and (iii).

It remains to show that if N = 2 the GL-representations E9, and E! , are non
isomorphic. But this is clear since their restriction to the subgroup C* of GL are non
isomorphic. Indeed, A € C* acts on EY, as the dilatation of ratio '™~ ! and on E}, ,, as
the dilatation of ratio A™ 1. O

If N = 2, the next result provides us a SL-isomorphism between EO and R, 1:

Proposition. If N =2, themap o« : R — E° is a S L-morphism.

T (3%7127_3%,11)



Proof. If g € GL, an easy computation shows that a(g.r) = (det g)~! g.a(r) which

proves that a is a SL-morphism (but not a GL-morphism !). U

II. THE SPACE E AS A LIE ALGEBRA.

Let Der R be the set of complex linear derivations of R. The isomorphism E — Der R,
0
E frer — g fLa— allows us to pull back the usual Lie bracket defined on Der R by
xr,
L

L
[DlaDZ] = D10D2_D2OD1~ For any fag € Ea we get [f>g] = g/ X f_fl X g,

where we agree that f/ = f'(z) = (c’?gﬁ@) <LM<N
1<LM<

important to stress that even if f is usually written as the line-vector f = (f1,..., fn) in
the literature (and in this paper !), it should actually be thought of as the column-vector
f="4f1,...,fn) in order to grasp the last formula. If a, b are additive subgroups of a
Lie algebra g, the subgroup generated by all brackets [a,b], (a,b) € a X b is denoted by
[a,b]. If a, b are subspaces, then [a, b] also. In th. 2.1 below, we will compute [E, Ej].

is the Jacobian matrix of f. It is

Remarks. 1. We have [E,,, E,| C Epin—1. If we set F;, = Ep,41, then E= @ F, is
m>—1

a graded Lie algebra.

2. We may have defined the Lie bracket on £ ~ SV* ® V by using the contraction
map ¢ : SV*®V — SV*. We let the reader check that the Lie bracket is then given by
the following map:

(Sm+1V* ® V) ® (Sn—HV* ® V) N Sm+n+lv*®v
t ® u © (z ® v) = tcz@u)@v—2z2c(t®v)R®u.

This allows us to see that Vg € GL, Vu,v € E, g.[u,v] = [g.u, g.v]. As a consequence,
if a, b are GL-submodules of E, then [a, b] also.

3. The Lie algebra structure on F contains in some sense the G'L-module structure.
Indeed, let us denote by gl = F; the Lie algebra of GL.

Lemma 2.1. The Lie algebra representation: gl x E — FE isthe one associ-

(g . ) = [fd
ated with the Lie group representation: GL x FE — E
1

(9 , f) = gofog .

Proof. If f € F, one could easily check that the differential at the point id of the map
GL —E,gr>go fog listhemap gl — E, g+ [f,g]. O

If sl (resp. ¢) denotes the Lie subalgebra of gl corresponding to the subgroup SL
(resp. C*) of GL, then the decomposition Ey = EY @ F{ is the same as the classical
Levy decomposition gl = sl & ¢. Furthermore, if W is a representation of a reductive Lie



algebra g, it is well known that g.W is equal to the sum of the non trivial irreducible
subrepresentations of W (indeed, if we assume in addition that W is irreducible, it is
clear that g.W = {0} if W is trivial and that g.W = W otherwise). If m > 2 and
n = 0,1, we know that:

e the sl-representation £}, is irreducible and non trivial;

e the c-representation £ corresponds to the C*-representation E” where A € C*
acts on ET as the dilatation of ratio A™~1.

As a result:
Corollary 2.1. [EY, E)] = [EY, E1] = [E1, E1] = EY;

[EllaE?] = [EllaEH = [EllaEl] = {0};
[EY,En] = [El,EY] = [E1, EY] = ET for m > 2 and n = 0, 1.

The next result will show that E° and E' are Lie subalgebra of E.

Lemma 2.2. )V f,g € E, V([f.g]) = (Vg)' x f = (V) xg;
(i) V (r,s) € Ry X Ry, [rid,sid] = (n —m) rsid.

Proof. An easy computation would show that V(¢' x f) = (Vg)' x f + Tr(¢' x f’) and
(i) follows. We could also check that (sid)’ x (rid) = (n+ 1) rsid and (ii) follows. O

Corollary 2.2. EY and E! are Lie subalgebra of E.

Even if E = E° @ E' as vector spaces, the sum is not direct as Lie algebra since
[EY, E'] # {0}. In fact, E° and E'! are even not Lie ideals of E:

Theorem 2.1. Let m,n > 1.

() [Bn, Bl = Ep 1 (i) [BL, EL) = EL ., | if m #n;
= {0} if m =n;

(iii) [Em, Bn] = Emin_1if morn >2;  (iv) [EY, El] = Epnq if myn > 2;
:E?ifm:nzl; :E}Zifmzl,n22;
=EY ifm>2n=1;

={0}ifm=n=1.

