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ABSTRACT. We shall describe an alternative approach to a general renormalization
procedure for formal self-maps, originally suggested by Chen-Dora and Wang-Zheng-Peng,
giving formal normal forms simpler than the classical Poincaré-Dulac normal form. As
example of application we shall compute a complete list of normal forms for bi-dimensional
superattracting germs with non-vanishing quadratic term; in most cases, our normal forms
will be the simplest possible ones (in the sense of Wang-Zheng-Peng). We shall also discuss
a few examples of renormalization of germs tangent to the identity, revealing interesting
second-order resonance phenomena.

0. Introduction

In the study of a class of holomorphic dynamical systems, an important goal often is the classi-
fication under topological, holomorphic or formal conjugation. In particular, for each dynamical
system in the class one would like to have a definite way of choosing a (hopefully simpler, possibly
unique) representative in the same conjugacy class; a normal form of the original dynamical system.

The formal classification of one-dimensional germs is well-known (see, e.g., [A2]): if

f(z) = Az +a,2" 4+ 0,41 € Cl7]

is a one-dimensional formal power series with complex cofficients and vanishing constant term,
where a,, # 0 and O,y is a remainder term of order at least y + 1, then f is formally conjugated
to:

— g(z) = Az if A # 0 and ) is not a root of unity;

— g(2) = 2" if A =0; and to

— g(2) = Az — 2" 4 22"t if ) is a primitive g-th root of unity, for suitable n > 1 and o € C
that are formal invariant (and where ¢ = 1 and n = g when A = 1).

In several variables, the most famous kind of normal form for local holomorphic dynamical
systems (i.e., germs of holomorphic vector fields at a singular point, or germs of holomorphic self-
maps with a fixed point) is the Poincaré-Dulac normal form with respect to formal conjugation.
Let us recall very quickly its definition, at least in the setting we are interested here, that is of
formal self-maps with a fixed point, that we can assume to be the origin in (Cf.

Let FF € O™ be a formal transformation in n complex variables, where O™ denotes the space
of n-tuples of power series in n variables with vanishing constant term, and let A denote the (not
necessarily invertible) linear term of F'; up to a linear change of variables, we can assume that A
is in Jordan normal form. For simplicity, given a linear map A € M,, ,,(C) we shall denote by @X
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the set of formal transformations in O™ with A as linear part. If Aq,..., A\, are the eigenvalues
of A, we shall say that a multi-index Q = (¢1,...,q,) € N" with ¢ +--- + ¢, > 2 is A-resonant if
there is j € {1,...,n} such that A{* --- A% = X;. If this happens, we shall say that the monomial
2+ z0me; is A-resonant, where {ej,...,e,} is the canonical basis of C". Then (see, e.g., [Ar],
[R1, 2], [Ril]) given F € @X it is possible to find a (not unique, in general) invertible formal
transformation ® € (5? with identity linear part such that G = ®~! o F o ® contains only A-
resonant monomials. R

The formal transformation G is a Poincaré-Dulac normal form of F'; notice that, since ® € O7F,
the linear part of G is still A. More generally, we shall say that a G € @X is in Poincaré-Dulac
normal form if G contains only A-resonant monomials.

The importance of this result cannot be underestimated, and it has been applied uncountably
many times; however it has some limitations. For instance, if A = O or A = I then all monomials
are resonant; and thus in these cases any F' € O} is in Poincaré-Dulac normal form, and a further
simplification (a renormalization) is necessary. Actually, even when a Poincaré-Dulac normal form
is different from the original germ, it is often possible to further simplify the germ by applying
invertible transformations preserving the property of being in Poincaré-Dulac normal form.

This idea of renormalizing Poincaré-Dulac normal forms is by now well-established in the
context of vector fields, where the renormalized normal forms are often called hypernormal forms,
and can be obtained by using several different techniques; a (far from exhaustive) list of relevant
papers one might consult is [AFG, AFGG, B, BC, BBS, Bel, Brl, Br2, Bro, G, GP, I, KOW,
LS, MM, Mu2, MS, SJ; see also [Mul] for a fine introduction to the subject. On the other hand,
with a few exceptions (see, for instance, [Be2, CD1, CD2]) this idea has been exploited in the
context of self-maps only recently. One example is [AT1], where it is applied to a particular class
of self-maps with identity linear part. Another, more recent, example can be found in [BZ], where
it is applied to self-maps with invertible linear part whose resonances with respect to some of the
eigenvalues are generated over N by one multi-index. More important for our aims are [WZP1, 2],
where the authors, inspired by [KOW, CD1, CD2, YY], construct an a priori infinite sequence of
renormalizations giving simpler and simpler normal forms.

Let us roughly describe the main ideas underlying the theory of renormalization of formal
transformations. For each v > 2 let ‘H" denote the space of n-tuples of homogeneous polynomials
in n variables of degree v. Then every F € @X admits a homogeneous expansion

F=A+)F,,

v>2

where F, € H" is the v-homogeneous term of F. We shall also use the notation {G}, to denote
the v-homogeneous term of a formal transformation G.
f® =1+ ,.,H, € O} is the homogeneous expansion of an invertible formal transformation,
then it turns out that, if Ly: O™ — O™ is defined by setting Ly (H) = HoA—AH, then Lx(H") C H”
and
{0 ' oFo®}, =F, — Ly(H,)+ R, (0.1)

for all v > 2, where R, is a remainder term depending only on F, and H, with p, ¢ < v. This
suggests to consider for each v > 2 splittings of the form

H' =Im Ly ®NY and H" =Ker L\ & M”

where LY = La|yv, and NV and M" are suitable complementary subspaces. Then (0.1) implies
that we can inductively choose H, € MY so that {® 1o F o ®}, € NV for all v > 2; we shall say
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that G = ® 1o F o ® is a first order normal form of F (with respect to the chosen complementary
subspaces). Furthermore, it is not difficult to see that the quadratic (actually, the first non-linear
non-vanishing) homogeneous term of G is a formal invariant, that is it is the same for all first order
normal forms of F. Notice that when A = O or A = I we have Ly = O, and thus in these cases
every I’ € O} is a first order normal form.

When A is diagonal, Ker Lp is generated by the resonant monomials, and Im L, is gen-
erated by the non-resonant monomials. Furthermore, for each v > 2 we have the splitting
HY = Im LY & Ker LY, and thus taking N* = Ker L} and M* = Im L} we have recovered the
classical Poincaré-Dulac normal form (when A has a nilpotent part the situation is only slightly
more complicated; see [Mul, Section 4.5] for details).

Summing up, a Poincaré-Dulac formal normal form is composed by homogeneous terms con-
tained in a complementary space of the image of the operator L. Furthermore, the quadratic
homogeneous term is uniquely determined, and we can still act on the normal form by transforma-
tions having all homogeneous terms in the kernel of L.

The k-th renormalization follows the same pattern. Assume that F' is in (k — 1)-th normal
form. Then there is a suitable (not necessarily linear if k¥ > 3) operator £*, depending on the first k
homogeneous terms of F', so that we can bring F' in a normal form G whose all homogeneous terms
belong to a chosen complementary subspace* of the image of £¥, and the first k£ + 1 homogeneous
terms of G are uniquely determined; we shall say that G is in k-th order normal form (with respect
to the chosen subspaces).

A formal transformation G is in infinite order normal form if it is in k-th normal form for all &,
with respect to some choice of complementary subspaces and using the operators £* defined using
the first & homogeneous terms of G. The main result of [WZP2] then states that every element of
@X can be brought to a (possibly not unique) infinite order normal form by a sequence of formal
conjugations tangent to the identity.

In the first section of this paper we shall describe an alternative approach, equivalent to the one
proposed by Wang-Zheng-Peng but possibly simpler, to the determination of higher order normal
forms, based on homogeneous polynomials and symmetric multilinear maps instead of on higher
order derivatives. We shall concentrate in particular on second order normal forms because, as we
shall see, in most cases we shall be interested in second order normal forms will automatically be
infinite order normal forms.

To apply these procedures we need a rule for choosing complementary subspaces. It turns out
that an efficient way of doing this is by taking orthogonal complements with respect to the Fischer
Hermitian product, defined by (see [F])

0 if h # k or p; # q; for some j;
<Z:IL)1...Zfb"Leh?Z(fl...ZgL"ek) — pllpnl
(1 +- -+ pn)!

(0.2)

it h =k and p; = ¢; for all j.

