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Introduction

The starting point of the algebraic geometry is trying to study the solutions of systems of
polynomials: for simplicity, let k be a field, let Pi,--- , P, € k[X1,- -+, X,] to be m polynomials
with n variables. Then we want to study the solutions of the following system:

Pl(le"' 7Xn) =0
Py(X -, Xp)=0

Pm(Xla"' 7Xn) =0
One could ask the following questions:
e Does this system have at least a solution in k7

e If we have a positive answer, then what can we say about these solutions (i.e., are there
just finitely many or there are infinite?). Or further more, can we know exactly what are
the solutions?

Of course, when each polynomial P; is of degree 1, we know in the course of linear algebra
that, at least theoretically, there is a way to find explicitly all the solutions (if there is any) or
the show the contrast. But in the general case, these become very difficult questions. One can
consider the following famous example

Fermet’s last theorem

We consider k = Q, and we want to understand the solutions of the following equations: for
n > 3 an integer, what can way say about the solutions in Q of the following single equation
with only two variables

X"+Y"=1.
Sure, one can easily find some solutions
(z,y) € {(1,0),(0,1)}

or several more like
(=1,0), (0,-1)

when the integer n is even. After these more or less trivial solutions, it becomes difficult to find
some new one (maybe you can try with the computers). In fact, one has the following

Conjecture 0.0.0.1 (Fermat’s last theorem, 1637). There is no non trivial solutions for n > 3.
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Fermat himself solved this conjecture when n = 4. In fact, Fermet claimed also that he had
found a proof for this conjecture for all n > 3. But today we believe that Fermet must make a
mistake in his proof. In fact, the human had to spend the next 358 years to completely prove this
statement!! And the proof involves in fact very deep mathematical subjects such as algebraic
geometry and number theory, and it uses in a very impressed way the mathematical tools and
methods that are developed in the recent years.

Elliptic curves

Let again k = Q (or more generally a number field), and a,b € k. We consider the following
equation

(1) y? =2+ ax +b.

We suppose that 4a® + 27b% # 0. Let E,g the set of solutions in k of the previous equation. Of
course, there are three possibilities:

e (1) has no solutions in Q, i.e., E,g = 0.
e (1) has finitely many solutions in Q, i.e., E,g is a nonempty finite set.
e (1) has infinitely many solutions in Q, i.e., E,g is an infinite set.

Of course, by saying this, we get nothing. To get something interesting, we add an extra point,
denoted by oo, to E.g, we let
E=FExgU {OO}

The equation (1) together the point at infinite oo give an elliptic curve, which amounts to
consider the projective version of the equation (1) above. The set E is then the k-points of this
curve. Now the miracle does happen: we have the following result

Theorem 0.0.0.2. One can endow a natural group structure to E so that E becomes an abelian
group, and oo is the neutral element of this group.?

Moreover, we have the following Mordell-Weil theorem

Theorem 0.0.0.3 (Mordell-Weil). With the group structure above, E is a finitely generated
abelian group.

Hence, by the structure theorem of abelian groups of finite type, we find
E ~ ZT D Etor

with E}o, the torsion part of E. The torsion part is more or less known according to the famous
result of Mazur, in fact, there are only finitely many possibilities be the torsion part of E. The
free part of F, or equivalently the rank of F, is still very mysterious. If we could completely
understand the free part of E, we can earn one millon dollars by proving the so-called Birch and
Swinnerton-Dyer conjecture, which relates the rank of £ with some analytic invariant attached
to the equation (1).

!This is finally done by Andrew Wiles in 1995, with the help of his former student Richard Taylor.

2The more correct statement should be the following: the elliptic curve has a natural structure of group scheme
over the field of definition (in the example, this is Q), so that co gives the neutral element of this group scheme.
In fact, what we get is an abelian variety of dimension 1.
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Remark 0.0.0.4. 1. Note that, an elliptic curve is not the same as an ellipse. Here the
latter is given in general by equation of the follow form

In fact, we will see later that an elliptic curve is a projective smooth curve of genus 1,
while an ellipse is a projective smooth curve of genus 0, these two kinds of curves are of
completely different nature.

2. The solution of Fermat’s Last Theorem is built on a very sophisticate study of the elliptic
curves. In fact, elliptic curve is a very important object both in algebraic geometry and
modern number theory.

This course

Since a direct way is impossible, one have to find another way. We will put some extra structures
on the set of solutions (Zariski topology, variety, sheaf, cohomology), and then try to understand
this set together with the structure. That is what we do in algebraic geometry. In this course,
we will try to follow the approach of Grothendieck by using the language of schemes. The main
technique that we will use is then the commutative algebra. Hence, we will first review some
basic notions in commutative algebra.

Review of some basic notions in commutative algebra

The commutative algebra is the basic tool to study algebraic geometry. In this section, we will
fix some notations by reviewing some well-known things in commutative algebra. Recall first
the following definition

Definition 0.0.0.5. A commutative unitary ring is the given of the following datum (R, +, -, 0, 1),
where R is a non empty set, +, - are two binary operations defined on R, and 1,0 € R are two
distinguish elements (maybe coincide) such that

- (R,+,0) is an abelian group, while (R, -, 1) is a commutative unitary monoid;
— The two binary operations are compatible: for any x,y,z € R, we have

(x+y) z=z-24+y-2.

A commutative unitary ring R will be called trivial if 1 = 0, or equivalently, if R has only
one element.

Convention 0.0.0.6. Unless specifically stated to the contrast, in this course,
1. the word “ring” means a commutative unitary ring. Same thing for the subrings etc;
2. the word “field” means a commutative field.
Recall the following definition

Definition 0.0.0.7. Let A be a ring.
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1. An ideal I of A is a subgroup (for the addition) of A such that
Vaoe A, Vexel, a-ze€l.

An ideal I C A is called of finite type if it can be generated as an ideal by finitely many
elements.

2. An ideal [ is called prime if I # A, and whenever x -y € I for some x,y € A, we must
have either x € I or y € I. The set of prime ideals of A will be denoted by Spec(A).

3. An ideal [ is called mazimal if the following condition holds: if I # A, and for any ideal
J C A such that I C J C A, then we have either I = J or A = J. The set of maximal
ideal will be denoted by Max(A).

The proof of the following lemma uses Zorn’s lemma, or equivalently, the axiom of choice.
Lemma 0.0.0.8. We have Max(A) C Spec(A). Moreover, if A is non trivial, then Max(A) # ().
Lemma 0.0.0.9. Let A be a ring such that 0 #£ 1, and I C A be an ideal. Then

e [ is a prime ideal if and only if the quotient A/I is an integral domain.

e [ is a mazximal ideal if and only if the quotient A/I is a field.

Definition 0.0.0.10. A ring A is call noetherian if it satisfies the following increasing chain
condition: for any increasing family of ideals of A:

hchc---I,Cly1 C---
there exists some sufficiently large integer ro > 0 such that I, = I,, for any r > rg.
In an equivalent way, a ring A is noetherian if and only if any ideal I C A is finitely generated.
Lemma 0.0.0.11. Let A be a ring.
1. If A is a field, or a principal ideal domain, then it’s noetherian.
2. Let I be an ideal of A. Then if A is noetherian, so is the quotient A/I.

Exercise 0.0.0.12. In general, a subring of a noetherian ring is not necessarily still noetherian.
Could you find an example?

Lemma 0.0.0.13. Suppose A noetherian, and M an A-module of finite type. Then M is
noetherian as A-module, namely, any A-submodule of M 1is finitely generated.

Theorem 0.0.0.14 (Hilbert’s basis theorem). If A is noetherian, so is A[X].

Proof. Let (0) # J C A[X] be an ideal, and let I be the set of leading coefficient of poly-
nomials in J.* Then I C A is an ideal. As A is noetherian, I is finitely generated, say by
LC(Py), - ,LC(P,). Let

Jr=(P, -, P,) C AX]

3By definition, a domain is always non trivial.
4By convention, the leading coefficient of zero polynomial is 0. For f € A[X], we denote by LC(f) the leading
coefficient of f.
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the ideal generated by these P;, and d = max;(deg(P;)). Then one verifies easily that
J=JNMg+

with M, the set of polynomials in A[X] with degree < d — 1. As A is noetherian, and as My
is a A-module of finite type, according to the previous lemma, we find that My is noetherian
as A-module. In particular, the A-submodule J N My C My is of finite type as A-module. Let
Q1,-+-,Qr € JN My C J be a family of generators, then we have

J:JOM+J1 C(Qla”' 7QT)+(P17"' 7Pn):(Q17"' 7QT7P17”' 7Pn)CJ
As aresult, J = (Q1, -+ ,Qy, P1,--- , P,) is finitely generated. This finishes the proof.? O

Corollary 0.0.0.15. For k a field. The polynomial rings k[ X1, -, Xy] are all noetherian.
Hence any k-algebra of finite type is noetherian.

Remark 0.0.0.16. Let k be a field. Then k[X1, -, X,,] are the so-called unique factorization
domain (UFD for short). But in general, it is not a principal domain. In fact, it’s principal if
and only if n = 1.

Definition 0.0.0.17. Let k& be a field, then k is called algebraically closed, if any polynomial
P € k[X] of degree > 1 has at least one solution in &k (hence has exactly deg(P) solutions).

Example 0.0.0.18. C is algebraically closed by the fundamental theorem of algebra.5 Moreover,
for any field k, one can always find an algebraically closed field K containing k, the smallest one
is called the algebraic closure of k.

5 An alternative way to avoiding the previous lemma: after we get the equality J = JNM + Ji, let I; be the set
of leading coefficients of polynomials in JN M. Then I; C A is again an ideal, hence there is Q1,--- ,Qr € JNM
such that I; = (LC(Q1),- -+ ,LC(Qr)). Then similarly, we have

JNMg CJNMg +(Q1,--,Qr)
where d; is the maximum of deg(Q;) for 1 <i <r. Clearly, di < d, and we have
J:JﬂMd1+(P17"' ,Pn7Q17"' 7Q7‘)‘

Now, we continue with this process, and we can conclude.
5Despite the name of this theorem, there exists no purely algebraic proof of this result. The reason is that the
construction of C is not completely algebraic.



10

CONTENTS



Chapter 1

Algebraic sets and morphisms

The aim of this section is trying to gives some geometric background of the algebraic geometry.
So here k = k is an algebraically closed field.

1.1 Affine algebraic sets

1.1.1 Some definitions

Definition 1.1.1.1. Let k be an algebraically closed field as before.

e The affine space A} of dimension n is just

K" = {(x1, - yxn): 7 € k}E

o Let S C k[X1, -+, X,] be a subset of polynomials of n variables. Define
V(S) :={(z1, - ,2pn) € AY: P(x1, -+ ,x,) =0 for any P € S}
Such a subset of A} is called an algebraic set of Aj.
Remark 1.1.1.2. Keeping the notations as before.
o If S; C Sy C k[Xy, -+, X,] are two subsets, then V(S2) C V(S1).

e Recall that for A aring and S C A a subset. The ideal generated by S (denoted by < S >)
consists of all finite sums

Zaisi, a; € A, s; € 8.
i

Hence V(< S >) Cc V(S) C V(< S >). As a result, we find V(S) = V(< S >). So for

algebraic sets, we only need to consider those of the form V(a) with a C k[X, -, X,,] an
ideal.
e Recall also that since k is a field, k[X1,---,X,] is noetherian. Hence any ideal of

k[X1,---,X,] is finitely generated, say by Pi,---, P, € A. So to define an algebraic
set, we only need finitely many equations

V(a) ={(z1,  ,xn) €K™t Py(21, -+ @) == Play, - ,zn) = 0}.

!The more correct notation should be A7 (k), but here we just write A for simplicity.

11
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Proposition 1.1.1.3. The union of two algebraic sets (of A} ) is again algebraic; the intersection
of any family of algebraic sets is again algebraic. Moreover, empty set and the total space A}
are algebraic.

Proof. In fact, we have (i) V(a) UV (b) = V(a-b); (i) MV (a;) = V(3 as); (iii) V((1)) = 0, and
V((0)) = A}. O

Remark 1.1.1.4. We remark that we have always

here
Va:={a€ A: Ir € Z>1 s.t. d’ € a}

is the radical of the ideal a. Hence one can not expect to recover the ideal a from its corresponding
algebraic set V'(a).

1.1.2 Hilbert’s Nullstellensatz
Definition 1.1.2.1. Let Y C A7 be a subset. Define the ideal of Y to be
I(Y):={Pek[Xy, -, Xp]: Plx)=0Vx € Y}.

Lemma 1.1.2.2. Keeping the notations as before:

o For any subset Y C A7, we have \/I(Y) = I1(Y).2

e For any subsets Y1 C Yo C A}, we have I(Yy) C I(Y7).

o For any subsets Y1,Ys C A}, we have I1(Y1 UY3) = I(Y1) N 1(Ya2).

o For any ideal a C k[ X1, -, X,], a C I(Z(a)).

Now, we may state and prove the first fundamental result in this course
Theorem 1.1.2.3 (Hilbert’s Nullstellensatz). For any ideal a C k[ X1, -, X,], I(V(a)) = Va.

To prove this theorem, we begin with the following lemma:

Lemma 1.1.2.4. Let K be a field, L/K be a field extension which is finitely generated as
K-algebra. Then L/K is an algebraic extension.

Proof. 3 Up to replace K by its algebraic closure in L, we may assume that L/K is an transcen-
dant field extension, i.e., any non zero element of L is transcendant over K.

Suppose first that L/K is of transcendant degree 1, namely L contains a copy of K (x) (:=the
fraction field of the polynomial ring K[z]) such that L is algebraic over K (x). Since L is of finite
type as K-algebra, it’s also of finite type as K (z)-algebra. In particular, L is of finite dimension

2Such an ideal is called radical.

3When K is a uncountable field, this lemma can also be proved as follows: remark first that since L/K is
finitely generated as K-algebra, then L is of countable dimension over K as a K-vector space. On the other
hand, once the field K is uncountable, and once one can find € L which is transcendant over K, then the
following family {1/(z — a): a € K} is linearly independent and of cardinality uncountable. From this, we find
that the K-space L must has uncountable dimension, whence a contradiction. This gives the lemma when K is
uncountable.
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over K(z). Choose €1, - - e, a basis of L over K(z), and write down the multiplication table for
L:
aijk ()
€k
biji,(z)

(1.1) €€ =
k

with a;;i(x), bijr(x) € K[z]. Now suppose L = K|[f1,--- , fm], and we write each f; under the

basis {e; }: @
=2 4"

Since for any element x € L, x can be written as a polynomial in the f;’s with coefficients in
K, it follows that x can also be written as a K(x)-combination of 1 and the product of e;’s
such that the denominator of each coefficient involves only the products of the polynomials
dij’s. Now, by applying the multiplication table (1.1), we find that x can be written as a
K (x)-combination of 1 and the e;’s such that the denominator of each coefficient involves only
the products of the polynomials d;;’s and b;;;,’s. But there exists infinitely many irreducible
polynomials in K[z, there exists some polynomial p(x) € K[z] which does not divide any d;;
nor bi;,. As a result, the fraction 1/p(x) cannot be written in the form described above, which
means 1/p(z) ¢ K[f1,---, fm] = L, a contradiction since we suppose that L is a field, hence a
priori, 1/p(z) € L. This finishes the case when L/K is of transcendant degree 1.

For the general case (i.e. tr.deg(L/K) > 1), one can always find a subfield K’ of L containing
K such that L/K’ is of transcendant degree 1. In particular, the previous argument shows that
L cannot be of finite type as K’-algebra. A priori, L cannot be of finite type as K-algebra. This
gives a contradiction. O

From this lemma, we get the Weak Nullstellensatz:

Theorem 1.1.2.5 (Weak Nullstellensatz). Let k be an algebraically closed field, then every
mazimal ideal in A = k[ X1, -+, Xy] has the form (X1 —z1,- -+, X,y —xp) for some (z1,- -+ ,zp) €
k™. As a consequence, a family of polynomials functions on k™ with no common zero generates
the unit ideal of A.

Proof. Let m C A be a maximal ideal, then the corresponding quotient K := A/m is a field
extension of k. Moreover, since A is finitely generated as k-algebra, so is K. Hence the previous
lemma tells us that K/k is in fact an algebraic extension. But since the base field k is alge-
braically closed, the inclusion k — K must be an isomorphism. Let now x; € k be the image of
X; in the quotient kK ~ K = A/m, then X; — z; € m for all i. As a result, we get

<X1—$1,--~,Xn—$n)cmCA.

On the other hand, we can verify directly that the ideal (X1 —x1,--- , X, —x,) is itself maximal,
hence the first inclusion above is an equality: (X7 — z1,--- , X, — ) = m. In this way, we get
the first assertion. For the last assertion, let J be the ideal generated by this family. Since this
family of polynomials functions has no common zero on k", J is not contained in any maximal
ideal of A. As a result, we must have J = A. This finishes the proof. O

Exercise 1.1.2.6. Prove directly (i.e., without using Weak Nullstellensatz) that I(A}) = (0).

Proof of Hilbert’s Nullstellensatz. Suppose a = (f1,---, fm), and let g € I(V(a)) — {0}. We
consider now the ring of polynomials in n+1 variables k[ X7, - - - , X;;, X}, 11], and the polynomials
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fi, g can be viewed naturally as polynomials in n + 1 variables. Now, consider following family
of polynomials

{f17 T 7fm7Xn+lg - 1})

it has no common zero in k"*!'. Hence by the Weak Nullstellensatz, we get
(fro- s fmy Xnp19 — 1) = k[ X4, -+, X0, Xonp1]
Hence, there are polynomials @1, -+ ,Qn+1 € k[X1, -+, Xp41] such that
1=Q1 fit+ - Qn- fot+ Qni1- (Xnt19—1)
Now, take the image of this equality by the morphism
kX, X, Xpng1] = k(X1 X)), Xagp1— 1/g.
We get the following equality in k(X1q, -, X,)

1:P1.f1_|_...Pn.fn
gS

with P, € k[X1, -+, X,]. In particular, ¢ = P, - fy + -+ P, - f € a. Hence g € y/a, this
finishes the proof. O

Exercise 1.1.2.7. Show that V(I(Y)) =Y for any subset Y C A}

Corollary 1.1.2.8. There is one-to-one inclusion-reversing correspondence between algebraic
sets in A} and radical ideals a C k[Xq,---, X,,].

Proof. The correspondence is given by Y +— I(Y), and conversely by a — V(a). O

1.1.3 Zariski topology on an affine algebraic set

Definition 1.1.3.1 (Topology). A topology on a set X is defined by giving a family 7 of subsets
of X such that

e 0. X eT;
e T is stable by finite intersection;
e 7T is stable by any union.

In this case, a subset U C X is called open iff U € T, and F C X is called closed iff its
complement F° = X — F is open in X.

As a corollary of the Proposition 1.1.1.3, we have the following

Definition 1.1.3.2 (Zariski topology). We define the Zariski topology on A} by taking the
open subsets to be the complements of algebraic sets. For an algebraic subset V' C A7, then the
Zariski topology on V' is the subspace topology induced from Aj.

Example 1.1.3.3. e A subset F' C Al is closed iff F is a finite set. As a result, a subset
UcC A,lg is open iff its complement A} — U is a finite set.

e The Zariski topology on A} is not Hausdorff. It’s just a 77 space: for any two different
points x,y € A}, one can find an open U C A} such that z € U and y ¢ U.
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Exercise 1.1.3.4. Determine the closed subsets of A%, and then prove that the topology of Ai
is not the product topology on A? = A} x A} (here, this is an equality as sets).

Definition 1.1.3.5. A non empty subset Y of a topological space X is called irreducible if it
cannot be expressed as the union Y = Y; UY5 of two proper subsets such that each Y; is closed
inY.

Remark 1.1.3.6. Thought the empty set () satisfies vacuously the condition of 1.1.3.5, in this
course, we don’t consider it as an irreducible set.

Example 1.1.3.7. V(X;1-X5) = V(X1)UV(X2) C A? is not irreducible, while A} is irreducible.

Proposition 1.1.3.8. A closed subset F' C A} is irreducible iff its ideal I1(F) C k[ X1, -, X,]
s a prime ideal.

Proof. Let F' C A} be irreducible, and let f,g € k[Xi,---,X,] be two elements such that
f-g € I(F). We have in particular (f-g) C I(F), hence F = V(I(F)) C V(f-9)=V(f)uV(g),
and we get

F=V(f-ggnF=WV(f)NF)u(V(g)NF).
As V(f) and V(g) are both closed, and F' is irreducible, we have either V(f) N FF = F or
V(g) N F = F. Suppose for example V(f) N F = F, in particular, we get F' C V(f), hence

feI(V(f)) C I(F). This shows that I(F) C k[X1,---,X,] is prime. Conversely, suppose I(F')
is a prime ideal, and show that F' is irreducible. Let

F=F U

with F; C F two closed subsets. Then we have I(F') C I(F;). Now suppose F} # F, in particular,
by Hilbert’s Nullstellensatz, I(F) C I(Fy). Let f € I(Fy) — I(F), then for any g € I(F3), then

f‘QEI(FlLJFQ):I(F).

As I(F) is a prime ideal, we get g € I(F'). In particular, I(F) = I(F»), hence F = I(V(F)) =
I(V(Fy)) = F». This shows that F is irreducible. In this way, we get the proposition. O

Example 1.1.3.9. The affine space A} is irreducible since its ideal is (0) which is of course
prime.

Definition 1.1.3.10. A topological space X is called noetherian, if it satisfies the descending
chain condition for closed subsets: for any sequence

YODYI D"'Y;DY;‘JA DERE
of closed subsets, there exists some integer iy > 0 such that Y; =Y, for any 7 > 4.

Proposition 1.1.3.11. Any algebraic subset together with the Zariski topology is a noetherian
topological space.

Proof. Since any closed subset of a noetherian space is again noetherian, we only need to show
that A} is noetherian. Recall that the set of closed subsets of A} is in inclusion-reversing one-
to-one correspondence with the set of radical ideal of k[X7,--- , X,]. Hence to show that A} is
noetherian, we only need to show that k[ X7, --- , X,,] satisfies the increasing chain condition, or
equivalently, k[X1, -, X,] is noetherian. This is exactly Hilbert’s basis theorem. As a result,
A7 is noetherian. O
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Lemma 1.1.3.12. Let X be a neotherian topological space, and Y C X be a closed subset.
Then'Y can be expressed as a finite union Y =Yy UYs---UY, of irreducible closed subsets Y;.
If we require moreover Y; € Y; whenever i # j, then the family {Y;: 1 < i < r} is uniquely
determined. They are called the irreducible components of Y.

Proof. We will first show the existence of such decomposition. Let G be the set of closed subset
Y C X which can not be written as a finite union of irreducible closed subsets, we need to show
that & = (). If not, let Yy € & be an arbitrary element of this set, then Yj is not irreducible,
hence we have Yy = Yj U Yy, with Y, Yy’ C Yy two proper closed subsets of Yj. By the choice
of Yy, either Y] € & or Y|/’ € &. For simplicity, suppose Y € &, and we note Y; =Y. Then we
continue with this construction, and we get in this way a infinite sequence of closed subsets of
X:
Yo2Y12%2 2%, 0¥ 2.

This gives a contradiction with the assumption that X is noetherian. As a result, & = (), and
any closed Y C X can be written as a finite union of irreducible closed subsets

Y =Y,UYU---UY,

By throwing away a few if necessary, we may assume that Y; ¢ Y; whenever ¢ # j. This gives
the existence.
For the uniqueness, suppose

such that Y; ¢ Yy and Y] ¢ Y} whenever i # i’ and j # j'. Then Y{ C U;Y;, hence there exists
some i such that Y{ C Y;. Similarly, we have ¥; C Y] for some j, hence Y{ C Y;. We must have
1 =4, and Y/ = Y;. After renumbering the index ¢, we may assume i = 1. Now to finish the
proof, it remains remark that

ri=7T=v-¥-=Uy
=2 =2

Hence the uniqueness follows from an induction on min(r, s). O

Corollary 1.1.3.13. Any closed subset F' C A} can be expressed as a finite union of the
following form

of irreducible closed subsets, no one containing another.

Exercise 1.1.3.14. Show that a noetherian topological space X is always quasi-compact. If
moreover it’s Hausdorff, then X is a finite set with the discrete topology.

1.1.4 Coordinate ring of an affine algebraic set

Let V' C A} be an algebraic set, we define its coordinate ring

K[V] = k(X1 -, X, /I(V).
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Lemma 1.1.4.1. An element f € k[Xy,---, X,] defines a function
AL =k, =~ f(x),
whose restriction to V- C A} depends only on the coset f + I(V).

In particular, any element of its coordinate ring k[V] can be viewed naturally as a function
defined on V, which is called a regular function of V. We call also k[V] the ring of regular
functions. Moreover, we endow V with the induced topology as V is a subset of the topological
space A}. As a corollary of Hilbert’s Nullstellensatz, we have the following

Proposition 1.1.4.2. (a) The points of V are in one-to-one correspondence with the mazimal
ideals of k[V].

(b) The closed subsets of V' are in one-to-one correspondence with the radical ideals of k[V],
such that a closed subset F' C V is irreducible iff the corresponding radical ideal under this
correspondence is a prime ideal of k[V].4

(¢) For any f € k[V], let D(f) := {x € V: f(z) # 0}. Then the family {D(f): f € k[V]}
forms a basis for the topology of V': i.e., each D(f) is open, and any open U C V is a
union of D(f)’s.

