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ABSTRACT. We prove the existence of automorphisms of C*, k > 2, having an invariant,
non-recurrent Fatou component biholomorphic to C x (C*)*~1 which is attracting, in the
sense that all the orbits converge to a fixed point on the boundary of the component.
As a corollary, we obtain a Runge copy of C x (C*)*=! in C*. The constructed Fatou
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INTRODUCTION

Let F be a holomorphic endomorphism of C¥, k > 2. In the study of the dynamics of
F, that is of the behavior of its iterates, a natural dichotomy is given by the division of
the space into the Fatou set and the Julia set. The Fatou set is the largest open set where
the family of iterates is locally normal, that is the set formed by all points having an open
neighborhood where the restriction of the iterates of the map forms a normal family. The
Julia set is the complement of the Fatou set and is the part of the space where chaotic
dynamics happens. A Fatou component is a connected component of the Fatou set.

A Fatou component 2 for a map F is called invariant if F/(2) = Q.

We call an invariant Fatou component €2 for a map F' attracting if there exists a point
p € Q with lim,,_,o, F"(2) = p for all z € . Note that, in particular, p is a fixed point
for F. If p € Q2 then Q is called recurrent, and it is called non-recurrent if p € 0f).

Every attracting recurrent Fatou component of a holomorphic automorphism F of C*
is biholomorphic to C*. In fact it is the global basin of attraction of F' at p, which is an
attracting fixed point, that is all eigenvalues of dF, have modulus strictly less than 1 (see
[12] and [14]).

As a consequence of the results obtained by T. Ueda in [17] and of Theorem 6 in [11] by
M. Lyubich and H. Peters, every non-recurrent invariant attracting Fatou component €2 of
a polynomial automorphism of C? is biholomorphic to C?. L. Vivas and the third named
author in [16] produced examples of automorphisms of C? having attracting non-recurrent
Fatou component biholomorphic to C? x C*.

The main result of our paper is the following:

Theorem 0.1. Let k > 2. There exist holomorphic automorphisms of C* having an
invariant, non-recurrent, attracting Fatou component biholomorphic to C x (C*)k=1.

In particular, this shows that there exist (non polynomial) automorphisms of C? having
a non-simply connected attracting non-recurrent Fatou component. Our construction
also shows that the invariant non-recurrent attracting Fatou component biholomorphic
to C x (C*)¥~1 avoids k analytic discs which intersect transversally at the fixed point.
Moreover as a corollary of Theorem 0.1 and [17, Proposition 5.1], we obtain:

Corollary 0.2. Let k > 2. There exists a biholomorphic image of C x (C*)k=1 in CF
which is Runge.

The existence of an embedding of C x C* as a Runge domain in C? was a long standing
open question, positively settled by our construction. After a preliminary version of this
manuscript was circulating, F. Forstneri¢ and E. F. Wold constructed in [8] other examples
of Runge embeddings of C x C* in C? (which do not arise from basins of attraction of
automorphisms) using completely different techniques.

Notice that, thanks to the results obtained by J. P. Serre in [15] (see also [10, Theorem
2.7.11]), every Runge domain D C C* satisfies HY(D) = 0 for all ¢ > k. Therefore
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the Fatou component in Theorem 0.1 has the highest possible admissible non-vanishing
cohomological degree.

The proof of Theorem 0.1 is rather involved and we give an outline in the next section.
In the rest of the paper, we will first go through the proof in the case k = 2, and then
show the modifications needed for all dimensions.

The proof relies on a mixture of known techniques and new tools. We first choose a
suitable germ having a local basin of attraction with the proper connectivity and extend it
to an automorphism F of C*. Using more or less standard techniques we extend the local
basin to a global basin of attraction €2 of F' and then we define a Fatou coordinate. Next,
we exploit a new construction to prove that the Fatou coordinate is in fact a fiber bundle
map, allowing us to show that Q is biholomorphic to C x (C*)*~1. The final rather subtle
point is to show that €2 is indeed a Fatou component. We have to introduce a completely
new argument, which is based on Péschel’s results in [13] and detailed estimates for the
Kobayashi metric on certain domains.

Acknowledgements. Part of this paper was written while the first and the third named
authors were visiting the Center for Advanced Studies in Oslo for the 2016-17 CAS project
Several Complex Variables and Complex Dynamics. They both thank CAS for the support
and for the wonderful atmosphere experienced there.

The authors also thank Han Peters for some useful conversations, and the anonymous
referee, whose comments and remarks improved the presentation of the original manu-
script.

1. OUTLINE OF THE PROOF IN DIMENSION 2

For the sake of simplicity, we give the outline of the proof for £k = 2. We start with a
germ of biholomorphism at the origin of the form

(1.1) Fy(z,w) = ()\z (1 _ %) Aw (1 — %)) ,

where A € C, |A| = 1, is not a root of unity and satisfies the Brjuno condition (5.1).
Thanks to a result of B. J. Weickert [18] and F. Forstneric¢ [6], for any large [ € N there
exists an automorphism F' of C? such that

(1.2) F(z,w) = Fy(z,w) = O(||(2, w)[").

These kind of maps are a particular case of the so-called one-resonant germs. Recall that
a germ of biholomorphism F of C? at the origin is called one-resonant if, denoting by
A1, Ao the eigenvalues of its linear part, there exists a fixed multi-index P = (py, ps) € N?
with p; + pa > 2 such that all the resonances A\; — A" A\J"? =0, for j = 1,2, are precisely
of the form \; = A, - AiP* \5P* for some k > 1.

The local dynamics of one-resonant germs has been studied by the first named author
with D. Zaitsev in [3] (see also [4]).
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Let
B:={(z,w) € C*: zw € S, |z| < |2w|’, |w| < |zw|’},

where /5 € (0, %) and S'is a small sector in C with vertex at 0 around the positive real axis.

In [3] (see also Theorem 2.3) it has been proved that for sufficiently large [ the domain B

is forward invariant under F', the origin is on the boundary of B and lim,,_,., F"(p) = 0

for all p € B. Moreover, setting * = zw,y = w (which are coordinates on B) the domain

becomes {(x,y) € Cx C*:z € S, |z|'*"? < |y| < |z|°}. Hence B is doubly connected.
Now let

Q = UneNF_n(B)

The domain €2 is connected but not simply connected.
For a point (z,w) € C?, let (z,,w,) := F"(z,w). In Theorem 5.2 we show that

0 = {(zw) € C\{(0,0)} : lim || (0, w)| =0, [zl ~ ]},

and moreover, if (z,w) € Q then |z,| ~ |w,| ~ \/%;

Having a characterization of the behavior of the orbits of a map on a completely invari-
ant domain is however in general not enough to state that such a domain is the whole Fatou
component, as this trivial example illustrates: the automorphism (z,w) — (3, %) has the
completely invariant domain C* x C* which is not a Fatou component but |z,| ~ |w,|.

In order to prove that €2 coincides with the Fatou component V' containing it, we exploit
the condition that A is also Brjuno (see Section 5 for details). In this case there exist two
F-invariant analytic discs, tangent to the axes, where F' acts as an irrational rotation. In
particular, one can choose local coordinates at (0,0), which we may assume to be defined
on the unit ball B of C?> and B C B, such that {z = 0} and {w = 0} are not contained
in VNB. Let B, := B\ {zw = 0}. Now, if V # Q, we can take py € Q, g0 € V' \ Q,
and Z a connected open set containing py and gy and such that Z C V. Moreover, since
{F™} converges uniformly to the origin on Z, up to replacing F by one of its iterates,
we can assume that the forward F-invariant set W := U,enF™(Z) satisfies W C B,. By
construction, for every 6 > 0 we can find p € ZNQ and ¢ € ZN (V \ Q) such that
kw(p,q) < kz(p,q) < §, where ky is the Kobayashi (pseudo)distance of W. By the
properties of the Kobayashi distance, for every n € N we have

ke, (F"(p), F"(q)) < kw(p, q) < 9.
Also, if (z,,wy,) == F™(p), (Tn,yn) := F"(q), then
k]D)* (Zn7$n> < 57 k]D)* (wna yn) < 57

where D* is the punctured unit disc. Since ¢ & Q, F"(q) € B for all n € N, and so (by
the above mentioned characterization of orbits’ behavior of points in {2) we can ensure
that, up to passing to a subsequence, we have |z,| ¢ |y,|. By the triangle inequality
and properties of the Kobayashi distance of D*, the shape of B forces kp«(z,,y,) to be
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bounded from below by a constant depending only on £, leading to a contradiction (see
Theorem 5.7 for details).