With this choice, as we shall see in Sections 2 and 3, the expression of the second order (and often
infinite order) normal forms can be quite simple. For instance, in Section 2 we shall apply this
procedure to the case of superattracting (i.e., with A = O) 2-dimensional formal transformations,
case that has no analogue in the vector field setting, proving the following

Theorem 0.1: Let F' € (520 be of the form F(z,w) = F5(z,w) + Os. Then:

* When k£ > 3 one has to choose a complementary subspace to a vector space of maximal
dimension contained in the image of £*. Actually, [WZP2] talks of “the” subspace of maximal
dimension contained in £F, but a priori it might not be unique.
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(i) if Fy(z,w) = (2%, 2w) or Fy(z,w) = (=2, —2% — zw) then F is formally conjugated to an
unique infinite order normal form

G(z,w) = Fa(z,w) + (p(w) — 29/ (w), 2¢(w))

where ¢, 1) € C[(] are power series of order at least 3;
(i) if Fa(z,w) = (—2w, —2% —w?) then F is formally conjugated to an unique infinite order normal
form
G(z,w) = Fa(z,w) + (—2¢(z + w) 4+ 2¢(w — 2),9(z + w) + Y(w — 2)) ,

where ¢, 1) € C[(] are power series of order at least 3;
(iii) if Fa(z,w) = (2w, 2w + w?) then F is formally conjugated to an unique infinite order normal
form

G(z,w) = Fa(2,w) + (wg'(2) +1(2), 20(2) — we'(2) —1(2)) |

where ¢, 1) € C[(] are power series of order at least 3;
(iv) if Fa(z,w) = (—pz?, (1 — p)zw) with p # 0, 1 then F is formally conjugated to an unique
infinite order normal form

G(z,w) = Fa(z,w) + ((p — D2 (w) + p(w), —2p0(2))

where ¢, 1) € C[(] are power series of order at least 3;
(v) if Fo(z,w) = (—2% 4 zw,w?) then F is formally conjugated to an unique infinite order normal

form
G(z,w) = Fy(z,w) + (05 + w), —30(5 + w) +9(2)) ,
where ¢, 1) € C[(] are power series of order at least 3;
(vi) if Fa(z,w) = (pz% + 2w, (1 4 p)zw + w?) with p # 0, —1 then F is formally conjugated to an
unique infinite order normal form
111—-+/—
G(z,w) = Fy(z,w)+ (p [m%)pw(mpz +w) +

L 1te
2y/=p
1—v—p
2
p(1+p)
2y/=p

where \/—p is any square root of —p,

V=p—p _ Vptp

my,=—~————, n,=
P p(1+p) P p(l+p)

and ¢, ¢ € C[(] are power series of order at least 3;
(vi) if Fo(z,w) = (p(—2% + 2w), (1 — p)(zw — w?)) with p # 0, 1 then F is formally conjugated to
an unique infinite order normal form

1++—=p
Tn%gp(npz + w)]

(s ttmps +0) = 50l +0).

2
mp p

14/~
o(mpz +w) + — pgo(npz +w)

+ (Y(mpz + w) —w(npz—i-w)))

i

G(z,w) = Fy(z,w)+ <Z§z [o(z +w) + ¢¥(z + w)] — ¢(z +w),

p;l (z(i[so(z +w) = (2 +w)] = 3p(z+w) + w(”w)))
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where ¢, 1) € C[(] are power series of order at least 3;
(ix) if Fao(z,w) = (=22, —w?) then F is formally conjugated to an unique infinite order normal
form

G(z,w) = Fa(z,w) + (p(w), (7))

where ¢, 1 € C[(] are power series of order at least 3;
(x) if Fa(z,w) = (—pz?, (1 — p)zw — w?) with p # 0, 1 then F is formally conjugated to an unique
infinite order normal form

Glz,w) = Fy(zw) + (gp(w)Jr ( ;p’)m (1fpz+w) " (1fpz+w>)

where ¢, 1) € C[(] are power series of order at least 3;
(xi) if Fo(z,w) = (—pz® + (1 — 7)zw, (1 — p)zw — Tw?) with p, 7 # 0, 1 and p + 7 # 1 then F is
formally conjugated to an unique infinite order normal form

vp+1—=1+/pT
G(z,w) = Fy(z,w)+ (T { P 5 P o(mp 2+ w)
p 2. ¢
vp+T1T—1—4/pT
+ P P o(ny -z +w)

2
g,

1 1
+m% Td}(mpﬁz +w) — @1“”/)7775 + w)] ,

Vp+T—1+/pT
5 o(mp 2+ w)
N VpF+T—1- \/pT-go
2

(npr2z +w)

+ w(mpﬂ—z + w) - w(npn—z + w)) y

where
m NPTV p+T—=1—pT N __\/pT\/,O—i-T—l—i-pT
o plp—1) ’ o plp—1) '

and ¢, ¢ € C[(] are power series of order at least 3.

Notice that the uniqueness of the infinite normal form implies that the power series ¢ and v
appearing in this statement are formal invariants of the original map, in stark contrast with the one-
dimensional case where the only formal invariant is the degree of the first non-linear non-vanishing
term. Furthermore, the possibility of expressing the normal forms by using only two power series
of one variables (and their derivatives) comes from the use of Fischer Hermitian product, which is
particularly suited to this aim; other choices of complementary subspaces would lead to much more
involved normal forms.

In [A1] we showed that the quadratic terms considered in Theorem 0.1 form an almost complete
list of all possible quadratic terms up to linear change of coordinates; the only exceptions are four
degenerate cases where one of the coordinates is identically zero. In these remaining cases we shall
anyway be able to compute a second order normal form:
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Proposition 0.2: Let F € (520 be of the form F(z,w) = Fy(z,w) + Os. Then:

(i) if Fy(z,w) = (0,—22) then F is formally conjugated to a unique second order normal form
G(z,w) = Fy(z,0) + (2(2,w), ¥ (w)) ,

where 1 € C[(] and ® € C[z,w] are power series of order at least 3;
(ii) if Fo(z,w) = (0, zw) then F is formally conjugated to a unique second order normal form

G(z,w) = Fa(z,w) + (®(z,w),0) ,

where ® € C[z,w] is a power series of order at least 3;
(iii) if Fo(z,w) = (—22,0) then F is formally conjugated to a unique second order normal form

G(Z7w) = F2(Z’w) + (’QD(U)),CI)(Z,U))) ’

where 1 € C[(] and ® € C[z,w] are power series of order at least 3;
(iv) if Fo(z,w) = (22 — 2w, 0) then F is formally conjugated to a unique second order normal form

G(z,w) = Fy(z,w) + (0,<I>(z,w)) ,

where ® € C[z,w] is a power series of order at least 3.

Finally, in Section 3 we shall also discuss a few interesting examples with A = I, showing in
particular the appearance of non-trivial second-order resonance phenomena. For instance, we shall
prove the following

Proposition 0.3: Let F € O? be of the form F(z,w) = (z,w) + Fy(z,w) + Os, with
F2(Z7 w) = (—,022, (1 - ,O)Z’LU)

and p # 0. Put

E=([0,1]nQ)uU {_711

1 2
neN*} and f:([O,l]ﬂQ)U{l+n,1+n

n € N*} )
Then:

(i) if p ¢ €U F then F is formally conjugated to a unique second order normal form
G(z,w) = (z,w) + Fa(z,w) + (a2 + p(w) + (1 = p)z¢)' (w), (1 = p)wi' (w) + (3p — 1)Y(2)) ,

where ¢, 1) € C[(] are power series of order at least 3, and a € C;
(i) ifp=1+ % € F\ & then F is formally conjugated to a unique second order normal form

G(z,w) = (z,w) + F3(z,w)

+ (a0 42t 4 () - o) L) + (242 ) w(w))

where ¢, 1) € C[(] are power series of order at least 3, and ag, a1 € C;
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(iii) if p = 1+ 2 € F\ € with m odd then F is formally conjugated to a unique second order
normal form

G(z,w) = (z,w) + Fa(z,w)

+ <a023 + p(w) — %Z(Wﬁl(w) + P(w)),
_%w%//(w) + <2 + :z) ww(w)> :

where ¢, 1) € C[(] are power series of order at least respectively 3 and 2, and ag € C;
(iv) if p= —% € £\ F then F is formally conjugated to a unique second order normal form

G(z,w) = (z,w) + F(z,w)
+ (a0 + o0+ (14 1) 20w’ (w) + o).

@)+ (143 ) v (w) - Zuvw)) |

where ¢, 1) € C[(] are power series of order at least respectively 3 and 2, and ag a1 € C;
(v) if p=1€ ENF then F is formally conjugated to a unique second order normal form

G(z,w) = (z,w) + Faz,w) + (01 (w) + 2% (w), p2(w) + 2p3(w))

where 1, @2 € C[(] are power series of order at least 3, o € C[(] is a power series of order
at least 2, and @3 € C[(] is a power series;

(vi) if p=a/be€ (0,1)NQ C E\ F then F is formally conjugated to a unique second order normal
form

G(z,w) = (z,w) + FZ(za w)

+(<p(w) + 2o (2P w®) + (b — a)aaw (2w (2" w™)) + (1 — %)z(ww’(w) + P (w)),

op FPuxF ) + (1- ) wv'w) + 2fwvtw))

where ¢, 1 € C[(] are power series of order at least 3, and g, x € C[(] are power series of
order at least 1.

In future papers we plan to study the dynamics of the normal forms we obtained, and to
discuss the convergence of the normalizing transformations.

1. Renormalization

In this section we shall present the renormalization procedure for formal transformations, concen-
trating on the parts that will be useful for our aims. One of the main differences between our
approach and the one followed by Wang, Zheng and Peng is that we shall systematically use the
relations between homogeneous polynomials and symmetric multilinear maps instead of relying on
higher order derivatives as in [WZP2].