Proof. (a) Let P = (x1, - ,2,) € V C A} be an element of V, then I({P}) = mp =
(X1 — 21, , Xpn — xp) C k[X1, -+, X,] is a maximal ideal which contains I(V'). Hence
its image mp C k[V] = k[X1,--- , X,|/I(V) is again a maximal ideal. Now we claim that
the correspondence

V — Max(k[V]), P —mp
is bijective. Indeed, let n be a maximal ideal of k[V], its inverse image m in k[X1, -, X,]

is again maximal, hence of the form mp, for a unique point P, € A} by Nullstellensatz.
One verifies easily that P, is contained in V' (since I(V)) C mp,), and the map

Max(k[V]) =V, n— P,
gives an inverse of the previous correspondence.
(b) Similar proof as (a).

(¢) First of all D(f) C V is open. Indeed, let f be an arbitrary lifting of f in k[X1,--- , Xn],
and consider

D(f) = {x € A}: f(x) #0).

Then D(f) = D(f) NV, hence, we only need to show D(f) C A} is open. But its
complement can be described in the following way,

A} = D(f) = {z € A}: f(z) =0} = V({f})

hence this is closed. As a result, D(f) is open. This gives the openness of D(f). For the
last assertion, suppose U = U NV be an open of V with U is open in A}. Hence, there is
some ideal a C k[X7, -+, X,,] such that AZ—ﬁ = V(a) = NgeaV (9). Hence U= UgeaD(9).
Asaresult, U =UNV = Ugea(D(g) N V) = UgeaD(g) with g the image of ¢ in k[V]. This
finishes the proof of (c).

O

4Note that by our convention 1.1.3.6, the empty set 0§ is not irreducible.
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Exercise 1.1.4.3. 1. Consider the affine twisted cubic curve:
C={(t,t*t3): tck}CA}

Show that C is an irreducible closed subset of A3, and find generators of the ideal I(C) C
k[X,Y, Z].

2. Let V=V(X?-YZ,XZ—-X) C A}. Show that V consists of three irreducible components,
and determine the corresponding prime ideals.

3. We identify the space Ma(k) of 2 x 2-matrices over k with A} with coordinates a, b, ¢, d:

My (k) ~ Af, < ch Z ) — (a,b, ¢, d).

Show that the set of nilpotent matrices is an algebraic subset of A}, and determine its
ideal.

Exercise 1.1.4.4. Consider C = {(t3,t1,#): t € k} C A}. Show that C is an irreducible
algebraic set, et determine I(C). Can I(C') be generated by 2 elements?

Solution. Consider the ideal J generated by the following three elements
XZ-Y? X*v-2Z7% YZ-X3

Then J C I(C), and V(J) = C. In particular, C is an algebraic set. Next, we claim that J is a
prime ideal. Indeed, consider the following morphism

¢: k[X,Y,Z] - k[T], X—=T3 YT Z—1T5

Its kernel contains J, and we only need to show that ker(¢) = J. Let f € k[X,Y, Z], using the
three generators of J as above, we have

FXY,Z) = ao(X) + a1(X) - Y + aa(X) - Z mod J

with a;(X) € k[X]. Now f € ker(¢) means that ag(T?) + a1(T3) - T* + az(T3) - T = 0, which
is possible only when a;(X) = 0, that is f € J. This proves that J = ker(¢) is prime. In
particular, J = I(C') by Hilbert’s Nullstellensatz. Moreover, I(C) cannot be generated by two
elements. In fact, if so, the k-vector space

J = J Quxy,z KXY, Z)/(X,Y, Z2) = T/(X, Y, Z) - T

must have dimension at most 2. On the other hands, we claim that the image of the three
generators above in J is k-linearly independent: let a, b, c € k such that

a (XZ—-Y*)4+b- (XY -Z)4+c- (YZ-X3e(X,Y,2)-J
Since each term of all non zero element of (X,Y, Z) - J has degree at least 3, we must have
a-(XZ-Y?)=b-Z*+c¢-YZ=0

As aresult, a = b = ¢ = 0, this gives the claim. In particular, J = I(C') cannot be generated by
2 elements. O
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1.2 Projective algebraic sets

1.2.1 Definitions

Let n > 1 be an integer, and we consider the following equivalent relation ~ on k"*! — {0}: for
x = (zo, -+ ,xn) and y = (Yo, - ,Yn), We say x ~ y iff there exists some A € k (must be non
zero) such that x; = A - y; for each 1.

Definition 1.2.1.1. We define the projective space of dimension n to be the set of equivalent

classes:
Py o= (K" —{0}) / ~°

An element of P} is called a point of the projective space P}. For each element (zg,---,z,) €
k™1 — {0}, its equivalent class in P? will be denoted by (z¢ : 21 : -+ : @,). The n + 1-tuple
(o, -+ ,xn) is called the homogeneous coordinate of this equivalent class.

Recall that for a polynomial P € k[Xo, -, X,], it’s called homogeneous if there exists some
integer d > 0, such that P can be written under the following form

P(Xo+ , X,) = 3 iy X00 - X

i0y+ yin €L 30,0+ +in=d

In particular,
P\-Xo,\-X1,---, A X,) =2 P(Xo, Xq,---, X,).

for any A\ € k. Let now P be such a homogeneous polynomial, and let z = (xg,--- ,x,) be a
zero of P. For any \ € k, A\-x = (Axg, -, zy,) is again a zero of P. Hence it makes sense
to say that for a point x € P}, whether the value P(x) is zero or not. Moreover, an ideal
a C k[Xo,---,X,] is called homogeneous if it can be generated as an ideal by homogeneous
elements, or equivalently, if
a:@aﬂk[Xo,--- y Xl
d>0

Definition 1.2.1.2. Let P € k[Xj, - -- , X,,] be a homogeneous polynomial. Let a = (f1,--- , fm)
be a homogeneous ideal with {f1,---, fi,} a family of homogeneous generators. We define the
corresponding projective algebraic set to be

Vi(a):={(zo: - -xn) €Py: filxo, -+ ,2p) =0 Vi }

One can verify that this definition is independent of the choice of the homogeneous generators

{flv"' 7fm}

Example 1.2.1.3. Let (aop : --- : ap) € P} be a point of the projective space, we consider the
ideal p generated by (X;a;—Xja;); ;. Then it’s homogeneous, and Vi (p) = {(ap : --- : an)} C P}.
Note that this ideal is prime but not maximal. Moreover, V (p) C AZH is the line passing through
the origin of AZ“ and also the point (ag, - ,a,) € AZ“.

Example 1.2.1.4 (Hypersurfaces). Let f(Xo,---,X,) be an irreducible homogeneous polyno-
mial. Then f = 0 defines an irreducible algebraic set in P}, called a hypersurface.

It may happen that V (a) = 0 for a homogeneous ideal a even if a # k[Xo,--- , X,,]. In fact,
we have

®Similar to the affine case, the more correct notation here is P} (k), here we write P just for simplicity.
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Proposition 1.2.1.5. Let a C k[Xy, -+, X,]| be a homogeneous ideal. The following two asser-
tions are equivalent

1. V+(Cl> = @,’
2. a contains k[ X, -, Xplq for some d > 0.

Proof. ¢ Suppose V, (a) = 0, which implies that V (a) C AZ“ has at most the single point {0},
that is V(a) C {0}. As a result, we find (Xo,---,X,) = I({0}) C I(V(a)) = v/a. In particular,

there exists some s > 0 such that X € a, hence k[Xo, -+, X,]q C a with d = (n+ 1) - s. This
gives (2). Conversely, suppose a contains k[Xy, -, X,,]q for some d > 0, then V(a) C {0}, hence
V+(Cl) = @ O]

Proposition 1.2.1.6. The union of two algebraic sets is algebraic. The intersection of any
family of algebraic sets is algebraic. The empty set and the whole space P} are both algebraic.

Definition 1.2.1.7. We define the Zariski topology on P} by taking open subsets to be the
complements of algebraic sets. For a subset Y C Py, the Zariski topology is the subspace
topology induced from PPj.

Exercise 1.2.1.8. Describe the closed subsets of Pllf.

Definition 1.2.1.9. A subset V' C P} is called a quasi-projective algebraic set, if it can be
realized as an open of a projective algebraic set of IP}!.

Example 1.2.1.10. For each integer i € [0,n], let H; = Z(X;) = {(xo: -+ : xy): 2, =0} C P}
Then it’s a projective algebraic set, and we will denote by U; its complement. There is a
canonical map of sets

; ; ) P

i) Ti—1 Ti41 i
U, — AL, (ZL‘[)Z"'ZCL‘n)l—)<"' - as n)

In fact, this is a homoeomorphism of topological spaces. Note that (), H; = 0, hence | J, U; = P}.

Example 1.2.1.11. [Any affine algebraic set is quasi-projective] Let V = V(a) C A} be an
affine algebraic set. We identify A} with the open subset Uy of P} of elements with homogeneous
coordinate (zg : 1 : --- : &) such that xg # 0. In this way, V can be seen as a subset of P}.
Since V C Uy is closed, we have V =V N Uy with V C IP? the closure of V' in PP}

Exercise 1.2.1.12. Keeping the notations of Example 1.2.1.11. Describe explicitly from a the
closure V of V.

Solution. We consider the following construction: for each polynomial f € k[Xy, -, X,], et
define B(f) € k[xg,- - ,x,] the homogeneous polynomial given by
d T T
ﬁ(f):xoeg(f)‘f<7'” 7n> .
Zo zo
Now, we consider b C k[zg, -, ;] the homogeneous ideal generated by B(a) C k[zo, - ,zn],
then clearly V' C V4.(b), hence V' C Vi (b). Conversely, for G € k[zg,- - ,zy,] a homogeneous

polynomial such that V' C Vi (G), or equivalently V' C V(g) with g = G(1, Xy, --- , X},), we have
g € /a by Hilbert’s Nullstellensatz. In particular, there exists some integer r > 0 such that
g" € a. In particular, 5(g)" = B(¢") € (B(a)) = b. Moreover, we have G = :Ugeg(c)_deg(g)ﬁ(g),
hence G™ € b, so G € V/b. As a result, we find V(b) C V. (G). In this way, we find V, (b) is
contained in any closed subset of P{ which contains V. From this, we find V' = V., (b). t

In the course, it was said that Vi (a) = @ iff V(a) = {0}, but of course this equivalence works only when
a C k[Xo,- -+, Xn]. Hence here the more correct statement is that Vi (a) = 0 iff V(a) C {0}.
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Example 1.2.1.13 (Twisted cubic in P?). Recall that the affine twisted cubic is the affine
algebraic set given by
C={tt*t]):tck}cCA}

In terms of equations, this is V(X% — Y, X3 — Z). Now, we identify Ai with an open of IP’% by
APy (z,y,2) = (Lizy:2).

Then the closure C of C is an projective algebraic set of P}, called the (projective) twisted cubic.
Now we want to give an explicitly description of C' in terms of equations. Note that

(X2-YV,X3-Y)=(X? -V, XY -2)=(X*-Y,XY - Z,XZ-Y?

Hence, if we consider I = (X?—YW, XY —ZW,XZ-Y?) C kW, X,Y, Z], then V (I)NA} = C.
Moreover, this ideal is prime: indeed, we can consider the following morphism of rings

a: KW, X,Y,Z] = k[S,T], W S3 X S?T, Y s ST?, Z +— T3,

Then I C «, hence to show that I is prime, we only need to show that I = ker(a). Now, any
polynomial f € k[W, X, Y, Z] can be written as

f=aoW,Z)+a (W, Z)- X +ax(W,Z)-Y mod I
with a; € k[W, Z]. If f € ker(«), we then have
0= ag(S%,T3) + a1 (53, T3) - S>°T + ax(S3,T3) - ST?
which is possible iff a; = 0 for ¢ € {0,1,2}. Hence f € I. This shows I is prime, hence V, (I)

is irreducible, and it contains V as an open subset, hence V, (I) = V. One shows also that this
ideal I cannot be generated by two elements.

Exercise 1.2.1.14. Consider the map
viPL =Py (zy) = (2 2%y xR,

Prove that the image of this map is a projective algebraic set of IP’%. Can you recognize this
algebraic set?

1.2.2 Homogeneous Nullstellensatz

Definition 1.2.2.1. Let Y C P} be a subset. We define its homogeneous ideal I(Y') to be the
ideal generated by the homogeneous polynomial P € k[X, - , X,,] such that P(x) = 0 for any
TEY.

Proposition 1.2.2.2. Keeping the notations as before.
1. We have I(Vi(a)) = v/a, and Vo (I(Y)) =Y for Y < P? a subset.

2. The mappings a — V(a) andY — I(Y) set up a bijection between the set of closed algebraic
subsets of P}, and the set of all radical homogeneous ideal a C k[Xo,- -+, X,]| such that
a 7& (XOa e 7Xn)-7

3. Under the previous correspondence, the irreducible closed subsets (resp. the points) of P}
correspond to the prime homogeneous ideals not equal to (Xo, -+ ,X,) (resp. the prime
homogeneous ideals p C (Xo, -+, Xy) which is mazimal with respect to this property).

4. P7 is neotherian with the Zariski topology.

"Note that the radical of a homogeneous ideal is still homogeneous.
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Exercises: affine cone over a projective subset

Let U = AZ“ — {0}, and p : U — P} be the canonical projection. Let Y C P} be a projective
algebraic subset, let B
Y :=p {(Y)u{0o} c APt

Exercise 1.2.2.3. Show that ¥ C A is an algebraic subset of AP, whose ideal is I(Y)
considered as an ordinary ideal of k[Xo,- -, X,]. Moreover show that Y is irreducible if and
only if Y is irreducible. The affine algebraic set Y is called the affine cone over Y.

Exercise 1.2.2.4. Use the notion of affine cone to establish 1.2.2.2.

1.2.3 Homogeneous coordinate ring

Recall first that a graded ring is a ring A, together with a decomposition of A into a direct sum

of its subgroups
A= @ Ay
d>0
such that Ay - Ay C Agrq. The decomposition above is called a gradation of A.

Let V =V, (a) C P} be a projective algebraic set, with a C k[Xo,---, X,] a homogeneous
ideal. Its homogeneous coordinate ring is then define to be the quotient k[Xo, -, X,]/I(V),
with I(V') the ideal of V. Since I(V') is homogeneous, the quotient A := k[Xy, -+, X,|/I(V) is
naturally graded: A = ©4>0Aq where

Ad = k[X07 e 7Xn]d/k[XO’ e 7Xn]d n I(V)

with k[Xo, -, Xpn] = @yso k[Xo, -+, Xnla the usual gradation of k[Xo, -, Xp]. Let Ay :=
G?d>0Ad- Let f € A be a homogeneous element, which is the image of a homogeneous element
f € k[Xo, -, Xy]. It’s easy to see that the set

{xeV cP?: f(z) #0}

is independent of the lifting f of f, hence we will denote it by D, (f). For the future use, we
record the following proposition, which is a projective analogue of 1.1.4.2.

Proposition 1.2.3.1. 1. There is a one-to-one correspondence between the set of closed sub-
sets of V', and the set of homogeneous radical ideals not equal to A .

2. Under the previous correspondence, the irreducible closed subsets (resp. points) correspond
to the homogeneous prime ideals of A not equal to Ay (resp. prime homogeneous ideals
p C Ay which are maximal with respect to this property).

3. For f € A =Ek[Xo, - ,Xp]/I(V), the subset D1 (f) is open in V. Moreover, the family
{D+(f): f € A homogeneous} forms a basis for the Zariski topology of V. Such an open
subset will be called principal.

1.2.4 Exercise: plane curves

We begin with a general ressult.

Exercise 1.2.4.1. Let a C k[Xy, -+, X,,] be an ideal. Show that V' (a) is a finite set if and only
if the quotient k[X1,--- , X,]/a is of finite dimensional over k.
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Now, an affine plane curve, is the set of solutions in A% of a nonconstant polynomial f €
k[X,Y].

Exercise 1.2.4.2. Let C = V(f), D = V(g) C A be two plane curves with f, g two irreducible
polynomial of degree respectively m and n, such that ftg. We want to show that C' N D is a
finite set in the following way.

1. For each integers d > 0, let Py be the set of polynomials € k[X, Y] of total degree < d.
Compute the dimension of this k-vector space Py.

2. Show that for d > Max{m,n}, the k-vector space Py/(f,g) N Py is of dimension < mn.
For this, one could use the following sequence of maps

o B
(1.2) Py X Py —— Py ——PFy/(f,9) N Py
where a(u,v) = uf + vg, and f is the natural projection, and note that 5o« = 0.

3. Show that dimg(k[X,Y]/(f,9)) < mn and then conclude.

But it might happen that C N D = (. To remedy this, we consider the projective plane
curves. By definition, a projective plane curve, or just a plane curve for short, is the set of
solutions in IP’% of a nonconstant homogeneous polynomial F' € k[X,Y, Z].

Exercise 1.2.4.3. Show that for any two plane curves C, D € Pi, their intersection C N D is
not empty. One could try to use the sequence (1.2) for help.

Now, we will examiner the case where C' = V, (F) is a plane curve with F' € k[X,Y,Z] a
homogenenous irreducible polynomial, and D = L is a line in IP’%. Let’s first define the intersction
multiplicity of L and C at a point P € IP’%. We may assume that P = (29 : yg : 1) € A2 =
D, (Z) C P%. Hence L N A? is given by a polynomial f in z,y of degree 1:

g(x,y) =a-(x—x0) +b-(y — o)

and C' N A? is given by a polynomial f(z,y) = F(z,y,1) € klz,y] such that f(zo,y0) = O.
Without loss of generality, we assume b # 0, then replace y by

a
——(z —20) + w0

b
in the expression of f, and we get a polynomial f(z) = f(x, —%(x—2x0)+yo) € k[z]. By definition,
o is a root of this polynomial. Now, we define the intersection multiplicity i(P; L,C) to be the
multiplicity of the root x = x( of the polynomial f. Moreover, by convention, for P ¢ LN C,
we define i(P; L,C) = 0.

Exercise 1.2.4.4 (A special case of Bézout’s theorem). 8 Let L be a line of P2 and C' = V. (F)
be a plane curve given by an irreducible homogeneous polynomial of degree n. Suppose C # L,
then the following equality holds

n= Z i(P;L,C)

PeP?

The actual Bézout’s theorem is the following

80f course, the affine analogue of this proposition is not true.
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Theorem 1.2.4.5. Let C' and C' be two plane curves of degree respectively m and n. Suppose
that C' or C" doesnot contain any irreducible component of the other curve as its irreducible
component, then the following equality holds:

m-n = Z i(P;C,C")

2
Pep2

1.3 Morphisms of algebraic sets

We will need to know when 2 algebraic sets are to be considered isomorphic. More generally,
we will need to define not just the set of all algebraic sets, but the category of algebraic sets.

1.3.1 Affine case
Let U C A} and V' C A}’ be two affine algebraic sets.

Definition 1.3.1.1. A map o: U — V is called a morphism if there exist m polynomials in
n variables Py,---, P, € k[X1,---,X,] such that for any = = (x1,--- ,x,), we have o(z) =
(Pi(z), -+, Pp(z)). A morphism o: X — Y is called an isomorphism if it’s bijective,” with
inverse 0! again a morphism. In this case, we say that U and V are isomorphic.

Remark 1.3.1.2. If we replace in the previous definition “polynomials” by “regular functions
on U”, we get the same notion. Hence a morphism o: U — V C AJ" is given by m regular
functions f1,-- -, fm € k[U] such that for any z € U, o(x) = (fi(z), -, fm(z)) € V.

Example 1.3.1.3. Look at A} the affine line, and the parabola C' = V(y — z?) C A}. The
projection 7: (z,y) — x of the parabola onto the z-axis should surely be an isomorphism
between these algebraic sets. Indeed, we consider the following map

o: AL = C, xw (z,2%).
Then we have c om =id and mo o = id.

Proposition 1.3.1.4. Let f: U — V be a morphism of affine algebraic sets. Then f induces a
continuous map between the underlying topological spaces.

Proof. Suppose U C A}, and V C AJ". By the definition, f is just the restriction to U of a
regular function F': A7 — A7". Since U and V' are endow with the subspace topology, hence we
are reduced to show that F' is continuous. We write F' = (Py,--- , Py,) with P; € k[X1, -+, X,].
Let Y = V(I) C A} be a closed subset with I = (g1,---,9,) C k[Y1,---,Y},] an ideal. Then
F=YV()=V(f1, -, fr) with fi = g;(P1,- -+, Pn) € k[X1,- -+, X,,]. In particular, F~1(V(I))
is closed. Hence, F' is continuous. This finishes the proof. O

Let 0: U — V be a morphism of affine algebraic sets. For any regular function f: V — U,
we claim the composition foo: U — k gives a regular function on U. Indeed, as f is regular,
we may assume that f(y) = F(y) for y € V with F € k[Y1,---,Y,,] a polynomial. Moreover, let
Py, Py € k[X1, -, X,] such that o(z) = (Pi(x), -+, Pp(z)) for z € U. Then foo(x) =
F(Py, - ,Py)(x) for x € U. As F(Py,---,Py) € k[X1,---,X,] is a polynomial, hence the
composition f oo is a regular function on U. In this way, we get a map, denoted by o*:

o*: k[V] — k[U].10

9Note that k = k.
10The proof given here is slicely different the proof give in the lecture.
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Proposition 1.3.1.5. The map
t: Hom(U, V) — Homy (k[V], k[U]), o+ 0"
1s bijective.
Proof. We remark first that, for any x € U, if we note my, = {f € k[U]: f(x) = 0} C k[U] the

maximal ideal corresponding to x € X, and n,(;) C E[V] the maximal ideal corresponding to
o(x). Then we have

a*_l(mm) = n(,(x).
This remark implies immediately that the map ¢ is injective. To establish the surjectivity, let
7: k[V] — Ek[U] be a morphism of k-algebras. Let P; € k[X1,---,X,] be a lifting of 7(y;) for

each 1 < i < m, we have then the following commutative diagram

k[yla 7Ym] Aimai

k[V] T k[U].

k[XL' c 7Xn]

Let
o= (P, -, Pp): Ay — A"

be the morphism given by the polynomials P;’s. Then ¢ sends U to V', which means that for any
x e U, (Pi(x), -, Py(z)) € V. Indeed, we need to show that f(Pi(z),---,Ppn(z)) =0 for any
f € I(V). But since the polynomial P, is a lifting of 7(y;), we have f(P1(X), -, Pn(X)) € I(U),
hence f(Pi(x), -, Pp(x)) =0 for any x € U. In this way, we get a morphism from U to V,
still denoted by o. Finally, it remains to show that * = 7. We only need to show o*(y;) = 7(y;)
for each i: in fact, we have

U*(yl) = Pi(xl’ T ,CCn) — Pi(Xla e )X’n) — T(yz)
This finishes then the proof. O

Corollary 1.3.1.6. A morphism of affine algebraic sets o: U — V is an isomorphism iff the
induced maps between the coordinate rings is an isomorphism. In particular, two affine algebraic
sets are isomorphic if and only if there coordinate rings are isomorphic as k-algebras.

But note that a bijective morphism ¢ : U — V is not an isomorphism in general.
Example 1.3.1.7. Suppose k of characteristic p. Define the morphism
frAL = ALt t?
which is bijective. Then in the level of coordinate rings, f induces the map
[ k[X] — k[X], Xw— XP.
Clearly, this map is not an isomorphism. Hence, f is not an isomorphism of affine algebraic sets.
Example 1.3.1.8. We consider the following map
o A — ALt (218,
Let C be its image, then C' is an affine algebraic set, and ¢ induces a bijection between A}C and

C. But this morphism is not an isomorphism. In fact, these two affine algebraic sets are not
isomorphic.

Exercise 1.3.1.9. Verify the assertions in the previous exercise.
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1.3.2 Quasi-projective case

The definition of morphism in the projective case is more subtle. We begin with the notion of
regular functions.

Remark 1.3.2.1. Even for a homogeneous polynomial P, its value at a point x of projective
space P} is not well-defined. But for P, two homogeneous polynomials of the same degree,
such that Q(x) # 0, then we have a well-defined function on the neighborhood D(Q) = {y €

Pr: Qy) # 0}:

r Py)

—:D(Q) =k, yr— —"+.

Q Qy)
Definition 1.3.2.2. For a quasi-projective algebraic set V' C P?, and « € V a point. A function
f:V — kis called regular at x if there exist two homogeneous polynomials P, Q € k[Xq, -, X,]

of the same degree such that Q(z) # 0, and that f agrees with g on a neighborhood of V' at x.
The set of regular functions will be denoted by k[V]. This has set naturally a ring structure.

Since an affine algebraic set can also be viewed as a quasi-projective algebraic set, we get
two versions of regular functions on it. But in fact, these two versions coincide. More precisely,
we have

Proposition 1.3.2.3. Let V C A} be an algebraic set. Then the notion of reqular functions on
V' when V is viewed as an affine algebraic set is the same as the notion of reqular function on
V' when V is viewed as a quasi-projective algebraic set via V. C A}l = D (Xo) C PP = {(zo :
<t xp)|xs € k not all zero}.

Proof. We identify A} as an open of PP}’ by the usual way:
Ay =Py, (a1, - ,an)— (L:rag:---:ap).

Let V' C A} be a closed subset, and f : V — k a regular function in the sense of affine
algebraic set, then f = P|y with P € k[Xy, -+, X,] a polynomial. Now, take d = deg(P), and
Q = XIP(X1/Xo, -+, Xn/Xo) € k[Xo, -+, Xpn]. Then Q is homogeneous of degree d, and we
have f = (Q/X{)|v, hence f is a regular function in the sense of projective algebraic set.