Finally, in order to show that €2 is biholomorphic to C x C* we construct a fibration
from €2 to C in such a way that €2 is a line bundle minus the zero section over C, hence,
trivial. In fact, for this aim we do not need the Brjuno condition on .

We first prove in Section 3 the existence of a univalent map ) on B which intertwines
F on B with a simple overshear. The first component 1 of @) is essentially the Fatou
coordinate of the projection of F' onto the zw-plane and satisfies

YoF =19+ 1.

The second component o is the local uniform limit on B of the sequence {0, } defined by

n—1
1 1
on(z,w) == N'm(F"(z,w))exp | =Y ——— |,
e T e e e
and satisfies the functional equation

— _1
ogo = )\e 2.

Next, using dynamics, we extend such a map to a univalent map G defined on a domain
Qo C €2, and we use it to prove that ) is a line bundle minus the zero section over C.
Since all line bundles over C are globally holomorphically trivial, we obtain that Q is
biholomorphic to C x C* (see Section 4 for details).

We will now go through the proof in great detail in dimension 2 and in the last section
we will give the changes needed for the higher dimensional case.

NOTATIONS AND CONVENTIONS IN C?

We set up here some notations and conventions we shall use throughout the paper.
Welet 7 : C? - C, m, : C?2 — C, my : C? — C be defined by

(z,w) = zw, m(z,w) =2z m(z,w)=w.

If F:C? — C? is a holomorphic map, we denote by F™ the n-th iterate of F', n € N,
defined by induction as F" = F o F"™1 F° = id. Moreover, for (z,w) € C*> and n € N,
we let

Up = m(F"(z,w)), U,:=—, z,:=m(F"(z,w)), wy,:=m(F"(z,w)).

If f(n) and g(n) are real positive functions of n € N, we write f(n) ~ g(n), if there
exist 0 < ¢; < ¢y such that ¢, f(n) < g(n) < caf(n) for all n € N. Moreover, we use the
Landau little/big “O” notations, namely, we write f(n) = O(g(n)), if there exists C' > 0

such that f(n) < Cg(n) for all n € N, while we write f(n) = o(g(n)), if lim, % = 0.
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2. THE LOCAL BASIN OF ATTRACTION B

In this section we recall the construction of the local basin of attraction, and we provide
the local characterization that we use in our construction.

Let Fy be a germ of biholomorphism of C?, fixing the origin, of the form

(2.1) Fy(z,w) = ()\z (1 — %) Aw (1 — %)) ,

where A € C, || = 1, is not a root of unity.
Definition 2.1. For ¢ € (0,7) and R > 0 we let

1 1

Also, we let
H(R,0):={C€C:Re( > R,|Arg(¢)] < 6}.

D. Zaitsev and the first named author proved that any small variation of Fy admits a
local basin of attraction. In order to state the result in our case, let us introduce some
sets:

Definition 2.2. For 3 € (0,3) we let
W(B) :={(z,w) € C*: 2| < |2w|’, |w| < |zw|’}.
For every R >0, 8 € (0,3) and 6 € (0, %), we let
B(B,0,R) :={(z,w) e W(pB) : zw € S(R,0)}.
In [3, Theorem 1.1] it is proven:

Theorem 2.3. Let Fy be a germ of biholomorphism at (0,0) of the form (2.1). Let
Bo € (0,1/2) and let 1 € N, | > 4 be such that 5o(l +1) > 4. Then for every 6y € (0,7/2)
and for any germ of biholomorphism F at (0,0) of the form

F(z,w) = Fy(z,w) + O(||(z,w)])

there exists Ry > 0 such that the (non-empty) open set Br := B(fo, 0y, R) is a uni-
form local basin of attraction for F, that is F(Bgr) C Bg, and lim, ., F™(z,w) = (0,0)
uniformly in (z,w) € Bg.

Definition 2.4. Let F(z,w) = Fy(z,w) + O(||(z,w)|") be as in Theorem 2.3 and fix
6o € (0,7/2). We set
B := BRO - B(BO7807 RO)

In the following, we shall use some properties of B, that we prove below. We start with
a lemma, allowing us to characterize the pre-images of B.



NON-SIMPLY CONNECTED FATOU COMPONENTS 7

Lemma 2.5. Let F and B be as in Theorem 2.5. Let 3 € (0, 3) be such that S(1+1) > 2
and (z,w) € C* such that (z,,w,) — (0,0) as n — oo. If there exists ny € N such that
(zn,wyn) € W(B) for all n > ng, then

(1) limy, oo nu, = 1 and lim,, o ﬁ =1 (in particular, |u,| ~ %),

(2) |zn] ~ 0% and |w,| ~ n~Y/?,
(3) for everyy € (0,1/2) there exists n, € N such that (z,,w,) € W(y) for alln > n,,.

In particular, (z,,w,) € B eventually.

Proof. We can locally write F' in the form
Zw

(2.2) F(z,w) = </\z (1 - %) + R} (z,w), \w (1 - 7) + R?(z,w)) ,

where R (z,w) = O(||(z,w)||"), j = 1,2.
Since (z,,w,) — (0,0), we have

| | ,
Unir = U, (1 0 <W Ul )| )) -

For n > ng, O(||(2n, wy)||'™) is at most an O(|u,|?¢*1) = O <m>, since B(1+41) > 2.

Hence,

1 1 1
(23) Ot = (14 40 (g ) )

Fix € > 0. Let ¢ := 1 + . Notice that, by (2.3), there exists n. > ng such that for all
n > ne, |Ups1 — U, — 1| < (¢ —1)/c. Arguing by induction on n, it easily follows that for
all n > n, we have

(2.4) RelU, > Re U, + %
and
(2.5) \Un| < |Up, | + cn.

Letting € — 0" we obtain that

(2.6) tim "€V 1Oal _

n— 00 n n—oo 1

1.

|un|

In particular, this means that lim,, . nReu, = lim, o n|u,| = 1. Hence, lim,, o g2 =
1, which implies at once that

|
(2.7) lim

n—oo Re Up,

= 0.

Hence statement (1) follows.
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Arguing by induction, we have

7 e Zo)\nH ( - %) +ZR11<ZJ',’UJ]') H )\(1 — %),
=0 '

(2 8) 7=0 k=j+1
~n - u U U
Wpt1 = WoA H( —é)—l— Rf(zj,w]) H A(l—é"’)7
Jj=0 Jj=0 k=j+1
Therefore,
(2.9 2] < \zoll_[\l—;] SO H \1——
§=0

Taking into account statement (1), we have

(—24) (%log‘ - % 2)

1 1
= lim (—2j) <§yuj|2 - 5Reuj> =1

J—00

lim (~27) log |

J—00

Jj—00

Therefore,

(2.10) H ) <Z log ‘1

Moreover, since (z,,w,) € W () eventually, and |R}(z;,w;)| = O(||(z;, w;)|"), it follows
that there exist some constants 0 < ¢ < C' such that

Ry (25, wy)| < cluy|™ < C777

Hence, by (2.10) we have for j > 1 sufficiently large

Rl IT 1= 5| = 1R G exp ( > 1og]1—5]>
k=j+1 k=j+1

n

1 1
~ |R} (2, w;)] exp <—§ Z E)

k=j+1
Vi _ g ?