Proof. We recall that [z%er, 2%eps] = %(wa)xﬂq - %(wﬁ)xae]\/[.

(i) Since [EY),, EQ] is a submodule of the irreducible GL-module EY, ., _, it is sufficient

m
to show that [EQ,EY] # {0}. Indeed, 25'e; € EY, x%ey € EY and [z'e1,xles] =
mafx) tey — na " al ey # 0.

(ii) Point (ii) of lemma 2.2 shows us that [E} , E}] = {0} if and only if m = n. When
m # n, since [E}, El] is a submodule of the irreducible GL-module E} n_1, W€ can
conclude to the equality.



(iv) We can assume that m,n > 2. Let us set u = [z5'eq, 2}~ " id] € [EY,, EL].

An easy computation would show that u = (m — )2 'alle; — (n — )2 22l id,
so that uw ¢ B}, ;. We would also get Vu = —(n — 1)(N + n — 1)z} 22 # 0,
so that w ¢ EY_ ;. Since [EJ,E}] is a GL-submodule of E,, n_1, we must have
[Eng%] = Emyn-1.

(iii) It is a consequence of (i), (i) and (iv). O

III. NOTATIONS AND PRELIMINARY RESULTS.
1. Jets.

Let AN be the vector space V = CV when it is seen as an affine space. Let E be
the space of analytic endomorphisms of AY. We will identify any element f of E to the
N-uple of its coordinate functions f = (f1,..., fn) where each fr belongs to the ring
R of analytic functions on AN, If r € R and a € AN , we will distinguish between the

(classical) n-jet of r at a: Jpq 7= Z il Dsr . 2* and the centered n-jet of r at a:
0<k<n

1
Inar = Z i DEr . 2%, Of course, D¥r denotes the k-th differential of 7 at the point

1<k<n
k\ oF k k! k!
a and we recall that D¥r . 2% = % (a) 8—3;;(@) x®, where (a) =l T ol an
ae
|a|=k

The classical and centered n-jets are related by the formula J,, o r = r(a) + Jy o 7.

By the same way, if f € E and a € AN , we will denote by

R 1 1
Ina [ = Z o DEf 2k (resp. Jpao f = Z o DEf . 2P

0<k<n 1<k<n
the classical (resp. centered) n-jet of f at the point a. If f = (f1,..., fn), we could also
have set :‘n,a f= (3n,a fi,... >3n,a fN) and Jn,a f= (Jn,a fiooon, Jn,a fN)

If a is the origin of the affine space A", we will simply write J, (resp. .J,,) instead
of Jn0 (resp. Jn0). We will denote by J,(R) (resp. J,(R)) the space of classical (resp.
centered) n-jets of polynomials in N indeterminates and by J,(E) (resp. Jn(E)) the
space of classical (resp. centered) n-jets of polynomial endomorphisms of AN,

Observe that J,(R) (resp. Jn(R), resp. Jn(F), resp. Jn(E)) are naturally iso-

morphic to R<y, := @ Rk (resp. Ri< . <n:= @ Ry, resp. E<,:= @& Ek, resp.
- k<n - 1<k<n - k<n
Ei<. <ni= & E).
1<k<n

Remark. The algebraic and analytic n-jet spaces are naturally isomorphic so that we

will write Jn(R) = 3n(R), Ju(R) = Ju(R), In(E) = In(E), Jo(E) = Jo(E).

Furthermore, one could easily check that the Jacobian map Jac : E — R (or Jac :



E — R) induces a map J,(E) = Jn(E) = Jn_1(R) = Jn_1(R) that we will still call Jac.
Therefore, the Jacobian of an endomorphism n-jet is naturally a (n — 1)-jet.

Finally, let us recall that J,(E) = J, (E) is naturally a monoid and that the formula
Dy (f 0g) = Dy(a)(f) o Da(g) for differentials is generalized by the formula J,, o(f o g) =
Jng(a)(f) © Jna(g) for centered n-jets (the latter formula generalizes the former since
Dq(g) is identified with J; 4(g)). Let J,(E)* be the group of invertible centered n-jets.
If f belongs to a graded object, let f(;) be its k-homogeneous component. We recall that
J € Jn(E) is invertible if and only if j;) € GL. This is still equivalent to saying that
Jac j is an invertible element of J,—1(R) or to saying that (Jac j)(0) # 0.

Let A (resp. A) be the group of algebraic (resp. analytic) automorphisms of CV. If
G < g, let us agree, that J,,(G) denotes the group of n-jets at the origin of the elements
of G fixing the origin.

2. Monoidal groups.

For K C N, weset Ex := @& E, C Fand Ag := AN Ex. We will give conditions
keK

for Ax to be a group. Our first lemma is obtained by an easy computation.
Lemma 3.1. If S is any submonoid of N, then E;g is a monoid (for the composition).