Let us start collecting a few results on homogeneous polynomials and maps we shall need later.
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Definition 1.1: We shall denote by H¢ the space of homogenous maps of degree d, i.e., of
n-tuples of homogeneous polynomials of degree d > 1 in the variables (z1, ..., z,). It is well known
(see, e.g., [C, pp. 79-88]) that to each P € H? is associated a unique symmetric multilinear map
P:(C™)% — C™ such that

for all z € C". We also set H = [ H®.
d>2

Roughly speaking, the symmetric multilinear map associated to a homogeneous map H encodes
the derivatives of H. For instance, it is easy to check that for each H € H¢ we have

(JacH)(z)-v=dH(v,z,...,2) (1.1)

for all z, v € C".
Later on we shall need to compute the multilinear map associated to a homogeneous map
obtained as a composition. The formula we are interested in is contained in the next lemma.

Lemma 1.1: Assume that P € H? is of the form
P(z) = f((Hdl(z), .. ,HdT(z)) ,
where K is r-multilinear, dy + - - - + d, = d, and Hy, € H% forj=1,...,r. Then

I~ =~
Pv,w,...,w) = 8Zde(Hd1(w),...,Hd,(v,w,...,w),...,Hd,(w))
j=1

for all v, w € C".

Proof: Write z = w + ev. Then

P(w) + deP(v,w,...,w) + O(?)
= P(w+¢ev) = K (Hy, (w+¢cv,...,w+ev),...,Hy (w+ev,...,w+ev))

= K (Hg, (w),...,Hg,(w))+ &Y d;K(Ha, (w),...,Hq,(v,w,...,w),...,Hy (w)) + O,
j=1

and we are done. OJ

Definition 1.2: Given a linear map A € M, ,(C), we define a linear operator Ly: H — H by
setting
La(H)=HoA—AH .

We shall say that a homogeneous map H € H? is A-resonant if Ly(H) = O, and we shall denote
by H4 = Ker Ly NH? the subspace of A-resonant homogeneous maps of degree d. Finally, we set
Ha =[] HE.
d>2
When A is diagonal, then the A-resonant monomials are exactly the resonant monomials ap-
pearing in the classical Poincaré-Dulac theory.
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Definition 1.3: If Q = (¢1,...,¢,) € N" is a multi-index and z = (21,...,2,) € C", we
shall put 29 = 2{' ... 28, Given A = diag(\1,...,\n) € M, ,(C), we shall say that @ € N" with
¢1 + -+ qn > 2 is A-resonant on the j-th coordinate if \{* --- Xi» = \;. If Q is A-resonant on the
j-th coordinate, we shall also say that the monomial zer is A-resonant, where {e1,...,e,} is the
canonical basis of C".

Remark 1.1: If A = diag(\1, ..., \n) € M, ,,(C) is diagonal, and 2@¢; € H? is a homogeneous
monomial (with ¢; + -+ -+ ¢, = d), then (identifying the matrix A with the vector, still denoted by
A, of its diagonal entries) we have

La(29;) = (A9 — X\))2%; .

Therefore zer is A-resonant if and only if ) is A-resonant in the j-th coordinate. In particular, a
basis of H¢ is given by the A-resonant monomials, and we have

HY = HE @ Tm Lp |y

for all d > 2.
It is possible to detect the A-resonance by using the associated multilinear map:

Lemma 1.2: If A € M, ,(C) and H € H? then H is A-resonant if and only if
H(Avy,...,Avg) = AH (v, ..., vq) (1.2)
for all vy, ...,vq € C". In particular, if H € H4 then
((JacH)oA)-A=A-(JacH). (1.3)

Proof: One direction is trivial. Conversely, assume H € H$. By definition, H is A-resonant if and
only if H(Aw,...,Aw) =AH(w,...,w) for all w € C". Put w = z + gvy; then

H(Az,...,Az) +ed H(Avi,Az, ..., Az) + O(e?) = (A(z+ev1),...,A(z 4+ evy))
= AH(z 4 evy,..., 2+ evy)
AfI(z,...7z)+5dAﬁ(vl,z,...,z)+O(52),
and thus R 3
H(Avi, Az, ..., Az) = AH(v1,2,...,2); (1.4)
in particular (1.3) is a consequence of (1.1).

Now put z = z1 + evq in (1.4). We get

Ef(Avl,Azl, e ,AZl) €(d — 1)1?(/\1)1, A’UQ,AZl, . ,AZl) + 0(62)
FI(AUl,A(Zl + 67.12), . . ,A(Zl + E'UQ))

=A (’Ul,Z1+€’L)2,...,Zl—|—€’U2)
A

(’Ulazlw"azl) +€(d_ 1)A}~I(U17U2yza-"vz) +O(€2) ’

+

and hence

H(Avl,Avg,Azl, .o .,AZl) = Af[(vl,vg,zl, ‘e ,Zl)
for all vy, vg, 21 € C". Proceeding in this way we get (1.2). O
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We now introduce the operator needed for the second order normalization.

Definition 1.4: Given P € H* and A € M,, ,(C), let Lp: H? — HIT#~1 be given by

Lpa(H)(2) =dH(P(2),Az,...,Az) — uP(H(2),2,...,2) .
Remark 1.2: Equation (1. ) implies that
f]( z,...,Az) = (JacH)(Az) - P(z) .

Therefore
Lpa(H) = ((JacH)oA)-P— (JacP) - H ;

In the notations of [WZP2] we have Lpa(H) = [H, P), and Lplye = Ta[P] when P € Hj.
Using multilinear maps it is easy to prove the following useful fact:

Lemma 1.3: Take A € M, ,,(C) and P € HY. Then Lp (M%) C HE ™ for all d > 2.

Proof: Using Lemma 1.2 and the definition of Lpx, if H € Hjl\ we get

Lpa(H)(Az) = dH(P(Az), A A?2) —pP(H(A2), Az, ..., A2)
—dH(AP(Z),AQZ, A2 ) — uP(AH(z),Az,...,Az)
= dAH( (2),Az,...,Az) — ,uAp(H(z), Z,...,2)
— ALpa(H)(2) -

0

To state and prove the main technical result of this section we fix a few more notations.

Definition 1.5: We shall denote by or = [T H¢ the space of n-tuples of formal power series
d>1

with vanishing constant term. Furthermore, given A € M, ,,(C) we shall denote by @X the subset
of F € O™ with dFp = A. Every F' € O" can be written in a unique way as a formal sum

F=>Fy (1.5)

d>1

with Fy € H? (1.5) is the homogeneous expansion of F, and F, is the d-homogeneous term of F.
We shall often write {F'}4 for Fy. In particular, if F' € O} then {F}; = A

The homogeneous terms behave in a predictable way with respect to composition and inverse:

indeed it is easy to see that if F'= )  F; and G = ) G4 are two elements of O™ then
a>1 a>1

{FoGla= >  F.(Ga,...,Ga,) (1.6)

1<r<d
dy+ - +dp=d

for all d > 1; and that if ® = I + > H, belongs to @}‘ then the homogeneous expansion of the

d>2
inverse transformation ®~' =1 + Y Kj is given by
d>2
Kqy=-Hy— Y K. (Hqg,...,Hy) (1.7)

2<r<d-—1
dy+---+dr=d

for all d > 2. In particular we have
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Lemma 1.4: Let =1+ > H, € @?, and let ' = I + 5" K, be the homogeneous expansion
d>2 d>2

of the inverse. Then if Hy, ..., H; are A-resonant for some A € M, ,,(C) and d > 2 then also K, is

A-resonant.

Proof: We argue by induction. Assume that Hs,..., Hg are A-resonant. If d = 2 then Ky = —Hy
and thus K5 is clearly A-resonant. Assume the assertion true for d — 1; in particular, Ko, ..., Kg_1
are A-resonant. Then

KgoA=-HgoA— > K.(HgoA,... ,Hy oA
2<r<d-1
dy+-Fdpr=d
=AH;— > K.(AHy,,...,AHy) = AKq
dlsz,%fid:l:d

because K, ..., K41 are A-resonant (and we are using Lemma 1.2). O

Definition 1.6: Given A € M, ,,(C), we shall say that F' € O™ is A-resonant if F o A = AF.
Clearly, F' is A-resonant if and only if {F},; € H¢ for all d € N.

The main technical result of this section is the following:

Theorem 1.5: Given F € @g, let F'= A+ ) Fy be its homogeneous expansion, with F,, # O.

d>p
Then for every ® € O} with homogeneous expansion ® = I + ) Hy and every v > 2 we have
d>2
{(I)il oFo (I)}u =F, - LA(HV) - LFH,A(HV—,LH-I) + Ql/ + R, , (18)

where @), depends only on A and on H, with v < v, while R, depends only on F, with p < v and
on H, with v <v — p+1, and we put LF‘“A(Hl) = O. Furthermore, we have:

(i) if Ha,...,H,_1 € Hp then Q, = O; in particular, if ® is A-resonant then Ly(H,) = Q, = O
for all v > 2;
ii) if ® is A-resonant then {®P~ 1o Fo®}, =0 for2<v < p, {®"toFod}, =F,, and
K Iz I3
{q)_l oFo (I)}u+1 =Fu — LFH,A(H2) ;

(iii) if F = A then R, = O for all v > 2;
(iv) if Fy,...,F,—1 and Hs,...,H,_, are A-resonant then R, is A-resonant.