~ Rz, w;)| Y= < C .
| l(Z]’w])|\/ﬁ— \/ﬁ

Since 81— 3 > 1, it follows that there exists a constant (still denoted by) C' > 0 such that

Z’Rl (25, wy)| H }1—— _Cﬁ

k=j+1
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Hence, from (2.9), there exists a constant C' > 0 such that
1
2.11 n| < C—.
(211) < Oz
A similar argument for w,,, shows that
1
2.12 n| < C—.
(212) un] < O
By statement (1), it holds |z,| - [wy| = |u,| ~ =. Since |z,| < C’\/iﬁ and |w,| < C\/Lﬁ by
(2.11) and (2.12), it follows that, in fact, |z,| ~ \/Lﬁ and |wy,| ~ \/iﬁ, proving statement (2).
Finally, by statement (2), there exist constants ¢, C' > 0 such that |z,| < C \/Lﬁ for all
n €N and |u,| > c¢2. Fix v € (0,1/2). Then for every n large enough

1 1/2 ¥
Similarly, one can prove that |w,| < |u,|?. As a consequence, eventually (z,,w,) is
contained in W (~) for every v € (0,1/2). O

Remark 2.6. From the uniform convergence of {F"} to (0,0) in B, and from the proof of
the previous lemma, it follows that (1) and (2) in Lemma 2.5 are uniform in B.

We shall also need the following local result concerning the topology of B:

Lemma 2.7. Let F' and B be as in Theorem 2.3. Then B is a doubly connected domain
(i.e., B is connected and its fundamental group is 7).

Proof. Let ® : C2 — C? be defined by
O(z,w) = (2w, w).

The thesis then follows since ®: B — ®(B) is a biholomorphism and a straightforward
computation shows that

®(B) ={(z,y) € Cx C*: z € Sg(e), |:L‘|1_BO < |yl < |x|60}.

3. LocAL FATOU COORDINATES ON B

In this section we introduce special coordinates on B, which will be used later on in
our construction. The first coordinate was introduced in [4, Prop. 4.3]. Here we shall
need more precise information, that is the following result:

Proposition 3.1. Let F and B be as in Theorem 2.3. Then there exists a holomorphic
function v : B — C such that

(3.1) woF =¢+1.
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Moreover
(32 ¥z w) = — + clog =+ vz, )
. z,w) = — +clog— +v(z,w
Y 2 g 20 Y Y
where ¢ € C depends only on Fy, and v : B — C s a holomorphic function such that for
every (z,w) € B,
(33> U(sz) :zw'g(z,w),
for a bounded holomorphic function g : B — C.

Proof. The strategy of the proof follows the one for the existence of Fatou coordinates in
the Leau-Fatou flower theorem. Given a point (z,w) € B, for all n € N we have

Upsr = Uy + 1+ Ui +O(|UP)

where ¢ € C depends on Fy and, as usual, U, := m The map 1 is then obtained

as the uniform limit in B of the sequence of functions {t¢,};men, where ¢,,,: B — C is

defined as

1
(3.4) Um(z,w) 1= m

In fact, a direct computation as in [4, Prop. 4.3] implies that there exists A > 0 such that
for all m € N and all (z,w) € B,

(3.5) [Yns1(z,w) = (2, w)| < AU

Therefore, since |U,| = 1/|u,| ~ n uniformly in B by Lemma 2.5 and Remark 2.6, the
sequence Z?:o(%’ﬂ —1);) is uniformly converging in B to a bounded holomorphic function
v, that is,

—m — clogm(F™(z,w)).

o(z,w) ==Y (Wi (z,w) — (2 w).
=0
Moreover, (3.2) follows from 1, —tho = > 7 ((¥j41(2, w) —1;(2, w)), and 0 F' = 1 +1
yelds the functional equation (3.1). Notice that (3.5) implies [¢) — thp,| ~ =
Finally, since U,, € H (6, Ry) for all n € N, there exists K € (0, 1) such that ReUy >
K|Uy| for all Uy € H (6, Ry). Hence, by (2.4),

=1 > 1 <o dt A A
v(z,w)| KAY ——= <A —‘NA/ B = 7
i) jZU|Uj|2 Z(RerJr%)? o (Relp+3)*  Relp = KUy

j=0
from which (3.3) follows at once. O
Definition 3.2. The map ¢ : B — C is called a Fatou coordinate for F'.
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Lemma 3.3. Let F' be as in Theorem 2.5. Let v be the Fatou coordinate for F' given by
Proposition 3.1. Then there exist Ry > Ry, 51 € (Bo, %) and 0 < 6; < 0y such that the
holomorphic map

B(ﬁla 01) Rl) = (Z, w) = (1/}<Z7 w)? w)
18 injective.
Proof. First we search for 8, 6; and R; so that on B(f,0;, R1) we have good estimates
for the partial derivatives of ¢ and v with respect to U.

Since the map x: B 3 (z,w) — (U, w) is univalent, we can consider v as a function of
(U, w) defined on

x(B) = {(U,w) : U € H(Ry, ), |U"7" < |w| < |U|7}.

Denote by (H(Rg,0) + 1) the set of points U = V + 1 with V' € H(Ry,0y). Let
0, € (0,00) be such that H(Ry + 1,6,) C (H(Ryp,0y) + 1). There exists dp > 0 such that
for every U € (H(Ry,6) + 1) the distance of U from 0H (Ry, 6) is greater than 2.

Let 3 € (Bo, 3). For R > Ry, we have

X(B(B,01, R)) = {(U,w) : U € H(R,0,),|U)"™ < || < U7},
and there exists R > Ry such that for all (U, w) € X(B(B, 01, R)) and all t € R it holds
U 4 Spe P07t < (|U] = 6p)0! < |U\B_1 < |lw| < |U|_B < (|U] 4 60) ™ < |U + g™ |,
which implies that (U + dge’, w) € x(B) for all t € R and all (U,w) € x(B(3,6,R)),

since U + doe’ € H(Ry,0,) for all t € R. Therefore, for every (Uy, wy) € x(B(B,01, R)),
the Cauchy formula for derivatives yields

dg 1 / 9(¢, wo) ‘ 1 C
Up,wo)| = — ——=d({| < — su U, wy)| < =: (1.
o) =g | [ e < ) < 5 =
Hence, setting Cy := C' + Cy, for every R > min{R, 1}, we have
8 C 1 ag C Cl CQ
3.6 Usy,wo)| £ 75+ 7 | == (Uo, wo)| £ — < =
60 || < g+ Ul < i <

for all (U, wo) € x(B(S, 61, R)). Now, since there exists K € (0,1) such that ReU > K|U|
for every U € H(6:, R), we fix 3 € (5, 1) and let R > R be such that

(3.7) K& Pypbi-l s -1 yp > R

To prove the injectivity on B(f1, 61, R1), we first prove that for each (Uy, wo), (Us, wo) €
X(B(61, 61, R)) we have (y(t),wo) € x(B(8,61, R)) where v(t) = tU; + (1 — t)Us with
t € [0,1] is the real segment joining U; and Us. In fact, we have v(t) C H (6, R) for all
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t € [0,1] since H(#;, R) is convex. Moreover, since |U;| > |w0|ﬁ and ReU; > K|U;| for
7 =1,2, we have

tUL + (1 — )Us| > tReU; + (1 — t)RelUs > K (t|w0|ﬁ T (1- t)|w0|ﬁ> — K|wo| 7T,
for all t € [0, 1], and so, by (3.7),

1 Bl 1 -
lwo| > (E) (tUL + (1 = )Us |71 > |tUL + (1 — t)Uy )Pt

On the other hand, since |U;| < |w0|_ﬁ, Jj=1,2 for all t € [0, 1] we have,
[tU; + (1 —t)Us| < t‘woy_ﬁ +(1— t)]w0|_% _ ’w0|_%’

hence, ]
|tUy + (1 — t)Us| ™ > [tUy + (1 — t)Us| ™™ > |wol.
Therefore using (3.6) we obtain

> Uy — U - ||U1 UO\—EWI—UM

and we obtain the injectivity of (U, w) — (¢(U,w),w) on x(B(p1,01, R)), and hence of
(z,w) = (Y(z,w),w) on B(f, 01, R), for R sufficiently large. O

The next result shows the existence of another “coordinate” on B defined using the
Fatou coordinate.