Proof. If K C N, we set R := @& Ry. Since By g = (Ri4s)”, it is enough to
keK

show that H 1% € Riyg for any 2“ € Riyg and any fi,..., fy € Ritg. By de-
1<L<N
composing each fr as a sum of homogeneous polynomials, it is sufficient to show that
H gfj € Ry g for any homogeneous polynomials ¢1, ..., 9, € Ri4+s and for any g € N”
1<j<r
such that |3 = Zﬂj € 1+ 5. Let s; € S be such that deg gj = 1+ s;. We have

J
deg [[o = 8,01 +s)=> 8+ Bjsj e 1+5+5 C 1+5. O
j j ' ‘

J J

It is well known that any nonempty finite subset of a group which is stable by compo-
sition is a subgroup. Our second lemma is the generalization of this result for algebraic
groups.

Lemma 3.2. Any nonempty closed subset of an algebraic group which is stable by
composition is a subgroup.

Proof. Let G be the algebraic group and H the subset. For any h € H, the map
my : H — H, k — hk being an injective endomorphism, it is surjective (see prop. 17.9.6
p. 80 in [19] for the original idea, but the precise result is proven in [5], [9], [6], [11] or



[27]), so that 1 € H and h™! € H. O
Our last lemma is an obvious consequence of the first two.

Lemma 3.3. If S is any submonoid of N, then J,(A14g) is a subgroup of J,,(A4).

Proposition 3.1. If S is any submonoid of N, then Ay, g is a subgroup of A.

Proof. It easily follows from lemma 3.3. Indeed, if f € Aj4g, we want to show that
f~t € Aiyg. However, for any n > 1, J,(f) € Ju(A11s), so that J,(f71) = J.(f)~! €
Jn(A11s). This is sufficient for showing that f= € A, 5. O

Example. If S = N, then A; y is the group of automorphisms fixing the origin. If
S = 2N, then Aoy is the group of odd automorphisms, i.e. automorphisms f satisfying
f(=x) = —f(x). More generally, if n > 2 and w,, := e%, then Aj,,n is the group of
automorphisms f satisfying f(wpz) = wp f(x).

3. A useful lemma in representation theory.

Lemma 3.4. Let G be a connected reductive complex algebraic group and let W be a
finite dimensional G-reprensentation which does not contain the trivial representation.
Then, any G-stable subgroup of (W, +) is a vector subspace.

Proof. We will argue by induction on dim W. If dim W = 0, there is nothing to prove.
Let us now assume that dim W > 0 and that F' is a G-stable subgroup of W. Of course,
we may assume that Span(F') = W. Let T be a maximal torus of G. If T* is the character
group of T (the set of algebraic group-morphisms x : T — C*) and Tg:={t €T, V x €
T*, x(t) € Q} is the subgroup of rational points of T, it is a classical fact that T* ~ Z™
and Tg ~ (Q*)™ (as groups). If x € T*, Wy, :={u e W, Vit e T, tu= x(t)u} wil
denote the eigenspace of W associated to the eigenvalue y. Since W = @ W, any
x€T*
u € W can be uniquely written u = Z Uy, Uy € W,. By representation theory, W is a
x€eT*
non trivial T-module. Hence, there exists a non trivial ¢» € T* for which W, # {0}.

Main claim. F' N Wy, # {0}.

n
Since Span(F') = W, there exists u € F' with uy # 0. Let u = Z Uy, be the decompo-

k=1
sition of w in sum of eigenvectors where x1,..., xn are distinct and x; = ¥. The maps

Xk|Tgs 1 < k < n, are still distinct (Tg being a dense subset of T). We now use the fact
that if G is any group and K any field, then the set Hom(G, K*) of all group-morphisms
G — K* is a linearly independant subset of K¢ the space of all K-valued functions
on G (see lemma 16.1 of [20]). Therefore, there exist ¢i,...,t, € Tg such that the



n x n matrix M := (xk(t1)),<p <, 1s invertible. Let r =*(ry,...,7,) € Q" be such that
M.r = %1,0,...,0) and let u be a nonzero integer such that ury,...,ur, are integers

we can just take for e least common multiple of the denominators of the r). Le
just take for p the least Itiple of the d inat f th Let
n

n
us check that v := quk tr.u € FNWy. Indeed v = Z(W“k)tk-u € F and

k=1 k=1
n n n n n n
o= St (z ) T ST (z mxluk))
k=1 =1 k=1 =1 =1 k=1

= [ Uy, = pt Uy € Wy \ {0} and the claim is proven.

Let us now show that F' contains the G-subrepresentation Wy := Span g.v.
geG

We have Vt € T, tw = ¢(t)v € F and ¢ : T — C* is onto since non trivial.

T
Therefore Av € F for any A € C. Any w € Wj can be written w = Z)\k gi.v, where
k=1

A € C, gr € G. The equality w = ng.()\kv) shows us that w € F.

If Wy is a G—subrepresentationkoflw such that W = Wy @ Wh, it is clear that Wy
does not contain the trivial G-representation and that Wy N F' is a G-stable subgroup of
Ws. Therefore, by induction hypothesis, it is a subspace of W5. It is easy to show that
the subspace Wi & (Wo N F) is equal to F. O

Corollary 3.1. If m > 2, the SL-stable subgroups of E,, are {0}, E,,, EO, and E}. .
Proof. The SL-modules EY, and E!, are irreducible, non trivial and non isomorphic. [J
4. Initial groups.