Conversely, let f : V — k a regular function when V is viewed as a quasi-projective set,
then for each point = € V, there exist P,,Q, € k[Xo, -, X,] homogeneous polynomials of
the same degree such that Q,(z) # 0, and that f = P,/Q, in a neighborhood U, of x. Let
P, = P,(1,X1, -+, Xp), and Q) = Q,(1,Xy,---,X,), then P, = f- Q" in U,. Now, up to
multiply on both sides some regular function (in the affine sense) of V' which is vanishing on
V —U, but not at the point z, we may assume that the equality P, = f-@Q’, holds in V. Since the
family {Q’, : x € V'} has no common zero in V, as a result, we must have (Q), : x € V) = k[V].
Hence 1 € k[V] can be expressed as the following finite sum:

with g, € k[V]. Hence f =g, f- Q) =), gx - P, € k[V]. This finishes the proof. O

In contrast to the affine case, the ring of regular functions may consist only of constants.
For example,
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= k. Indeed, recall that, let x,y be the coordinate of IP’}C, then IP’,lC =

Example 1.3.2.4. k[P}]
,y):x # 0} and Uy = {(z : y): y # 0}. Moreover, we can identify Up

Uy U Uy with Uy = {(x
with A}C:

Up~ AL, (z:y)— y/z,
and similarly for Uy:

Uy ~AL  (z:y)— x/y.
Let now f: IP’/,IC — k a regular function, its restriction to Up is a regular function on Uy ~ A,lﬁ,
hence fly, = Po(y/z) with Py € k[T] a polynomial. Similarly, f|y, = Pi(x/y) with Py € k[S].
On the other hand, since f|yynr, = Po(y/2)|vonv: = Pi(x/y)|venw, - That is, for any (z : y) € Pi
such that z -y # 0, we have

Py(y/x) = Pr(z/y)

But since Py and P; are polynomials, the previous equality is possible only when Py and P; are
constants. Hence we have f = ¢ is a constant function on IP’}C. This finishes the proof.

Definition 1.3.2.5. For V' a quasi-projective algebraic set. A map

f:(fh'" 7fn): V%AZ
is called regular if each component f; : V — k is a regular function of V.
Definition 1.3.2.6. Let V' be a quasi-projective algebraic set.

1. Amap f:V — P} is called a morphism if for any x € V, there exists some affine piece
A} containing of f(x) € P} and a open neighborhood U of = in V' such that f(U) C A},
and that f|y: U — A} is regular.

2. For W C P} a quasi-projective algebraic set. A map f:V — W is called a morphism if
the composite map
V=W =Py

is a morphism in the previous sense.

3. A morphism f : V — W is called an isomorphism if it’s bijective, with f~! still a morphism
of quasi-projective algebraic set.

Example 1.3.2.7. Consider the map o: P — P% given by (2 : y) — (2% : zy : y?). Then this
map is a morphism. Indeed, let P = (z : y) € P be a point in P{. Without loss of generality,
we may assume that z # 0. Let U = {(z :y) € PL: 2 # 0}, and V = {(a : b: ¢): a # 0}, and
identify them to the affine space in the usual way. Then o(U) C V. Moreover, we have the
following diagram

P, — P}

U2y

tb—)(l:t)T T(C,d)H(l:c:d)

Al — A}

Now as this diagram is commutative, the lowest horizontal map is then given by ¢ + (,2),

which is regular since the two components ¢ and ¢? are regular functions on A}C. This gives the
result.
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Exercise 1.3.2.8. Let Y be the image of morphism of the previous example. Show that Y C IP’%
is a closed subset. Prove that ]P’,l€ ~ Y while their homogeneous coordinate rings are not
isomorphic.

Suppose V C P} ={(zo:---:an)} and W C P = {(y0 : --- : ym)} be two quasi-projective
sets. Let o0: V — W be a morphism of quasi-projective sets, then ¢ induces a morphism of
the ring of regular functions o*: k[W]| — k[V] in the following way: for f: W — k a regular
function, then foo: V — k.

Lemma 1.3.2.9. The function foo:V — k is reqular.

Proof. For any v € V| we write w = o(v). So we need to show that foo is regular at v. This is a
local question around v. Without loss of generality, we suppose that w is contained in the affine
piece A" = D, (Yy) C P}*. Up to replace V' by some small neighborhood around v, we may
assume that (V) C WND4(Yp), hence we can write 0 = (01, - -+ , 04,,) With o; regular functions
defined on V. Up to replace further V' by some small open of v, we may write o; = F;/G; with
F;,G; € k[Xo,- -+, X,] homogeneous polynomials of the same degree such that G;(z) # 0 for
any v € V. The map o: V — W C P}* hence can be written as

o(z) = (1: Fi(x)/G(x) : - Fin(2)/Gm())

Similarly, up to replace W by some small open neighborhood of w (and then replace correspond-
ingly V' by some open neighborhood of v), we may assume that the regular function f can be
written as P/Q with P,Q € k[Yy, -, Y] two homogeneous polynomials of the same degree
such that Q(y) # 0 for any y € W. As a result,

fOO': P(LFI/GI"" 7Fm/Gm)

Q(17F1/G17"' 7Fm/Gm)
One verifies that the latter fraction can be written as a quotient ]3/§ with ]5, C~2 € k[Xo, -, Xn]
be two homogeneous polynomials of the same degree, such that Q(v) # 0, which says exactly
that f oo is regular at v. This finishes the proof. O

As aresult, a morphism o: V' — W induces a morphism between the ring of regular functions
o k[V] — kE[W].

By in general, if we just consider the ring of regular functions k[V] of a quasi-projective algebraic
set, we will lost much information about V: for example when V' = P}, one can show that k[P}]
consists just the constant functions. Because of this, the analogues of 1.3.1.5 and 1.3.1.6 for
quasi-projective algebraic sets don’t hold in general.

Exercise 1.3.2.10. For X a quasi-projective algebraic set, and for any point £ € X. Show that
there exists a open neighborhood U of x such that U is isomorphic to an affine algebraic set.

Exercise 1.3.2.11. Let V,W be two quasi-projective algebraic sets, and f: V — W be a
morphism of algebraic sets. Then f is continuous between the underlying topological spaces.



Chapter 2

The Language of schemes

2.1 Sheaves and locally ringed spaces
2.1.1 Sheaves on a topological spaces
Let X be a topological space.

Definition 2.1.1.1. A presheaf F of abelian groups (resp. rings) on X consists of the following
data:

e for any open subset U C X, an abelian group F(U) (resp. a ring F(U)), and

e for any inclusion of open subsets V' C U C X, a morphism of groups (resp. of rings)

puv: F(U) = F(V)

subject to the conditions
o 7(0) = (0);
e pyy: F(U) — F(U) is the identity map for any open U C X;
o for W C V C U C X three opens of X, we have pyw o puv = puw-

Remark 2.1.1.2. Very often, for s € F(U), and V C U, the image of s by the map pyy is
denoted by s|y € F(V).

Example 2.1.1.3. Let X be a topological space.

1. For any open U C X, let Ox(U) to be the set of real-valued continuous functions defined
on U. For V C U, the map pyy is defined to be the restriction map. Then Ox is a
presheaf.

2. Let Cx be the presheaf such that for each open U C X, Cx(U) is the set of constant
functions defined over U, together with the natural restriction. Then this gives us a
presheaf.

3. Let U C X be a open subset of X, and F be a presheaf on X. F induces in an obvious
way, a presheaf F|y on U by setting F|y (V) = F(V) for any open subset V' C U. This is
the restriction of F to U.

29
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Definition 2.1.1.4. A presheaf F on a topological space X is called a sheaf if the following
two conditions are satisfied:

— For any open U of X, and any open covering U = |J, U; of U. Let s € F(U) be a section
such that s|y, = 0 for each 4, then s = 0;

— For any open U of X, and any open covering U = |J, U; of U. Suppose that for each 1,
we are given a local section s; € F(Uj;) such that these sections verify the following gluing
condition: for each i, j, we have equality Sz‘\UmUj = sj\Uiji. Then there exists a section
s € F(U) such that s|y, = s; € F(U;).

In a more fancy way, a presheaf F is a sheaf, if for any open U of X, and any open covering
U, Ui = U of U, the following sequence of abelian groups is exact:!

0= FU) = [[F) = [[FU:nUy),

where the first morphism is s — (s|y, )i, and the second one is given by
(ti)i = (tilu,nu; — tiluinu, )ig-

Example 2.1.1.5. In the previous example, Ox is a sheaf, while Cx is not a sheaf. Moreover,
for a sheaf F on X its restriction F|y to an open subset U C X is also a sheaf.

Definition 2.1.1.6. Let F and G be two presheaves of groups (resp. of rings) on X. A morphism
of presheaves f: F — G consists of the following data: for each open U, a morphism of groups
(resp. of rings) f(U): F(U) — G(U) such that the following square is commutative: for V C U,

FU) = F(V)
f(U)l if(V)
G(U) = 9(V)

If moreover F and G are sheaves, we use the same definition for morphism of sheaves (or
presheaves). The set of morphisms of sheaves (or presheaves) of groups from F to G will be
denoted by Hom(F,G).

B-sheaves

Let X be a topological space, and B be a basis for the open subsets of X.? For each open subset
U of X, let By be the set of elements of B which is contained in U.

Definition 2.1.1.7. A B-presheaf of abelian groups (resp. rings) on X consists of the following
data:

'Recall that a sequence of abelian groups

di—1 d;
Gi-1 Gi Giy1 —— -+

is called a complez, if for each i, we have d; o d;—1 = 0. If moreover ker(d;) = im(d;—1) for each ¢, then we say
that the complex above is ezact.

2This means the following: B is a set of open subsets of X, such that any open subset of X can be written as
a union of the open subsets contained in B.
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— for any open subset U € B, an abelian group (resp. a ring) F(U);

— for two open subsets V' C U of X contained in B, a morphism of groups (resp. of rings)
pUV : .F(U) — .F(V),

subject to the usual conditions as a presheaf on X. A B-presheaf is called a B-sheaf if moreover
the following condition is verified:

(SC) For any open subset U € B, any open covering U = |J, U; by U; € B, the following complex
is exact

(2.1) 0—FU) —1L F () — H” HWeBUmUj FW),

where the second morphism « is given by (s;); = (si|lw — sjlw)ijw-

We say that a B-presheaf is separated if for any open U € B and any open covering U = | J;c; U;
with U; € B, the first map in the sequence (2.1) is injective.

Remark 2.1.1.8. Keeping the notations as in the definition, and suppose that the B-presheaf
F is separated. Temporarily, we say a family of section (s;) € [[, F(U;) is compatible if (s;) lies
in the kernel of a. Suppose that, for each i, j, we are given an open covering U; (\U; = |, Wiji-
Then the family (s;) € [[; F(U;) is compatible if and only if s;|w,, = s;j|w,,, for any k. Clearly,
if (s;) is compatible, since Wij, € By,nu,, we have Si|Wijk = Sj|Wijk' Conversely, suppose the
latter condition is verified, we need to show that for any W € By,nu;, we have silw = sjlw. As
UsNU; = U Wijk, we have W = |J, W/ such that W/ € B and that each W/ is contained in
some W;j, for some index k. Our hypothesis implies then, for any index [,

(silw — Sj|W)|Wl’ = (Si’Wi]’k - 5j|Wijk)|Wl’ =0

where Wjjy, is such that W/ C W;j;. As aresult, s;lw = s;j|w since the B-presheaf F is separated.
As a corollary, let B’ be another base of X such that B’ C B. Let F be a B-sheaf. Then the
restriction of a B-sheaf to B’ gives a B’-sheaf.

Lemma 2.1.1.9. Let F be a B-sheaf, then F can be naturally extended, in a unique way, to a
sheaf G on X, such that F(U) is canonically isomorphic to G(U) for any U € B.

Proof. The uniqueness is clear. Let’s proceed to the proof of the existence. Let G(U) be the set
of compatible sections sy € F(V) for V C U an open in B:

G(U) = {(sv)vesy: svlw = sw for W,V € By st. WcVic [[ F(V),
VeBy

or equivalently, G(U) := fm, o F(V). Note that if U € B, the natural projection G(U) —
F(U) is an isomorphism. Let now U’ C U be two open subsets of X, then By C By. The
natural projection induces then a morphism of groups G(U) — G(U’). In this way, we get a
presheaf G on X which extends the B-presheaf F.

On the other hand, for another basis B’ of the topology such that B’ C B, by the previous
remark, the restriction of F to B’ gives a B’-sheaf on X, denoted by F’. Let G’ be the presheaf
on X defined from the B’-sheaf F. Since B’ C B, the projection induces then a morphism of
presheaves ¢: G — G’'. We claim that this latter map is an isomorphism. We first prove that this
map is injective. Indeed, let s = (sy)vep, € G(U) an arbitrary section such that sy = 0 for any
W € By;. Since B’ is a basis of X, for any V' € By, there exists an open covering V' = |J; V; of
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V with V; € B'. Now, sy|y, = sy, =0 (as V; € By;). Now since F is a B-sheaf, and V|V € B, we
get sy = 0, and hence the injectivity. For the surjectivity, let s’ = (s{,v)Wegb € G'(U), we need
to construct in a compatible way sections (sy)vep,. Let V € By, then one can find a covering
V =J; W; with W; € Bj,. For each W;, we have a section s{,Vi € F(W;), and these sections are
compatible (see the previous remark). As a result, these sections can be glued in a unique way
to a section sy € F (V). Moreover, these resulting sections (sy)yep, are also compatible, hence
give a section s € G(U). In this way, we see that the map G(U) — G'(U) is surjective. This
proves the claim.

Now to finish the proof of this lemma, one needs to verify the sheaf condition for G. Let U
be an open of X with (J, U; an open covering of U. Up to replace X by U, we may suppose that
U = X. Let B' C B be the set of elements of B which is contained in U; for some i. Then B’
is still a basis for the topology. Since the corresponding B’-sheaf extends to the same presheaf
as the B-sheaf F, we may also assume B = B’. In this case, we need to show that the following
sequence

0— lim F(V) — lim F(V)— li F(W

i F(V) Hv<—3 W) HW<B_ (W)
By the assumption on B, the first map is injective. To show the exactness in the middle,
let t = (ti,V)i,VeBUi an element of the middle, then ¢ comes from an element of G(X) iff for
V € By, N By, = Bu,nu;, we have t;y = t;y, which means exactly that ¢ lies in the kernel of
the second map. This gives the exactness at the middle. O

Stalks

Definition 2.1.1.10 (Stalk). Let F be a sheaf on X (or a presheaf on X). Let x € X be a
point of X. We consider the family S of the pairs (U, s) where U C X is a open neighborhood of
z, and s € F(U). We define the following equivalent relation ~ on S: for (U, s) and (V,t) € S,
we say (U,s) ~ (V,t) if one can find a third open neighborhood W of x such that W c UnNV
and that sy = t|w. We denote by F, the set of equivalent classes S/ ~. It is called the stalk
of the sheaf F at z.

In a more fancy way, the definition of stalk can be expressed as the following direct limits

Fp = %ﬂ F(U).
zelU
Remark 2.1.1.11. Let X be a topological space, with B a basis for the topology. Let F be a
B-sheaf which extends to the sheaf G on X. For x € X, we have

zeUeB

Sheaf associated with a presheaf

Proposition 2.1.1.12. For any presheaf F of groups, there is a canonically associated sheaf
of groups F* on X together with a morphism v: F — F® such that for any sheaf G on X, the
following map

Hom(F%,G) — Hom(F,G), [+ fou

is bijective. The pair (F, i), or simply F* is called the associated sheaf of F, it is unique up
to isomorphisms. Moreover, the canonical map v induces an isomorphism between the stalks

Fy = F2 for any x € X.
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Proof. (Sketch) For any open U of X, we consider F*(U) the set of applications s: U — [[ .. Fa
such that

- s(z) € F, for any x € U,

— For any g € U, there exists some open V of xy contained in U and some element ¢ € F(V)
such that s(z) = t, € F,.

The collection { F*(U)} together with the usual restriction maps give a sheaf 7% on X. Moreover,
there exists a canonical map ¢: F — F?, and the couple (F%, ) solves the universal problem
stated in the proposition. Indeed, let ¢: F — G be a morphism of presheaves with G a sheaf on
X. For any element s € F*(U), let U = |JV; be an open covering of U, and t; € F(V;) such that
sly, = u(t;). We take t; = ¢(t;) € G(V;), and claim that there exists some ¢’ € G(U) such that
t'lv; = t}. For this, we need to verify that t{|v,nv; = t;lvinv;. As tiz =, for any x € V; NV,
we have equally tfm: = t;,x for any z € V; NV}, which implies then t}|y,ny, = t;|wm\/j as G is a
sheaf on X. Moreover, it’s easy to show that the element ¢ is independent of the choice of the
covering U = J,; V; and the sections t; € F(V;). The association s +— t gives then a morphism
of abelian sheaves ¢: F* — G such that ¢® o1 = ¢. O

Now, we look at some properties related to exact sequences.
Definition 2.1.1.13. Let f: F — G be a morphism of sheaves.

1. We define the kernel of f to be the presheaf ker(f) given by ker(f)(U) = ker(f(U) :
F({U) — G(U)) for any open U C X. One verifies that ker(f) is indeed a sheaf.

2. The cokernel of f is the sheaf coker(f) associated with the presheaf on X given by U
coker(f(U): F — G(U)).

3. f is called a monomorphism (resp. an epimorphism) if ker(f) = 0 (resp. coker(f) = 0).
Proposition 2.1.1.14. Let F,G be two sheaves, and f : F — G be a morphism of sheaves.
1. F=01if and only if F, =0 for any x € X.

2. f is a monomorphism (resp. an epimorphism, resp. an isomorphism) if and only if
fo: Fu — Gy is a monomorphism (resp. an epimorphism, resp. an isomorphism) for any
xzeX.

Some functorialities

Let f: X — Y be a continuous map of topological spaces. In particular, for any open V C Y,
the preimage f~'(V) C X is again open. We begin with the direct image. Let F be a sheaf on
X, we define f,F to be the presheaf on Y given by

V CY open — F(f~L(V)).
This gives indeed a presheaf on Y.
Lemma 2.1.1.15. f,.F is a sheaf. We call it the direct image of F by the morphism f.
Let G be the sheaf on Y. We consider the presheaf 7 on X given by

U C X open lim G(v)
VCY open, s.t. f(U)CV
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Lemma 2.1.1.16. F is indeed a presheaf on X.

Definition 2.1.1.17. We define the inverse image of G by f the associated sheaf of the presheaf
F, denoted by f~1G.

Proposition 2.1.1.18. Let F be a sheaf on X, and G be a sheaf on Y. There is a canonical
bijection of sets

Hom(f'G, F) ~ Hom(G, f.F).
Example 2.1.1.19. Let X be a topological space, F be a presheaf on X.

1. Let U C X be an open subset, et we note by j: U — X the inclusion map. Then j =1 F is
just the restriction F|y of F to U.

2. Let z € X be a point, et i: {x} — X be the inclusion map. Then i 1 F ~ F,.

. . g f . . .
3. Consider two continuous maps Z —— Y —— X | then there exists a canonical isomor-

phism g~ 1(f~1F) ~ (f o g) "' F. In particular, we have (f~1G), ~ G(a)-
2.1.2 Ringed space
A ringed space is a pair (X, Ox) consists of
— a topological space X; and
— a sheaf of rings Ox on X.

When there is no confusion possible, we will omit Ox from the notation. A ringed space is
called local if for any = € X, the stalk Ox ; is a local ring.? For a locally ringed space (X, Ox),
the quotient Ox ,/m, is called the residuel field of X at x. A morphism f = (f, f*): (X, Ox) —
(Y, Oy) of ringed spaces is the given of

e a continuous map f: X — Y; and

e a morphism of sheaves of rings f*: f1Oy — Ox (or equivalently a morphism of sheaves
of rings Oy — f.Ox).

In particular, for any x € X, the morphism (f, fﬁ) induces a morphism of the stalks Ox, —
Oy, f(z)- If moreover X, Y are both locally ringed spaces, a morphism (f, fH: X = Yis called a
morphism of locally ringed spaces if for any z € X, the induced map Ox , — Oy f(;) is a local
morphism.*

Example 2.1.2.1. Let X be a topological space, and Ox be the sheaf of continuous real-valued
functions on X. The pair (X, Ox) gives a ringed space. Actually, this is a locally ringed space.

Example 2.1.2.2. Let X be a topological space, and O’ be the sheaf of not necessarily con-
tinuous functions on X. Then (X, O ) is also a ringed space, which is not local in general.

3Recall that a local ring is a ring with only one maximal ideal.
4 A morphism ¢: A — B of local rings is called local if ¢~ (n) = m with m C A (resp. n C B) be the maximal
ideal of A (resp. of B).
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Example 2.1.2.3. Let X, Y be two topological spaces with Ox and Oy be the corresponding
sheaves of continuous real-valued functions. Let f: X — Y be a continuous map. It induces the
a morphism of ringed spaces

[+ (X,0x) = (Y, Oy).
One can show that this morphism is local.

Example 2.1.2.4. Let (X,Ox) be a ringed space (resp. locally ringed space), and U C X be
an open subset. Then (U, Ox|y) is a ringed space (resp. locally ringed space). Let j: U — X
be the inclusion map, together with the adjunction map j#: Ox — j,Oy, we get a morphism of
ringed spaces

Such a morphism is called an open immersion of ringed spaces.

Locally ringed space structure on an algebraic set

Let V be a quasi-projective algebraic set. For any open subset U C V, it is again quasi-
projective. Hence we can consider the regular functions defined over U. In this way, we get the
sheaf of regular functions Oy on V, and in this way, we get a ringed space (V, Oy ). Moreover,
let : V — W be a morphism of algebraic sets, it induces then a morphism of the ringed spaces

¢ =(8,0"): (V,0v) = (W, Ow).

Proposition 2.1.2.5. Keeping the notations as before. Then the ringed space (V,Oy ) is local,
and the morphism ¢ above is also local.

Exercise 2.1.2.6. Use the fact that a regular function f: U — k defines a continuous map
f:U— A,lc to gives a proof of the previous proposition.

Proposition 2.1.2.7. Let V. C A} be an affine algebraic set.
1. For each f € k[V], we have T'(D(f), Ov) ~ k[V];.

2. For each point x € V' corresponding to the mazimal ideal m C k[V], then we have Oy, 5 ~
EV]n.

In particular, this implies also that (V,Oy) is a locally ringed space.

Proof. (1) By definition, I'(D(f), Oy ) is the set of regular functions on D(f). Hence, we have a
natural map

k[V] = T(D(f), Ov)

which sends f to an invertible element of T'(D(f), Oy ), hence the previous map factors through
the localization k[V]f, and we get in this way a canonical map 0¢: k[V]; — I'(D(f),Oy). It’s
easy to see that this map is injective, and we only need to prove that it’s also surjective. Let
a: D(f) — k be a regular function, then for each x € D(f), there exist some open neighborhood
U, of x contained in D(f), and two polynomials P,, Q, € k[X1, -, X,] such that Q,(z) # 0,
and that a = P,/Q, on U,. In particular P, = a - @, on U,. Up to multiply both sides by
some element in k[V] which vanishes on V' — U, but not at z, then we may assume that the
equality holds in V. Now if we look at the ideal I generated by the family {Q.: z € D(f)},
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then V(I) N D(f) = 0, hence V(I) C V(f). As a result, \/(f) C VI, hence there exists some
r > 0 such that f" € I, so f" can be expressed as a finite sum

7= Ru Q.
ze€D(f)
In particular, we have a- f" =3 . p(p) Ra - Py € k[V]. Hence a = 6(a- f7/f") lies in the image

of . This gives the surjectivity of 6, and hence the proof of (1).

(2) Let D(f) € D(g) C V be two opens of V, we have V(g) C V(f). Hence \/(f) C \/(9g)-
One can then find some integer s > 0 and u € k[V] such that f° = ug. In particular, the

canonical map k[V] — k[V]s factors through k[V],, and we get in this way a map
Ofg: k‘[V]g — k‘[V]f.

Moreover, by checking the definition, the following square is commutative

K[V]y ——= k[V];

| Jos

I'(D(g), Ov) —=T(D(f), Ov)

Now, the condition that x € D(f) is equivalent to say that f € k[V]—m, hence from the previous
commutative diagram, the morphisms 6¢’s (for f € k[V] —m) pass to the direct limits, and we
get a canonical isomorphism

6= lim 6 kVle= lm kV];= lm D(D(f).0y) = Oy,
fEk[V]—m fEk[V]—m fEk[V]—m

This proves (2). O

Remark 2.1.2.8. For a projective algebraic set V' C P7, let A = k[Xo, -, X,,|/I(V) be its
homogeneous coordinate ring, with the natural gradation. Then (we refer to later discussion
about the precise definition of homogeneous localization of a graded ring)

1. For any f € A, Oy(D4(f)) = A(y), where Ay is the corresponding homogeneous local-
ization.

2. For a point x € V., which corresponds to a homogeneous prime ideal p C A. Then
Oy ~ Ay, where Ay is the corresponding homogeneous localization.

2.2 Schemes

2.2.1 Definition of schemes

Let A be a ring, we define the prime spectrum of A to be
Spec(A) := {p C A prime ideals}
An element p € Spec(A) is called a point of Spec(A). For a C A an ideal, we put

V(a) :== {p € Spec(A): a C p}.
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Lemma 2.2.1.1. Let A be a ring, and a,b C A be two ideals. The following two things are true.