Proposition 3.4. Let F' and B be as in Theorem 2.3 and i) the Fatou coordinate given
by Proposition 3.1. Then there exists a holomorphic function o: B — C* such that

(3.8) oo F =X %o

Moreover, o(z,w) = w + n(z,w), where n: B — C is a holomorphic function such that
for every (z,w) € B

(3.9) 1z w) = (zw)° - Bz w),
for a holomorphic bounded function h: B — C, with o € (1 — Sy, 1) C (1/2,1).
Proof. For n € N, consider the holomorphic function o,,: B — C* defined by

(3.10) Oz, w) 1= N'my(F"(2,w)) exp( szw H)
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We will prove that the sequence {o,,} converges uniformly in B to a holomorphic function
o0: B — C* satisfying the assertions of the statement.
First, if {0, } is uniformly convergent on compacta of B, then (3.8) follows from

n—1 n—1
1 1 1 1
no F' = \"w, = — | = N'w, = _—
Tn © /\w“eXp<2]Z::¢oF+]> w“eXp<QZ¢+]+1>
1 Tew 1 — 1
= A, Y —— | =Xexp | —= | o1
exp( 2w> wHeXp(Q;ijj) exp( 2¢)0+1

Now we show that {o,} is equibounded in B. By Proposition 3.1 we have

1

1 .
‘w——+3+cloguj ==l ~ -
Uj J

By Lemma 2.5 and Remark 2.6, |u;| ~ % uniformly in B, hence,

1 Uj
= =u; + O(u?logu;).
Yv+j  1—cujlogu; + O(u;) uj + Ofuj log uy)

(3.11)

Now, by statement (1) in Lemma 2.5, we have that lim; ., 3jReu; = 3. Therefore,

exp ( Z Reuj) ~ exp (Z 21]) O(n'’?).

Moreover, again thanks to Lemma 2.5 and Remark 2.6, there exists C' > 0 such that
> 2o luilogu;| < C. Hence, there exists C" > 0 such that

exp( ”21W+>+J>‘_ exp <” 1<%+Ou loguj)>>‘

j=0

(3.12) °
< Cexp l) = O(n*/?).
2j
7j=1
Therefore, since |w,| ~ n~/2, we have
n—1 1
(3.13) lon(z, w)| = |wy| |exp ( Z m)‘ = |w,|O(n?) = 0(1),

showing that the sequence {0, } is equibounded on B.
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To prove that {o,} is in fact convergent, let us first notice that we have

] — 1
Opt1(z,0) = )‘n+1wn+1 eXp | 5 TN .
2 ; Uz, w) +j

= \"t! [Xwn (1 — ?) + R} (20, wn) } exXp < Z ¢ )

— Un\ cxwEor ntl p2 L !
= on(eow) (15 I 4 XA e ) exp (52 )

J=0

Therefore,

Oni1(z,w) — op(z,w) = o, (2, w) [(1 - %) T — 1}

n+1 p2
+ A" R (2, wy,) exp( 21/12111 +])

Now we estimate the terms in the right hand side of (3.14). Fix av € (1 — fp, 1). Note
that o > 3. By (3.11), recalling that |u,| ~ L, we have

1——) W—l:(l_ > 2un+O(u IOgun)_l
( 2 )¢ 2 )¢

(3.14)

Uj

(3.15) = ( — ?> (1 + %un +O(u? logun)> —1

1
= O(u?loguy) = |u,|*O ( ogn) :

2—a

Next, since (z,,w,) € B, we have that |R?(z,w)| = O(Ju,|?"), and by (3.12), we have

1 — 1
o (52 ¥(zw) +j>
for some C > 0.

From (3.14), using (3.13), (3.15), (3.16), it follows that there exists a constant C’ > 0
such that for all (z,w) € B,

(3.17) |oni1(2z,w) — o (2, w)| < Cplu,|®,

(3.16) |R2 (20, wy,)] < Cluy|*nztefol,

with C, = ' <1°g” + pates 50[). Therefore the sequence {o,} converges uniformly on
B to a holomorphic function 0. Let C' := Y C, < +oo. For all n € N, we have
|un| < 1/Ro, hence (3.17) implies that o,, — 0y = Z i—o(0j+1—0;) converges umformly on
B to a holomorphic function 1 such that n(z,w) = o(z,w) — 0¢(z,w) = o(z,w) — w.
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Moreover, for all (z,w) € B we have

(2, w)| <D low(z,w) = 0ulz,w)] < ) Culua|® < Jugl® Y o = Clzu]”.

n=0 n=0 n=0
Finally, since o,(z,w) # 0 for all n € N and (z,w) € B, it follows that either 0 = 0 or
o(z,w) # 0 for all (z,w) € B. Since (r,r) € B for all » > 0 sufficiently small, recalling
that we just proved that o(z,w) = w+ (zw)*h(z,w), with |h| < C for all (z,w) € B, and
2a > 1, we have

lo(r,7)| = |r +r**h(r,r)| > r —r**C =r(1 - o(r)),
proving that o % 0. O

We shall now prove that the map B > (z,w) — (¢¥(z,w),o(z,w)) is injective on a
suitable subset of B. Such a result is crucial to show that the global basin of attraction
which we shall introduce in the next section, is biholomorphic to C x C*.

Proposition 3.5. Let ' and B be as in Theorem 2.3, let v : B — C be the Fatou
coordinate given by Proposition 3.1 and let 0 : B — C be the second local coordinate
defined in Proposition 3.4. Then there exist Ry > Ry, f1 € (Po, %) and 01 € (0,00 such
that the holomorphic map

B(B1,61, R1) 3 (z,w) — Q(z,w) := (¢Y(z,w),o(z,w))
18 1njective. . B B
Moreover, there exist R > 1, 0 € (0,5) and 8 € (0, 5) such that

(3.18) {(U, w) e C?: U e H(R,),|UP < |w| < \U!‘B} c Q(B).

Proof. Let Ry > Ry, p1 € (Bo, %) and 0 < #; < 6y be given by Lemma 3.3. Thanks to the
injectivity of B(S1, 61, R1) 3 (z,w) — (¢(2,w),w) showed in Lemma 3.3, it follows easily
that the map

B(B1,61, R1) 3 (z,w) — (¢¥(2,w), 0,(2,w))

is injective for all n € N, where o, is the map defined in (3.10) for n € N. Since o is the
uniform limit of the sequence {o,}, it follows that either the Jacobian of @ = (1, 0) is
identically zero on B(f, 0, Ry), or @ is injective on B(f1, 01, Ry).

We now compute the Jacobian of @ at (r,r) € B(f1,0:1, Ry), for r > 0, r sufficiently
small. To simplify computation, we consider the holomorphic change of coordinates
X: B(B1,01, Ry) — C? given by x(z,w) = (j,w) = (U,w) and we compute the Jacobian
of Q(U,w) at (r%,r).

By Proposition 3.1 and Proposition 3.4, we have

(3.19) QU,w) = (U + clogU +v(U,w),w + n(U,w)),
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where v(U, w) = £g(U,w) and n(U,w) = g=h(U,w), a € (1 — fo, 1), with |g],|h| < C for
some C' > 0 on B. Hence,

Jac(,, )@ = det <1 + C’” o 8_7U g% r) o he (r%é“’)r))

2 1
(Hw+—C%D( tu (7)) = ou ) v (57)

0 > 1

r0)

w|’—‘Q>

First of all, note that for v € ,% 1 and 6 € (0, %) there exists o > 0 such that
(5, 7r) € x((B (7,0, R))) for all r € (0,7). Hence, by (3.6), there exists Cy > 0 such that

for r sufficiently small,
1
3[1} (rQ’T)‘ <10y

A similar argument as in (3.6) for 7 instead of v, shows that for r sufficiently small,

1
g_g (—2,T> ‘ S r2aC37
r
for some C5 > 0.