Proof: Using twice (1.6) we get

{27 oFod}, =Y K,({Fo®},, ... .{Fod},)

1<s<v
vyi+-trg=v

-y S SR(F(Hayy, - Hay,), - By (Hay e Ha,,))

1<s<v 1<r;<vj 1<rs<vs
vi+-t+rs=v d11+---+d1r1 =vy dg1+ - Fdsrg=vs

=T, +S1(v)+ Y Su(v),

s>2

where ! = I + >~ K, is the homogeneous expansion of ®~1, and:
d>2

(1) T,= Y K,AH,,...,AH,,)

1<s<v
vyt Frg=v
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is obtained considering only the terms with r; = ... =r, = 1;
(2) Si(v)= Y F.(Hqa,..., Ha,)
p<r<y

di+-Fdr=v

contains the terms with s = 1 and r; > 1; and
(3)
Ssw)= Y > > K (F.(Ha,,...,Ha, ), ..., Fy,(Ha,,... . Ha,))

vi+Frs=v 1<ry<vy dii+-tdip =vy
1<rs<vg d51+...+'ds,,.szus

contains the terms with fixed s > 2 and at least one r; greater than 1 (and thus greater than or
equal to p, because F» = ... = F,_1 = O by assumption).

Let us first study 7. The summand corresponding to s = 1 is AH,,; the summand correspond-
ing to s = v is K, o A; therefore

T,=AH,+K,oA+ > K(AH,,...,AH,)=—Lr(H,)+Q,,
2<s<v-—1

vi+Frs=v

where, using (1.7) to express K,

Q=3 [K'S(AH,,U oo AH,) — Ky(Hy, oA, ... H,, oA)
e L,
depends only on A and H, with v < v because 2 < s < v — 1 in the sum. In particular, if
Hy,...,H, 1 € Hp then Q, = O, and (i) is proved.
Now let us study S1(v). First of all, we clearly have S1(v) = O for 2 < v < p, and S1(p) = F),.
When v > p we can write

Si(v)=F,+ Y, F.(Hqa,. .., Ha,)

p<r<v-—1
dy+--Fdr=v

=F, +pFy(Hy—pir, I,... .0+ > Fu(Ha,...,Hy)+ > Fu(Hg,....Ha,).
dy+---+dpu=v p+1<r<v-—1
1<max{d;}<v—p+1 dit-tdr=v

in particular, Sy(p + 1) = F,11 + pF,(Hy, I,...,I). Notice that the two remaining sums depend
only on F, with p < v and on H, with v < v —p+1 (in the first sum is clear; for the second one, if
d; > v —p+1 for some j we then would have dy +---+d, > v—p+1+7r—1>v+1, impossible).
Summing up we have

(@) for 2 <v < p,
E, for v = p,
Si(v) = F#J’_l—‘_MFM(HQ,I,...,I) forv=p+1,
F,+uF(H, i1, 1,....,0) + R. forv>p+1,
where
R! = > Fu(Ha,....Hs)+ >, F.(Ha,... Ha)
dy+tdp=v p1<r<y—1

1<max{dj}<1/7p+1 dy+--+dr=v
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depends only on F, with p < v and on H, with vy <v —pu+ 1.
Let us now discuss Sg(v) for s > 2. First of all, the condition max{ry,...,rs} > p implies

pts—1<r+-+rs<n+---+tvs=v,

that is s < v — p+ 1. In particular, Sg(v) = O if v < por if s > v — u + 1. Moreover, if we had
dij >v—p+1forsomel<i<sandl<j<r; we would get

v=dy+ - Fdey, >v—ptldrtodre—1>2v—pt+ltpts—1l-l=vt+s—1>v,

impossible. This means that Ss() depends only on F}, with p < v for all s, on H, with vy < v—p+1
when s < v — p + 1, and that S,_,1(v) depends on H,_, 11 just because it contains K, _, 1.
Furthermore, the conditions max{ry, ..., r,,_HH} > pand vy + ...+ v,_,41 = v imply that

Su—y—i—l(l/) = (V — B+ 1)KV—,LL+1(F;L7A7--'aA) = _(V — QT+ 1)HV—,LL+1(F,LL7A7-"7A) +Rz2/ )

where (using Lemmas 1.1 and (1.7))

R2 = > > diK,(Hg oA, ... Hy (Fy, ... A),... . Hy, oA)
2<r<v—p j=1
dy+-Fdp=v—p+1

depends only on A, F), and H, with v <v —p+ 1.
Putting everything together, we have

v—p+1
(Pl oFod}, =T, +S1(v) + Y Si(v)
s=2
0 if 2 <v<uy,
= F, — Ly(H,) + Qu +{ —Lp, A(H) if =gt 1,
_LFM,A(HV—/J‘-f—l) + R, ifv> w41
where
v—p
R, =RL+ R+ S.(v)
s=2

depends only on F}, with p < p and on H, with v < v — p + 1. In particular, if F' = A then we
have Ss(v) = O for all s > 1 and hence R, = O for all v > 2.

In this way we have proved (1.8) and parts (i), (ii) and (iii). Concerning (iv), it suffices to
notice that if Fy,...,F,_1 and Ha,...,H,_,41 are A-resonant, then also R., Sa(v),...,S,_,(v)
and R? (by Lemmas 1.2 and 1.4) are A-resonant. O

Remark 1.3: In [WZP2, Theorem 2.4] the remainder term R, is expressed by using combi-
nations of higher order derivatives instead of combinations of multilinear maps.

We can now introduce the second order normal forms, using the Fischer Hermitian product to
provide suitable complementary spaces.
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Definition 1.7: The Fischer Hermitian product on H is defined by

0 if h # k or p; # q; for some j;
<Zf1.uz’raneh’Z:([11”‘Z’rqlnek>: pl'pn'
(p1+ - +pn)!

if h =k and p; = ¢; for all j.

Definition 1.8: Given A € M, ,,(C), we shall say that a G € O} is in second order normal
form if G = A or (G # A and) the homogeneous expansion G = A + Y G4 of G satisfies the
d>p
following conditions:
(a) Gu # O;
(b) Ga€ H'N(Im Lg, A)* for all d > pu (where we are using Fischer Hermitian product).

Given F' € @X, we shall say that G € @X is a second order normal form of F'if G is in second order
normal form and G = ®~! o F o ® for some ® € O7.

We can now prove the existence of second order normal forms:

Theorem 1.6: Let A € M, ,(C) be given. Then each F € @X admits a second order normal
form. More precisely, if F' = A+ Y F, is in Poincaré-Dulac normal form (and F # A) then there
d>p
exists a unique A-resonant ® = I+ > Hq € O} such that Hy € (Ker Lp, A)* for all d > 2 and
d>2
G = & 1o Fo® is in second order normal form. Furthermore, if A is diagonal we also have G4 € H%
for all d > p.

Proof: By the classical theory we can assume that F' is in Poincaré-Dulac normal form. If FF = A
we are done; assume then that F' = A.

First of all, by Theorem 1.5 if ® is A-resonant we have {® 1o Fo®},; = F, for all d < p. Now
consider the splittings

7_{(1 = Im LFH7A|’H17“+1 @(Im LF‘WA|,H§i,#+1)L

and
d—
Hy T =Ker L, alya-net @ (Ker L, alya-ni1)

If d = p+1 we can find a unique G,41 € (Im Lg, A)"NH*T! and a unique Hy € (Ker Ly, A)*-NH3
such that F,, 11 = Gy1 + Lp, A(H2). Then Theorem 1.5 yields

(@7 o Fo®},p1 = Fupr — L, A({®}2) = Gpp1 + L, a(Hz) — Lr, A({9}2) ;

so to get {®1oFo®}, 41 € (Im Lp, A)"NH ! with {@}, € (Ker Ly, o)t NH3 we must necessarily
take {(I)}Q = H2.

Assume, by induction, that we have uniquely determined Hs,...,Hgy—, € (ImLp,, AT N Ha,
and thus Rq € H? in (1.8). Hence there is a unique Gq € (ImLp, o)t N H* and a unique
Hy 41 € (KerLFwA)L N ’Hi_‘“rl such that Fy + Ry = Ggq + Lp, A(Hg—py1). Thus to get
{@ 1o Fo®}y € ImLp, A)* NH with {@}g_p+1 € (KerLp, o)t N ’H‘/i\_w_l the only possi-
ble choice is {®}4— 41 = Ha—pt1, and thus {& 1o Fo d},; = Gy.

Finally, if A is diagonal then F; € H¢ for all d > p. Furthermore, Lemma 1.3 yields
Im LFHVA’,Hi—uﬁ—l - Hji\ for all d > p; recalling Theorem 1.5.(vi) we then see can we can always find

Ga € H$, and we are done. O
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The definition and construction of k-th order normal forms is similar; the idea is to extract from
the remainder term R, the pieces depending on ., with v varying in a suitable range, and use them
to build operators generalizing Ly and Lp . Since we shall not need it here we refer to [WZP2] for
details; for our needs it suffices to recall that given F' = A+~ o, Fy € @X it is possible to introduce
a sequence of (not necessarily linear) operators L [A, Fy, ..., Fy]: Ker £4=1) x H4H+1 5 3d+1 for
d > 1, with LO[A](Hy) = La(Hs) and LA, Fy)(Ho, H3) = La(H3) + Lg, A(Ho).