1. Ja= ﬂpev(a) p.
2. V(a) C V(b) iff b C a. In particular, V(a) = V(b) iff vVa = /b.

Proof. (1) Since a prime ideal p is radical, we have y/a € npeV(a) p. Conversely, up to replace
A by A/a, we may assume a = 0. We then need to show that ﬂpeSpeC(A) p consists of nilpotent
elements. Let f € ﬂpespeC(A) p. If f is not nilpotent, the localization Ay is non trivial, hence
it has a prime ideal qo C Ay, which corresponds then a prime ideal py of A such that f ¢ po,
a contradiction. Hence /(0) = Mpespec(a) P~ (2) If Vi(a) C V(b), then va = Nyey@Pp O
MNgev(®)d = /9. In particular, b C Vva. Conversely, suppose b C a. Let p € V(a), then
b C vacC /p=np, that is p € V(b). This proves (2).

O

Lemma 2.2.1.2. We have (i) V(A) =0, V((0)) = Spec(4); (it) NV (a;) =V (>, ai); and (iit)
V(a)UV(b) =V(anb).

Definition 2.2.1.3. The topology on Spec(A) in which the closed subsets are given by the
subsets of the form V' (a) for some ideal of A is called the Zariski topology on Spec(A).

Exercise 2.2.1.4. Let X = Spec(A).
1. The topological space X is Tj.
2. The space X is quasi-compact, namely any open covering of X admits a finite sub-covering.

3. If moreover A is a noetherian ring, then X is a noetherian topological space.

Proposition 2.2.1.5. Let X = Spec(A). The family of opens {D(f): f € A} forms a basis for
the Zariski topology on X. Moreover, for f,g € A,, then D(f) C D(g) iff " € (g) for some
rec Zzl'

Proof. Let U = X — V(a) C X be an open subset of X. Then we have V(a) = NV (f), hence
U =U;D(f). The last assertion follows from Lemma 2.2.1.1. O]

Example 2.2.1.6. For k = k an algebraically closed field. Spec(k[X1,--,Xp]) is the in one-
to-one correspondence with the irreducible closed subsets of A7 (k).5 Moreover, if we endow
A} (k) with the Zariski topology as we did in the first chapter, the natural map A} (k) —
Spec(k[X71,- -+, X,]) is then continuous.

Example 2.2.1.7. Spec(Z) = {(p): p prime} U {(0)}, where (0) € Spec(Z) is the only non
closed point of Spec(Z).

Remark 2.2.1.8. 1. As we see in the previous example, in contrast to the algebraic sets, not
all the points in Spec(A) is closed. In fact, let € Spec(A) be a point which corresponds
to the prime ideal p C A, then {z} = V(p). Hence z is a closed point, iff {z} = {z}, or
equivalently, iff p C A is a maximal ideal.

2. The Zariski topology on Spec(A) is a very “nonclassical” topology, in the sense that it’s
non-Hausdorff. In fact, as in the case of algebraic sets, we have seen such things. But
here, the Zariski topology on Spec(A) is even “less Hausdorff” since we have included all
prime ideal, hence non closed points.

°In this first chapter, A7 (k) is denoted by A} for simplicity.
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Structure sheaf on Spec(A)
Let X = Spec(A), for f € A, let D(f) =X — V((f)).

Lemma 2.2.1.9. The set of principal opens B = {D(f): f € A} gives an base of the open
subsets of X.

Hence, to define a sheaf of rings Ox on X, we only need to define a B-sheaf on X. We will
begin with some generalities on the localizations of rings. Let D(f) C D(g), or equivalently,
JfT=g-aforr € Z> and a € A, the element g € Ay is invertible with inverse given by
1/g = a/ga = a/f" € Ay. By the universal property of localization, we obtain the following
commutative diagram of rings

A—— Ay
Jagy
Ag

The isomorphisms ay ¢’s satisfy also the transitive conditions: for D(f) C D(g) C D(h), then
(i) an,y = agpoany; and (ii) afy = ida,. In particular, when D(f) = D(g), the canonical map
agf: Ag — Ay is an isomorphism. In the following, we will use this isomorphism to identify Ay
and A,.
Now, for each principal open subset U € B, we take fy € A such that U = D(fy). We define
then
O/X(U) = AfU’6

and for V' C U two principal open subsets, we define
PUV = Qfy, fy O/X(U) =Ap, = Ay, = OIX(V)‘

The transitivity property of ay ¢ implies that the family {O’ (U), puv }u,ven gives a B-presheaf
of rings.

Lemma 2.2.1.10. The B-presheaf O is a B-sheaf.

Proof. Up to replace X by D(f), we may assume that X = D(f). Suppose X = U;D(f;), we
are reduced to show that the following sequence

(2.2) 0— A LA, — Hz] Afifj
is exact, where the second map is given by (a;); = (a; — a; € Ay, )i ;-
For an element a € A in the kernel of the first map, i.e., a = 0 € Ay, for each i, one

can find some power f/* € A such that f/*-a = 0 for each . On the other hand, since
X =, D(fi) =U,; D(f]"), we can find g; € A for each 7 such that

i

STf we like, for U C Spec(A) a principal open subset, we can define

O'U) = {(Sf)fe H Ayg g, r(sq) = sy, for any f,g € A such that D(f):D(g)zU}
FEA,D(f)=U
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from where we find a =3, g; - f;* - a = 0. This shows the injectivity.

To show the exactness at the middle term, we can assume that the covering X = J D(f;) is
finite. Let (a;); € [[; Ay, a family of elements in the kernel of the second map of the sequence
(2.2), where a; = g;/ f{* € Ay, with g; € A. Up to replace f; by f{*, we may assume that e; = 1
for all 2. Moreover, since a; = a; in Ay, s, for all 4, j, we have

(fifj)"(gif; —gifi) =0

for some integer r;;. We may equally assume that r;; = r > 0 for any ¢, 7. Since the covering
X = UD(fi) is finite, up to replace r;; by a bigger one, we may suppose that r;; = r is
independent of 4, j. The previous equality gives then

gifi T =g fTG, Vi
Again, as X = J; D(f;) = U, D(f/ ™), there exist h; € A such that 1 = >, h; - f{ . We take
then a =), hig; f], and we find

0l =S higi T = S hagy £ = i)
i i
which means a = g;/f; in Ay, for each j. Hence the element (a;) lies in the image of the first
map of (2.2). This finishes the proof. O

Definition 2.2.1.11. We call the structural sheaf on X = Spec(A) the sheaf Ox on X extending
the B-sheaf O.

Proposition 2.2.1.12. Let X = Spec(A) with Ox its structural sheaf.
1. Ox(D(f)) ~ Ay;
2. Oxyp ~ Ay, with x € X a point which corresponds to the prime ideal p, of A.
In particular, (Spec(A), Ogpec(a)) gives a local ringed space.

Remark 2.2.1.13. Let M be an A-module, the previous construction allows us also to associate
a sheaf on X to M: we first define a B-presheaf M’ on X: for U = D(f) € B,

M'(D(f)) == M;

As before, we can show that this gives indeed a B-sheaf on X, we can then consider the sheaf
M on X extending M/ and M is a sheaf of Ox-modules (or just an Ox-module for short). An
Ox-module F on X is called quasi-coherent, if it’s isomorphic to M for some A-module M.

Now we are in the position to give the definition of schemes.

Definition 2.2.1.14. 1. A ringed space (X, Ox) is called an affine scheme is it’s isomorphic
to some (Spec(A), Ogpec(a)) constructed as above. By abuse of notation, the latter will
often be denoted simply by Spec(A).

2. A ringed space (X, Ox) is called a scheme, if X admits an open covering X = |J, U; such
that for each ¢, the open sub-ringed space (U;, Ox|y,) is an affine scheme. Very often, a
scheme (X, Ox) will be denoted by X when no confusion is possible.

Remark 2.2.1.15. In particular, a scheme is always a locally ringed space, and we will see later
that an open subset of a scheme with the natural sub-ringed space structure is also a scheme.
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2.2.2 Morphisms of schemes

Definition 2.2.2.1. Let X,Y be two schemes, then a morphism of locally ringed spaces
(f?fﬁ) (Y7OY) — (X7 OX)

is called a morphism of schemes. When no confusion is possible, we will simply denote the latter
by f: Y — X. We will use the notation Mor(Y, X) to denote the set of morphisms from Y to
X.

We first look at the affine cases. Let ¢: A — B be a morphism of rings. Then for any prime
ideal p C B, its inverse image ¢~!(p) C A is a prime ideal of A. In particular, ¢ induces a map
of sets

fs:Y =Spec(B) — X = Spec(4), p— ¢ L(p)

called the associated map of ¢. Moreover, this map is continuous with respect to the Zariski
topology on both sides, and for each a € A, we have f(;l(D(a)) = D(¢(a)). On the other hand,
for each a, we have the following canonical map A, — Bgy(q), from which we get a compatible
family of morphisms of rings {Ox(D(a)) — Oy (f~'(D(a)))}. By the sheaf properties, this
family extends uniquely to a morphism of sheaves of rings fi : Ox — f3+Oy. In this way, we
get a morphism of ringed spaces:

(f<;57 f357¢): Y = (Spec(B), OSpec(B)) - X = (SpeC(A)7 OSpec(A))
Lemma 2.2.2.2. The morphism above is local.

Proof. By construction, the following diagram is commutative

f b,y
Ox f,) — = Ovry

.

Ox(X) ——=0y(Y)

A B

Let p C B be the prime ideal corresponding to y, then after identifying Oy, with By, and
Ox,f,(y) With Ag-1(p), the morphism fy , is such that

f¢7y2 Ad)*l(p) — Bp, a/l — gb(a)/l
for a € A. Hence, for any s € A — ¢~ !(p), we have
O(s)foy(als) = foy(s/1) foy(a/s) = foy(s-(a/s)) = foyla/1) = ¢(a).

As ¢(s) ¢ p, we find fs(a/s) = ¢(a)/d(s) € By. As a result, fq, is a local morphism. This
finishes the proof. O

Proposition 2.2.2.3. The previous construction
®: Homying (A, B) — Mor(Spec(B), Spec(4)), ¢ — (fy, f5)

1s bijective.
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Proof. For any morphism f:Y = Spec(B) — X = Spec(A), it defines then a morphism of
sheaves on X:
ff 0x — .0y

which gives a morphism of rings between the global sections ¥(f): A = Ox(X) — (f«Oy)(Y) =
B. In particular, we get another map

U: Mor(Y, X) - Hom(A, B), f— U(f).

By constructions, we have ¥ o ® = id, and it remains to show that o ¥ =id. Let f: Y — X
a morphism of schemes, with ¢ = ¥(f): A — B. We must show f = f;. First, they give the
same map on the underlying topological spaces: indeed, let y € Y, and x = f(y) € X, we have
then the following commutative diagram

Since fgt,i is a local morphism, we find ¢~(q,) = p, (with p, C A (resp. q, C B) the prime ideal
corresponds to x (resp. to y)). In particular, we have f4(y) = x = f(y), as asserted. Moreover,
this commutative diagram implies also that fg = fi,y: Ox, — Oy, for any y, hence 1= ffs.
This finishes then the proof. O

Example 2.2.2.4. Let S C A be a multiplicative system of A, and ¢: A — S™!A be the
canonical morphism. It induces then the following map of topological spaces

f.: Spec(S~'A) — Spec(A).

In fact, Im(f,) = (s D(f), and the induced map Spec(S71A) — Nfes D(f) is a homeomor-
phism of topological spaces. An important special case is the following: let f € A which is not
nilpotent, then the natural map f,: Spec(A;) — Spec(A) induces a homeomorphism between
Spec(Ay) and the principal open subset D(f) C Spec(A). In fact, this identifies also the scheme
Spec(Ay) with the open affine subscheme D(f) of Spec(A). Indeed, by abuse of the notations,
we still denote by ¢ the induced morphism of locally ringed spaces f,: Spec(Ay) — D(f). As
f. is a homeomorphism between the underlying topological spaces, only need to show that the
following morphism of sheaves Op sy = Ospec(a) D(f) = frxOspec(a ;) is an isomorphism. Hence
we are reduced to prove that for any prime ideal p C A such that f ¢ p, the morphism ¢: A — Ay
induces an isomorphism of local rings Ay ~ A4, which is easy to establish.

Proposition 2.2.2.5. Let (X,Ox) be a scheme, and U C X an open subset. Then the open
sub-ringed space (U, Ox|r) is also a scheme.

Proof. Let X = J,; U; such that (U;, Ox|y,) is an affine scheme. Then U = |J,(UNU;), hence we
are reduced to show that any open of an affine scheme is again a scheme. Hence the proposition
follows since such a open can be covered by the principal open subsets, which are affine scheme
by the previous example. O
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Definition 2.2.2.6. Let X a scheme, and U C X be an open subset of the underlying topological
space of X. Then the open sub-ringed space (U, Ox|y) is called an open subscheme of X, and
it will often simply denoted by U. We will say that U is an open affine subscheme of X if the
scheme U is affine. A morphism of schemes f: Y — X is called an open immersion if there
exists an open subset U C X such that f(Y) C U, and that the induced morphism Y — U is
an isomorphism of schemes.

Example 2.2.2.7. Let a C A be an ideal. The projection A — A/a defines then a morphism
of affines schemes

Spec(A) — Spec(A/a).

A morphism of schemes f: Y — X is called a closed immersion if for each point € X, there ex-
ists some affine open subscheme U = Spec(A) C X, such that the restriction f|p-1(y: f~H(U) —
U is isomorphic to Spec(A/a) — Spec(A) constructed as above. In this case, Y is also called
a closed subscheme of X. Finally, a morphism f: X — Y is called an immersion if f can be
decomposed as f = g o h with h a closed immersion, and ¢ an open immersion.”

Remark 2.2.2.8. In the previous example, for f: Y — X a closed immersion with X =
Spec(A), one can find for each point x € X, an principal affine open subset D(a) C X containing
x such that f~!(D(a)) is affine, and that the induced map Ox(D(a)) — Oy (f~1(D(a))) is
surjective. Indeed, the definition gives an open subset U C X containing z, such that f~1(U) is
affine, and that the induced map Ox (U) — Oy (f~1(U)) is surjective. Since U C X is open, one
can find a € A such that z € D(a) C U. Now, we write U = Spec(A’) and f~1(U) = Spec(B’).
Let @’ be the image of a by the canonical map A — A’, then D(a) = D(d’) is also the principal
open subset of U defined by the element a/. Now, f~'(D(a)) = f~Y(D(da')) = D(f*d')),
where f* is the following canonical map f*: A’ = Ox(U) — Oy (f~'(U)) = B’. In particuar,
f~YD(a)) = Spec(B}ﬁ(a,)) is affine, and the canonical map Ox(D(a)) — Oy (f~Y(D(a))) is
surjective since it can be identified as the localization with respect to a’ of the following surjection
A’ — B’. This proves the assertion.

Exercise 2.2.2.9. Show that the composition of two immersions is an immersion.

Exercise 2.2.2.10. Let Y — Spec(A) be a closed immersion to a affine scheme. Show that Y’
is affine, and of the form Spec(A/a) for some ideal a C A.

Exercise 2.2.2.11. Let X,Y be two schemes with Y affine. Show that the canonical map
Mor(X,Y) = Homying (Oy(Y),Ox (X)), [~ (fﬁ(X): Oy(Y) = Ox(X)).
is bijective. Note that when X is also affine, we recover then 2.2.2.3.
We finish this section by the following gluing lemma, which allows us to construct schemes.

Lemma 2.2.2.12 (Gluing lemma). Let {X;}; be a family of schemes, and X;; — X; be a open
subscheme of X;. Suppose we are given a family of isomorphisms of schemes f;;: X;j ~ Xj; such
that (Z) Xii = XZ', and f“ = idXZ- fOT all i,’ (’ii) fij(XZ'j ﬂsz) - ij' ﬂXjk; and fzk = fjkofz'j on
Xij (N Xik for all index i, j, k. Then there exists a scheme X, unique up to isomorphism, together
with open immersions g;: X; — X such that g; = gj o fi; on X;j, and that X = J; g:(X5).

"This is the definition given in EGA 1.4.1.3. Note that if we define immersion as morphism of the form g o h
with h open and g closed, then this kind of “immersion” is not closed under compositions.
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2.2.3 Projective schemes
8

Let S be a scheme, an S-scheme (or a scheme over S) is by definition a morphism of schemes
f:X — S. When S = Spec(R) is affine, an S-scheme is also called an R-scheme. The aim of
this section is to define the so called projective schemes over an affine scheme S = Spec(R).

Aside: graded rings and homogeneous localization

Let R be aring. Recall that a graded R-algebra is an R-algebra A, together with a decomposition

A=P A

d>0

of A into a sum of R-modules, such that for any d, d’ € Z>(, we have Ag- Ay C Agiqa. An element
x € Ay — {0} is called homogeneous of degree d. An ideal a C A is then called homogeneous if a
can be generated by homogeneous elements, or equivalently, if

a:@aﬁAd.

d>0

For A =, As a graded R-algebra, let

A+ = @ Ad.

d>0
Example 2.2.3.1. Let R be a ring.

1. The ring of polynomials R[X},--- , X,,] is naturally graded, with R[ X7, -, Xg4|q— {0} the
set of homogeneous polynomial of degree d.

2. Let a C R[Xy,---,X,] be a homogeneous ideal. Then the quotient R[X, -, X,]/a has
also a natural gradation:

R[Xla" : 7Xn]d
Xy .o X ] =
R[ 1, ) TZ] @aﬂR[X1, ,Xn]d

Definition 2.2.3.2 (Homogeneous localization). Let R be a ring, and A be a graded R-algebra.

1. Let f € A be a homogeneous element of degree d, the homogeneous localization Ay of A
with respect to f is the subring of A; consists of elements of the form a/f™ with a € A,,4.

2. Let p C A be a homogeneous prime ideal, and T C A — p be the set of homogeneous
elements. We define the the homogeneous localization A,y of A with respect to p is the
subring of T-1A consists of elements of the form a/s with a € A and s € T such that

deg(a) = deg(s).

SNEED TO MODIFY: graded R-algebra to graded ring. For a graded R-algebra, need to define the structural
map.
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The projective spectrum Proj(A)
Let R be a ring, A be a graded R-algebra, we define

Proj(A): = {p € Spec(A) homogeneous such that A, ¢ p}
For a C A a homogeneous ideal, let
Vi(a):={p € Proj(4): a C p}

Proposition 2.2.3.3. One can endow a topology on the set Proj(A) by taking the closed subsets
to be the subsets of the form Vi(a) with a C A some homogeneous ideal. This topology is
called the Zariski topology on Proj(A). Moreover, for any homogenous element f € A, let
D, (f) = Proj(A) — VL (fA) (such an open subset is called principal). Then the family B :=
{D+(f): f € AL homogeneous} is a basis for the Zariski topology on Proj(A).

Proof. For the last statement, we prove first that the family B’ := {Dy(f): f € A} forms a
basis for the Zariski topology. Indeed, for U = Proj(A) — Vi (a) an open subset with a C A a
homogeneous ideal. Then we have

Vi@= () Vi(fA),

f€a homogeneous

Hence

U= U b

f€a homogeneous

This shows that the family B’ is indeed a basis. On the other hand,

0= ﬂ Vi(g4),

g€ A+ homogeneous

hence

Proj(A) = U D, (g),

gE€A+ homogeneous

from where, we find

Dy(f) = U (D+(f) N D+(g)) = U Dy(fg).
g€ AL homogeneous g€ AL homogeneous
Note that fg € A, this gives then the proof. O

Remark 2.2.3.4. For d > 0 an integer, then the family of opens

{D+(f): f e @And homogeneous}
n>0

gives also an basis for the topology on Proj(A).

Let I C A be an arbitrary ideal of A, we associate to it a homogeneous ideal I generated
by the homogeneous elements contained in I:

I"=UnAg).

d
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Lemma 2.2.3.5. Let I, J be two ideal of A.
1. If I is prime, so is I".
2. If I,.J are homogeneous, then Vi (I) C V.(J) iff JN Ay C V1.
3. Proj(A) =0 iff Ay is nilpotent.

Proof. Suppose I is a prime ideal. Let a,b € A such that ab € I". We need to show that either
a € I" or b € I". We will prove this by contradiction. Hence assume a, b ¢ 1 h. Now, we write
a=a+--+a, and b = by + --- + b, be the decomposition of a,b into the homogeneous
components with a,, # 0 and b, # 0. Moreover, up to replace a (resp. b) by a — a,, (resp. by
b — by,,), we may assume that a, ¢ I" and b,, ¢ I". Now

ab = Z a;bj = apby, + termes of lower degree € I
0,
As a result, anb,, € I" as I" is homogeneous. Hence ayb,, € I, which implies that either a,, € I
or by, € I. A contradiction. This gives (1). To show (2), suppose first that J N A, C v/I. Let
p € Vi(l),ie, I Cpand Ay ¢ p. In particular, JN Ay C VI C p. But as Ay & p, let
A€ Ap —p,and let a € J, then A-a € JN AL Cp. So we get a € p, hence J C p. That is

p € Vi(J), hence Vi (I) C Vi (J). Conversely, assume Vi (I) C Vi (J). The previous argument
shows also that V(1) = V. (I N Ay). Hence we have

VInAg= [} p= N v N = N »|NVA

peV(INA4) peEV(IAL), Ay gy peV(INAL), A4 Cp peVi(I)

In particular, if Vi (I) C V4.(J), we get

JﬂA+C\/JﬂA+C\/IﬂA+C\ﬁ.

This finishes the proof of (2). For the last statement, Proj(A) = () if and only if V. (0) C Vi (Ay),
and by (2), the latter condition is equivalent to say that Ay C 1/(0). In other words, Ay is
nilpotent. ]

Now we want to define a structure sheaf on Proj(A), in a similar way as the affine case.
Suppose f,g € A two homogeneous elements, such that Dy(f) C Dy (g), or equivalently,
fe \/@ The natural morphism defined in 7777 ay r: Ay — Ay, then it sends Ay to Ay
and we get hence a morphism of rings

g, Ag) = Ap)-

These morphisms satisfy still the transitivity condition: (i) ey s = ida,; (i) ap,p) = g ©
Q(h,g) for three opens Dy (f) C D1 (g) C Dy(h). In particular, we have ag 5 : A(g) = Ay for
Di(f) = D4+(g). We will use this canonical isomorphism to identify these two homogeneous
localization rings.

Now, we define, for each principal open U = D4 (f) C X := Proj(A) with f € Ay, OL(U) =
A(p)- This gives clearly a B-presheaf, with B the basis consists of principal open subset of the
form Dy (f) for some homogeneous f € A;.

Lemma 2.2.3.6. The B-presheaf O is a B-sheaf.
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As a corollary, the B-sheaf O extends to a sheaf of rings Ox on X. In this way, we
obtain a ringed space (X, Ox). The next task is then to show that this ringed space is actually
a scheme. For this, we want to determine the open subringed space (D1 (f),Ox|p,s)) for
f € A4 homogeneous of degree d > 0. In fact, we have

Lemma 2.2.3.7. There is an canonical isomorphism of ringed spaces D (f) =~ Spec(Ay)).
Proof. We have the two canonical morphisms of rings

B
Ay —=Ar=—A4,

hence the diagram of maps of sets:

Spec(A(f)) =— SpeC(Af)& Spec(A) .

Proj(A)

Note that, 5* identifies Spec(Ay) with the open subscheme D(f) C Spec(A), and Do (f) =
D(f) N Proj(A). In this way, we get a continuous map 6: D (f) — Spec(Ay))-
We will first prove that 6 is homeomorphism. We remark first that, for a € A,4, we have

6= (D(a/f")) = D+ (af).

Indeed, for p € Dy (f), 0(p) € D(a/f") iff py N Ay € D(a/f"), or still a/f™ & py. Since f & p,
the last condition is equivalent to say that a ¢ p, that is p € Dy (af). Now since Spec(A((f)))
and D (f) are both Typ-spaces, and since the family {D(a/f"): a/f" € Ay} (resp. the family
{Dy(af): a € A,q for some n}) is a basis of Spec(Ayy) (resp. of Dy(f)), the equality above
implies in particular that 6 is injective. Hence to complete the proof of the assertion, it suffices
to show that ¢ is surjective. Let now q C A(y) be a prime ideal, and for each n, p,, be the set of
elements z of A, such that z¢/f" € q. Let p = D,, bn, which is then a subgroup of A. Indeed,
let 2,y € pn, by binomial formula, (z —y)2?/f?" € q, hence (z — y)?/f™ € q. In other words,
T — Y € pp, which implies that p,, C A, is a subgroup.

We claim that this is in fact a prime ideal of A. First, it’s an ideal: let a € A,,, x € p,,, then
ar € Apin, Moreover,

(az)?/fm" = (a?/ f™) - @/ ") € q.
It’s also a prime ideal: let x = Y . 2; € A and y = Zj y; € A such that z,y ¢ p. Suppose

x,y ¢ p. Let x;, (resp. yj,) be the homogeneous component of x (resp. of y) of minimal degree
io (resp. jo), we may assume that z;, ¢ p, and y;, ¢ p, hence

xY = T;Yj, + terms of higher degree € p.
So, we must have ;,y;, € Pig+j,- But
(io¥io)*/ 107 = (@i /1) - (o /1) € .

As q C Ay is a prime ideal, we have either x;-io/fio € q or y;lo/fj0 € q. Hence either x;, € p or
Yjo € p. This gives a contradiction. In this way, we see that p C A is a homogeneous prime ideal.
To finish the proof of surjectivity, since f ¢ p (otherwise, 1 = f¢/f% € q which is impossible),
we find p € D(f), and A, € p. Hence p € Dy (f). Finally,

pr VA ={a/f": a € pna},
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and for any a € p,q, we have a?/f"® = (a/f™)% € q. As qis a prime ideal, we then find a/f" € q.
This shows that py N Ay C q. Conversely, for any a/f" € q with a € A4, we find al/fmd € q,
in particular, a € ppq4, as a result, a/f"™ € py N Ay, this gives ¢ C py N A(p). So we get finally
q=pyN Ay = 0(p), which gives then the surjectivity. As a corollary, 0: D, (f) — Spec(A(y))
is a homeomorphism.