On the other end, it is easy to check that, for every ¢ € R, (5,r(1 + €)) € x(B)
whenever 7 is positive and small enough. Hence, by the Cauchy formula for derivatives

ov (1 1 U(%, C) r? maxj¢—r|=r |g<L27 C)|
—_ [ = E—— r dcl = r < .
‘010 (rQ’T) 27 /T:T (C—r)? ¢ r sCr
Similarly,
on (1 20—1
—_ | = < o
e ()| =
Therefore,

JaC(%,T)Q =1+ O( 2a— 1)

showing that the Jacobian is not zero for r sufficiently small since o > 1/2. Hence @Q is
injective on B(f1, 01, Ry).

Now we prove there exist R > 1, 0 € (0,%) and B e (0, %) such that (3.18) holds. The
rough idea is that Q|p is “very close” to the map (z,w) — (& — clog(zw), w), for which
the statement is true, and hence (3.18) follows by Rouché’s Theorem.

Consider again the constants Ry > Ry, 31 € (5o, %) and 6, € (0, 6y] given by Lemma 3.3,
and the holomorphic change of coordinates on B given by x(z,w) = (&, w) = (U, w).
Then x(B) = {(U,w) : U € H(Ry,6,),|U["~" < |w| < |U|#}.

The map x(B) 3 (U,w) — Q(U,w) = (¢(U,w),o(U,w)) is given by (3.19). In partic-

ular

(3.20) Y(U,w) =U(1+ 7(U,w)),
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where |7] < C on X(B) for some C > 0, and lim|y|_,oo 7(U,w) = 0. This implies immedi-
ately that there exist Ry > 0 and 6 € (0, 2 2) such that H(Rl, 20) C (B 3) C ¢(B).

To prove (3.18) it suffices to show that there exist R > Ry and § € (64, 5) such that
for every ¢, € H(R, ),

(3.21) {e€C: 167" < el < 6ol C o™ (¢o))-

In order to prove (3.21), we first show that there exist Ry > Ry and By € (61, %) such
that for every ¢y € H(Ry,0) it holds
(3.22) {e TGl < el < 6™} € (v (G))-
Indeed, by (3.20), Go = ¢(U, w) = U(1 + 7(U,w)) with [7[ < C' and limyy| e 7(U, w) = 0.
Hence, if {; € H(Ry,0) for some Ry > Ry,

ol Ry
U > )
| |_1—|—]T(U,w)|_1+0

Therefore, given ¢ € (0,1), we can choose Ry > }?1 large enough so that for every

(U,w) € x(B) such that ¢(U,w) = ¢y and ¢y € H(Ry,#), the modulus |U]| is so large that
|7(U,w)| < ¢. This implies that

(3.23) (1= NUJ <1l < (1+)|U]

for every U € C such that there exists w € C so that (U,w) € x(B B) and (U, w) = ¢y €
H(R,, «9)
Let B, € (61, 3). Let o > 0 be such that

1 1 1 1

< — < — < —, Vi>
[(1 + C/)t]l—ﬁl =82 [(1 _ C/)t]ﬁg 81’ = To
Up to choosing Ry > 79, (3.23) implies that
(3.24) Ul < 1ol < 6ol ™ < [Uo] ™

for every Uy € C such that there exists w € C so that (Up,w) € x(B) and 1(Up, w) =
Co € H(RQ, (9) i i

Fix ¢y € H(R»,0) and fix & € C such that |¢o?™" < |&| < |¢o| ™. Since there exists
(Us, wy) € x(B) such that 1(Uy, wo) = (o, it follows from (3.24) that (U, &) € x(B). In
particular, x(B) N {w = &} # 0. Set

X(B) N {w = &}.

A(&)) = {UGH(Rl,Ql)I 11 <|U|< 11

sy
o

—

I

=)
s
2

=
——

I
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Then,

A(&o) 2 U = g, (U) :== (U, &) = U + clogU + @ cC

is well defined and holomorphic. Moreover, up to taking R larger and 0 smaller, we can
assume that the set H([Ry,0) is contained in the image of the map x(B) > (U,w) —

U + clogU. Hence, there exists (Uy,wy) € x(B) such that Uy + clogUy = (p. Since
Co = Up(1 + c%), it follows that |Up|(1 —€) < |o] < |Up|(1 + €) for some € € (0,1),

provided that R is sufficiently large. Recalling that [¢o|%~! < |&| < |¢o| ™%, we have

|Col 1 1
> >
T (L4l g mm

|Up| > 1

where the last inequality holds provided Ry is sufficiently large. Similarly, one can show

that |Up| < ;ﬁi’ namely, Uy € A(&).
€0l 71
Let 6 € (0,1) be such that D(Up,¢) := {U € C : [U — Uo| < 6} C A(&). Since

lg(U, &)|/|U| < ¢, up to choosing Ry so large that ¢ + 4§ < || LA llog U — log Uy|, it
U=
follows that for all U € 0D(Uy, d),

v, (U) — U — clogU| < ¢ < |e

U
1og—‘ — 0 <|U + clogU — (|
Uo

< |U + clogU — o] + |t0g, (U) = (ol

Hence, Rouché’s Theorem implies that there exists U; € D(Uy,d) C A(&) such that
Y(U, &) = 1 (U2) = Go, proving (3.22).

Let K: x(B) — C? be defined by K (U, w) := ((U,w),w). Then the map K is injective
and from (3.22), we obtain that
(3.25) X(B(B2,0, Ry)) C K(x(B)).

Let R > R,, and let ¢, € H(R, ). Thanks to (3.25), we have ({, w) € K (x(B)) for every
w € J((o), where

J(Go) 1= {w € C G| < o] < |Gl ).
Let § € (Bg,%), and let & € C be such that (o]’ < |&] < [¢|™P. In particular

& € J(Co), and setting 7 := min{|¢o|* 1 —[Col® 1, [Go| 2 || 7} > 0, the disc D(&,7) =
{€ € C:|&—&| <r}is contained in J((p). Moreover, if R is sufficiently large,

(3.20) > S min{lGol’ 16l

Set (U, w) := K(U,w). For every (U,w) € K(x(B)), we can write
50, w) = (o 0 K10, w) = w -+ (0, w),
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where n(U,w) = %h(ﬁ,w), with a € (1—fp, 1), and |h| < C for some C' > 0. By (3.26),
since @ > 1 — fy > 1/2, if R is sufficiently large, then |n({y, w)| < r, for every w € J((p).
Therefore, for all w € dD(&,r),

[w = (Go, w)| = |n(Go, w)| <7 = |w =&l < |w— &l +[5(Co, w) — &l.
Hence, by Rouché’s Theorem, there exists wg € D(&p, 7:) such that (Co, wo) = . By the
arbitrariness of £y, this implies that for every {, € H(R, )

{€eC: oIt < gl < 107} € (6, NI(G)) C o (G)),
which finally proves (3.21). O

4. THE TOPOLOGY OF THE GLOBAL BASIN {2

Let Fly be a germ of biholomorphism of C? at (0, 0) of the form (2.1). Thanks to a result
of B. J. Weickert [18] and F. Forstneric¢ [6] (see in particular [6, Corollary 2.2]), given any
| > 2 there exists an automorphism F of C? such that || F(z,w)—Fy(z,w)|| = O(||(z, w)]|).
In particular, given A a unimodular number not a root of unit, we take [ > 4 such that
Bo(l+1) > 4, where 0 < fy < 1/21is given by Theorem 2.3, and we consider automorphisms
of C? of the form

2w

(4.1) F(z,w) = <)\z (1 — 7) R} (z,w), \w (1 — %) + R?(z,w)) ,

where R (z,w) = O(||(z,w)||"), j = 1,2.