Definition 1.9: We shall say that G = A+ ) G4 € @K is in infinite order normal form if
d>2

Gq € Wi for all d > 2, where W, is a vector subspace of maximal dimension contained in the image
of E(dfl)[A, Ga,...,G4-1]. We shall also say that G is an infinite order normal form of F' € O} if
it is in infinite order normal form and it is formally conjugated to F.

We end this section quoting a result from [WZP2] giving a condition ensuring that a second
order normal form is actually an infinite order normal form:

Proposition 1.7: ([WZP2, Theorem 4.9]) Let A € M,, ,,(C) be diagonal, and F = A+ ) F; € (/9\7\
d>2

with Fy # O and A-resonant. Assume that Ker LF27A|H;.§ = {O} for all d > 2. Then the second

order normal form of F is the unique infinite order normal form of F'.

2. Superattracting germs

In this section we shall completely describe the second order normal forms obtained when n = y = 2
and A = O, that is for 2-dimensional superattracting germs with non-vanishing quadratic term.
Except in four degenerate instances, the second order normal forms will be infinite order normal
forms, and will be expressed just in terms of two power series of one variable, thus giving a drastic
simplification of the germs.

In [A1] we showed that, up to a linear change of variable, we can assume that the quadratic
term F5 is of one (and only one) of the following forms:

(00) Far(z,w) = (2%, zw);

(100) FQ(Z,ZU) == (0, —22),
(110) Fo(z,w) = (=22, —(22 + zw));
(111) Fo(z,w) = (—2w, — (2% + w?));
(2001) Fa(z,w) = (0, zw);
(2011) Fa(z,w) = (2w, 2w + w?);
(210p) F2(va) = (_pZZ’ (1 - p)zw), with p 7& 0;
(211p) Falz,w) = (pz* + 2w, (1 4 p)zw + w?), with p # 0;
(3100) Fa(z,w) = (2% — zw, 0);
(Boro) Falosw) = (p(—22 + 20), (1 = p) (0 — w?), with p £ 0, 1
(3pr1) Fa(z,w) = (—p2® + (1 = 7)zw, (1 — p)zw — Tw?), with p, 7 #O and p+ 7 # 1

(where the labels refer to the number of characteristic directions and to their indices; see also
[AT2]).
We shall use the standard basis {uq,;j,va,;}j=o0,....a Of He, where

Ug,j = (zjwd_j,(]) and Vd,j = (O,ijd_j) ,

and we shall endow H¢ with Fischer Hermitian product, so that {ua,j,va,j}j=0,....a is an orthogonal

basis and
d —1
a2 = lfoag |12 = (J) .
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When A = O, we have Hx = H, and the operator L = Lp, r: H? — H*? is given by
L(H)=—Jac(Fz) - H .
To apply Proposition 1.7, we need to know when Ker L|a = {O}. Since
dim Ker L|ya + dimIm L|3a = dimH¢ = dim H4! — 2 = dim Im L|ya 4+ dim(Im L)t — 2,
we find that
Ker L|ya = {O} if and only if dim(Im L|ya)* = 2. (2.1)

We shall now study separately each case.
o Case (00).
In this case we have

L(ug;) = —2uq41,j+1 — Vd+1,5 and L(va,j) = —Vdy1,j+1

foralld > 2 and j =0,...,d. Therefore

Im L|ya = Span (4g41,2, - -+, Udt1,d+1, 2Ud+1,1 + Vd41,0, V41,15 - -+ Vdt1,d41) »

and thus
(Im L|3a)* = Span (ugs 1,0, (d + Dugr11 — 20411,0) -

In particular, thanks to (2.1) and Proposition 1.7, a second order normal form is automatically an
infinite order normal form.
It then follows that every formal power series of the form

F(z,w) = (22 + O3, 2w + O3)
(where O3 denotes a remainder term of order at least 3) has a unique infinite order normal form
G(z,w) = (22 + p(w) + 24 (w), 2w — 20(w))

where ¢, 1) € C[(] are power series of order at least 3. Notice that (here and in later formulas) the
appearance of the derivative (which simplifies the expression of the normal form) is due to the fact
we are using the Fischer Hermitian product; using another Hermitian product might lead to more
complicated normal forms.

e Case (1gp).
In this case we have
L(ug;) = 2vap141  and  L(vg;) =0

forall d > 2 and j =0,...,d. Therefore
Im L’Hd = Span (Ud-i-l,lv e 7Ud+1,d+1) N

and thus
(Im L|34)* = Span (ug11,0, - - - s Ud41,d+1, Vat1,0) -

This a degenerate case, where we cannot use Proposition 1.7. Anyway, Theorem 1.6 still apply,
and it follows that every formal power series of the form

F(z,w) = (03, —2% + O3)
has a second order normal form
G(z,w) = (®(z,w), —2* + ¥ (w))
where 1) € C[¢] and ® € C[z, w] are power series of order at least 3.
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e Case (119).
In this case we have

L(ug,j) = 2uay1 j+1 + 20441541 +var1,;  and  L(vaj) = var1j41

foralld > 2 and j =0,...,d. Therefore

Im L|7—¢d = Span (2Ud+1,1 + Vd+1,0, Ud+1,25 - - -, Ud+1,d+1> Vd+1,15 - - - ,Ud+1,d+1) >

and thus
(Im L|3a)* = Span (ugy1,0, (d + 1uar11 — 2vat1,0) -

It then follows that every formal power series of the form
F(z,w) = (=2% + 03, —2% — 2w + O3)
has a unique infinite order normal form
G(z,w) = (=2° + p(w) + 29/ (w), —2° — 2w — 2¢(w))

where ¢, 1) € C[(] are power series of order at least 3.

e Case (117).
In this case we have

L(ugj) = i1, + 2var15+1 and  L(vaj) = Udr1j+1 + 20d41,5
foralld >2and j =0,...,d. It follows that

Im L[y = Span(ugi1,0 — Ud41,25 -+ - Ud41,d—1 — Udt1,d+15

Vd+1,2 — Vd+1,05 - - - s Vd+1,d+1 — Vd+1,d—1, Ud+1,0 + 2'Ud+1,17 Ud+1,1 + 2Ud+1,0) )
and a few computations yield
d+1 d+1

d+1 (d+1
(Im L|3a) " = Span | Y ( i )(Ud+1,j = 2uat1,5), Z(-UJ( j )(vd+1,j + 2uat1,5)

j=0 7=0
= Span ((—2(2 + w)d+1, (z + w)d'H), (Q(w — z)d+1, (w— z)d+1))

It then follows that every formal germ of the form
F(z,w) = (—zw + O3, —2% — w? + O3)
has a unique infinite order normal form
G(z,w) = (—2w — 2¢p(z + w) + 2(w — 2), =2 — w* + (2 + W) + P(w — 2))
where ¢, 1 € C[(] are arbitrary power series of order at least 3. Again, the fact that the normal

form is expressed in terms of power series evaluated in z + w and z — w is due to the fact we are
using Fischer Hermitian product.
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o Case (2001).
In this case we have

L(ug;) = —vay1;  and  L(va;) = —vda+1,5+1
foralld > 2 and j=0,...,d. It follows that
Im L|ya = Span (Vg4+1,0 - - - ; Vd+1,d+1)

and hence
(Im Lpa)™ = Span (ugi1,0, - - -, Ud1,a:+1) -

We are in a degenerate case; hence every formal germ of the form
F(z,w) = (O3, zw + O3)

has a second order normal form

G(z,w) = ((z,w), zw)
where ® € C[z,w] is a power series of order at least three.

e Case (2011)-
In this case we have

L(ugj) = —ugr1j —vayr;  and  L(vaj;) = —Udi1j+1 — 2Vay1,j — Vdt1,j+1
foralld >2and j =0,...,d. It follows that

Im L|ga = Span(ug+1,0, - - - » Ud41,d—15Vd+1,05 - - - » Vd+1,d—15
Udy1,d + Vat1,d» Ud+1,d+1 + Va41,d+1 + 2Va41,d)

and hence
(Im L|3a)* = Span ((d + Vuas1.a — (d+ 1)var1.a + 20a11,d401, Udi1.de1 — Vdrt.dril) -
It then follows that every formal germ of the form
F(z,w) = (2w + O3, 2w + w* + O3)
has a unique infinite order normal form
G(z,w) = (2w +we' (2) +(2), 2w + w? + 20(2) — wy'(2) = P(2)) ,

where ¢, 1 € C[(] are power series of order at least 3.

o Case (210p)-
In this case we have

L(ug;) = 2pua+1j+1 + (p = Dvarr,;  and  L(vay) = (p— Dvass,j+r

forall d > 2 and j =0,...,d. We clearly have two subcases to consider.
If p =1 then

Im L|3a = Span (Ug41,15 - - -, Ud4+1,d+1) »
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and hence
(Im L|'Hd)l = Span (ud+1’0, Vd+1,05 - - - ,vd_,_l,d_H) .