Let N, :={0,1,...,n — 1}. The relation G; < G2 will mean that G is a subgroup
of Go. If G < J,(E)* and k € N.,,, we define the k-th initial group of G by Hy(G) :=
{fe+1), f€G, Jif = Ji(id)}. Definitions like that can be traced back to the theory of
automorphisms of free and relatively free groups (see [3] and |7] where automorphisms
which are identical modulo some conditions are studied). It turns out that Hy(G) =
J1(G) is a multiplicative subgroup of GL, whereas Hy(G) is an additive subgroup of
Ejyq for k > 1. Indeed, if ug,ug € Egy1 and jm = id + um € Jpp1(E)* for m = 1,2,
then j; onﬂ = id + w1 + uo. Furthermore, let f,g € A be such that J,,f = id 4+ u,
U € Ep and Jug =id4v, v € E,. If [f,g] :== fogo flog™ € A, it is shown in [4]
that Jyman—1[f, 9] =1id — [u, v]. Therefore, we get:

Lemma 3.5. If k,] > 0 are such that k + [ < n, then [Hy(G), H;(G)] C Hx+:1(G).

10



The groups H(G) look like the initial ideals used in Grobner bases theory. They
satisfy an analogous fundamental property (see lemma 15.5 in [14]):

Lemma 3.6. If G; < Gy < Jn(E)*, then G1 = Gy <= Vk € N, Hk(Gl) = Hk(GQ) .

Proof. If G; # G, let k be the biggest integer such that there exists f € Gy \ G with
Jif = Ji(id). Since Hi(G1) = Hy(G3), we may write Ji11f = Jy119 with g € G1. But
then fog™! € Go\ Gy and Jpi1 fog ! = Jri1(id); a contradiction. O

In the sequel, we will always assume that G is SL-invariant, so that Hy(G) too.
Similar action of the general linear group (including the modules and the Lie algebras
introduced in sections I and II) was already actively used in [10]. More details may be
found in the survey [12]. Using cor. 3.1, we get Hy(G) = {0}, Epy1, Ep,, or Ej_, for
k > 1. This incites us to set Hi(G) := Hg(G) N E,QH forl=0,1and 1 <k <n. Itis
clear that H.(G) = {0} or Ellc+1 and that Hy(G) = l Eng,lc(G). Therefore, the Hi(G)

for k > 1 are encoded by the sets Z;(G) := {0} U {k, 1 <k <n —1and H.(G) # {0}}.
Lemma 3.5 and th. 2.1 show that the Z;(G) satisfy the following properties:

Lemma 3.7. If k,1 > 0 are such that k+1 < n, then k,l € Zy(G) = k+1 € Zy(G) and
keIy(G),l e i(G) = k+ 1€ Li(G).

Corollary. If G < J,(E)* is SL-invariant, then:
(i) Zo(G) = Noy, <=1 € Zp(G);
(ii) Io(G) = Il(G) =N., <= 1¢ Io(G) ﬂIl(G).

We finish this subsection by applying the previous results to the subgroups .J,(A)
and J,,(A) of J,(E)*. Let us recall that the group T of algebraic tame automorphisms
is the subgroup of A generated by the affine automorphisms and by the elementary
automorphisms id + p(x)er, where p is a polynomial independant of xy,.

Proposition 3.2. J,(A) = J,(T) = {f € J.(E),Jac f € C*}.

Proof. If G := J,(A), G2 = Jp(T) and Gz := {f € J,(F),Jac f € C*}, it is clear that
G2 < Gy < (G, so it is enough to show that G = Gs. If 1 <k < n and v € Hi(G3) C
Eiy1, then f:=id+u € Jiy1(E) must satisfy Jac f = 1. However, Jac(id+u) = 1+ Vu,
so that Vu = 0 and u € EJ ;. This shows that H}(G3) = {0} and Z,(G3) = {0}. But
id + z2e; € Ga, so that x5e; € HY(G2) and 1 € Zp(Ga). We get Zo(Ga) = Ny,
Finally, it is clear that Zo(G2) = Zp(G3) = Ny, that Z;(G2) = Z1(G3) = {0} and that
H()(GQ) = Ho(Gg) = (GL, so that Gy = G3 by lemma 3.6. O

In some sense, at the level of n-jets, the equality J,(A) = {f € J,(E),Jac f € C*}
solves the Jacobian problem (see [23], [8] and [15]) and the equality J,,(A) = J,,(T") solves
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the tameness problem for algebraic automorphisms (see [22], [24], [25], [28] and [29]).

Let us recall that the group T of analytic tame automorphims is the subgroup of A
generated by the affine automorphisms and by the overshears (2/, p(z') + ¢(2')x ), where
' = (x1,...,28_1), p,q : CN7! — C are analytic and ¢ does not vanish (or similar ones
obtained by permuting the variables).