Definition 4.1. Let F be an automorphism of C? of the form (4.1). Let B be the local
basin of attraction of F' given by Theorem 2.3. The global attracting basin of F' is

Q:=|JF(B).
neN
In this section we are going to prove that the global basin €2 is biholomorphic to C x C*.
We start by proving that €2 is not simply connected:

Proposition 4.2. The open set Q2 is connected but not simply connected.

Proof. We see that 2 is the growing union of images biholomorphic to B which is doubly
connected by Lemma 2.7. Moreover, F, is the identity on m(B) and on H;(B), therefore

In order to prove that €2 is biholomorphic to C x C*, let us consider the Fatou coordinate
Y for F' given by Proposition 3.1 and the holomorphic function ¢ given by Proposition
3.4. We can use the functional equation (3.1) to extend ¢ to all Q. Indeed, let p € Q.
Then there exists n € N such that F"(p) € B. We define

91(p) = P(F"(p)) —n.
Set H := g;(B), and consider Qg := g; ' (H) = Ucen g7 Q).
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Using (3.8) we can extend o to (g as follows. For any p € Q, we set

n—1

92(p) == A" exp (% > ﬁ) o(F"(p))

—o I

exp< Z¢Fn —l—j—n) a(F"(p)),

where n € N is such that F(p) € B. Notice that, since g;(p) € H, we have Re g;(p) > 0
and the previous formula is well defined.

The next lemma shows that the map G := (g1,92): Qo — C? is well defined and
holomorphic:

Lemma 4.3. The map G := (g1, g2): Qo — C? is well-defined, holomorphic and injective.

Proof. The map G is holomorphic by construction and since Re g;(p) > 0 for all p € Q.

The map G is well defined. Indeed, if n and m are both integers so that F™(p) and
F™(p) belong to B, and n < m, then F™(p) = F™ "(F"(p)). Therefore ¥ (F™(p)) =
@D(Fm‘"(F"(p))) = Y (F"(p))+m—n, whence (F™(p))—m = »(F"(p))—n. Analogously,

"(p)
o(F7(p) = X" " exp((1/2) " 1/ (0P () + 3)o(F*(p)), and so
" exp (% e ;H_m) o(F" (1))

1' & 1 —men 1 )
(§Z¢Fn )+j—n>)\ exp <—— Z SE) 15 )U(F (p))

and we are done.

Let us now prove the injectivity of G. Let p,q € €. By the very definition of G,
G(p) = G(q) if and only if

(L (F"(p)), o (F"(p))) = (W(F"(q)),o(F"(q)))

for all n € N such that F™(p) and F"(q) are contained in B. By Proposition 3.5, there exist
Ry > Ro, 51 € (Po, %) and 0 < 0; < 6y such that Q := (¢, 0) is injective on B(f1, 61, Ry).
Also, by Lemma 2.5, there exists n € N such that F"(p), F"(q) € B(/1, 61, R1). Therefore,
G(p) = G(q) if and only if p = ¢. O
Proposition 4.4. G(Q) = H x C*.
Proof. Let T : C*> — C? be defined by

T(C,€) = (C + 1, Ne %€).
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Notice that T is not defined at ( = 0. However, since ¢;(€y) = H, the map T is well-
defined and holomorphic on G(£2y) and satisfies

GoF =Tod(.
Let (¢o,&) € H x C*. By induction, for n € N, we have

(Cns&n) == T"(Co,&0) = (Co +n,\" exp ( ) )

\sn|=exp( 1n§‘iR ( ))w
)

R 11+j1Re§0> (_R )
( 22 1J(|j—1<o+1|2 )exp or ) b

1

l\l)l»—l
MH

Now,

which implies that

Therefore, given 3 € (0, %), for all n sufficiently large,

(4.2) Gl < 1nl < 1Gal ™

Moreover, since ¢, = (p+n, it follows that, given R>0andf € (0, %), for all n sufficiently
large,

(4.3) (o € H(R,D).

Note that G(z,w) = Q(z,w) = (¥ (z,w),0(z,w)) for all (z,w) € B. Hence, by Propo-
sition 3.5, there exist § € (0,3), 6 € (0,7/2) and R > 1 such that {(U,w) € C*: U €
H(R,0),|U)P! < |w| < |U|7"} € G(B). Therefore, from (4.2) and (4.3), it follows at
once that H x C* C G(€)), and, in fact, equality holds since €y — and hence G(€y) —
is not simply connected. U

We finally have all ingredients to prove the final result of this section.
Proposition 4.5. ) ~ C x C*.

Proof. Consider again H := ¢;(B) and set H, := H — n. Since ¢¥(B) C H, we clearly
have | J _ H, = C. For each n, define ¢, : g; ' (H,) — C? by

on(z,w) == G(F"(z,w)) — (n,0).

Note that g1 (F™(z,w)) = ¢1(z,w) + n, hence F" is a fiber preserving biholomorphism
from (g7 (H,)) to €. Therefore, by Proposition 4.4

¢n gy (H,) = H, x C*

neN
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is a fiber preserving biholomorphism. Moreover, for each p € Q, if F"(p) € Qq we have
G(F"(p)) = G(F(F"(p)) = T(G(F"(p)))-

1
Now, take ( € H, N H,,1 and let w € C*. Note that { — Ae2C+" is a never vanishing
holomorphic function on H, N H, ;. Hence, thanks to the previous equation, we have

0 Pur(Cw) = (G o F") o (Go F) T (¢ +n+1,w) — (n,0) = (¢, AT w).
This proves that € is a fiber bundle over C with fiber C* and with transition functions
¢ — Xe2& ) on H, N H, 1. In particular, €2 is a line bundle minus the zero section over

C. Since H'(C,Of) = 0, that is, all line bundles over C are (globally) holomorphically
trivial, we obtain that 2 is biholomorphic to C x C*. O

5. THE GLOBAL BASIN {) AND THE FATOU COMPONENT CONTAINING B

Let F' be an automorphism of the form (4.1) as in the previous section, let B be the local
basin of attraction given by Theorem 2.3 and ) the associated global basin of attraction.
Since B is connected by Lemma 2.7, and {F"} converges to (0,0) uniformly on B, there
exists an invariant Fatou component, which we denote by V', containing B, and we clearly
have Q C V.

The aim of this section is to characterize € in terms of orbits behavior, and to prove
that 2 = V under a generic condition on .

We use the same notations introduced in the previous sections. We start with the
following corollary of Lemma 2.5.

Corollary 5.1. Let F be an automorphism of C* of the form (4.1). Suppose that
{(zn, wp) := F™(z0,wp)}, the orbit under F of a point (zy,wy), converges to (0,0). Then
(z0,wp) € Q if and only if (z,,w,) is eventually contained in W (5) for some—and hence
any—p € (0,1/2) such that (1 +1) > 2.

Proof. 1f (z,,w,) € W(B) eventually for some 5 € (0,1/2) with 3(l + 1) > 2 then, by
Lemma 2.5, (z,,w,) € B eventually, and hence, (2o, wo) € €. Conversely, if (zo, wp) € €2,
then (z,,w,) € W(B) eventually and Sy(l + 1) > 4, and hence Lemma 2.5 implies that
(2n, wy,) € W(S) eventually for any 5 € (0,1/2) such that (I + 1) > 2. O

We can now prove the following characterization of €.
Theorem 5.2. Let F be an automorphism of C* of the form (4.1). Then,
Q= {(z0) € C\{(0,0)} : lm [[(z0 )| =0, |z ~ ]}
where (zp, w,) = F"(z,w).