We are in the third degenerate case; hence every formal germ of the form
F(z,w) = (—2* + 03,03)
has a second order normal form
G(z,w) = (—z2 + @D(w),q)(z,w)) ,

where ¢ € C[¢] and ® € C[z,w] are power series of order at least 3.
If instead p # 1 (recalling that p # 0 too) then

Im L|ga = Span (2pugy1,1 + (P — 1)Va41,0, Ud41,25 - - - > Udt1,d4+1> V41,15 - - - s Vd1,d41) »

and hence
(Im L|3ga) ™ = Span (ua41,0, (p — 1)(d + Duar1,1 — 2pv441,0) -

It then follows that every formal germ of the form
F(z,w) = (—pz* + O3, (1 — p)zw + O3)

with p # 0, 1 has a unique infinite order normal form

G(z,w) = (—p2* + (p = Dz’ (w) + ¢(w), (1 — p)2w — 2pp(2)) ,

where @, 1 € C[(] are power series of order at least 3.

e Case (211p).
In this case we have

L(ua;) = =2puai1,j+1 — vat1,; — (1+ p)vatr; (2.2)
L(va,;) = —udat1,4+1 — 2Vat1,; — (1 + p)vasj1
foralld > 2 and j =0,...,d. We clearly have two subcases to consider.
If p = —1 then
Im L|3a = Span (Ua 41,0 — 2Udt1,15 - - s Ud1,d — 2Ud41,d+1, Ud+1,1 + 20d41,05 - - - Udt1,d + 2Vay1,d)
and hence

d+1
d+1\ 1 1
(I L|za)* = Span | ) ( i >2j(ud+1,j—4vd+1,j)7vd+1,d+1
j=0

1
_ Span <<(; N w)d+1 - (2 + w)d+1) (0, Zd+1)) ‘
It then follows that every formal germ of the form

F(z,w) = (—2* + zw + O3, w* + O3)
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has a unique infinite order normal form
2 z 2 1 z
Glau) = (= + 2wt (5 +u)u? - ol +0) +0())

where ¢, 1) € C[(] are power series of order at least 3.
If instead p # —1 (recalling that p # 0 too) then a basis of Im L|ya is given by the vectors
listed in (2.2), and a computation shows that (Im L|4q)" is given by homogeneous maps of the

form
d+1

> (ajtar; +bjvata ;)
=0

where the coefficients a;, b; satisfy the following relations:

Cjbj = —mcj'_lbj_l — mcj_ij_Q for 1=2,...,d+1,

Cja; = ;Cj_zbj_g forj=2,...,d+1,

p(1+p)
= -1 2————=
ap = (3p — )by + dr1

\ a1 = —2(d + 1)b0 — (1 + p)b1 s

bla

where 0;1 = (d}rl) and bg, by € C are arbitrary. Solving these recurrence equations one gets

1 d+1 p(l + p) ) . ) ) ) .
where /—p is any square root of —p, and
V=p—p V=Pt

m, = ——— , n, = .
g 7 p(l+p)

p(1+p)

It follows that the unique infinite order normal form of a formal germ of the form
F(z,w) = (pz® + zw + O3, (1 + p)zw + w? 4 O;)

with p # 0, —1 is

11— =p 1+ =
G(z,w) = <p22 + 2w+ — [QPgo(mpz +w) + 72pg0(npz + w)}
p 2mg 2n

# g (bl 4 ) = gzt u) )

2y=p m?) P
1—+/— 1++-=
(1+p)zw+w2+Tp Tpgo

+ pélx/-;g) (V(mpz +w) — Y(nyz + w)))

where ¢, 1 € C[(] are power series of order at least 3.

@(mﬂz + w) + (an + U))
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o Case (3100).
In this case we have
L(uaj) = w1 — 2uar1j+1  and  L(va;) = uay1 j+1

foralld > 2 and j =0,...,d. It follows that

Im L|ya = Span (ua+1,0 - - -, Ud+1,d+1)
and hence
(Im L|7_Laz)L = Span (Vg4+1,0, - - - Vd+1,d+1) -

We are in the last degenerate case; hence every formal germ of the form
F(z,w) = (2* — zw + O3, 03)

has a second order normal form
G(z,w) = (2> — 2w, ®(z,w)) ,

where ® € C[z,w] is a power series of order at least 3.

e Case (3510)-
In this case we have

L(ua;) = p(2uat1j+1 — tar1z) + (p — Dvata (2.3)
L(va;) = —pua+1j+1 + (p = 1) (vat1+1 — 2vas1,5)

foralld > 2 and j =0,...,d. Then a basis of Im L|ya is given by the homogeneous maps listed in

(2.3), and a computation shows that (Im L|a)" is given by homogeneous maps of the form

d+1

D (ajuatrj + bjvata,;)
j=0

where the coefficients a;, b; satisfy the following relations:
p—1

cj+1aj+1 = (Cj+1bj+1 — QCjbj) for j = 0, N ,d,
Cj+1bj+1 = 2Cjbj — Cj—lbj—l for ] = 1, NN ,d,

p—
Coag = 261&1 -+ Cobg s

-1

where c; (d;rl) and by, by € C are arbitrary. Solving these recurrence equations we find

( )[d+1 (j—l)bo} for j=0,...,d+1,
pp (d—i‘_l) [d+1bl +(J *3)50} for j=0,...,d+ 1,

aj j

where by, by € C are arbitrary. So every formal germ of the form
F(z,w) = (p(=2° + zw) + O3, (1 — p) (2w — w?) 4+ O3)
with p # 0, 1 has a unique infinite order normal form
0
G(z,w) = (p(—22 + zw) + 25 [o(z +w) + ¢¥(z +w)] — ¢(z +w),
2 p—1 0
(1—p)(zw—w*) + - z%[ap(z—l—w) — (2 +w)] — 3p(z + w) + 2¢(z + w)

where ¢, 1 € C[(] are power series of order at least 3.
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e Case (3,:1).
In this case we have

L(ua ;) = (1 — Dugr1j + 2pugr1 1 + (p — Dvayr,

and
L(va,j) = (1 = Duat1,j+1 + 210411,5 + (p — 1)vat1,51
foralld >2and j =0,...,d. As before, we have a few subcases to consider.
Assume first p =7 = 1. Then
Im L|3a = Span (Ug+1,1, - - -, Wd41,d+1> Vdt1,05 - - - » Vd+1,d) ;
hence

(Im L|3a)™ = Span (uat1,0, Va+1,d4+1)

It then follows that every formal germ of the form
F(z,w) = (=2% + O3, —w* + O3)
has a unique infinite order normal form
G(z,w) = (=2 + p(w), —w’ +¥(2)) ,

where ¢, 1) € C[(] are power series of order at least 3.
Assume now p # 1. Then a computation shows that (Im L|y«)* is given by homogeneous

maps of the form
d+1

> (ajugpry +bjvar;)
j=0

where the coefficients a;, b; satisfy the following relations:

T .
Cir10541 = ;Cj—lbj—l for J = 1, N ,d,
27 (T —1) )
Cj 1b'+1:—76‘b'—70'_1b‘_1 fOI‘j:L...,d, 2.4
J+1Y7 p_ljj p(p_l)J J ( )
(tr—1Decrar + (p— 1)epby + 27¢pbg =0,
(1 —1)coap + (p — 1)cobo + 2pcia; =0,

where ¢ and by, by € C are arbitrary.

When 7 = 1 conditions (2.4) reduce to

1_ (d-}-l)

1 .
Cji+10541 = ;ijlbjfl for ] = 1, N ,d,

2
it1bj41 = ———¢;b; forj=1,...,d
Cj+195+1 p_chJ or J ey Oy

(p — I)Clbl 4+ 2¢cobg =0,
(p — 1)cgbo + 2pcia; =0,
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j—2
o= (TP (22) hy forjot1,. e,
J Jp\l—=p

d+1 2\’
j:< + ><> bo fOI‘jZO,...,d—i-l,
J 1—p

where ag, bg € C are arbitrary. Therefore

d+1 d+1
DL = d+1 (1-p)? 2 2
(Im L|5a)~ = Span ((w ,O),( 1 <1_pz+w , 1_pz+w ,

and thus every formal germ of the form

whose solution is

F(z,w) = (—pz*> + O3, (1 — p)zw — w® + O3)
with p # 1 has a unique infinite order normal form

N2
. 4,0p) ¢(1Epz+w>’(1_p)zw_WQ+¢(1ipZ+w>> ’

where ¢, ¢ € C[(] are arbitrary power series of order at least 3.
The case p = 1 and 7 # 1 is treated in the same way; we get that every formal germ of the
form

Glau) = (=2 + plu) +

F(z,w) = (=2° + (1 = 7)zw + O3, —Tw”* + O3)

with 7 # 1 has a unique infinite order normal form

Gl w) = <—z2—|—(1 S <1;Tz+w> —rw? + p(2) + (1;:)21/) <1;Tz+w>> ,

where ¢, 1 € C[(] are power series of order at least 3.
Finally assume p, 7 # 1 (and p 4+ 7 # 1). Solving the recurrence equations (2.4) we find

1 d+1 1), A
b — ( + )[’)(p)(mgf—nmbl
2\/pr(p+7—-1)\ J d+1 ’ ’