Proposition 3.3. J,(A4) = J,(T) = J,(E)*.

Proof. If Gy := J,(A), Gy = J,(T) and Gy := J,(E)*, it is clear that Go < G < G,
so it is enough to show that Go = G3. Since f := (e"2x1,x9,...,2N) € f, we get
Tr1xo €] € Hl(Gg), so that Hl(GQ) = EQ, 1e I(](GQ) ﬂIl(GQ) and Io(Gg) = Il(Gg) =
N.,,. Finally, it is clear that Zo(G2) = Zo(G3) = Ny, that Z1(G2) = Z;(G3) = N, and
that Hyo(G2) = Ho(G3) = GL, so that Gy = G5 by lemma 3.6. O

As in the algebraic case, the equality .J,(A) = J,(T') solves the tameness problem for
analytic automorphisms (see [3] and [2]).

IV. PROOFS OF THEOREMS D, E, A.

The submonoid generated by I C N will be denoted by < I >. Let T be the set
of subsets I of N.,, such that I =< I > NN, (i.e. [ is the trace of some submonoid
of N). Lemma 3.7 shows us that if G < J,(E)* is SL-invariant, then Zo(G) € T. Let
In(A)ia == {f € Ju(A4), J1 f = id} and let S be the set of subgroups of J,,(A);q which
are SL-invariant. If I € T, we set G(I) := Jp(A14<1>) N Jn(A)iq and we recall that G(I)
is a group by prop. 3.1.

Lemma 4.1. (1) If Gl < G2 belong to S, then G1 = GQ <~ Io(Gl) = IO(GQ)

(ii) If I € T, then G(I) € S and G(I) is the subgroup generated by the go f¥l o g=1,
g€ SL, k e I, where fIF .= id + xSHel. If J C N, satisfies I =< J > NNy, then
G(I) is also generated by the go flFlo g™t ge SL, k€ J.

Proof. (i). Since Hy(G) = {id} and Z;(G) = {0} for G € S, it is a direct consequence
of lemma 3.6.
(ii). The fact that G(I) € S is obvious. Let G; :=< go fflog=t ge SL ke J >,
G4 := G(I) and let us show that G; = G5 by applying the last point.

We clearly have G1 < G and Zy(G2) = I. It remains to show that Zo(G1) = I. The
relation G < Gy implies Zyp(G1) C Zp(G2) = I. On the converse, since J C Zy(G1) and
Zo(G1) € T, we have < J > NN, =1 C Zp(Gh). O

If I € T, it is clear that Zo(G(I)) = I. It turns out that if G € S, the equality
G(Zo(G)) = G is also true, but does not look so clear for us. Indeed, if I = Zy(G),
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G1 =G and Gy = g(Io(G)), it is clear that G1,G9 € S and that I()(Gl) = Zo(GQ) =1
Unfortunately, we cannot apply right now point (i) of lemma 4.1, since we do not know
yet that G1 < G2 or G < Gy.

Theorem 4.1. The map Zy : S — T, G — Zy(G) is bijective with inverse the map
I—G(I).

Proof. The main point is to show that for any G € § we have G = G(Zy(G)). If
we set I = Zy(G), it is sufficient to show that G = G(I), i.e. (by (ii) of lemma 4.1)
G=<gofHlogl geSL, kel> Weargue by induction on n.

If n =1, it is obvious. If n > 2 and if J = Zy(J,,—1G), then by induction hypothesis
we have J,_1G =<go fllog=l ge SL, ke J>.

For each such k, there exists ul¥l € G such that J,_1 f*! = J,,_ul¥). Therefore, if we
set hlF = (fIE)=T ol € J,(A), then J,_1hl¥) =id and flFl o hlH € G.

First case. n —1 € I,ie. I =JU{n—1}.
This implies H,_1(G) = EY, so that for any u € E?, id+u € G. Therefore, f*~1 ¢ @
and V k € J, fll and hl¥ € G. Tt is clear that G = G(I).

Second case. n —1 ¢ I, ie. I =J.

This implies H, _1(G) = {0} and n—1 ¢< J >. It is enough to show that ¥l = id for
each k € J. This comes from the assertion stated below. First and foremost, let G(J)g
denote the subgroup of rational points of G(J). We recall that G({0,n — 1}) denotes the
subgroup of J,(A)iq whose elements are of the form h = id + h,), h¢,) € EY. Let us
note that G({0,n — 1}) is included into the center of J,(A);q so that it will commute
with G(J).

Assertion. V f € G(J)g, Vh € G{0,n —1}), fohe G = h=id.