Proof. If (z,w) € £, then eventually (z,,w,) € W(5) and, hence, |z,| ~ |w,| by
Lemma 2.5. On the other hand, if (z,,w,) — (0,0) and |z,| ~ |w,], it follows that
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for every 8 € (0,1/2), (zp,w,) € W(B). Indeed, let 0 < ¢; < ¢5 be such that ¢;|z,| <
|wy| < ¢2|2,] eventually. Let 5 € (0,1/2). Then for n large,
2] 7 < crlzal < Jwal,

that is, |2,| < |u,|?, and similarly it can be proved that |w,| < |u,|?. Hence, by Corollary
5.1, (z,w) € Q. O

In order to show that, under some generic arithmetic assumptions on A, €2 coincides
with the Fatou component which contains it, we need to prove some preliminary results.

Lemma 5.3. Let x be a germ of biholomorphism of C* at (0,0) given by
X(z,w) = (2 + Az, w), w + B(z,w)),

where A and B are germs of holomorphic functions at (0,0) with A(z,w) = O(||(z,w)||")
and B(z,w) = O(||(z,w)||") for some h > 2. Let 3 € (0,1/2). Assume that B(h+1) > 1.
Then for any B € (0,0B) there exists € > 0 such that for every (z,w) € W(B) with
|(z,w)|| < € it holds x(z,w) € W(p').

Proof. Let us write (Z,w) = x(z,w). Then we have Z = 2+ A(z,w) and w = w+ B(z,w).
Fix r > 0, 8 € (0,1/2) such that S(h 4+ 1) > 1, and 8’ € (0,3). By definition, for

|(z,w)|| < r,if (z,w) € W(p), then there exists a constant C' > 0 such that |A(z,w)| <

Clzw|?" and |B(z,w)| < C|zw|?". Hence, for all (z,w) € W(B) with ||(z,w)|| < r,

2] < |2l + Az, w)] < J2w]® + Claw|™ = [2w]’(1 + of |2w|™™™)),
and similarly, @] < |zw|?(1 + o(|zw|?*®~V)). Therefore, since f(h+ 1) > 1,
20| > |zw| — |2[| B] - [w[|A] — |AB]
> |zw| — 20| zw|PM D — 2|z P
= [zw[(L + of |aw|*™ D))
It thus follows that, for (z,w) € W(p) sufficiently close to (0,0), we have

1+ o(|zw|Pth=1)
1 4 o(|zw|Bh+1)-1)
A similar argument holding for w, the statement is proved. O

2] < Jzwl (1 + o |zl ®V)) < |2 < 207 (1 + o(1) < [20]".

Remark 5.4. Note that the previous lemma does not hold without the hypothesis 8(h +
1) > 1. Consider for instance the holomorphic map x(z,w) = (24+w?, w). Then the points
of the form (—w?, w) belong to W () for all 8 < 1/3 but x(—w? w) = (0,w) € W(5') for
any ' € (0,1/2).

To state and prove Theorem 5.7 we also need one more assumption, namely an arith-
metic condition on the eigenvalue \.

Let A € C be such that |A] = 1. Recall that \ is called Siegel if there exist ¢ > 0 and
N € N such that [\* — 1| > ¢k for all K € N, k& > 1 (such a condition holds for 6 in a
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full Lebesgue measure subset of the unit circle, see, e.g., [13]). More generally, one says
that a number A\ is Brjuno if

+oo
1 1
where w(m) = miny<p<,, |\¥ — A| for any m > 2. Roughly speaking, the logarithm of a
Brjuno number is badly approximated by rationals (see [5] or [13] for more details). Siegel
numbers are examples of Brjuno numbers.

Lemma 5.5. Let F' be given by (2.2). If X is Brjuno, then there exists a germ of biholo-
morphism x of C? at (0,0) of the form x(z,w) = (z,w) + O(||(z,w)||"), such that

(5.2) F(Z,0) = (xo Fox )2 0) = (A2 4 20A(Z, W), Mb + 20B(,0)),
where A, B are germs of holomorphic functions at (0,0).

Proof. Thanks to the fact that ) is Brjuno, the divisors \¥ — X and A\¥ — X\ are “admissible”
in the sense of Poschel [13] for all £ € N, & > 2. Hence, by [13, Theorem 1], there exist
§ > 0 and an injective holomorphic map ¢; : D5 — C2, where D; := {¢ € C : |(] < 6},
such that ¢1(0) = (0,0), ¢} (0) = (1,0) and

(5.3) F(p1(€)) = »1(A(),

for all ¢ € Ds. Since F' is tangent to {w = 0} up to order [, if follows from the proof of
[13, Theorem 1] that ¢; can be chosen of the form ¢;(¢) = (¢,0) + O(|¢]'). In particular,
up to shrinking 0, we can write ¢;(Dys) implicitly as w = v(z) for some holomorphic
function v, defined on Ds and such that 1;(¢) = O([¢]").

Similarly, Y~ A and X — X are admissible divisors in the sense of Péschel for all
k € N, k > 2 and hence there exist ¢’ > 0 and a holomorphic function 15 : Dss — C with
12(¢) = O([¢]"), such that F leaves invariant the local curve C := {(z,w) : z = o(w)}
and the restriction of F' to C'is a A-rotation.

We can therefore define (Z,w) := x(z,w) = (2 — ¢o(w), w — ¥1(z)). By construction, x
is a germ of biholomorphism at (0,0) and x(z,w) = (2, w) + O(||(z, w)]|]'). Moreover, the
conjugate germ F(%,w) := (xoFox ')(Z, W) satisfies our thesis. Indeed, Z = 0 corresponds
to z — by (w) = 0, and since F' leaves such a curve invariant and it is a A-rotation on it,
it follows that F(0,%) = (0, \). A similar argument proves that F(2,0) = (A\2,0). O

The last ingredient in the proof of Theorem 5.7 is the following fact which can be easily
proved via standard estimates:

Lemma 5.6. Let D* = {( € C: 0 < |¢| < 1}. Let kp~ denote the hyperbolic distance in
D*. Let

1 1
=2 X9~ - '
9(¢,§) == 2mma { log |¢]’ log\il}
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Then for all ,& € D* it holds

1 1
hog 221 g ¢
log ] log I

Now we are in a good shape to state and prove the main result of this section:

Theorem 5.7. Let F' be an automorphism of C? of the form (4.1). If X is Brjuno, then
Q=V.

0(C.6) < b (C.6) < \mg 1y,

Proof. Assume by contradiction that the statement is not true. Hence, there exists ¢y €
V\ Q. Let py € Q, and let Z be an open connected set containing py and ¢o and such
that Z C V.

By Lemma 5.5, since A is Brjuno, there exists an open neighborhood U of (0,0) and
a biholomorphism x : U — x(U), such that (5.2) holds for all (2,w) € x(U). Up to
rescaling, we can assume that

B? = {(z,w) € C*: |Z)* + |@]* < 1} C x(U).
Since {F™} converges uniformly to (0,0) on Z, up to replacing F' with I for some fixed
m € N, we may assume that @ 1= U,enF"(Z) satisfies @ := x(Q) C B2

The axes Z and w are F-invariant and F' is a rotation once restricted to the axes,
therefore

Q CB?:=B*\ ({2 =0} U{w = 0}).

Given a complex manifold M, we denote by kj; its Kobayashi distance. By construction,
for every § > 0, one can find p € ZNQ and ¢ € ZN(V'\Q) such t}lat]f:Q(p,g) <kz(p,q) <.
Let p:= x(p) and G := x(q). Hence, ky(p,q) < ¢. Thus, since F(Q) C @Q by construction,
and Q C B2, it follows that for all n € N,

(5.4) kw2 (F"(9), F™(@)) < ko (F"(5), (@) < 6.