+ (pT(m{),'r - n]é,T) pT(p +7 - 1)(mi),7 + nf),T))bO )

for j =0,...,d+ 1, where \/pT(p+ 7 — 1) is any square root of p7(p+ 7 — 1), and

Verlp+1—1)—pt _ _Verlptr -1 +pr

plp—1) n e T plp—1)

Moreover, from (2.4) we also get

d+1 -1 . .
0 = _ ( B ) ['O(’))Wp‘f —n) )b
20¢/pT(p+7—=1)\ J d+1 ’ ’

+ (pr(m) 2 =0l )+ pr(p+7—1)(m) 2 +nl ?))bol| ,

Mp,r =
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again for j = 0,...,d+ 1. It follows that the unique infinite order normal form of a formal germ of
the form
F(z,w) = (—pz* + (1 — 7)zw + O3, (1 — p)zw — Tw* + O3)

with p, 7#0, land p+ 7 # 1, is

T [Ve+T1T—1+/pT
G(z,w) = <—pz2 +(1—7)zw+ — P 53 P o(mp 2+ w)
p pP,T
veo+T1—1—4/pT
+ 52 @(np,rz+w)
pPsT

1 1
L e+ w) = —p(nyaz w>] |
m2 . r nZ "

9 \/p—i—ri—l—i-\/pir
w” + 5 )

(1—-plzw—rT (mp,rz +w)

R
+ 5 ®

(npr2z+w)
+Y(my 2 +w) —P(n, -2+ w)) ,

where the square roots of p7 and of p + 7 — 1 are chosen so that their product is equal to the
previously chosen square root of pr(p+7 — 1), and ¢, ¥ € C[(] are power series of order at least 3
— and we have finished proving Theorem 0.1 and Proposition 0.2.

3. Germs tangent to the identity

In this section we shall assume n = 4 = 2 and A = I, that is we shall be interested in 2-dimensional
germs tangent to the identity of order 2. We shall keep the notations introduced in the previous
section. It should be recalled that in his monumental work [E1] (see [E2] for a survey) Ecalle
studied the formal classification of germs tangent to the identity in dimension n, giving a complete
set of formal invariants for germs satisfying a generic condition: the existence of at least one
non-degenerate characteristic direction (an eigenradius, in Ecalle’s terminology). A characteristic
direction of a germ tangent to the identity F' is a non-zero direction v such that F,(v) = Av for
some A € C, where F), is the first (nonlinear) non-vanishing term in the homogeneous expansion
of F. The characteristic direction v is degenerate if A = 0.

For this reason, we decided to discuss here the cases without non-degenerate characteristic
directions, that is the cases (1go), (110) and (2g01), that cannot be dealt with Ecalle’s methods.
Furthermore, we shall also study the somewhat special case (00), where all directions are char-
acteristic; and we shall examine in detail case (219,), where interesting second-order resonance
phenomena appear.

When A = I the operator L = L, A is given by

L(H)=Jac(H) - F» — Jac(Fy) - H .

In particular, L(F3) = O always; therefore we cannot apply Proposition 1.7 (nor other similar
conditions stated in [WZP2]), and we shall compute the second order normal form only.

o Case (00).

In this case we have

L(ug,j) = (d = 2)ugt1,j41 — vat+1,;  and  L(va;) = (d — Dvatr, 41



Formal Poincaré-Dulac renormalization for holomorphic germs 25

foralld > 2 and j =0,...,d. Therefore

T L]y = Span (Ug41,2, - - -, Udt1,d+15 (d = 2)Ud1,1 — V41,00 Vdt1,15 - - - s Vdg1,d41) for d > 2,
H Span (vs,0, ..., V33) for d = 2.

Thus
(Im L| d)J_ | Span (ug4+1,0, (d + Lugs1,1 + (d — 2)vgq1,0) for d > 2,
H ~ | Span (usp,...,us3) for d = 2.

It then follows that every formal power series of the form
F(z,w) = (z+ 2* + O3,w + zw + O3)
has as second order normal form
G(z,w0) = (2 + 2% + ap2® + a1 2°w + azzw® + p(w) + 29 (w), 2w + WY’ (W) — 3Yp(w))

where ¢ € C[(] is a power series of order at least 3, 1) € C[(] is a power series of order at least 4
and ag, a1, as € C.
e Case (1gp).
In this case we have

L(uaj) = (j = d)uat1j+2 + 20441541 and  L(vg;) = (J — d)vas o
forall d > 2 and j =0,...,d. Therefore

Im L|3a = Span (204411 — dUd41,2, Ud41,35 - - > Ud1,d+15 Vdt1,25 - - - > Vdt1,d+1)
and thus
(Im L|7—Ld)L = Span (Ud-‘,-l,Oaud—f—l,la'Ud—',-l,mUd+1,2 + Ud+1,1) .
It then follows that every formal power series of the form
F(z,w) = (2 + O3,w — 2* + O3)

has as second order normal form

Gz, w) = (2 + wp (1) + 2a(w) + 2246(w), w — 22+ wips (w) + 2wip(w)) |

where ¢1, 2, @3 € C[(] are power series of order at least 2, and 1) € C[(] is a power series of order
at least 1.

e Case (119).
In this case we have
L(uaj) = (2 = d)udgr1j+1 — (d — J)udr1j+2 + 2Vat1j+1 + Var1,
and
L(va;) = (1 = d)vat1,j41 — (d = J)Vat1,5+2

foralld > 2 and j =0,...,d. Therefore

~ [ Span ((2 — d)ugs1,1 + Va+1,00Ud41,2, - - - » Ud41,d 41, Vdt1,15 - - - > Vd41,d+1) for d > 2,

ImL"Hd =
Span (v3,0 — 2u3,2, U3,3, V3,1, V3,2, 3,3) for d = 2,

and thus
(Im L d)J_ _ Span (ug+1,0, (d + Dugyr1 + (d —2)vgy1,0) for d > 2,
H Span (U370, u3,1, ?)U372 + 2’[)370) for d = 2.

It then follows that every formal power series of the form

F(z,w) = (z — 2° + O3,w — 2° — 2w + O3)
has as second order normal form
G(z,w) = (z — 2% + p(w) + a1 2w* + 3azz’w + 29/ (W), w — 2> — 2w + 2a0w® + W' (w) — 3Y(w)) |
where ¢ € C[(] is a power series of order at least 3, ¢ € C[(] is a power series of order at least 4,
and aq, ag € C.
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o Case (2001).
In this case we have
L(ud,j) = (d — j)ud+17j+1 — Ud+1,j and L(vd7j> = (d —j — 1)vd+17j+1

foralld > 2 and j =0,...,d. It follows that

Im L|3a = Span (duq11,1 — V41,0 Udt1,2, - - - > Ud41,ds Vd41,15 - - - Vd41,d+1)
and hence
1
(Im L|3ga)™ = Span (ua+1,0, d+1,d+1, (d + L)uatr,1 + dvayio) -

It then follows that every formal germ of the form
F(z,w) = (24 O3,w + zw + O3)
has as second order normal form

G(z,w) = (2 + ¢1(2) + pa(w) + 29" (w), 2w + wi' (w) — P (w))
where @1, @2, ¥ € C[(] are power series of order at least 3.

e Case (210p)-
In this case we have

L(ug,;) = (d—j—dp+2p)uat1,j+1+(p—1var1,; and  L(va;) = (d—j—dp+p—1)vat1,j4+1 (3.1)

for all d > 2 and 5 = 0,...,d. Here we shall see the resonance phenomena we mentioned at the
beginning of this section: for some values of p the dimension of the kernel of L] increases, and in
some cases we shall end up with a normal form depending on power series evaluated in monomials
of the form z~%w?.

Let us put

fd—g5—-17] . fd—g .
Ed—{ o1 ‘]—0,...,(1}\{0} and Fd_{d—Q j=0,....d 1}

(we are excluding 0 because p # 0 by assumption), where Ey is defined for all d > 2 whereas Fy is
defined for all d > 3, and set
n €N *}

nEN*}.

So & is the set of p € C* such that L(vgq ;) = 0 for some d > 2 and 0 < j < d, while F is the set of
p € C* such that L(ug ;) = (p — 1)vg41,; for some d >3 and 0 < j <d— 1.

Let us first discuss the non-resonant case, when p € £ U F. Then none of the coefficients in
(3.1) vanishes, and thus

£ = UEd:((O,l]ﬂQ)U{—l

n
d>2

and

F= UFd:((O,l]ﬁ@)U{lJri,lJrz

d>3

Im L|32 = Span (2us 1 + (p — 1)vs,0,u3,2, 3,1, V3,2, U3,3)
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and
Im L|ya = Span ((d — dp + 2p)ugr+11 + (P — 1)Vdt1,0, Ud+1,25 - - - s Udt1,d+15 V41,15 - - - Vd+1,d+1) >
for d > 3, and hence

(I L) - = Span (ug41,0, (1 — p)(d + Dugyr,1 + (d(1 — p) +2p)vgp1,0) for d > 3,
. Span (us3,0, u3,3, 3(1 — p)us 1 + 2v3,0) for d = 2.