Now to finish the proof, we need to construct an isomorphism of sheaves

OSpec(A(f)) - 0*(0Pr0j(A)’D+(f))
We will first do it in the level of B-sheaves. For each a/f" € Ay,
and Opyoja)(Dy(af)) = A(qf), it’s only need to establish a natural isomorphism

(A))aspr = Aag)-

For this, we consider the canonical map Ay — A.f) given by b/ f" > a"b/(af)" (for b € Apng).
Then the image of a/f™ under this map is a”*!/(af)" is invertible, with inverse given by
frtl/jaf € Aap)- In this way, we find a natural map (A(f))a/pn — A(af)- One verifies easily

that this gives indeed an isomorphism. This finishes the proof.
O

Corollary 2.2.3.8. Let A be a graded R-algebra. The ringed space (Proj(A), Ogpec(a)) 5 @
scheme.

Corollary 2.2.3.9. Let x € X = Proj(A) with corresponds to the homogeneous prime ideal p
Of A. Then OX,x >~ A(p)

Definition 2.2.3.10. Let A be a graded R-algebra. The projective scheme associated with A
to be the ringed space (Proj(A), Op;ej(4)) constructed as above.

Example 2.2.3.11. Let R be a ring, A = R[Ty,-- ,Ty] with the natural gradation. Then
Proj(A) is called the projective space of dimension d over R (or over Spec(R)), denoted by P%
or ngec( R).g More general, a morphism f: X — S is called projective, if there exists an open
covering S = (J;c; S; with S; affine, such that for each ¢ € I, the restriction f|f71(51.): S; can be
realized as a closed immersion to a projective space P for some integer n.

Functorial property of projective spectrum

Let R be aring, A, B be two graded R-algebras. Recall that a morphism of R-algebras ¢: A — B
is called graded if p(A,) C B, for any integer n > 0. Let ¢: A — B be such a morphism. In
particular, we have (A1) C By. Let

G(p) = Proj(B) = Vi(p(Ay)),

which is an open subset of Proj(B). Let p C B be a homogeneous prime ideal such that
p € G(¢). Then ¢~!(p) C A is again a homogeneous prime ideal such that A4 ¢ »~!(p). Hence
o Y(p) € Proj(A). We get in this way a map

p: G(p) — Proj(A).

90One can define the general projective space over a scheme by gluing the previous definition for affine schemes.
We will see later a direct definition using the notion of base change.
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Lemma 2.2.3.12. For any f € A, homogeneous, D, (o(f)) C G(p). Moreover, *o~ (D (f)) =
D (e(f))-

Proof. We show first that D4 (¢(f)) C G(p). Indeed, for any p € D, (¢(f)), that is, an element
p € Proj(B) such that o(f) ¢ p. Since f € Ay, we find in particular ¢(A4) € p. Hence
p ¢ Vi(p(Ay)B), i.e., p € G(p). This gives the first statement. For the second statement, for
any p € G(p), we find that p € %1 (D, (f)) if and only if *p(p) € D, (f), in other words,
f & ¢ '(p). The latter condition is also equivalent to the condition that o(f) ¢ p, that is,

p € Dy(o(f)). Hence o1 (Dy(f)) = Di(e(f)). [

As a result, ®¢ is continuous. To define a morphism of schemes G(¢) — Proj(A), we still
need to define a morphism of sheaves of rings

Oproj(a) = (“¢)«Oc(y)-

Hence, we need to define for each f €, a compatible family of morphisms of rings

A(f) = Oproja)(D1(f)) = (("0)«Oc(y)) (D1(f)) = Oy (D4 (2(f))) = B(s))-

which can be given by the morphism

a ¢(a)
Ay = Bty

el

In this way, we get a morphism of schemes, which will denoted by Proj(¢):
Proj(¢): G(¢) — Proj(A).

Example 2.2.3.13. Let R be a ring, and A be a graded R-algebra. For I C A a homogeneous
ideal, we denote by B = A/I the R-algebra with the induced gradation, and by ¢: A — B the
canonical projection. Hence, we have (A1) = B4, as a result, Vi (¢(A4+)B) = V4 (B4). In
particular, G(¢) = Proj(B), and we get a morphism of schemes

Proj(¢): Proj(B) — Proj(A).
This morphism is actually a closed immersion of schemes. Indeed, for any principal open subset

D, (f) C Proj(A), the inverse image Proj() ™1 (D4(f)) = D+(¢(f)), which is affine. Moreover,
the induced map

Oproj(a) (D4 (f)) = (Proj(¢)«Oproi(n)) (D+(f)) = Oprojs)(D+(¢f))

can be identified with the following morphism of rings

Ay = By, wm

which is surjective. Hence by definition, Proj(¢) is a closed immersion.
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2.3 First properties of schemes and morphisms of schemes

2.3.1 Topological properties

Recall that a topological space X is called quasi-compact, if any open covering of X admit a
finite subcovering.

Definition 2.3.1.1. Let X be a scheme. X is called connected (resp. irreducible, resp. quasi-
compact) if its underlying topological space is connected (resp. irreducible, resp. quasi-compact).

Example 2.3.1.2. Let k be a field. A? = Spec(k[X,Y]) is irreducible (hence connected), while
Spec(k[X,Y]/(XY)) is connected but not irreducible. Affine schemes are all quasi-compact.

Recall that, an element a € A of a ring is called idempotent if a®> = a. Clearly, for any ring,
0 and 1 are two idempotents of A.

Proposition 2.3.1.3. Let X = Spec(A) be an affine scheme. The following two assertions are
equivalent:

1. X is connected;
2. The only idempotents of A are 0 and 1.

Proof. Suppose X is connected. If A contains a third idempotent e € A, then we have the
following decomposition of A into a product of two rings:

A=e-Ax(1—¢)-A

As e # 0,1, the two rings e - A and (1 — e) - A are both non trivial. Hence, we get Spec(A) =
Spec(eA) [ [ Spec((1—e)A). Moreover, these two subsets are all closed, hence X is not connected.
Conversely, suppose that 0,1 are the only idempotents of A. If X is not connected, hence
X = X [] X2 with X; C X non empty open and closed. As a result, from the sheaf property,
we find Ox(X) = Ox(X1) x Ox(X2). As X; non empty, the two rings Ox(X;) are both non
trivial. Hence the element (1,0) gives a non trivial idempotent of A. A contradiction. O]

Definition 2.3.1.4. Let X be a topological space. Let x,y € X be points of X. We say that
y is a specialization of x, or that x specializes to y if y € {x}. We say that z € X is a generic
point if x is then unique point of X that specializes to x.

Exercise 2.3.1.5. Show that a topological space admitting a wunique generic point must be
irreducible.

Recall that for a topological space Z, an irreducible component of Z is a maximal irreducible
closed subset of Z.

Proposition 2.3.1.6. Let X be a scheme.
1. Any irreducible closed subset of X contains a unique generic point.

2. For any generic point £ € X, @ is an irreducible component of X. This establishes a
bijection between the irreducible components of X and the generic points of X.

3. Let X be a scheme and x € X. Then the irreducible components of Spec(Ox ) correspond
bijectively to the irreducible components of X passing through x.
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Proof. When X = Spec(A) is affine. A closed subset V(a) C X is irreducible iff \/a = p with
p C A a prime ideal. In this case, the point p is a generic point of V(a) C X. Now for X an
arbitrary scheme, Z C X an irreducible subset. Let x € X be a point contained in Z, then x
has a affine neighborhood U C X. Since Z is irreducible, U N Z C Z is dense and irreducible.
Moreover, U N Z C U is closed and irreducible with U an affine scheme, it contains a generic
point, which gives also a generic point of Z. The uniqueness follows from the fact that the
underlying topological space of a scheme is a Ty-space. This gives (1). For (2), let Z C X be an
irreducible component of X, and £ € Z be its generic point. Then we claim that £ is a generic
point of X, that is, no point other then £ can specialize to £: indeed, if n specialize to &, then
¢ € {n}, hence Z = {€} C {n}. As Z is a maximal irreducible closed subset of X, we must have
{€} = {n}, hence & = 1. This shows that £ € X is a generic point. Then one verifies easily that
the correspondence stated in (2). For the last assertion (3), we may assume that X = Spec(A)
is affine, with x € X corresponds to a prime ideal p C A. By the correspondence between
irreducible closed subsets and the prime ideals of A, an irreducible component of X corresponds
to a minimal prime ideal of A. Hence the irreducible components of X passing through x are in
one-to-one correspondence with the minimal prime ideals of A which are contained in p, or still,
with the minimal prime ideals of A, = Ox ,, that is the irreducible components of Spec(Ox ;).
This gives (3). O

2.3.2 Noetherian schemes

Definition 2.3.2.1. A scheme X is called locally noetherian if X admits an affine open covering
X = |J X such that Ox(X;) is a noetherian ring for all i. X is called noetherian, if it’s quasi-
compact and locally neotherian.

Proposition 2.3.2.2. 1. An affine scheme Spec(A) is noetherian iff A is noetherian.

2. Let X be a locally noetherian scheme (resp. neotherian scheme), then so is any open
subscheme scheme of X.

3. For X a noetherian scheme, its underlying topological space is a noetherian topological
space. In particular, any closed subset of X can be decomposed as a finite union of its
irreducible components.

Proof. (1) The latter condition is clearly sufficient. We show that it’s also necessary. Let
X = Spec(A) be an affine scheme which is noetherian. Since a localization of a noetherian
ring is again noetherian, X contains then a topological basis B which consists of open principal
D(f) = Spec(Ay) with Ay noetherian. In particular, X can be covered by finitely many principal
opens in B: X = U;X; with X; = Spec(Ay,). Now, as Ay, is noetherian, ay, C Ay, is an ideal of
finite type. Let {a;;}; be a family of generators of Iy,, we may assume that a;; € I. We claim
that {a;; : ,j} gives then a family of generators of a. Indeed, for each a € I, and for each 4,
there exists \;; € A and e;; € Z>1 such that

a=) Xj-ai/fi? €Ay,
j

Up to replace e;; by some bigger integer, we may assume that e;; = e is independent of 4, j.
Moreover, there exists m; € Z>q such that

mi+e m;
fa =Y M Njagg
J
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But, since X = |J, D(f;) = U; D(f"*¢), one can find 11; € A such that 1 = >, ; /™. So
finally, we get
a= Zaﬂz’fim#e = Z meimikijaij-
i i
This gives (1). For (2), as the localizations of a noetherian ring are again neotherian, X contains
then a open basis consisting of noetherian affine schemes. This shows that any open subscheme
of a locally noetherian scheme is locally noetherian. If moreover X is noetherian, any open

subset of X is quasi-compact, in particular, any open subscheme is noetherian. This gives (2).
The proof of (3) is left to the readers. O

2.3.3 Reduced and integral schemes

Recall that a ring A is called reduced, if the only nilpotent element of A is 0, and A is called
integral if the equality a - b = 0 for a,b € A implies either a = 0 or b = 0.

Definition 2.3.3.1. 1. A scheme X is called reduced at a point x, if the local ring Ox ; is
reduced. X is called reduced, if it’s reduced at all its points.

2. A scheme X is called integral at a point x, if the local ring Ox . is integral. If X is integral
at all points of X, and X is irreducible, then we say X is integral.

Proposition 2.3.3.2. Let X be a scheme. Then

1. X is reduced (resp. integral) iff for each non empty open U C X, the ring Ox(U) is
reduced (resp. integral).

2. X 1is integral iff X is irreducible and reduced.

Proof. Suppose X is reduced, and let f € Ox(U) such that f” = 0. We want to show f = 0.
Indeed, the assumption implies that the image f, € Ox, of f is also nilpotent, hence f; = 0
by the reducedness of Ox ;. As a Ox is a sheaf, we then have f = 0. The converse statement
is easy since a direct limit of reduced rings is still reduced. Now we suppose X integral. Let
f,9 € Ox(U) — {0} such that f-g =0, and let

Diy={zeU: f(z)=0},1 and D,={xzeU: g(z)=0}.

These are two closed subsets of X. Indeed, for this assertion, we only need to verify that D, NV
is closed in V for any V' = Spec(A4) C X affine open subscheme. In fact, as a set, we have
DNV =V((f)) C Spec(A), which is hence closed in V', and this gives the assertion. Moreover,
Dy UDy=U (as f-g =0), and U being irreducible (as X is), hence either Dy = U, or Dy, = U.
By symmetry, we assume that Dy = U. Now, we claim f = 0. To see this, we only need to
show that f|yy = 0 for any affine open V' C U. But then f|y lies in the nilpotent radical of
Ox (V) which is reduced by what we have shown in the beginning of this proof, hence f|y = 0.
Conversely, suppose Ox (U) is integral for any non empty U of X. In particular, all local rings
Ox . are integral. It remains to verify that X is irreducible. Indeed, otherwise, X = X;|JX>
with X; — X two closed subsets of X such that X; C X. Now we consider U; = X — X; which
is open in X. Moreover, Uy (|Uz = ). Hence we find

Ox(Ul U Ug) = OX(Ul) ©® OX(UQ)

"Here, f(z) is the image of f in the residuel field of X at x.
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In particular, Ox(U) is not integral. A contradiction. This finishes the proof of (1). If we
read carefully the proof of (1), it proves actually that if X is irreducible and reduced, then
X is integral. This gives partially (2). The other direction is trivial, and hence the proof is
finished. O

By definition, for X a scheme, a closed subscheme of X, is an closed immersion i : ¥ — X.

Proposition 2.3.3.3. Let X be a scheme, and |Y| C |X| be a closed subspace of | X|. Then
there is a unique closed subscheme structure Yieq on |Y| such that Yieq is reduced. This is called
the reduced subscheme structure on Y.

Sketch of the proof. We first prove this proposition when X = Spec(A) is affine. In this case,
Y = V(I) C X, then Yieq is defined to be Spec(A/v/T), this gives then the unique reduced
subscheme structure on Y.

Next, we consider the case where X is an open of some affine schemes. For this case,
we can cover X by the affine opens X = J; U; such that U; N U; is again affine.!’ Now we
take Y; = U;NY — U;. By the previous construction for affine schemes, there is a unique
reduced subscheme structure Y; ;.q < U;. Moreover, let U;; = U; N Uj, then Y re.q N Us; — Uy
and Yj,eq N U;; — Uj; give two reduced subscheme structures on Y N U;;. Hence, by the
uniqueness for the affine case, there exists a unique isomorphism between Y .q N U;; — Uj;
and Yjeq N Uj; < U;j. Using these isomorphisms to glue the small pieces, we get a subscheme
structure Yeq C X on Y, which is also reduced. One can also verify that this scheme structure
is unique.

It remains to treat the general case. We cover X by affine open subschemes X = |J, U;,
and for each ¢ we take Y; = U; N'Y which is a closed subset of U;. In particular, the previous
construction for the affine case gives a canonical reduced subscheme structure Y; ;eq on Y;. Now
let U;; :==U; NU; C X, since U;; — U; is an open of an affine scheme, hence by the uniqueness
in the second case, there exist an unique isomorphism between the two reduced subscheme
structures Y; req N Uj; — U;; and the closed immersion Yjeq NU;; < Uj; on Y NU;;. Hence the
conclusion follows again by gluing. This finishes the proof. O

Remark 2.3.3.4. 1. When we take |Y| = |X| in the previous construction, then we get a
reduced closed subscheme X,.q < X. This is always a homeomorphism on the underlying
topological spaces, and it’s an isomorphism of schemes iff X is reduced.

2. For Y C X a closed subset, then Y;.q < X is also the minimal closed subscheme structure
on Y: for any closed subscheme Z < X whose underlying topological space contains Y,
then Y;eq < X can be factorized through Z. To show this, by gluing processus, we may
reduce to the case where X is affine, then this assertion follows easily.

Proposition 2.3.3.5. Let X be an integral scheme, with generic point &.

1. Let V be an affine open subset of X, then Ox(V) — Oxg¢ induces an isomorphism
Frac(Ox(V)) ~ Ox.

2. For any open subset U of X, and any point x € U. The canonical morphisms Ox(U) —
Ox . and Ox  — Ox ¢ are injective.

3. By identifying Ox(U) and Ox , to subrings of Ox ¢, we have Ox(U) =,y Ox .z

1which means that X is separated.
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Proof. The first assertion (1) is clear since if V' = Spec(A), then Ox¢ is exactly the fraction
field Frac(A), and the canonical map Ox (V) — Ox is then the natural map A C Frac(A).
Hence the conclusion follows. For (2), let f € Ox(U) be any element such that its image
fz € Ox 5 is zero. Then there exists an affine open neighborhood V' of x such that f|y = 0.
In particular, the image f¢ € Ox¢ is zero. Now by applying the first assertion, we see that for
any affine open V' of X, we have f|y» = 0. Hence f = 0. This gives the injectivity of the first
morphism. For the second injectivity, we take any affine open neighborhood V' = Spec(A) of z,
and suppose that z corresponds to the prime ideal p C A, then the canonical map Ox , — Ox ¢
is just the canonical inclusion A, C Frac(A), where comes the desired injectivity. For (3),
we have clearly Ox(U) C (¢ Ox,. Conversely, by the sheaf condition and the injectivity
proved in (2), we may assume that U = Spec(A) is affine. Then we are reduced to show that
A = [Npespec(a) Ap» seen as a subring of Frac(A). Indeed, for a fraction f € Frac(A) which is
contained in ﬂpESpec(A) A,, then for each p € Spec(A), there exists s, € A —p, and a, € A
such that f = ap/sp. As A is integral, we deduce then f-s, € A. Now, if we take the family
{sp: p € Spec(A)}, which generates the unit ideal. Hence, one can find b, € A, almost all zero,
such that 1 = 37 bys,. From where, we find f = >, byfsp = >, bpay € A. This gives the
result. O

Definition 2.3.3.6. Let X be an integral scheme, with generic point £&. We denote the field Ox ¢
by K(X). Sometimes, when X is an algebraic over a field k, we also denote K (X) by k(X). An
element of K (X) is called a rational function on X. We call K(X) the field of rational functions
or function field of X. We say that f € K(X) is reqular at x € X, if f € Ox,.

With the terminology above, a rational function f is regular at any point of x € U is
contained in Ox (U).

2.3.4 Finiteness conditions

Definition 2.3.4.1. Let f: X — Y be a morphism of schemes.

1. f is said to be quasi-compact, if for any quasi-compact open subset V' C Y, the inverse
image f~1(U) is quasi-compact.

2. f is said to be locally of finite type, if for any affine opens U = Spec(A) C X and V =
Spec(B) C Y such that f(U) C V, and that the map B = Oy (V) — Ox(U) = A makes
A into a B-algebra of finite type.

3. f is said to be finite type, if f is quasi-compact and locally of finite type.

Example 2.3.4.2. If X is quasi-compact, Y is affine, then any morphism f: X — Y is quasi-
compact. Indeed, since X is quasi-compact, X can be written as a finite union of affine open
subsets of X. As a result, for any principal subset U C Y, f~1(U) can be covered by finitely
many affine schemes, in particular f~!(U) is quasi-compact. Now, let V be an arbitrary affine
open of Y. Since V can be covered by finitely many principal open subsets of Y, we find that
f~Y(V) can be equally covered by finitely many affine opens of X. From here, we find that
f~1(V) is quasi-compact. This gives the result.

Proposition 2.3.4.3. Let f: X — Y be a morphism.

1. Suppose that there exists a covering {V;}; of Y by affine open subsets such that for every
i, f~Y(Yi) is a union of affine open subsets U;; such that Ox (U;;) is an Oy (V;)-algebra of
finite type. Then f is locally of finite type.
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2. Suppose that there exists a covering {V;}; by affine open subsets, f~(V;) is quasi-compact.
Then f is quasi-compact.

Proof. (1) We begin with the following remark: if B is an A-algebra of finite type, then for
any f € B, we know that By ~ B[X]/(fX — 1) is still of finite type over A. Hence to prove
(1), we may assume that X = Spec(B), and Y = Spec(A) are both affine. The hypothesis
says that we can find open covering Y = |J;Y; with Y; = D(a;) C Spec(4) =Y, and affine
covering of f~1(Y;) = U; Xij such that X;; is affine, and that Ox(X;;) is finitely generated
as Oy (Y;)-algebra. Moreover, since Y; is principal so is f71(Y;) = D(f*(a;)). Hence we may
assume that the coverings Y = (J, ¥;. and f~1(Y;) = U; Xi; are all finite. We claim first that
it suffices to prove that Ox(f~1(a;)) is finitely generated as Oy (D(a;))-algebra. Indeed, we
know Oy (Y;) = Aq,, and Ox(f~Y(D(a;))) = By, with b; = f¥(a;). If By, is finitely generated,
namely By, = Ag,[ciq, -+ ,¢ir,] for some ¢;; € By,. Since b; = f¥(a;), we may assume that
¢i,j € B. Then one can show B = Al¢;;li € I,1 < j < r;]. In particular, B is finitely generated
as A-algebra. Now, to complete the proof, we may then assume X = [J' ; X; such that X; C X
is principal affine, and that Ox(X;) is a finitely generated A-algebra. Suppose X; = D(g;),
then there exists ¢; 1, , ¢ 5, € By, such that By, = Afc; 1, -+, ¢is,]. We may moreover assume
Cij = c;J/gim for some m sufficiently large, and C;J € B. Since X = |J; D(g;), there exists
some A\; € B such that 1 = Z?:l Ai - g;- Now, we claim that

B=Algi, Ni,ci 1 <i<n,1<j< s

Z7 z]
For any b € B, its image in By, can be written as fi(ci1,--- ,¢is;) with fi € A[X;1,---, Xis] a
polynomial. As a result, there exists a polynomial F; € A[X;1,---, X;,,Y;] and some integer

N > 0 such that b = ( Cigy o ,cgvsi,gi)/giN. Hence, there exists M > 0, such that
g; +Nb_g F(zl)"'7c;,siugi)€B'

As 1= 1MM+N) — (S Aigi) M) =3 NigMtN with X, € B[\;, g:]1 < i < n]. So finally, we
get
b—b 1—2)\291{\44_1\[[7_2)\192 7/17 Tty zslgl)eA[glv)\’LaCz]]

This gives (1). To prove (2), by Example 2.3.4.2, the restriction f|s-1(y;) is quasi compact.
As a result, if we consider the set B of quasi-compact opens V in Y such that f~1(V) is also
quasi-compact, this set B gives a base for the open subsets of Y. Now for any quasi-compact
open V C Y, it can be written as a finite union V = (J;; V; with V; € B. As a result,
fH(V) = UL, f71(Vi) can be written as a finite union of quasi-compact open subsets. In
particular, f~1(V) is quasi-compact. This gives (2). O

2.4 Dimension

2.4.1 Dimension of a topological space

Let X be a topological space. A chain of irreducible closed subsets of X is a strictly ascending
sequence of irreducible closed subsets

ZongganCX

The integer n is called the length of the chain.
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Definition 2.4.1.1. Let X be a topological space. We define the (Krull) dimension of X, which
we denote by dim(X), to be the supremum of the lengths of the chains of irreducible closed
subsets. Note that this number is might be not finite. Moreover, by convention, the empty set
is of dimension —oo. X is called purely of dimension n if all its irreducible components are of
the same dimension n.

Example 2.4.1.2. 1. A discrete topological space is of dimension 0.
2. For k a field, then the underlying topological space of A}C is of dimension 1.
Definition 2.4.1.3. For X a topological space, and x € X a point. We put

dim, X = inf{dim U: U an open neighborhood of =}

Proposition 2.4.1.4. Let X be a topological space.
1. For any subset Y of X endowed with the induced topology, then dim Y < dim X.

2. Suppose X irreducible of finite dimension, and let Y C X be a closed subset. ThenY = X
iff dim Y = dim X.

3. The dimension of X is the supremum of the dimensions of its irreducible components.
4. We have dim X = sup{dim, X: z € X}.

Proof. (1) Note that, for a closed subset Z of Y, if we note Z the closure of Z in X, then
ZNY = Z. Indeed, we only need to show that ZNY C Z. But, as Z C Y is closed with respect
to the subspace topology on Y, hence Z = FFNY with FF C X closed. In particular, we have
Z C F,hence ZNY C FNY = Z, this proves the claim. As a corollary, for any two closed
subsets of Y: Z; C Zs, their closures verify 7 C Z3. Then the first assertion follows easily.
The assertions (2), (3) and (4) are clear from definition. O

Definition 2.4.1.5. Let Y be an irreducible closed subset of X, we define the codimension
of Y in X to be the supremum of the lengths of the chains of irreducible closed subsets of X
containing Y':

Y:ZgngganCX

Let Z be a closed subset of X, the codimension of Z in X, which we denote by codim(Z, X), is
the infimum of the codimensions in X of the irreducible components.

Exercise 2.4.1.6. Let X be a topological space with Z C X a closed subset of X. Show that
codim(Z, X) + dim(Z) < dim(X).

But the equality doesn’t hold in general. Find a conter-example.