If the assertion is false, let k be the biggest integer such that there exists a counterex-
ample (f,h) with Jif = id. Since h(,) # 0 and since E? is an irreducible SL-module,
there exist g1, ..., gr € SLq such that the gioh(,) ogfl, 1 <4 < r, constitue a basis of the
complex vector space EY. Indeed, if W is an irreducible SL-module of dimension r and if
w € W is nonzero, there exist g1,..., g, € SLg such that the g;.w, 1 <17 <r, constitute

a basis of the complex vector space W: the map ¢ : (SL)" — AW, (gi)1<i<r — /\gi.w

i
being nonzero, it has to be nonzero on (SLg)" since SLq is (Zariski) dense in SL. How-
ever, dim El(c]+1 < dim EY, so that the g; ° f(k+1) ogi_l, 1 <4 < r, are linearly dependant
over C. Since they belong to (E,g +1) they are even linearly dependant over Q, show-

Q’
ing the existence of integers m;, non all zero, such that Z m; g © fk+1) © gz-_1 =0. If
1<i<r
,
ai,...,ar € Jy(A), let us agree that Hai denotes the composition a1 cago...0a, in

i=1
that order. If we set
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fo= Hgi o fMogteg(J)gand h:= Hgi oh™i o gt € G({0,n — 1}), then
i=1

Foi=TTnetron oo €G

. (f) (k+1) Zmz gi© fis1y© g; " =0, so that Trp1f =id
=1

° (E)(n) = Z m; gi © hny o gi—1 = 0, so that h # id. This is a contradiction. O
i=1

Corollary 4.1. If G € S, then Iy(G) = {k € N, 3f € G, frq1) # 0}

Remark. We could give a more simple proof of the theorem using cor. 4.1. Unfortu-
nately, we were not able to prove it without using the theorem.

Theorem 4.2. Any group G such that SL < G < J,(A) is equal to some G(I) x K,
where SL < K < GL.

Proof. It is sufficient to show that Hy(G) < G. If | € Hy(G), let us show by contradiction
that n is the biggest integer k for which there exists some f € G satisfying J f = [.

If we had k <n, then f =1+ fg41)+ ... where f41) # 0.

We begin to show that Hi(G N J,(A)q) # {0}.

Since f =lo(id+1~! O flhg1)+--0); ai= -1 o fk+1) € E18+1 and since a is a nonzero
element of the irreducible non trivial S L-representation E,g 41, there exists u € SL such
that a Zuoaou™t. If g:= fouo f~!, then 9(k+1) =lo(a—uoaou Y ouol™t£0,
while g € G and Jacg = 1. Therefore h := ga% og € GNJy(A)iq and h(yq) # 0, so that
Hy(G'N Jn(A)ig) # {0} N

Since Hk(GﬂJ (A) d) = E}_, there exists h € GNJy(A)ig such that Jy 1 h = id—a.
Therefore f =fo h € G and Je11 f = [, a contradiction. O

Remark. We recall that any group K such that SL < K < GL is equal to some det 1 K
where det : GL — C* and K < C*.

Corollary 4.2. Any group G such that GL < G < J,(A) is equal to some G(I) x GL,
ie. Jn(A]_+<[>).

Let J,(A)1 :={f € Ju(A), Jac f = 1}.

Corollary 4.3. Any group G such that SL < G < J,(A); is equal to some G(I) x SL,
i.e. Jn(A1+<]>) N Jn(A)l

Corollary 4.4. If n > 2 and j € J,(A)1, the following assertions are equivalent:
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(i) < SL,j >= Jp(A)1;
(i) jeoy # 0.

Proof. If we set G :=< SL,j >, then G = J,(A); if and only if Zo(G) = N, which is
still equivalent to 1 € Zo(G), i.e. H1(G) # {0}, i.e. jio) # 0. O

Proof of th. E. Assume that J,(A4) < G < J,(A4). Since 1 € Zp(G), lemma 3.7 implies
that Z;(G) is equal to some {0} U{k,k+1,...,n— 1} where 1 <k <n.

Applying lemma 3.6 with Gy :=< J,(A), /¥l >, where gl := (1+2%)id € Jn(A), and
Go = Jn_llC (Jx(A)), one could show as in lemma 4.1 that J;,lf (Ji(A)) =< Jn(A), ¥ >.

Remark: if k = n, we agree that ¢} = id. Using these preliminaries, let us show that

G =< Jn(A),g[k] >. As above, the proof is by induction on n. The case n = 1 being
obvious, we may assume that n > 2.

First case. k <n, ie. n—1¢€Z;(G).

By induction hypothesis, the groups G' and H :=< J,,(A), g/l > coincide at the level
of n — 1 jets, i.e. J,_1G = J,_1H. However, since G and H both contain the group
{id4+u, ue E,} < Jn(g), it is clear that the last equality can be lifted up at the level
of n-jets to show that G = H.

Second case. k = n, i.e. Z;(G) = {0}.
Since Jp(A) < G and Z; (Jn(A)) = I;(G) = {0}, we get J,(A) = G by lemma 3.6. O

Corollary 4.5. If n > 2 and j € J,(EF)*, the following assertions are equivalent:
(i) < Jn(A)’] >= Jn(E)*a
(i) J2j ¢ J2(A).