It then follows that every formal germ of the form
F(z,w) = (2 — pz® + O3,w + (1 — p)zw + O3)
with p ¢ £ UF (and p # 0) has as second order normal form
G(z,w) = (2 = p2° +a2° + p(w) + (1 = p)2¢ (w), w + (1 = p)zw + (1 = pJwi’(w) + (3p — 1)9(2)) ,
where ¢, ¢ € C[(] are power series of order at least 3, and a € C.
Assume now p € F\ €. Then L(vg,;) # O always, and thus vgy1,; € Im L|ya for all d > 2 and

all j =1,...,d+ 1. Since p > 1, if d > 2 it also follows that ugyi j+1 € ImL|ya for j=1,...,d.
Now, if p =1+ (1/n) then

d
_— = = 1
TP = d=2(n+1),
and do1

Taking care of the case d = 2 separately, we then have

Im L|fHd
Span ((d — dp + 2p)uas1,1 + (P — 1)Va41,0, Ud41,25 - - - s Ud41,d4+15 V41,15 - - - s Vd+1,d+1)
ford>3,d#n+2 2(n+1),
= < Span (tg4+1,1 + (0 — 1)Vd41,0, Ud41,3, - - - » Ud1,d4+15 Vdt1,15 - - - Vdg1,dg1)  for d =mn+2,
Span (Ud+1,2, -« > Ud+1,d+15 Vd+1,05 - - - s Vd+1,d+1) for d=2(n+1),
Span (2us1 + (p — 1)vs 0, u3,2,v3,1,V3,2,V33) for d = 2,
and hence
(ImL’Hd)L
Span (11,0, (1 — p)(d + Va1 + (d(1— p) + 2p)vasno) ford >3, d#n+2, 2n+1),
) Span (tg41,0, wd41,2, (1 — p)(d + 1)ugs1,1 + vit1,0) for d =n +2,
Span (4d+1,0, Ud+1,1) for d =2(n+1),
Span (ug,0,us,3,3(1 — p)us 1 + 2v30) for d = 2.

It then follows that every formal germ of the form

1 1
F(z,w) = <z— <1+n> 22+ O3, w — nzw+03)
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with n € N* has as second order normal form

G(z,w) = <z — <1 + i) 22+ p(w) + (1 = p)ze (w) + apz® + a1 22w™ ™,

w — %zw + (1 = p)wy’(w) + (3p — 1)¢(w)) ’

where ¢, 1 € C[(] are power series of order at least 3, and ag, a; € C.
If instead p = 1+ (2/m) with m odd (if m is even we are again in the previous case) then

d
1-2 p = m+ 2,
whereas % = p always. Hence
Im L|'Hd
Span ((d —dp + 2P)Ucl+1,1 + (,0 - 1)Ud+1,0, Ud+1,25 - -+ > Ud+1,d+1, Vd+1,15 - - - ,Ud+1,d+1)

_ ford>3,d#m+2,
) Span (Ug+1,2, - - -, Wd41,d+1> Vdt1,05 - - - > Vd+1,d+1) for d =m + 2,
Span (2us1 + (p — 1)vs,0, u3 2, 03,1, V3,2, V3,3) for d = 2,

and thus
Span (ug+1,0, (1 — p)(d + Dugy1,1 + (d — dp + 2p)vas1,0) ford >3, d # m+ 2,
(ImL’Hd)L = ¢ Span (Ud+1,0, Ud+1,1) for d =m+ 2,

Span (us,0, u3,3, 3(1 — p)us 1 + 2vs0) for d = 2.

It then follows that every formal germ of the form

F(z,w) = <z— <1+2> 22+ O3, w — 2zw+03>
m

m

with m € N* odd has as second order normal form
2
G(z,w) = <z - <1 + m> 22 4+ o(w) + apz® + (1 — p)z(wy' (w) + p(w)),

w — %zw + (1 - p)w’y (w) + 2pw¢(w)> ’

where ¢ € C[(] is a power series of order at least 3, ¢ € C[(] is a power series of order at least 2,
and ag € C.

Now let us consider the case p = —1/n € £\ F. In this case the coefficients in the expression
of L(ug ;) are always different from zero (with the exception of d = j = 2), whereas

d—j—dp+p—1=0 <<= j=d=n+1.

It follows that

ImL"Hd
Span ((d — dp + 2p)uay1,1 + (P — 1)Va41,0, Ud41,2, - - - » Ud41,d41> Va1, - - > Vdt1,d+1)
ford>3,d#n+1,
= ¢ Span ((d —dp + 2p)uar1,1 + (P — 1)Vas1,0,Ud41,25 - -+ > Ud41,d 415 Vd41,15 - - - » Vdt1,d)
ford=n+1,

Span (2usz1 + (p — 1)vs 0, u3 2, 3.1, V3,2, V3.3) for d = 2,
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and thus
(Im L|3a)*

Span (ug+1,0, (1 — p)(d + 1ugr1,1 + (d — dp + 2p)vasi0) ford>3,d#n+1,
= { Span (ug41,0,Vas1,d+1, (1 — p)(d + Dugrrn + (d — dp +2p)vg10) ford=n+1,

Span (ug,0,us,3,3(1 — p)us 1 + 2v3 ) for d = 2.

It then follows that every formal germ of the form
1, 1
Flz,w)=(z+—2"4+03,w+ (14 = | 2w+ O3
n n
with n € N* has as second order normal form
1
G(z,w) = <z + 522 + o(w) + apz® + (1 — p)z(wy' (w) + Y(w)),

wt (1 " ;) 2w+ (2) a2 4 (1 phut () + 2pww<w>> |

where ¢ € C[(] is a power series of order at least 3, ¢ € C[(] is a power series of order at least 2,
and ag, a; € C.
Let us now discuss the extreme case p = 1. It is clear that

Im L|3a = Span (Ug41,1, Ud+1,2, Ud+1,45 - - - » Ud1,d4+15 Vd41,25 - - - s Vdt-1,d+1)

and hence

(Im L|3a)" = Span (ug+1,0, Ud+1.3, V1,05 Vdr1,1) s

It then follows that every formal germ of the form
F(z,w) = (z — 2> + O3,w + O3)
has as second order normal form
G(z,w) = (z — 2% + p1(w) + 22 (w), w + p2(w) + 2¢3(w)) ,

where @1, @2 € C[(] are power series of order at least 3, p3 € C[(] is a power series of order at
least 2, and i € C[(] is a power series.
We are left with the case p € (0,1) N Q. Write p = a/b with a, b € N coprime and 0 < a < b.

Now
d—1)(b—
d—j—l—g(d—l):() — j:u;
b b
since a and b are coprime, this happens if and only if d = ¢ + 1 and j = (b — a)¢ for some ¢ > 1.
Analogously,
a(d—2)

d—j—2(d-2)=0 < j=d— —

b
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again, being a and b coprime, this happens if and only if d = 0¢ + 2 and j = (b — a)f + 2 for some
£ > 0. It follows that

Im L|ya
( Span ((d — dp + 2p)ud+171 + (,0 — 1)’Ud+170, Ud41,2y -+ > Ud1,d+1s Vdd+1,1y - - - ,’L)d+1,d+1)
ford>3,d#1, 2 (mod b)
Span ((d — dp + 2p)ud+1,1 + (,0 — 1)’Ud_|_170, Ud41,2y - - - ,ud+1@a)g+2, ey U 1,d 41,
_ V1,15 -+ Vd 1 (b—a)lt1s - - - > V1 dt1s U1, (b—a)e+2 — (& — 1) Va1, (b—a)et1)
ford=0b0+1,
Span ((d — dp + 2p)uay1,1 + (P — 1)Va11,0, Ud+1,25 - - - > Ud1,(b—a)e+3s - - - > Udt1,d+15
V4115 -« > Vdt1,d+1) for d = bl + 2,
[ Span (2u3 1 + (p — 1)vs,0,u3,2,v3,1,03,2,v3,3) for d = 2,

(where the hat indicates that that term is missing from the list), and thus

(Im Llyge)
Span (ug+1,0, (1 = p)ugsi,1 + (d—dp +2p)vit1,0) ford >3,d# 1,2 (mod b),
Span (ug+1,0, (1 = p)uas1,1 + (d — dp + 2p)vay1,0,

= (b — a)(al + Vugrr,p-ayes2 + a((b = a)l +2)vaq1 (b-ayer) for d=bl+1,
Span (ud+170, Ugt1,(b—a)e+3> (1 — p)uat1,1 + (d —dp + 2p)vd+1,0) for d = bl + 2,
Span (U3’0, u3,3, 3(1 — p)u;),,l + 21)370) for d = 2.

It then follows that every formal germ of the form

F(z,w) = (z—%zz—i—Og,w—l— (1—%) zw+03>

with a/b € (0,1) NQ and a, b coprime, has as second order normal form
G(z,w)

— <z — %zQ + o(w) + 2300 (227 %) + (b — a)ai} (2w (2" w®)) + (1 - %) 2(wy' (w) + ¥(w)),

w + <1 - %) zw + a% (22wx(zb_“w“)) + (1 - %) w?y' (w) + ZZw@D(w)) )

where @, 1) € C[(] are power series of order at least 3, and ¢g, x € C[(] are power series of order
at least 1 — and we have proved Proposition 0.3.
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