Now, since ¢ ¢ €2, by Lemma 2.5, there is no 3 € (0,1/2) with (I + 1) > 2 such that
{F"(q)} € W(B) eventually. We claim that the same happens to {F"(g)}. Indeed, if
there existed 8 € (0,1/2) with (I +1) > 2 such that {F™(q)} C W(p) eventually, taking
B € (0,0) so that #'(l + 1) > 2, Lemma 5.3 applied to x 1(2, @) = (z,%) + O(||(Z,@)|")
would imply that {F"(¢)} C W (/') eventually, contradicting our assumption.

Therefore, fixing § € (0,1/2) with 5(l + 1) > 2, we can assume, without loss of
generality, that there exists an increasing subsequence {n;} C N tending to oo such that,

setting (2,(q), Wn(q)) := F™(§), for all ny, it holds |Z,, (§)] > |Zn, (§)0n, (§)|°, that is
N PN £

(5.5) |y (D] < |20, (D] 7

On the other hand, by Lemma 2.5, {F"(p)} C W(p) eventually for all g € (0,1/2) such

that 3(I + 1) > 2. Hence, by Lemma 5.3, it follows that {F"(p)} € W (') eventually for
all 5" € (0, /). Since this holds for all 5 € (0,1/2) such that (I + 1) > 2, we obtain that
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{F"(p)} € W(B) eventually. Therefore, again by Lemma 2.5, there exist 0 < ¢ < C' and
n > 0 such that for all n > n
(5.6) c|zZn ()| < [wa(p)| < Clza(P)].

Consider the holomorphic projections m; : B? — D* given by m(Z,w) = Z, and
7y : B2 — D* given by my(Z,w) = w. By the properties of the Kobayashi distance,
kp(m;(A), 7;(B)) < kg2 (A, B) for every A, B € B2. Hence, by (5.4), for all ny,

Thanks to (5.6) and Lemma 5.6, since the orbit of p converges to the origin, there exists
ko € N such that for all n, > kg,

Sy s e log |2, ()] .
k *\<An n < 1 + n y Wn 6
D (Z k(p)7w k(p>) > |08 10g|wnk(p)| +g(2 k(p) w k(p>> <
Hence, by (5.7) and the triangle inequality, for all ny > kq,
(5.8) ke (20, (@), Wiy (D) < ke (20, (@) 20y (D)) + Fps (20 (D) Wy (P)) < 2.

On the other hand, let k; € N be such that, for all n, > ky,
9(2n, (@), Wn, (7)) <6,

where g is the function defined in Lemma 5.6. By the same lemma and (5.5)

e (3o (@), G (3)) > |log %\ = Gy (@), ()
(5.9) L
log |20, (@) 7\ 5 _ ) 1=8
210g< loglénk@\) o=log—p=~0

The triangle inequality, together with (5.8) and (5.9) yield that for ny > max{ko, k1}

1-p
> log — 30.
g
Therefore, by (5.7),
1-p
46 > log ,
g
giving a contradiction since =2 > 1 is fixed and § > 0 is arbitrary. |

B
6. THE PROOF OF THEOREM 0.1 FOR k =2

Let F' be an automorphism of the form (4.1), and assume that A is Brjuno. By Theo-
rem 5.7, ) is an invariant attracting Fatou component at (0,0) and €2 is biholomorphic
to C x C* by Proposition 4.5.



NON-SIMPLY CONNECTED FATOU COMPONENTS 27

7. THE CASE k > 3

In the general case, k > 3, we start with a germ of biholomorphism of C* at the origin
of the form

(7.1) Fx(oty... o) = <A1z1(1-—-Zl'é'zk),...,Akzk<1-—»zl'é'zk)>,
where
(1) each \; € C, |\j| =1, is not a root of unity for j =1,...,k,
(2) the k-tuple (A,. .., A\x) is one-resonant with index of resonance (1,...,1) € N* in

the sense of [3, Definition 2.3], that is all the resonances \; — A" - - - A\7"* = 0, for
j=1,...,k, are precisely of the form A\; = X; - (A\; - -- An)F for some k > 1,

(3) the k-tuple (Aq,..., ) is admissible in the sense of Poschel (see [13]), that is we
have

<=1 1
ZQ—nlogW < 4o, forj=1,....k
n=0
where w;(m) = ming<j<,, Ming<;< |)\;Z — \;| for any m > 2.
Thanks to a result of B. J. Weickert [18] and F. Forstneric [6], for any large [ € N there
exists an automorphism F of C* such that

(7.2) F(zr, .o oz) — Fan(ze, oo z) = O(|| (21, - z) 1)
Moreover, thanks to [3, Theorem 1.1], given # € (0,1) and [ € N, [ > 4 such that

B(l+1) > 4, for every 6 € (0, 5), there is R > 0 such that the open set
Bi={(z1,...,2) €EC*tu:=2 -2 € S(R,0), |2 < |u|’ for j =1,... k},

is non-empty, forward invariant under F', the origin is on the boundary of B and we have
lim,, o F"(p) = 0 for all p € B, uniformly on compacta. Arguing as in Lemma 2.5 we
obtain that for each p € B, we have that lim, ,o, nu, = 1 and |m;(F"(p))| ~ n~'/*, for
Jj =1,...,k, where 7, is the projection on the jth coordinate. Moreover, the analogue of
the statement of Proposition 3.1 holds for £ > 3 (see also [4]) allowing to define a local
Fatou coordinate v: B — C such that ¢ o F' =1 + 1 with the required properties.

Now we need k — 1 other local coordinates o9,...,04. For 2 < j <k, 0;: B— Cis
defined as the uniform limit on compacta of the sequence {0}, where

o k—j41 e 1
Uj,n(’zla"'azk) = ()‘j)\k) H](F (217"'7Zk>)exp < k n;)w<21,---72k)+m) 5
and II;: C* — C is defined as I1;(21,...,2;) := z;- - 2x. The map o; satisfies the func-

tional equation
k—j+1
. — e e k .
gjoF = \--- e R 0j.
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Let Q := U,>oF"(B). Arguing like in dimension 2, one can prove that H*~(Q, C) # 0.
Using the functional equation we can extend v to a map ¢g;: Q2 — C. Moreover, set
H := gi(B) and Qg := g; '(H). For j = 2,...,k, we can extend o, to y by setting, for
any p € (g,

n—1

9i(p) = (Aj -+~ )" exp (—k_,?rl > (piJrj)Uj(F”(p))

m=0 g

where n € N is so that F"(p) € B. As in dimension 2, the map Q¢ > p — G(p) :=
(g1(p),...,g9x(p)) € H x C*! is univalent with image H x (C*)*~1. In fact, we can use
coordinates

(uay27"'7yk) = (Zl"'Zk,’azQ"'zk’a"'?Zk)a

in B so that we have
B={uecS(R,0),[ul*" < |ye| < ul?, |u]'7* < |y;| < |ul’|yjsi] for j=2,... k—1}.

Following the proof of Proposition 4.4, since, for p € Qq, lim,,_,o nu, = 1 and |IL;(F™(p))| ~
n~(k=3+D/k for j =2, ... k one can see that for any a € H and b, € C* there is a point
p € Qq such that g;(p) = a and gx(p) = bx. Now fix a € H and b, € C*. Using

P [ R 1 Y

one sees that C* C gx_1(g; " (a) N g, ' (br)), and so on for every j = 2, ...,k — 2. Therefore
G(Q) = H x (C*)*7! and as in Proposition 4.5 we see that g;:  — C is a holomorphic
fiber bundle map with fiber (C*)*~1. Since the transition functions belong to GL,(C), by
[7, Corollary 8.3.3] we obtain that € is biholomorphic to C x (C*)*~1.

Finally, assuming the k-tuple (A1,...,\x) to be admissible in the sense of Pdschel
[13], we can locally choose coordinates as in Lemma 5.5 so that the Fatou component V'
containing {2 cannot intersect the coordinate axes in a small neighborhood of the origin.
Hence using the estimates for the Kobayashi distance as done in Theorem 5.7, one can
show that V = Q.
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