Proof. If we set G :=< J,,(A),j >, then G = J,,(E)* if and only if Z;(G) = N, which
is still equivalent to 1 € Z;(G), i.e. Hi(G) # {0}, i.e. Joj ¢ Jo(A). O

Proof of th. A. Let f € G be a polynomial automorphism which is not affine. Let
us show that there exists a € AY such that if we set g := f o7, (where 7, = id +
a is the translation of vector a), then the quadratic part g(9) of g is nonzero. Since
there exists a component p of f such that deg p > 2, it is sufficient to show that there

exists a € CN such that ¢(z) := p(a + z) satisfies q2) # 0. But it is clear that there

0%p

exist integers L, M and a € CV such that ————
0x,0x
et ¢(z) = p(a + z) Zﬁo‘p()xa o that # 0. By replaci (where g € G
x)=pla+x)= —(a)—, s : r in wher
get ¢ p 2 e ar q@2) y replacing g g
«
satisfies g(o) # 0) by hog (where h is a well chosen affine map), we may assume moreover

that g(0) = 0 and that Jacg = 1. By cor. 4.4, we have < SL, J,,(g) >= Jp(A4)1. O

(a) #0. By Taylor formula, we
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V. PROOF OF THEOREM C.
1. The Algebraic case.

We have seen in prop. 3.2 above that for any j € J,(F) whose Jacobian is a nonzero
constant there exists a tame automorphism f such that j = J, f. The following gener-
alization is the algebraic case of th. C:

Theorem 5.1 (interpolation of n-jets by an algebraic tame automorphism).
Letn > 1, let ul, ... ul™ be distinct points of AN and let 511, ..., jI™ € 3, (E) be n-jets
whose Jacobians are nonzero constants. The two following assertions are equivalent:

1. the points (0 m are distinct;
() 3F €T Jyuw F =¥, 1<k <m; <ii>{ pomts J7 Ohie

2.3 XeC*, Jac il =\ 1<k <m.

Proof. (i) = (ii). We have f(ul*) = j¥(0), so that (1) comes from the injectivity of
f. Since f is a polynomial automorphism, Jac f = A € C*, i.e. YVa € AV, det f'(a) = A
and we get Jac j¥ = det (jIF)(0) = det f'(ulF)) = X.

(il) = (i). It is enough to prove that given: wlll, ... ™ distinet points of AN:

ol .. ol distinet points of AN; X e C*; jlU, ..., ™ centered n-jets of J,(E) such

that Jacy[k] =X(for1 <k < m) there exists f € T such that f(ull) = vl¥ and
ok [ = jlF (for 1 < k < m).

Let G be the group of tame automorphisms f such that f(ulfl) = ul¥! (for 1 < k < m)
and such that Jac f =1 and let J := J,(A);. Using lemma 5.1 below, it is sufficient to

show that the group-morphism ¢ : G —» J™, f — (Jn wlk] f>1<k< is onto. This is a
’ <k<m

direct consequence of lemma 5.2 below. O

Lemma 5.1. If «lY ... w[™ and oY, ... o™ are two families of m pairwise distinct
points of AN and if A\ € C*, then there exists a tame automorphism f with Jacobian
equal to A such that f(ul) = o for 1 <k < m.

Proof. It is proven as a watermark in [21] that T acts m-transitively on AY. Tt is
also a consequence of th. 2 of [30] asserting that if X7, Xy are smooth closed algebraic
subsets of AV of dimension d with N > 2d + 2, then any isomorphism from X; to X»
can be extended into a tame automorphism of AN (see also § 5.3 of [15] for an overview).
Therefore, if we set wlkl := key € AN (for 1 < k < m), there exist g,h € T such that
g(ul?)y = wl¥l and h(wF) = v¥ (for 1 < k < m). If we set p:= \/(Jacg x Jach) € C*
and d,, := (pxy1,x2,...,xn) €T, then f := hod, o g satisfies the required conditions. [J

Lemma 5.2. If w9 ... u[™ are m + 1 pairwise distinct points of AN, let Gy be the
group of tame automorphisms f satisfying f(ul*) = ul* for 0 < k < m, S [=1d
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for 1 <k < m and Jacf = 1. As above, let J := J,(A);. Then, the group-morphism
Y Go—J, fJ, 0 f s onto.

Proof. Let usset u = (1,...,1) € AN Since there exists a tame automorphism sending
——
N

ul*l on ku (for 0 < k < m), we may assume that ultl = ku (for 0 < k < m). Using cor.
4.4, it is sufficient to show that: (i) id +z2e; € Im v and (i) SL C Im 2.

Proof of (i). Let p(¢) € C[¢] be such that p(¢) = €2 mod € and p(k+¢) = 0 mod ¢+,
1 <k <m. Then f :=id + p(xs)e1 € Gy and ¥(f) = J,, f = id + x3e;.