2.4.2 Dimension of schemes and rings

Let X be a scheme. Its dimension is defined to be the dimension of its underlying topological
space. For A a ring, we define its (Krull) dimension to be the dimension of the corresponding
affine scheme Spec(A), denoted by dim(A). According to the inclusion-reversing one-to-one
correspondence between the set of irreducible closed subsets and the set of prime ideals of A,
dim is also the supremum of the lengths of strictly ascending chains of prime ideals of A:

poCpP1 S Cp CA
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For p C A a prime ideal, we define the height of p (resp. depth of p) to be the supremum of the
lengths of strictly ascending chains of prime ideals contained in p (resp. containing p), denoted
by ht(p) (resp. depth(p)). Via the usual correspondence, we have ht(p) = codim(V (p), Spec(A)).
Moreover, since there is a one-to-one correspondence between the set of prime ideals of A con-
tained in p, and the set the prime ideals of Ay, we find also ht(p) = dim(A,), and we have

ht(p) 4+ depth(p) < dim(A).
Similarly, depth(p) = dim(V (p)).
Proposition 2.4.2.1. Let A be a ring. Then
1. Let n C A be a nilpotent ideal.'? Then dim(A) = dim(A/n).
2. We have dim(A) = suppenax(a){dim(Am)}

Example 2.4.2.2. A field k is of dimension 0. A DVR which is not a field is then of dimension
1. Any Dedekind domain is also which is not a field (e.g. the ring of integers of an algebraic
number field) is also of dimension 1.

Recall that a morphism of rings ¢: A — B is called integral if B is integral over the image
of A, that is, for any b € B, there exist ag, -+ ,a,—1 € A such that

V" + d(an—1) - 0"t + - d(ar)b + ¢lag) = 0.
Lemma 2.4.2.3. Let ¢: A — B be an injective integral morphism. If B is a field, so is A.

Proof. First of all, A is a domain as ¢ is injective. Let a € A — {0}, we consider 1/a € B, which
satisfies then an integral relation with coefficient: one can find ag, - ,an—1 € A such that

(1/a)" + an_1- (1/a)" L +---ay - (1/a) 4+ ag = 0.
Hence, we get
l+a-(ap-1+apo-at+-+a-a"*+ap-a"')=0

In particular, a=! = —(ap_1+an_o2-a+---+a;-a" >+ag-a" ') € A. This gives the proof. [

Proposition 2.4.2.4. Let ¢: A — B be an integral homomorphism. For any q € Spec(B), take
p=¢""(q) € Spec(4).

1. We have ht(q) < ht(p). In particular, dim(B) < dim(A).

2. If moreover ¢ is injective. Then then induced map Spec(B) — Spec(A) is surjective.
Moreover, we have depth(p) = depth(q) and dim(A) = dim(B).

Proof. (1) We will show that for any prime ideal q; C q of B, then ¢~1(q1) € ¢~ 1(q). Indeed,
up to replace A by A/¢~(q1), and B by B/q1, we may assume that ¢ is injective, and that
g1 = 0. So we need to show that ¢~'(q) # 0. So let b € ¢ — {0} be any non zero element, with
minimal integral polynomial X" +a, 1 X" !+ .--+a1X 4+ ap € A[X]. We remark that ag # 0,
and

d(ag) = —(b" + ¢lan_1) - " L4+ par) -b) € q.

121t means that any element of n is nilpotent. When n is of finite type, this means also that n” = 0 for some
r > 0.
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In particular, ag € ¢~1(q), and ¢~1(q) # 0. This gives the assertion. Let now

JOCns -Sa.Cq

be a strictly ascending chain of prime ideals contained in p, by applying ¢! (—) and the previous
assertion, we find

¢ (90) S (a1) € S Haw) Co () =,

from where we find ht(q) < ht(p). In particular, dim(B) < dim(A). This gives (1).

For the second statement, we show first that ¢*: Spec(B) — Spec(A) is surjective. Since
¢ : A — B is injective, we identify A with a subring of B over which B is integral. Let
p € Spec(A), up to replace A by Ay, and B by S7I1B with S = A — p, we may assume that
p C A is the only maximal. Let now q be a maximal ideal of B (note that A C B, hence the
ring B is non trivial). Then qN A is also a maximal ideal according to the previous lemma. So
we must have ¢ N A = p, and this proves the surjectivity of Spec(B) — Spec(A). As a result,
for any strictly ascending chain of prime ideals

PoC PSSP CA,
one can find inductively an ascending chain of prime ideals
WEn&---CawmChB

such that q; " A = p;. As a result, dim(A) < dim(B), hence dim(A4) = dim(B) by taking
account the first statement. Moreover, since p = q N A, the morphism A/p — B/q is integral
and injective. In particular, dim(A/p) = dim(B/q), that is, depth(p) = depth(q). O

The previous proof gives also the so-called going up theorem (see the book of Atiyah-
MacDonald). There exists also a similar going down theorem, which we will include below
without proof (see the book of Atiyah-MacDonald for the proof). Recall that an integral do-
main A is called normal if for any = € Frac(A) with z integral over A, then x € A.

Theorem 2.4.2.5 (going down theorem). Let A C B be integral domains such that B is integral
over A, and that A is normal. Let

PLOP2 2D DPp

and
g1 D2 q2 2 - D m

be decreasing chains of prime ideals of A and B respectively with M < n such that q; N A = p;
for i < m. Then one can extend the chain q1 D q2 D -+ D qm to a chain

qr 29220 - D dm O qm+1 2O *** D ln

such that q; N A = p; for all i < n.

2.4.3 The noetherian case

We start by characterizing the scheme of dimension 0. Recall that a ring A is called artinian if
every descending sequence of ideals of A is stationary.

Lemma 2.4.3.1. Let (A, m) be a noetherian local ring. The following conditions are equivalent:
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1. dim(A) = 0;

2. m=+0;

3. There exists ¢ > 1 such that m? = 0;
4. A is artinian.

Proof. Assume (1), then A contains only one prime ideal, namely the maximal ideal m, hence
VO = Mpespec(a) P = m. This gives (2), and hence (3) since m is of finite type. Now, assume
(3), we claim that m is of finite length as A-modules. Indeed, as m? = 0 for some ¢ > 0, hence
we are only need to show that m’/m*! is of finite length as A-module. By this is clear since as
a A/m-space, it’s of finite dimensional. Now, it’s easy to see that A is artinian since any ideal
A must have finite length as A-modules. This shows (4). It remains to show that (4) implies
(1). So we need to show that m is the only prime ideal of A, hence we only need to prove
that any element of m is nilpotent: let a € m, we consider the descending sequence of ideals
(a) D (a?) D ---(a") D ---. Hence there is some integer ro >> 0 such that (a™) = (a”) for any
r > ro. In particular, a™ = u-a™*! for some u € A. As a result (1 —ua)-a™ = 0, hence a™ = 0
as 1 —ua € A*. This shows that m is nilpotent, hence m is the only prime ideal of A, that is,
dim(A4) = 0. O

Proposition 2.4.3.2. Let X be a noetherian scheme of dimension 0. Then (i) X is affine with
finite cardinality; (ii) any point x € X is open; and (iii) Ox(X) is a product of artinian rings.

Proof. Let U = Spec(A) C X be an affine open of X, then U is also noetherian of dimension
0. Let U = U}'Y; its decomposition into the union of its irreducible components. In particular,
Y; rea is affine, hence, its contains at least a closed point x; € ¥;. But since Y; has dimension
zero, we find that {z;} = Y; is a single point. In particular, this shows that U is a finite set,
and each point is open in U, which give immediately the first assertion as X is noetherian. In
particular X is affine. Let X = {x1, -+ ,2,}, we have then

Ox(X) = [[Oox({z:i}) = [ Ox.-
=1 =1

Ox,; is local noetherian of dimension 0, hence, it’s artinian. ]

Theorem 2.4.3.3 (Krull’s principal ideal theorem). Let A be a noetherian ring, and f € A be

a non-invertible element. Then for any prime ideal p that is minimal among those containing
f, then ht(p) < 1.

Proof. Cf de book of Liu. O

Lemma 2.4.3.4. Let A be a noetherian ring, and po C p1 S -+ C p, be an ascending sequence
of prime ideals of A. Let f € A be an element such that f € p,. Then there exists a sequence
of prime ideals p| C p5y C -+ C pl, = pn such that [ € pj.

Proof. The proof is done by induction on n. If n = 1, there is nothing to prove. For n > 1, we
may assume that f ¢ p,_1. Consider the quotient A/p, o, then the image f € A/p,_2 is non
zero, and let q be the minimal prime ideal containing f, and contained in p,/pn_2 C A/pn_2.
Let p/,_; C A be the preimage of q. Then f € p/_;, and p,—2 C p,,_; € pn. Now, it suffices to
apply the induction hypothesis to the ascending sequence pg C -+ pp—2 € p/,_; to conclude. [

Corollary 2.4.3.5. Let A be a noetherian ring, and I an ideal generated by r elements.
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1. Let p C A be a prime ideal of A, minimal among those containing I, then ht(p) < r.

2. If, moreover, A is local with mazimal ideal m, then A is of finite dimension, and dim(A) <
dimA/m(m/mQ).

Proof. We will prove (1) by induction. When I is generated by one element f, and p be a
prime ideal, minimal among those containing f (note that this implies implicitly that f is non-
invertible), the previous theorem says then ht(p) < 1. Suppose now this statement is proved for
an ideal of a noetherian ring generated by at most r—1 elements (for r > 2). Let I = (f1,---, f),
A := A/(f,), and I be the image of I in A. Then I can be generated by r — 1 elements. Let
p C A be a prime ideal, minimal among those containing I. In particular, f; € p, and the
image p C A is then a prime ideal which is minimal among those containing I. In particular,
ht(p) < r—1. On the other hand, let po C p; C --- C p, = p be an ascending sequence of prime
ideals contained in p. By the previous lemma, one can find a strictly ascending sequence of prime
ideals p| € ph C --- C p/, = p such that f, € p,. Hence their images in A give a strictly ascending
sequence of prime ideals contained in p. As a result, we must have n —1 < ht(p) < r — 1. Hence
n < r. This gives (1). For the second statement, let r = dim4 /mm/m2. According to (1), we
only need to show that m then can be generated by r elements. This latter statement follows
from Nakayama’s lemma. O

Remark 2.4.3.6. The geometric interpretation of the previous corollary is that, for X a noethe-
rian scheme, and for Y C X a closed subscheme which can locally be defined by r elements,
then codim(Y, X) <.

Theorem 2.4.3.7. Let (A,m) be a noetherian local ring, and f € m. Then dim(A/fA) >
dim(A) — 1. Moreover, the equality holds if f is not contained in any minimal prime ideal of A.

Proof. The fist statement is contained in Lemma 2.4.3.4. For the last assertion, suppose that
f is not contained in any minimal prime ideal of A, and let qo0 € q1 € --- € qq be a strictly
ascending sequence of prime ideals in A/f of longest length (hence d = dim(A/f)), then the
preimages of these ideals give a strictly ascending sequence of prime ideals pg C p1 € -+ C pg.
Moreover, as f € pg, this prime ideal is not minimal. Hence pg contains at least one prime ideal
p—1 € po. In this way, we find a strictly ascending sequence of prime ideals of length d + 1.
Hence dim(A) = dim(A/f) + 1. O

Finally, we consider the dimension of an affine space.

Lemma 2.4.3.8. Let (A,m) be a noetherian local ring, and n C A[T] be a maximal ideal such
that nN A =m. Then ht(n) = dim(A) + 1.

Proof. Since for any prime ideal p C A of A, pA[T] C A[T] is a prime ideal contained in mA[T.
In particular, ht(n) > ht(mA[T]) > dim(A). Moreover, as A[T]/mA[T] ~ (A/m)[T] is not a
field, mA[T] € n. Hence ht(n) > dim(A) + 1. It remains to show that ht(n) < dim(A4) +
1. We will show this inequality by induction on dim(A) (which is finite by the noetherian
hypothesis). If dim(A) = 0, m C A is nilpotent, hence mA[T] is also nilpotent. As a result,
dim(A[T]) = dim(A[T]/mA[T]) = dim((A/m)[T]) = 1, and any maximal ideal of A[T] is of
height 1. Suppose now dim(A) > 0, in particular, m is of height > 1. Let f € m which is
not contained in any of the minimal prime ideals of A (see the exercise below), by the previous
theorem, dim(A/fA) = dim(A) — 1. Moreover, the maximal ideal n = n/fA[T] C (A/f)[T] is
of height < dim(A/f) + 1 = dim(A) (induction hypothesis). Now lemma 2.4.3.4 implies then
ht(n) < dim(A) + 1: otherwise, we find find a strictly ascending sequence of prime ideals of



60 CHAPTER 2. THE LANGUAGE OF SCHEMES

length n > dim(A) +1: po € p1 € --- € p, = n. Since f € n, by 2.4.3.4, we find hence a
sequence of length n — 1 > dim A: p} C --- C p,, = n such that f € p}, a contradiction. This
gives the inequality, and hence the lemma. O

Exercise 2.4.3.9. Let A be a ring, and a,py, -+ ,p, be n + 1 ideals of A such that p;’s are
prime ideals. Show that if a C |J;__, p;, then a is contained in one of the ideals p;.

Lemma 2.4.3.10. Let A be any noetherian ring, and p C A be a prime ideal. Then ht(p) =
ht(pR[TT]).

Proof. First of all, for any chain of prime ideals of A contained in p:
PoGP1 G G =P,
it gives a chain of prime ideals of A[T| contained in pA[T:
poA[T] € piA[T] C -+ € puR[T] = pA[T].
Hence ht(pA[T]) > ht(p). It remains to show that ht(pA[T]) < ht(p). For any chain of prime
ideals of A[T] contained in pA[T]
QoG a &G an = pA[T],

we have q; N A C g, N A = p. Hence the above chain induces also a chain of prime ideals of
STLA[T] = Ay[T] (where S = A —p):

S0 G ST G 9 = pA[T],
Hence ht(pA[T]) < ht(pA,[T]). But since pA,[T] is not a maximal ideal, we must have

ht(pAp[T]) < dim(Ay[T])—1 = dim(A,) = ht(p). So, we obtain the desired inequality ht(pA[T]) <
ht(p). O

Lemma 2.4.3.11. Let A be any ring, and Q1 € q2 be two prime ideals of A[T]. Suppose
quNA=qaNA=:p, then q1 = pA[T].

Proof. Up to replace A by A/p, we may assume that p = 0. So we need to show that q; = 0.
As q; N A = (0), they induce two non trivial ideals of K[T]: q1 K[T] C q2K[T]. But K[T] is an
principal ideal domain, so we must have q; K[T'] = 0. In particular, q; = 0. O

Proposition 2.4.3.12. Let A be a noetherian ring, then dim(A[T]) = dim(A) + 1

Proof. Clearly, we have dim(A[T]) < dim(A) + 1. On the other hand, consider a chain of prime
ideal of A[T:
do S a1 & & an C A[T],

we need to show that n < dim(A[T]). We may assume that there exists an index ¢ such that
qi N A = g;41 N A (otherwise, the above chain induces a chain of prime ideals of A, hence
n < dim(A) < dim(A) + 1), and we choose j to be the largest integer i with respect to this
properties. We have hence the following chain of prime ideals of A:

As a result, we find dim(A) > n — j — 1 + ht(p). Now, on applying Lemma 2.4.3.11, we
find q; = pA[T]. Now Lemma 2.4.3.10 tells us ht(p) = ht(q;) > j. As a result, dim(A4) >
n—j—1+ht(p) >n—1, that is, n < dim(A) + 1. This finishes the proof. O

Corollary 2.4.3.13. Let A be a noetherian ring. Then dim(A[Th,--- ,T,]) = dim(A4) + n.
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2.4.4 Dimension of schemes over a field

So here, we consider the case where A is a k-algebra of finite type, with k a field. Recall first that
for a finite type field extension & C K, there exists an integer d, and elements t1,--- ;{5 € K
such that k(ty, - ,tq) ~ Frac(k[T1,---,Ty4]), and that K is a finite algebraic extension over
k(t1,--- ,tq). The integer d is called the transcendent degree of K over k, denoted by tr.deg(K/k).
It’s uniquely determined. We recall the famous

Proposition 2.4.4.1 (Noether normalization lemma). Let A be a finitely generated algebra
over a field k. Then there exists an integer d > 0, and a finite injective homomorphism
k[Tl, st ,Td] — A.

When, moreover, A is integral, the integer d in the Noether normalization lemma is the
transcendent degree of K := Frac(A) over k. In particular, we get the following

Corollary 2.4.4.2. Let X be an integral scheme of finite type over a field k. Then for any non
empty open subset U C X, we have dim(U) = dim(X) = tr.deg(K (X)/k).

Lemma 2.4.4.3. Let B be a homogeneous algebra over a field k, and p C B be a prime ideal.
Then the ideal p" of generated by the homogeneous elements contained in p is a homogeneous
prime ideal of B.

Proof. Let f,g € B two elements, such that f-g € p*. We write f = fo + fi + -+ + f,, with
fi € B homogeneous such that deg(fy) < deg(f1) < --- < deg(fn), similarly, g = go + -+ + gm
with g; € B homogeneous and deg(go) < - -- < deg(g,,). We need to show that either f € p” or
g € p". Otherwise, we may assume that fy, go & p". Then

9= fo-go+ terms of higher degree.

As p” is homogeneous, hence fy-go € p C p. Hence either fo € p or gy € p, which implies either
fo € p* or go € p*. This gives a contradiction, and hence the lemma. O

Corollary 2.4.4.4. Let B be a homogeneous algebra over a field k.*> Then dim(Spec(B)) =
dim(Proj(B)) + 1.

Proof. According to the previous lemma, any minimal prime ideal of B is homogeneous. Up to
replace B by the quotient of B by any minimal prime ideal, we may assume that B is integral.
Now for any f € B a homogeneous element of degree 1, we have D, (f) = Spec(B(y)) which is
irreducible of dimension dim(By)). On the other hand, there exists a canonical map

As By C Frac(B) is integral, the previous homomorphism of groups is bijective. As a result,
we have dim(By) = dim(B(y)) + 1. As a result, dim(D4(f)) = dim(B(y)) = dim(By) — 1 =
dim(D(f)) — 1 = dim(Spec(B)) — 1. As the opens D (f) (f € B;) gives an open covering of
Proj(B), we find dim(Proj(B)) = dim(Spec(B)) — 1. This gives the corollary. O

Lemma 2.4.4.5. Let A be a finitely generated integral domain over k, and let p be a prime ideal
of A of height 1. Then dim(A/p) = dim(A) — 1.

Proof. See the book of Liu. O

!3This means that B ~ k[T4,--- ,Ty]/I for some homogeneous ideal, hence B is generated as a k-algebra by
B;.
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Proposition 2.4.4.6. Let A be a finitely generated integral domain over a field k. Let p C A
be a prime ideal.

1. ht(p) + dim(A/p) = dim(A).
2. If p is maximal. Then dim(A) = dim(Ay).

Proof. (1) We prove this by induction on r = ht(p). The case when r = 0 is clear, while when
r = 1, this is the previous lemma. From now on, suppose r > 1, andlet 0 =pg Cp1 S --- C p, =
p be a strictly ascending sequence of prime ideals contained in p. The prime ideal p/p; C A/p;
is of height r — 1. As a result, we have ht(p/p1) + dim(A/p) = dim(A/p1) = dim(A) — ht(py).
Moreover, p/py is of height  — 1, hence dim(A/p) = dim(A) — 1 — (r — 1) = dim(A) — r. This
gives (1). When p is maximal, A/p is then a finite extension of k, in particular, dim(A/p) = 0.
Hence dim(A) = ht(p) = dim(4,). O

Corollary 2.4.4.7. Let X be an irreducible finite type scheme over a field k. Let x € X be a
closed point. Then dim(X) = dim(Ox ;).

Proof. Since dim(X) = dim(X;eq), and dim(Ox ;) = dim(Ox,_, ). Hence up to replace X by
Xied, we may assume that X is integral. Moreover, we may assume that X is affine, hence the
corollary follows. O

Now, for X be a scheme, and f € Ox(X). Let D(f) = {z € X: f; ¢ my;Ox,}, which is
open in X. Such an open is called principal. We put V(f) = X — D(f).

Corollary 2.4.4.8. Let X be an irreducible finite type scheme over a field k, and f € Ox(X)
which is not nilpotent. Then every irreducible component of V(f) is of dimension dim(X) — 1.

Proof. As fisnon nilpotent, V(f) # X. Since X is irreducible, any component of X is dimension
< dim(X) — 1. On the other hand, for any irreducible component Y of V(f), let U C X be an
affine open such that U = Spec(A) NY # (). The image f’ of f in Ox(U) = A is non nilpotent
and non invertible. The prime ideal p C A corresponds to z is a minimal prime ideal containing
/', hence ht(p) = 1 (as p contains (0)), hence dim(Y) = dim(UNY) = dim(A/p) = dim(A4) -1 =
dim(X) — 1. This gives the conclusion. O

2.5 Fiber products and base change

2.5.1 Sum of schemes

Recall that in a category C, let X; be a family of objects of C. The sum of the family X;, denoted
by [[; X, is an objet of C together with morphisms p;: X; — [[, X; for each ¢, such that for
any family of morphisms f;: X; — Z, there exists a unique morphism F': [[, X; — Z such that
Fop; = f; for ech i. For example, in the category of sets, the sum of a family of sets is the
disjoint union of these sets.

Let (X));er be an arbitrary family of schemes, let X be the sum of the topological spaces (X;).
Hence X is a disjoint union of its opens X! (i € I), together a homeomorphism ¢;: X; — X/.
By means of ¢;, we get a ringed space

(X, sz-,m,*ox,i)
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It’s clear that this gives a scheme, called the sum of the family of scheme (X;), denoted by
[I; Xi. For each X;, we have a then a morphism of scheme v;: X; — X. One shows easily that
the natural map is an isomorphism:

Hmn(llX@T)::IIHmeX%TL = (foth).

Exercise 2.5.1.1. Let X be a topological space, and F; a family of sheaves on X. Define [[, F;
the presheaf on X such that for any open U C X, ([[, F) (U) = [, Fi(U). Show that the
presheaf [ [, 7; is a sheaf.

2.5.2 Fiber products of schemes

Recall that for f: X — S and g: Y — S be two maps of sets, the fiber product of f and g, or
the fiber product of X and Y over S, denoted by X xg Y, is defined to be the following subset
of X xY;

X xgY ={(z,y) e X xY | f(z) =9g(y)} C X xY.

We can actually define the notion of fiber product in a category.

Definition 2.5.2.1. Let C be a category, and let f: X — S and g: Y — S be two morphisms
in the category C. The fiber product of f and g, or the fiber product of X and Y owver S, is an
object of C which represents the following functor

C— Get, T Hom(T,X) Xgom(r,5) Hom(T,Y).
If the fiber product exists, it will be denoted by X xg Y.

In more concrete terms, the fiber product of X and Y over S is an object, denoted by X xgY
of C, together with two morphisms p: X xgY — X and ¢: X xXgY — Y such that

~ fop=gogq

— For any pair of morphisms (a: T — X, 3: T — Y') such that f o a = go 3, there exists a
unique morphism v: T'— X xXg Y such that poy =« and goy = §.

T

;

\\

@ \\ l

AN P g
\ Y

7 S.

3!

Iy
N q
XxgV L oX

The fiber product in a category does not exist in general. But if it exists, then it’s unique up
to a unique isomorphism since it’s the solution of some universal problem.

Proposition 2.5.2.2. Let X,Y be two S-schemes. Then the fiber product of X and Y over S
exists in the category of schemes.
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Proof. We divide the proof into several steps.

Case when XY, S are affine.

In this case, suppose X = Spec(A), Y = Spec(B), and S = Spec(R). We take Z = Spec(A®RrB),
and consider p : Z — X the morphism induced by A - A®g B,a+— a®1, q: Z — Y the

morphism induced by B — A ®r B,b — 1 ®b. We claim that (Z,p,q) represents the fiber
product of X and Y over S: let T be a scheme:

HOIH(T, Z) Homring(A QR Bu OZ(Z))

~ Hom(A,0z(Z)) XHom(r,0,(z)) Hom(B,0z(Z))
= Hom(T, X) X Hom(T,S) Hom(T, Y)
hence get a isomorphism

Hom(T, Z) — Hom(T, X) X Hom(T,S) Hom(T,Y), ~v~ (povy,q07).

As a result, (Z,p, q) gives the fiber product of X and Y over S.

Case when X,Y are opens of affine schemes over S.

In this case, we assume that jx: X — X’ and jy:Y < Y’ are two open immersions over
S with S, X,Y three affine schemes. Let f': X’ — S and ¢’: Y’ — S be the two structural
morphisms. According to the previous case, we know that the fiber product X’ xgY”’ of X’ and
Y’ over S exists. Let p: X' xgY’ — X' and ¢: X’ xgY’ — Y’ be the canonical morphisms, we
consider then the open subset U :=p~1(X) (¢ 1(Y) C X’ xg Y, and we claim that the triple
(U, plu, qlu) gives the fiber product of X and Y over S: indeed, let a: Z — X, and f: Z - Y
be two morphisms such that foa =gof: Z — S. Let o/ = jx oa, et 8/ = jy o 3. Then
floa/ = flojxoa=foa=gofB =g of, from where we get a morphism 7': Z — X' xg Y’
such that poy’ = o/ = jxoa and that goy' = ' = jy 0. Hence Im(y) C U = p~1(X)Ng (V).
Hence v: Z — X’ xg Y’ factors through U — X’ xgY”, et we get a morphism +': Z — U. One
verifies easily that 4/ is also unique. Hence the triple (U, p|y, q|v) solves the universal problem,
hence it gives the fiber product of X and Y over S.

Case when S is affine.