Proof of (ii). We know that SL is generated by the elementary transvections to 1 v =
id+axpy e (wherea € Cand L # M € {1,...,N}). It is enough to show that ¢, 1 v €
Im +. Let p(¢) € C[¢] be such that p(¢) = af mod " and p(k + ¢) = 0 mod ¢+,
1 <k <m. Then f:=id+p(zm)er € Go and Y(f) = Jn f =ta, M- O

2. The Analytic case.

We have seen in prop. 3.3 above that for any j € J,(E)*, there exists a tame analytic

automorphism f such that j = J, f. The following generalization is the analytic case of
th. C:

Theorem 5.2 (interpolation of n-jets by an analytic tame automorphism).
Let n > 1, let wl¥, ... ul™ be distinct points of AN, let vl ... v[™ be points of AN
and let j01, ... 5im ¢ Jn(E)* be invertible centered n-jets. The two following assertions
are equivalent:

(i) 3f e T, e f= olfl K 1 <k <m; (ii) the points (v[k])1<k<m are distinct.
Proof. We follow the same path as in the algebraic case. The implication (i) = (ii) is
obvious and (ii) == (i) is a consequence of the following lemma. O

Lemma 5.3. If ul% ... ul™ are m + 1 distinct points of AN, let G be the group of
tame analytic automorphisms f such that f(ul*) = ul¥l, 0 < k < m and ot [ = 1d,
1 <k <m. Let~j = JnLE)* be the group of invertible centered n-jets. Then, the
group-morphism ¢ : G = J, f — J, o [ s onto.

Proof. We may assume that u/* = ku (0 < k < m) where u = (1,...,1) € AN. Using
N

cor. 4.5, it is enough to show that: (i) J,(A) CIm ¢ and (i) id + 2129 €1 € Im 9.
Proof of (i). We already know that .J,,(A); C (@) C ¢(G). Therefore, it is sufficient to

show that for any A € C*, dy := (Az1,22,...,2zy) € Im J Let us choose 1 € C such
that e# = X\ and let us choose p(¢) € C[¢] such that p(¢) = p mod "' and p(k + €) =
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0 mod "1 1 <k <m. Then f := (e"@)g) 29,... ,xy) € G and {/;(f) =J, f=d,.
Proof of (ii). Let p(¢) € C[¢] be such that p(¢) = In(1 + €) mod "' or equivalently

k

p)= > (-pF! % mod ¢""! and p(k +¢) = O0mod ¢"*1, 1 < k < m. Then
1<k<n

fi= (@2 gy o, .. xy) € G and (f) = J, f =id 4+ z120€1. O

VI. CONSEQUENCES ON VARIABLES.

We recall that f; € R is called a variable, if there exist fs,..., fnv € R such that
(f1,..., fn) is an algebraic automorphism.

Theorem 6.1. If n > 1 and j;, € J,(R) for 1 < L < N — 1, the following assertions are
equivalent:

(i) the linear parts £(j) of the jr, 1 < L < N — 1 are linearly independant;

(ii) there exists jy € Jn(R) such that (ji,...,jin) € Jn(A);

(iii) there exists jy € Jn(R) such that Jac(j1,...,jn) =1 € Jn-1(R).

Furthermore, if these assertions are satisfied and if we choose any linear form [ € V*
such that £(j1),...,L(jn-1),! is a basis of V*, then there exists a unique p € J,—1(R)
such that jy := Ip € J,(R) satisfies Jac(j1,...,jn) =1 € Jn_1(R).

Proof. (iii) = (ii) == (i) is obvious. Let us now choose [ such that £(j1), ..., L(jn-1),!
is a basis of V*. Let us show that there exists a unique p € J,_1(R) such that jy :=Ip
satisfies Jac(ji1,...,Jn) = 1 € Jo1(R). If ¢ + Ju—1(R) — Jn—1(R) is the finite
dimensional linear endomorphism defined by ¢(p) = Jac(j1,...,jn—1,Ip), it is sufficient
to show that ¢ is an automorphism, which is equivalent to saying that Ker ¢ = {0}.
If p#£ 0 € Ker ¢, let h # 0 be the homogeneous part of smallest degree of p. Let
l1,...,In—1 be the linear parts of ji,...,jn—1. The equality Jac(j1,...,jn-1,lp) =0
implies Jac(ly,...,In—1,lh) = 0 which is absurd by the following lemma. O

Lemma 6.1. If [1,...,Ixy is a basis of V*, then the map ¢ : h — Jac(ly,...,In—1,Inh)
is a linear automorphism of R.

Proof. Injectivity. We know that h € Ker v <= the family l1,...,Iy_1,Ixyh is alge-
braically dependant over C (see [26], [18] or [15]). Therefore, we may assume that [, = z,

d(znh
for all L, so that (k) = 0 <= 2EN1)
al‘N

Surjectivity. For any n > 0, 9 induces a linear endomorphism of the finite dimensional
subspace R<, which is injective hence surjective. O

=0 <= znyh € Clzy,...,zny_1] <= h=0.

The next result on variables, already proven in [13], is an easy consequence of th. 6.1.
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Theorem 6.2. If n > 1, then j € J,(R) is the n-jet of a variable if and only if j;) # 0.
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