We cover X by affine opens X = (J,c; Xi, and Y by affine opens ¥ = UjeJYj- For each (i,7),
the fiber product X; xg Yj exists. Moreover, according to the previous case, the fiber product
Xiiv X5 Y exists also, and can be realized as an open of X; xgY; for any index 4,7 € I and
J,j' € J. Now the fiber product X xgY is constructed by gluing these X; x gY; along the opens
Xy x5 Y — X; xgY;. This gives the fiber product when S is affine. As a corollary, this gives
also the case when the structural maps f and g can factor through some affine open Sy C S.
Indeed, in this case, one verifies easily that X xgY = X Xg, Y, hence X xgY exists as the
latter fiber product exists.

General case.

In this case, we cover S by the affine opens S = J; S; and let X; (resp. Y;) be the inverse
image of S; — S, and X;; = X; N X,. According to the previous cases, the fiber product
XixgY; = X;xg, Y exists, and so is X;j x5 Vij = Xjj X;; ¥ij (since it’s the same as X;; x5, Yij).
Moreover, X;; xgYi; = X;; Xg,; Yij is an open of X; XxgY; = X; x5, ¥;. Hence, the fiber product
X XgY is obtained by gluing the schemes X; x ¢ Y; along the opens X;; xg Y;;.

This finishes then the proof of Proposition 2.5.2.2 O

From the proof, we deduce also the following corollary:
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Corollary 2.5.2.3. Let S be a scheme.

1. Let X — X' and Y — Y’ be two open immersions over S. Let p': X' xgY' — X' and
q: X'xsY' — Y’ be the canonical morphisms. Then there exists a canonical isomorphism
between X' xgY' and the open subscheme p'~ (X)) N g (V).

2. For three schemes X,Y,Z over S, we have (X xgY) xgZ ~ X xg (Y xXgZ).

3. For X be a scheme over S. Then there is a canonical isomorphism X xg S ~ X.
Example 2.5.2.4. We have A}l Xgpec(r) Af' =~ AZ‘JF”, while P Xgpec(r) Py Z IP’ZLJF".
Exercise 2.5.2.5. Verify the previous example.

Remark 2.5.2.6. In general, the underlying set of X xg Y’ is not the fiber product of the
underlying sets of X and Y over S. For example, Spec(C) Xgpecr) Spec(C) consists of two
points, while the fiber product of the underlying sets has only one point.

Definition 2.5.2.7. Let f: X — X’ and g: Y — Y’ be two morphisms over S, the by the
universal property of fiber product, we get a morphism f xg¢g: X XgY — X’ xg Y’ such that
px o (f Xs g) = px, and pys o (f Xs ¢g) = py. When no confusion is possible, we often omit S
from the notation f xg g.

2.5.3 Base change; fibers

Definition 2.5.3.1. Let S be a scheme, and X be an S-scheme. For any S-scheme S’, the
second projection ¢: X xg S’ — S’ endows X xg S’ with a structure of an S’-scheme. Such a
process is called the base change of X by S — S. We sometimes denote the S’-scheme X x g S’
by Xg. For a morphism of S-schemes f: X x Y, its base change by S’ — S is the morphism
fxg8: Xxlyg =Y xg 8, sometimes it’s denoted by fgr.

Example 2.5.3.2. Let S = Spec(A4), and X = Spec(A[T1,--- ,Tn])/(P1, -+, Ppn)). Then for
any morphism of rings 7: A — B, we have Xgp.(p) = Spec(B[T1,- -+, T,]/(P1, -+, Py)) where
P, is obtained by applying the morphism 7 on the coeflicients of P;.

Example 2.5.3.3. For A a ring, and B a homogeneous A-algebra. Let C be an A-algebra, the
tensor product D := B ® 4 C is then naturally a homogeneous C-algebra. Moreover, we have
Proj(B)spec(c) = Proj(B x4 C). In particular, for S an arbitrary scheme, we can consider the
projective space over S of dimension n, which is given by P§ := Proj(Z[Tv, - - ,Ty])s-

Exercise 2.5.3.4. Verify that Proj(B)gpec(c) = Proj(B x 4 C) in the previous example.

Now, to define the fiber of a morphism, recall that for a point y € Y of a scheme, there is a
induced morphism of schemes Spec(k(y)) — Y. More precisely, let U = Spec(A) C Y be an affine
open of Y containing y, the point y corresponds then a prime ideal p C A of A, the canonical
map Spec(k(y)) — Y is then the composite of U < X and Spec(k(y)) — U = Spec(A), where
the latter morphism is induced by the morphism of rings A — A, — A, /pA, = k(y).

Definition 2.5.3.5. Let f: X — Y be a morphism of schemes. For any point y € Y, we set
Xy = X xy Spec(k(y)), where Spec(k(y)) — Y the canonical map associated to the point y € Y.
We call X, be the fiber of f over y. The second projection X, = X xy Spec(k(y)) — Spec(k(y))
makes X, into a scheme over k(y).
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Example 2.5.3.6. For y € Y a point. Py, ~ ]P)Z(y)

Definition 2.5.3.7. For f: X — Y a morphism with Y irreducible of generic point n € Y. The
fiber X, over 7 is called the generic fiber of f.

Lemma 2.5.3.8. Let B be a ring, and T C B be a multiplicative subset. Then the canonical
map Spec(T~'B) — Spec(B) induces a homeomorphism between Spec(T~'B) and the subset T
of element q C B such that T Nq =0 of Spec(B)

Proof. Let a: B — T~ B be the canonical map of rings. It’s well-known in commutative algebra
that, the map
v: Spec(T'B) — Spec(B), p+— a (p)

induces a one-to-one correspondence between Spec(7~!B) and the subset T. So we only need
to check that this correspondence respects also the topology. Indeed, it’s continuous, and for
any ideal a C T~!B, let {z; : i € I} be a family of generators of a. Up to multiply z; by some
element in T (which is invertible in 7! B), we may assume that x; = b;/1 with b; € B. Now,
consider b C B the ideal generated by the b;’s, then its clear that 7'b = a. Now, for any prime
ideal p = T"'q c T7'B, a = T7'(b) C T7!'q = p if and only if b C q. As a result, we find
t(V(a)) =FNV(b). Hence ¢ is a closed map. So it’s a homoeomorphism, as required. O

Proposition 2.5.3.9. Let f: X — Y be a morphism of schemes, and y € Y be a point. Then
the first projection X, — X induces a homeomorphism between the underlying topological space
of Xy and the subspace f~1(y) of Y with the induced topology.

Proof. Clearly, to prove our proposition, we may assume that ¥ = Spec(A) and X = Spec(B)
are both affine. We consider ¢ = f#: A — B be the associated morphism between the rings.
Let p C A be the prime ideal which corresponds to y. Then

S () = {a € Spec(B)|¢ " (a) = p},
and

X, =Spec(B®4 Ay /pA,) =S ec< )
y = Spec(B ®4 Ap/pAy) = Sp ) (B 94 Ay)

Moreover, the projection X, = Spec(k(y)) xy X to X induces a map of topological spaces
Ly Xy = fﬁl(y)v

and we need to show that ¢, is a homeomorphism. Let S = A —p, and T = ¢(S) C B. Then,
we have B ®4 Ay ~ T~ 'B. As a result,

B®a Ay T-'B
p(P)(B@aApy) ()T 'B
According the the previous lemma, ¢, induces a homeomorphism between X, the set of prime

ideals ¢ C B such that ¢ N7 = ), and that T-'q D (p)T !B, that is, the set of prime ideals
q C B such that ¢~!(q) = p, as desired. O

Hence sometimes we write X, by f~'(y). Intuitively, we can consider X as a family of
schemes X, — Spec(k(y)).

Example 2.5.3.10. Let m € Z be an integer. The scheme Spec(Z[X,Y]/(XY —m)) gives then
a family of scheme over the base scheme Spec(Z). Over each closed point (p) € Spec(Z), the fiber
over (p) is Spec(F,[ X, Y]/(XY —m)), while its generic fiber is given by Spec(Q[X,Y]/(XY —m)).
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Definition 2.5.3.11. Let P be a property of morphisms of schemes f: X — Y.

1. The property P is said to be local on the base Y if the following assertions are equivalent:

(a) f verifies P;

(b) for any y € Y, there exists an affine neighborhood V' of y such that f|s-1(y verifies
P.

2. The property P is said to be stable under the base change if for any morphism f: X — Y
verifying P, and for any morphism Y’ — Y, the base change fy:: Xy — Y’ verifies again
the property P.

Example 2.5.3.12. Open immersion and closed immersion are properties which are local on
the base, which are also stable under base change. We will encounter more properties which are
local on the base or stable under base change.

2.6 Some global properties of morphisms

2.6.1 Separatedness of schemes

We begin with a topological observation.

Proposition 2.6.1.1. Let X be a topological space, and A: X — X x X be the diagonal map.
Then X is separated (i.e., Hausdorff) iff the image A(X) C X x X is closed.

Proof. Suppose first of all X is separated. Let p = (z,y) ¢ A(X), namely x,y € X such that
x # y. As X is separated, there exist two opens U,V of X such that x € U, y € V and
UNV ={. In particular, pe U x V C X x X — A(X). By the definition of product topology,
U xV is open in X x X. Hence, X x X — A(X) is open, as a result, A(X) C X x X is
closed. Conversely, suppose A(X) C X x X is closed, and let z,y € X such that = # y. Hence
(x,y) € X x X — A(X) which is open by assumption. Hence, can find U,V C X two opens such
that (z,y) e U xV C X x X — A(X). Hence U NV = (). This shows that X is Hausdorff. O

Let now X be a scheme, we know that the underlying topological space of X in general is not
Hausdorff, nevertheless, we will define the separatedness of schemes in a similar way. Recall first
that a morphism of schemes f: X — Y is a closed immersion if for any affine open U of Y, the
inverse image f~}(U) C X is again affine, moreover, the induced map Oy (U) — Ox(f~1(U))
is surjective.

Definition 2.6.1.2. A morphism of schemes f: X — Y is called separated if the diagonal
morphism A: X — X xy X is a closed immersion. We say the X is a separated Y -scheme or
X is separated over Y. A scheme X is said to be separated if X is separated over Spec(Z).

Example 2.6.1.3. Any morphism of affine schemes is separated. In particular, any affine
scheme is separated.

Lemma 2.6.1.4. For any morphism of schemes f: X — Y, its diagonal morphism A: X —
X xXy X is an immersion.

Proof. This is a local property on Y, hence we may assume that Y is affine. To show that A
is an immersion, we need to find an open neighborhood V' of the image A(X) such that the
induced map A: X — V is a closed immersion. So for any point x € X, let U, C X be a
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affine open neighborhood of x. Then U, xy U, gives an open subset of X xy X such that
A~YU, xy U,) = U,. Put
V=] U xy U,
zeX
which gives an open subset of X xy X containing A(X). Moreover, as the U,’s are affine and
Y is affine, the induced map A : U, = A~V (U, xy U,) — U, xy U, is a closed immersion (as
it’s the diagonal map of the Y-scheme U,). As a result, the induced map A: X — V is also a
closed immersion, as desired. ]

Corollary 2.6.1.5. Let f: X — Y be a morphism of schemes. Then f is separated if and only
if the image A(X) C X xy X is closed.

Proof. Clearly, if f is separated, then A(X) C X xy X is closed. Conversely, if A(X) is closed,
we need to check that A is then a closed immersion. As A: X — X Xy X is an immersion, let
U be an open neighborhood of A(X) such that then induced map X — U is a closed immersion.
As A(X) C X xy X is closed, let V= X xy X — A(X). We obtain hence an open covering
X =UUV of X such that A[s-1(yy and A[s-1(y) are both closed immersions. As a result, A
is a closed immersion. O

Proposition 2.6.1.6. Let f: Y — X = Spec(A) be a morphism of schemes with X affine. The
following three conditions are equivalent:

1. f is separated;

2. For any two affine opens U,V C Y, their intersection UNV CY is again affine, moreover,
the canonical map Oy (U) @4 Oy (V) — Oy (U NV) is surjective;

3. There exists an open affine covering Y = J;c; U; such that U; (\Uj is affine, and that the
canonical map Oy (U;) ® Oy (Uj) — Oy (U; N Uj) is surjective for any i,j € I.

Proof. (1)=(2): Suppose f is separated, namely the diagonal A: Y — Y xx Y is a closed
immersion. Since X is affine, the open U x x V' is also affine, hence its preimage, U [V by A is
also affine. Moreover, the canonical map Oy« vy (U xx V) = Oy (U) ®4 Oy (V) = Oy (UNYV)
is surjective. This gives (2). Clearly (2) implies (3). It remains to show (3)==-(1). With the
notations of (3), the family {U; x x U;}; j forms an affine open covering of Y x x Y. Moreover the
preimage of U; x x U; by A is U; (U, which is affine by assumption. Moreover, the canonical
map

OYXxY(Ui X x Uj) = Oy(Ui) XA Oy(Uj) — Oy(Ui M Uj)
is surjective, as a result, the diagonal A: Y — Y x x Y is a closed immersion. This gives (1). O

Example 2.6.1.7. The projective space P} = Proj(Z[Xo, -, Xy,]) is separated. Indeed, P%
can be covered by the affine opens D (X;). Moreover, the intersection D (X;) () D+(Xj;) is
also affine. Hence P7, is separated over Z. As a corollary, any projective space P¢ is separated
over S. More generally, a projective morphism f: X — S is separated.

Example 2.6.1.8. We consider X; = X3 = Spec(Z), X12 = D(p) C X; and X91 = D(p) C Xo.
We glue the two schemes X; and X5 along the open subschmes X2 ~ X5;. Now, the scheme X
obtained in this way is not separated. Indeed, X; (resp. X2) can be identified with a open of X,
still denoted by X; (resp. by X3), their intersection is denoted by U. Clearly, X; is affine, and
so is U. So to show that X is not separated, we only need to verify that the canonical morphism

Z~7®z7=0x(X1)®z0x(X2) = Ox(U) ~ Z(p) = Z[l/p] c Q.
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But clearly, this map is not surjective. This gives the statement.
Proposition 2.6.1.9. 1. Open and closed immersions are separated.
2. Separated morphisms are stable under base change.

3. The composition of two separated morphisms is again separated. In particular, immersions
are separated.

4. Let f: X =Y, and g: Y — Z be two morphisms such that g o f is separated. Then f is
separated.

Proof. (1) is clear since in this case, the diagonal is an isomorphism. (2) is also clear. (3) Let
f: X =Y and g: Y — Z be two separated morphisms. Then the diagonal Ager: X — X xz X
can factor as

X—>XXyX—>XXZX.

Hence we only need to verify that the second morphism is a closed immersion. Indeed, this
second morphism can be obtained by the following cartesian diagram

XXyXHXXZX

]

Y 'Y x5 Y.

Now since g is separated, the diagonal A, is closed immersion. As a result, the canonical
morphism X xy X — X xz X is a closed immersion. Hence Ay is a closed immersion, namely
go f is separated. (4) The morphism f can factor as

T,
X—Lxx,vy2 ov.

The second morphism p9 is separated since it is the base change of go f by Y — Z. Moreover,
I'y is an immersion (see the exercise below), in particular is separated. As a result, f =paol'y
is separated. ]

Exercise 2.6.1.10. Let f: X — Y be a morphism of S-schemes, then the graph
Iy X > X xgY, e (z, f(x)).

Show that the following diagram is cartesian

Ty
X—Lxxsv

fl iindY

Y —2Y xgY
Deduce then I'f is always an immersion, and is a closed immersion if Y//S is separated.
Proposition 2.6.1.11. Let P be a property about the morphism of schemes. Suppose that
— the property P is stable under base change.

— the property P is stable under composition.
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— closed immersions satisfy the property P.

Let f: X =Y and g: Y — Z be two morphisms of schemes such that g is separated. Suppose
that the composition g o f satisfies P, then so is f.

Proof. The morphism f can factor as

T
X—dxx,vy2 oy,

As po is obtained as the base change of go f: X — Z by Y — Z, it satisfies also the property P.
By the exercise above, since Y/S is separated, the graph I'y is a closed immersion. As a result,
it verifies the property P. Thus, the morphism f, being the composition of I'y with ps, verifies
the property P. O

Exercise 2.6.1.12. Let X,Y be two S-schemes such that Y/S is separated, and that X is
reduced. Let f,g: X — Y be two morphism of S-schemes which coincide over a dense open
subset of X. Show that f = g.

2.6.2 Proper morphisms

The properness of a morphism is essentially a topological property. Recall that a map of topo-
logical spaces f: X — Y is said to be closed if for any closed subset of X, its image f(F) C Y
is closed.

Definition 2.6.2.1. Let f: X — Y be a morphism of locally noetherian schemes.

1. f is said to be universally closed if for any morphism Y’ — Y, the base change

fyr X' =X xy Y =Y’
is a closed map between the underlying topological spaces.

2. f is said to be proper if f is separated, of finite type,'* and universally closed.
Proposition 2.6.2.2. We have the following properties:

1. Closed immersions are proper.
The composition of two proper morphisms is proper.

The base change of a proper morphism is still proper.

e e

If the composition of X — Y and Y — Z is proper, and if the second morphism Y — Z
is separated. Then the first morphism X — Y 1is proper.

5. Let f: X =Y be a surjective morphism of S-schemes. Let us suppose that'Y is separated
and of finite type over S, and that X is proper over S, then'Y is proper over S.

A fundamental property about proper morphisms is the finiteness result. Here we will show
a very special case, and we will refer to Liu’s book for the proof.

Proposition 2.6.2.3. Let X — Spec(A) = S be a proper morphism. Then Ox(X) is finite
over A.

Over a non noetherian base Y, the condition “of finite type” should be replaced by “of finite presentation”,
but here for simplicity, we will not use this definition
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2.6.3 Projective morphisms

Recall that, a morphism of schemes f: X — Y is called projective if there exists an open covering
Y =, Y, such that f‘f—l(yi)i f~1(Y;) = Y; can be factored as

) = Py = Y
with the first morphism a closed immersion.

Theorem 2.6.3.1. A projective morphism is proper.

Proof. Let f: X — Y be a projective morphism. Then we have seen that f is of finite type and
separated. Hence it remains to show that f is universally closed. Since a base change of f is still
projective, we only need to show that f is a closed map. This is a local question on Y, hence
we may assume that Y = Spec(R), and that f can be factored as X — Py — Y with first map
a closed immersion. Since any closed subset of X gives a closed subset of P¥,, we are reduced to
the case where X = P} = Proj(R[Xo, -, Xy]). We denote in the following A = R[Xj, -, X;]
with the natural gradation. Let F' = V. (I) be a closed subset with I C A a homogeneous ideal.
Let B = A/I = &,>0B,, be the quotient with the natural gradation. We need to show that
f(F) CYisclosed. Now, forany y € Y, y € f(F) if and only if NPy, # (). Suppose I can be
generated by the homogeneous polynomials g1, -+, g- € A, then F QPZ(y) =Vi(q1, - ,gr) with
gi the image of g; by the canonical map R[X, -+, X,] — k(y)[Xo, -, X,]. Hence Fﬂ]P’Z(y) =0
if and only if A4 ®@rk(y) C \/(g1,- - ,Gr). In an equivalent way, this means that B, @ k(y) =0
for some integer n. Now for each n, as a R-module, B,, is of finite type, hence by Nakayama’s
lemma, B, ®r k(y) = 0 is equivalent to B, , = 0. Hence y € f(F) if and only if y € Supp(B,)
for any n. Now, to complete the proof, it suffices to remark that the support Supp(B,,) is closed
as it’s give by V(Ann(B,,)) C Spec(R). O

Lemma 2.6.3.2. Let S be a scheme. Then there exists a closed immersion Py x P —

Pgnﬂ)(mﬂ)_l, called the Segre embedding.

Proof. We will just give a set theoretical description of this morphism: let N = (n+1)(m+1)—1,
then this map is given by

ngIP’g]—)]P’g, ((o:--ran), (o 1 ym)) = (ToY:oY1 : -+ 1 TiYj : *+* : Tnlm)-

Corollary 2.6.3.3. The following statements are true:
1. Closed immersions are projective morphisms.
2. The composition of two projective morphisms is projective morphisms.
3. Projective morphisms are stable under base change.
4. Let X — S and Y — S be projective morphisms, then so is X xgY — S.

5. If the composition of X =Y, Y — Z is projective, and if Y — Z is projective, then so is
X =Y.

Proof. See Liu’s book. O
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Remark 2.6.3.4. Let k be a field. Let X a proper scheme over k. We can show that (1) if
dim(X) < 1 then X is projective; (2) if dim(X) = 2 and X is smooth (see below for the definition
of smoothness), then X is projective; (3) there exist proper scheme over k of dimension 2 and
smooth proper scheme over k of dimension > 3 which are not projective.

Theorem 2.6.3.5 (Chow’s lemma). Let Y be a noetherian scheme, and f: X — Y be a proper
morphism. Then there exists a projective Y-scheme g: X' =Y, and a Y -morphism f: X' — X
such that there exists an everywhere dense open subset U C X such that f]f_l(U): Y U)—=U
s an isomorphism.

Proof. Omitted. O

2.7 Some local properties of schemes and morphisms of schemes

2.7.1 Zariski tangent spaces

Definition 2.7.1.1. 1. Let X be a scheme, and x € X. Let m;, C Ox, be the maximal
ideal and k(x) = Ox ;/m, the residue field. We define the tangent space to X at = to the
k(z)-vector space (mg/m2)" := Homy,,) (mg/m2, k(x)).

2. For f: X — Y be a morphism of schemes. Let x € X and y = f(z). Then fﬁ: Oyy — Ox
canonically induces a k(z)-linear map Tx , — Ty, ®j(,) k(z), which will be denoted by
T ., called the tangent map of f at x.

The following lemma is very useful.

Lemma 2.7.1.2. Let A be a ring with m C A a maximal ideal. Then the canonical morphism
of A-modules m/m? — mAy,/m2Ay, is an isomorphism.

Proof. We remark first that the canonical map A/m — An/mAy is an isomorphism of A-
modules, hence so is the canonical maps

m/m? ~m@4 A/m~my (An/m2Ay) ~ mAy /mZAg,
which is exactly the canonical morphism considered in this lemma. O
In the following, we will consider an explicit example. Let
— k be a field;
— Y = A} = Spec(k[Th, - ,Ty]), with y = (A1,--- , \,) € AP (k) a rational point;
— E = k" be the k-vector spaces of dimension n.

Associate with the point y, we consider the following k-linear map

Dy: E[Ty,---,T,] — EY, f— ((tl,--- tn) Z g;,(@h) .
i=1 "

Lemma 2.7.1.3. Let m = (Th — A1, , T, — \p) C k[T1,--- ,T,] be the mazimal ideal corre-
sponding to y.

1. The restriction of D, to m induces an isomorphism m/m? ~ EV.
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2. Tyy ~ E.
Proof. Direct computation. O

In particular, we obtain the following perfect pairing

i=1 0T

m/m? x B =k, (f,(tr,o 1) = (y)ti-

Consider a closed subscheme X = Spec(k[T1,---,T,]/I) — Y with I C k[Ty,---,T,] an ideal.
Let © = (A1,---,A\n) € X(k) C Y (k) be a rational point of X. Let m C k[T1,---,T,] (resp.
nC A:=Ek[Ty,---,T,]/I) be the maximal ideal corresponding to € Y (resp. to z € X). Then
I C m, and n = m/I. In particular, n/n?> = m/(m? + I), and we obtain the following short exact
sequence:

0— (m?+1I)/m?> - m/m? = n/n® = 0.

As a result, the isomorphism Ty, = (m/ m?)¥ ~ F induces an identification between T' ¥,z and
the subspace

"\ 0P
1. . _
(Dy(1))" = {(tl, i) € E: ZEZI a7, (x)t; =0 VP e I}.
If I =(P,---,Py), the latter space can also be written as:
(Dy(I)N* =< (t,- ,tn) € E: En aPj(av)t-:O Vi=1,---,m
) . ) s bn . pat a,IlL 7 ) ) .

Example 2.7.1.4. Let k be an algebraically closed field. Consider X = Spec(k[T, S]/(T? —
S3)) < A2. Let P = (a,b) € X be a closed point (hence rational as k is algebraically closed).
Then according to the previous calculations, we have

Tx p=~{(t,s) € k*: 2at — 3b*s = 0}.

Hence dim;T'x p = 1 if P is not equal to the origin of A% otherwise it’s of dimension 2.

2.7.2 Regular schemes

Let (A, m) be a neotherian local ring with residue field k. Recall that dim(A) < dimm/m?. We
consider also the following k-graded algebra associated with A:

grn(A) = @ m"/m" L,
n=0

Definition 2.7.2.1. A neotherian local ring (A, m) is called regular if dim(A) = dimjm/m?

Theorem 2.7.2.2. Let (A,m) be a noetherian local ring of dimension d. The following three
statements are equivalent.

1. A is regqular.
2. m C A can be generated by d elements.

3. grun(A) is isomorphic, as a k-graded algebra, to the ring of polynomials in d variables.
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Proof. Cf. Atiyah-MacDonald Theorem 11.22. O

Proposition 2.7.2.3. Let (A,m) be a reqular neotherian local ring. Then A is an integral
domain.

Proof. This proposition can be proved by using the theorem above, see Atiyah-MacDonald 11.23.
Here is a direct proof of this result. We will prove by induction on d := dim(A4). If d = 0, as
A is regular, we find dimgm/m? = 0. Hence m = m?, which implies m = 0 by Nakayama’s
lemma. So A is a field in this case. In particular, it’s an integral domain. Suppose now d > 1,
and the statement has been verified for the local rings of dimension < d — 1. Let f € m — m?,
and consider A/(f). We claim first that dim(A/(f)) is regular of dimension d — 1. Indeed, let
n=m/(f) C A/(f) be its maximal ideal. Then n/n?> = m/(m? + (f)) which is of dimension
d—1 (as f ¢ m?). On the other hand, as A is noetherian, dim(A4/(f)) > dim(4) —1=d — 1,

hence we find the following inequalities
d—1=dim(A) — 1 <dim(A4/f) < dimpn/n? =d — 1.

On the other hand, let p C A be a (minimal) prime ideal of depth d, then A/p is again regular
of dimension d, and the quotient A/(f + p) is a local ring of dimension > dim(A/p) —1=d—1
(being the quotient of A/p by a single element) whose maximal ideal can be generated by d — 1
elements (being a quotient of A/(f) which is regular local of dimension d — 1), as a result,
A/(f + p) is equally regular of dimension d — 1. Now, as A/(f + p) is a quotient of A/f,
which are both integral by induction hypothesis, we have (f) +p = (f). Therefore, p € (f).
So for any u € p, there exists v € A such that v = fv. But note that f ¢ p (otherwise
dim(A/f) > dim(A/p) = d), we must have v € p. This shows p C (f)p C mp. So the Nakayama
lemma implies p = 0. So A is integral. This finishes the proof. O

From the proof, we obtain also the following

Corollary 2.7.2.4. Let (A,m) be a noetherian regular local ring of dimension d. Let f € m.
Then A/(f) is regular of dimension d — 1 if and only if f ¢ m?.

Proof. From the proof, we know that if f € m —m?, then A/(f) is regular of dimension d — 1.
Conversely, suppose A/(f) is regular of dimension d — 1. In particular, f # 0. Moreover, to
require that A/(f) is regular of dimension d— 1 is the same to require that dim(m/(m?+ (f))) =
dim(m/m?) — 1. Hence we must have f ¢ m?. O

By induction, we obtain also the following

Corollary 2.7.2.5. Let (A,m) be a regular noetherian local ring of dimension d. Let I C A
be a proper ideal of A. Then A/I is regular if and only if I can be generated by r ele-
ments fi,---, fr with r = dim(A) — dim(A/I), such that the f;’s can be generated to a family

{flv"' 7f’r‘7f7’+17“' 7fd} OfgeneratOT’S Ofm-

Theorem 2.7.2.6. Let A be a reqular neotherian local ring. Then the following properties hold.

1. For any prime ideal p C A, its localization Ay is also regular.

2. The ring A is factorial.

Definition 2.7.2.7. Let X be a locally neotherian scheme, and let € X be a point. We say
that X is regular at x € X, or z is a regular point of X if Oy , is regular. We say that X is
regular if X is regular at all its points. A point € X which is not regular is called a singular
point of X. A scheme that is not regular is said to be singular.
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Corollary 2.7.2.8. Let X be a noetherian scheme. Then X is reqular if and only if X is reqular
at all its closed points.

Proof. Note that, as X is noetherian, any closed subset of X admits a closed point. O

Example 2.7.2.9. Let k be an algebraically closed field.'> The affine space A} is regular.
Indeed, as A} is one quasi-compact, we only need to check that A} is regular at all its closed
points. Let z = (21, - ,2,) € A} be a closed point, and let m = (X1 —21,--- , X, —2,) C
k[X1,---,X,] be the corresponding maximal idea. Then m/m? is of dimension n over k with a
base given by the images of X; —z; in m/m?. On the other hand, we know A7 is of dimension n,
the local ring Opp , is of dimension n. Thus, by Lemma 2.7.1.2, Opr , is regular of dimension n.
In this way, one shows that A} is regular. As a corollary, the projective space [P} is also regular.

Theorem 2.7.2.10 (Jacobian criterion). Let k be a field. Let X =V (I) — A} be a subscheme
defined by the ideal I C k[T1,- - ,Ty,]. Suppose I = (Fy,--- ,F,), and let x € X (k) be a rational
point. Then X is reqular at x if and only if the following matriz

OF;
) aTj 1<i<r,1<j<n

is of rank n — dim(Ox ).

Example 2.7.2.11. Consider X = V(T? — $3) C A? = Spec(k[T, S]). Let P = (a,b) be a
rational point of X. The localization Ox p is always of dimension 1. While for the corresponding
matrix Jp, it’s of rank 1 if and only if = it not the origin of Az. Hence P € X is a regular point
if and only if P is not the origin.

For X a noetherian scheme, we will denote by Reg(X) the set of regular points of X, and
Xising := X — Reg(X) the singular locus of X.

Proposition 2.7.2.12. Let k be an algebraically closed field, and X/k be a scheme of finite
type. Then

1. If moreover X is reduced. Then Reg(X) contains a closed point of X.
2. In general, Reg(X) C X is an open subset.

Proof. (1) See Liu’s book.

(2) This is a local question on X, hence we may assume that X = Spec(A) is affine. Moreover,
we may assume that Xis irreducible. Hence for each closed point x € X (k), Ox , is of the same
dimension d = dim(X). As X is of finite type over k, A ~ Ek[Ty,---,T,]/I for some ideal
I C k[Ty,---,T,]. Suppose I = (F},---,F,), and consider the matrix

OF;
M —

(5
with coefficients in k[T,---,T,]. For each closed point x € X, the matrix M (z) is then of
rank < n —d. Let J C A be image of the ideal of k[T},---,T,] generated by the minors
of M of order n — d. Then a closed point x € X is singular if and only if all the minors

of order n — d of M(x) vanishes, in other words, if and only if z € V(J) € X. Now we
claim that Reg(X) = X — V(J). Indeed, for a point y € X — V(J), it can specialize to a

151n fact, this assumption is unnecessary. Here we make this assumption just for simplicity.
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closed point z of X contained in X — V(J). Hence y is a regular point of X since Ox, is a
localization of a regular local ring Ox ;. In this way, we see X — V(J) C Reg(X). Conversely,
consider a regular point x € X, and let Z = @ C X with the reduced subscheme structure.
Let I C A be the ideal defining Z. As Z is integral with = € Z its generic point, the local
ring Oz, = Ox,/I10x is a field. Since Ox, is a local ring, one can find r := dim(Ox ;)
elements {f1,---, fr} C I such that mx, = IOx, = (f1, -+, fr)Ox,q. As a result, we find
mx.Oxy = (f1,---, fr)Ox,y. According to (1), there exists a regular closed point yy € Z.
Hence Oz yy = Ox o/ (f1, -, fr) = Oxyo/Mx 2O0x 4y, is regular. As a result, Oxy, is regular
by the lemma below. Since yg € X is closed, by the jacobian criterion, yo € X — V(J). This
implies = € X — V(J) since y € {x}. O

Lemma 2.7.2.13. Let (A, m) be a noetherian local ring. Let p C A be a prime ideal such that
A, and A/p are both regular. Moreover, suppose that p can be generated by e elements with
e =dim(Ay). Then A is also regular.

Proof. Write d = dim(A). As p can be generated by e elements { f1,- -, fe}, we find dim(A/p) >
d —e. On the other hand, as dim(A,) + dim(A/p) < dim(A4), we find exactly dim(A/p) =

d—e. Let {g1," - ,94—} C m whose images in A/p generate m/p, then we obtain m =
(fis- s fes 915+, 9d—e) which hence can be generated by d elements. As a result, A is reg-
ular. O

Remark 2.7.2.14. With the notations of the proof of Proposition 2.7.2.12 (2), the singular
locus Xiing of an irreducible affine scheme X = Speck[T1,--- ,T,]/(Fi,--- , Fy) is given by V(J),
where J C k[T4,--- ,T,]/(F1, -, F}) is the ideal generated by the images of the minors of order
n — dim(X).

2.7.3 Flatness and smoothness

As we mentioned before, intuitively, a morphism of schemes f: X — Y can be thought as a
family of schemes defined over fields {X,},cy indexed by the scheme Y. As in the analytic
case, to have some good properties on f, we usually need to suppose that the family moves
continuously along the scheme Y. The right notion for the continuity in algebraic geometry is
the flatness. Recall first the following definition in commutative algebra.

Definition 2.7.3.1. Let A be a ring.

1. An A-module M is said to be flat if for any injective morphism N’ < N, the induced
morphism M ®4 N' — M ®4 N is still injective.

2. A morphism of ring A — B is said to be flat, if B is flat as an A-module.

Definition 2.7.3.2. Let f: X — Y be a morphism of schemes. We say that f is flat at the
point « € X if the homomorphism fﬁ: Oy,f(@) = Oxz is a flat. We say that f is flat if it’s flat
at all the points of X.

Example 2.7.3.3. If Y = Spec(k) is the spectrum of a field, then every morphism f: X — Y
is flat.

Example 2.7.3.4. For A a discrete valuation ring, let m € A be a uniformizing element. Then
an A-module M is flat if and only if M has no non-trivial w-torsion. As a result, a morphism
f: X — Y is flat if and only if every irreducible component of X dominates Y. See 4.3.9 of
Liu’s book for a proof of this statement.
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Proposition 2.7.3.5. The following properties are true.
1. Open immersions are flat morphisms.
2. Flat morphisms are stable under composition and base change.

3. Let A — B be a morphism of rings. Then Spec(B) — Spec(A) is flat if and only if B is
flat over A.

For a flat morphism f: X — Y, the family {X,},cy moves continuously along the scheme
Y, which allows to deduce many interesting properties about the morphism f. For example, one
have the following theorem, whose proof can be found in the book of Liu.

Theorem 2.7.3.6. Let f: X — Y be a morphism of locally neotherian schemes. Let x € X
and y = f(z). Then
dim((’)XWC) S dlm(OX#C) — dlm(Oy’y)

If, moreover, f is flat, then we have equality.

Corollary 2.7.3.7. Let X, Y be two irreducible schemes of finite type over a field k, and f: X —
Y be a surjective flat morphism of k-schemes. Then for everyy € Y, every irreducible component
of Xy is of dimension dim(X) — dim(Y’).

Moreover, we have

Theorem 2.7.3.8. Let f: X — Y be a morphism of schemes between locally noetherian schemes.
Assume that f is flat. Then f is an open map between the underlying topological spaces of X
and Y.

Definition 2.7.3.9. 1. Let f: X — Y be a morphism of finite type of locally noetherian
schemes. Let x € X and y = f(x). We say that f is unramified at z if the homomorphism
Oy,y — Ox 4 verifies myOx , = m,, and the (finite) extension of residue fields k(y) — k(z)
is separable. We say that f is étale at x if it’s unramified and flat at .

2. A morphism of noetherian local rings A — B is called étale is it’s unramified, flat and if
B is a localization of a finitely generated A-algebra.

Lemma 2.7.3.10. Let f: X — Y be a morphism of finite type of locally noetherian schemes.

1. Then f is unramified if and only if for each y € Y, the fiber X, is unramified (hence
automatically étale over k(y)).

2. If Y = Spec(k) is the spectrum of a field, then X is unramified over k if and only if X
affine with Ox (X) a finite product of separable extensions of k.

Proof. (1) For any z € X over y € Y, the quotient Ox ,/m,Ox , remains unchange after we
replace X by its fiber X, over y. As a result, f is unramified at « if and only if X, is unramified
at z over k(y), which shows (1). For (2), let x € X be an arbitrary point, as the maximal ideal
of Ox , is 0, Ox, is a field. As a result, dim(Ox ;) = 0 for any € X. Hence dim(X) = 0 and
X is a disjoint union of finitely many points. Moreover, for each point € X, Ox, = k(z) is a
separable extension of k, as a result, Ox(X) is a finite product of separable extension of k. [

Proposition 2.7.3.11. The following properties are true.

1. All closed immersion of locally noetherian scheme is an unramified morphism.
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2. All open immersion of locally noetherian scheme is an étale morphism.

3. Unramified morphisms and étale morphisms are both stable under composition and base
change.

Example 2.7.3.12 (Standard étale ring homomorphism). Let A be a noetherian ring, f € A[X]
be a monic polynomial with coefficients in A, and g € A[X]. Let B = A[X]/(f), and suppose
that the image of the derivative f’ of f in B is invertible. Then By is étale over A. Such a ring
homomorphism A — (A[X]/f)4 is called a standard étale ring homomorphism. To justify the
terminology, we prove first that the A-algebra B is flat. Indeed, write

FX)=X"4+a, 1 X" '+ +a1 X +ao,

then the qotient B = A[X]/(f) is a free A-module free of rank n. In particular, its localization
B, is flat over A. Hence, to show that By is étale over A, we may assume that A = k is a field.
Let

FX) =P
=1

be the decomposition of f into product of irreducible polynomials such that P; { P; for any
i # 7. Then we know

KIXT/(F(X)) = [ RIXT/(Ri(X)™),
=1

and hence X = [[7_; Spec(k[X]/(Pi(X)™) = {z1,-- ,xs}. So we need to show that, if the
image of f’ in k[X]/(P;(X)™) is invertible, then m; = 1, and P;(X) is a separable polynomial.
By definition, we have

S
F10) = > miP(X)™ P - [T P (X
i=1 j#i
Hence f/(X) is invertible in B; := k[X]/(P;(X)™) if and only if P;(X)™~1P/(X) is invertible
in B;. So we must have m; = 1, and P/(X) is non zero, which implies that P; is separable. This

prove the assertion.

The importance of the previous example is that, any étale morphism of rings locally looks
like a standard étale ring homomorphism. More precisely, we have

Theorem 2.7.3.13 (local structure of étale and unramified morphisms). Let B be an A-algebra
and q C B be a prime ideal over a prime ideal p C A.

1. The following two conditions are equivalent:

(a) Spec(B) is étale over Spec(A) over some open neighborhood of q € Spec(B).
(b) There exist f € B—q and h € A —p such that By is A-isomorphic to a standard
étale Ap-algebra C = (Ap[X]/P)g.

2. The following two conditions are equivalent:

(a) Spec(B) is unramifield over Spec(A) over some open neighborhood of q € Spec(B).

(b) There exist f € B—q, h € A—yp and a standard étale Ap-algebra C = (Ap[X]/P)g,
and a surjective morphism of A-algebras C' — By.
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Proof. We refer to Raynaud’s book Anneauz locaux henséliens Chapitre V for a proof of this
important theorem. O

Definition 2.7.3.14. Let X/k be a scheme of finite type over a field k. Let k be an algebraic
closure of k. We say that X is smooth at a point x € X if the points of Xz over x are regular
points of X7.. We say X is smooth if X is smooth at any points of X, or equivalently, if X is
regular.

Example 2.7.3.15. Let k be a field.

1. The affine space A} and projective space P} are all smooth over k. Indeed, by Exam-
ple 2.7.2.9, the base changes A7 and P} are all regular.

2. Let L/k be a finite separable extension of k, then X := Spec(L) — Spec(k) is smooth. In
fact, its base change Xz = Spec(L ®j k). As L/k is finite separable, it can be generated
by just one element z € L. Let P(X) € k[X] be the minimal polynomial of = over k, then

L ~ k[X]/(f(X)). Hence Xi = Spec(k[X]/(f(X))). As f(X) is separable, f(X) can be
decomposed in k[X] as follows:

fX) = (X —a)(X —az) - (X —an)

where a; € k such that a; # a; (i # j). Now, the Chinese remainder theorem implies that

RIX]/(F(X) = RIX]/(X — ar) x - x RX]/(X —ay) = K"

So Xj = Spec(k™) is a disjoint union of finitely many closed points z; (1 < i < n), and
the corresponding local ring Ox, ., is isomorphic to k. Hence Xj, is regular of dimension
0. This shows that Spec(L) — Spec(K) is smooth.

3. Suppose now k is imperfect of characteristic p. Consider a € k—kP, and the finite extension
L = k[X]/(XP — a). Then X = Spec(L) is regular, but X is not smooth over Spec(k).
Indeed, its base change to k is given by Spec(L ®; k) = Spec(k[X]/(X — a)P) where a € k
such that o = a. So X is a non-reduced scheme. In particular, Xz is not regular. As a
result, X is not smooth over Spec(k).

Exercise 2.7.3.16. Let L/k be a finite field extension. Then Spec(L) — Spec(k) is smooth if
and only if L/k is separable. Deduce that for a scheme X of finite type over a field k such that
dim(X) = 0, X is smooth over k if and only if X is étale over k.

Lemma 2.7.3.17. Let k be an algebraically closed field, and let Q be an algebraically closed field
containing k. Let X be a scheme of finite type over k with is irreducible of dimension d. Then
so is the base change Xq.

Proof. To be added later. The key point here is the following: for k an algebraic closed field,
and for K, L two field extension of k, the tensor product K ®; L is an integral domain. O

Lemma 2.7.3.18. Suppose k = k is algebraically closed, and let Q/k be an extension of k which
is also algebraically closed. Let X/k be a scheme of finite type. Then X/k is smooth, if and only
if the base change Xq over € is smooth.
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Proof. Up to replace X by a connected component of X, we may assume that X is connected.
As X is smooth over k, with k algebraically closed, each local ring of X is regular, and hence is
an integral domain. As a result, X is irreducible (see the exercise below), hence X is integral.
As a result, Xq is also irreducible, and dim(Xq) = dim(X) =: d (see the lemma above). We
may also assume that X = Spec(A) is affine, with A = k[T, --- ,T,]/(Fi1,--- , Fy), as a result,
Xq = Spec(Q[T1,---,T,)/(F1,--- ,F.)). Let J be the ideal generated by the images of the
minors of order n — d of the following matrix M

M- <8Fi>
T; 1<i<r1<j<n

Then as we see in the proof of Proposition 2.7.2.12 (2) (or Remark 2.7.2.14), V(J) C X is the
singular locus Xine of X. Similarly, the ideal

Joi=J @2 C Ag = AR

defines also the singular locus Xqging 0of Xq. Hence, if X is smooth over k, then V(J) = 0.
This implies that the ideal J C A is equal to A. Hence so is the ideal Jo C Ag. As a result,
V(Jq) = 0. In other words, X is smooth. O

Exercise 2.7.3.19. Let X be a noetherian scheme whose local rings are all integral domains.
Prove that any connected component of X is also irreducible.

Corollary 2.7.3.20. Let X/k be a scheme over k, and let k C k' be a field extension. If X is
smooth over k, then so is the base change Xj.

Definition 2.7.3.21. Let f: X — Y be a morphism of schemes. We say that f is smooth at a
point x € X if f is flat at , and X, is smooth at x (where y = f(z)). If f is smooth at any
point of X, then we say that f is smooth.

For a flat morphism f: X — Y, we define the relative dimension of f at a point y € Y to
be the dimension of the fiber X,. With this terminology, a étale morphism is just a smooth
morphism of relative dimension 0. More precisely, we have

Proposition 2.7.3.22. Let f: X — Y be a finite type morphism between locally noetherian
schemes. Suppose moreover that f is a smooth morphism. Then f is étale if and only if for any
point y € f(X) CY, the relative dimension of f at y is equal to zero.

Proof. Use Exercise 2.7.3.16. O

Proposition 2.7.3.23. Let Y be a regqular locally noetherian scheme, and f: X — Y be a
smooth morphism. Then X is also regular.

Proof. Omitted, see Liu’s book, theorem 4.3.36. O
Proposition 2.7.3.24. Smooth morphisms are stable under base change and composition.

Proposition 2.7.3.25. Let f: X — Y be a morphism of finite type between locally noetherian
schemes. Let x € X and y = f(x). Then we have an exact sequence of k(x)-vector spaces

0= Tx,z— Txz = Tyy Ony) k()

If moreover f is smooth at x, then the sequence above is also exact at right.
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2.7.4 Normal schemes

Recall that an integral domain R is called normal if R is integrally closed in its fraction fields.
Namely, for any element a € Frac(R), if there exists a monic polynomial P(X) € A[X] such
that P(a) =0, then a € R.

Exercise 2.7.4.1. Let A be a ring.

1. If A is a unique factorization domain. Then A is normal. Deduce that any regular noethe-
rian local ring is normal (use Theorem 2.7.2.6 (2)).

2. If A is a normal integral domain. Then S~'A4 is normal for any multiplicative subset S of

A.
Remark 2.7.4.2. Let (A, m) be a noetherian local ring.
1. If dim(A) = 0. Then A is normal iff A is regular iff A is an integral domain iff 4 is a field.

2. If dim(A) = 1. The we claim that the following three statements are all equivalents: (a)
A is a principal ideal domain; (b) A is a regular; (¢) A is normal.

e Clearly (a) implies (b) and (c).

e Now assuming A normal, we will show that m can be generated by one element, that
is A is regular. Let z € m —m?. As A is a domain of dimension 1, the quotient A/(x)
is of dimension 0. In particular, its maximal ideal m/(x) C A/(x) is nilpotent, which
implies that there exists an integer r > 1 such that m” C zA. If r = 1, we can then
conclude m = (z) is principal. Otherwise, assume r > 2, and we claim that claim that
m" ™! C zA. Indeed, let y € m"~!, then yz~'m C 27 'm” C A. Thus yz~'m is an ideal
of A. It cannot be equal to A since otherwise one would have x € ym C m?, which
is a contradiction. Hence yz~'m C m. Now we claim yz~! € Frac(A) is integral over
A: indeed, suppose m = (1, - , ), there exist a;; € A such that

-1 § :
yr ~x; = Qi

J
In other words, we have the following equality in terms of matrix
(yz~1n = (agg)) - (x1,- - ,2p) = 0.

As a result, det (yxflln — (aij)) -x; = 0. Since A is a domain, Frac(A) is a field.
Moreover m is non-zero, we must have then det (yz'I,, — (a;;)) = 0. So the element
yr~! € Frac(A) verifies an integral relation over A. By consequent, yz ! is integral
over A. As A is normal, we must have yz=! € A. Hence y € 24, and we obtain
m"~! C A. If we continue this proof in finitely many times, we find m C zA, hence
m = zA is principal. So this implies (b).

e To complete the proof, it remains to show (b) implies (a). Let z € A such that
m = (x). We claim first that I := [, m" is equal to (0). Clearly mI C I, so
by Nakayama’s lemma, it remains to show I C m/. If mI = 0, as A is an integral
domain, we must have I = 0, and we have trivially I C mI. If mI # 0. Then A/mI
is a noetherian local ring of dimension 0, as a result, there exist some integer r > 0
such that m” C mI. Hence I C m" C m/. So in both case, we have I C mI. This
gives finally m/ = I, as a result, I = 0 by Nakayama’s lemma. Next, let J C A
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be a non-zero ideal contained in m. As (), ~,m" = 0, there exists an integer n > 1
such that J C m” = (2") but J ¢ m"t!. We claim that J = 2" A. Indeed, choose
y € J—m"! then the image of y in the quotient m” /m"*! = m"®4 A/m is non-zero.
But the latter quotient is of one dimensional over A/m, as a result, the image of y
gives a base of this quotient. So by Nakayama’s lemma, y generates also the ideal
m”. Hence m"™ = (y) C J. This shows J = m" = (z"), and hence gives (1).

3. If dim(A) > 2. Then there exits example of normal local ring which is not regular. For
example, consider the ring A = k[X,Y, Z]/(Z% — XY). The scheme X = Spec(A) is not
regular (for example, one can use jacobian criterion to see that X is not regular at the
point o = (0,0,0)), but the ring A is however normal. As a result, Ox, is a normal
noetherian local ring which is not regular.

Example 2.7.4.3. For k a field, show that A = k[X,Y, Z]/(Z? — XY) is a normal ring (Hint:
show firstly the following morphism is injective

A= EUV], X—=U%Y—V:iZ-UV

Then use this injection to identify A with the subring k[U?, V2, UV]. Finally verify the equality
k[U%, V2 UV] = k[U,V]Nk(U? V/U), where the intersection is taken in k(U, V), and conclude
that k[U2,V?2,UV] is normal).

Definition 2.7.4.4. Let X be a scheme. We say that X is normal at © € X or that = is a
normal point of X if Ox, is normal. We say that X is normal if it is normal at all of its
points.'® Similarly, we define the notion of factorial scheme.

Proposition 2.7.4.5. Let X be an irreducible scheme. The following properties are equivalent:
1. The scheme X is normal.
2. For every open subset U of X, Ox(U) is a normal integral domain.

If, moreover, X is quasi-compact, these properties are equivalent to
8 The scheme X is normal at its closed points.

Proof. (1)=(2). As X is normal, the scheme X is integral. In particular, Ox(U) is integral
domain. Let o € Frac(Ox (U)) which is integral over Ox (U). We may assume U is affine. Write
U = Spec(A). As X is normal, for any prime ideal p of A, the localization A, is normal. In
particular, we have x € A,. Hence a = a,/b, with a, € A, and b, € A —p. In particular, we
find in the field frac(A) the equality xb, = a,. Now we consider I C A the ideal generated by
by, then I = A. In particular, one can find the equality 1 = Zp Apbp. Hence z = Zp Apbpx =
Zp Apap € A. This gives (2). The inverse direction is clear. Suppose now X quasi-compact.

It remains to show that (3) implies (1). In fact, for any point z € X, we claim that there
exists a closed point y € X such that y € @.17 Indeed, as X is quasi-compact, and @ cX
is a closed subset, we can find finitely many affine open subschemes U; (i = 1,--- ,n) such that
{z} C Ui, Ui. Now suppose x € Uy, then z corresponds to a prime ideal p; of the ring Ox (Uy),
hence there exists a maximal ideal containing p;, which corresponds then a closed point y; of
U1. In other words, y; € Uj is a closed point of U; such that y; € m Then y; € X is closed

16This definition differs from the definition in the book of Liu where we require for simplicity that X is
irreducible.
7In this proof, the closure is always taken in X
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if and only if {y1}(U; is a closed subset of U; for each i. If it is not the case, there exists
i €{2,---,n}, say i = 2 such that {y;} (| Uz is not closed. Hence one can find ys € Us which is
closed in Uj such that yo € {y1}. Moreover, since y; € Uy is not closed, yo # y1. Hence yo ¢ Uy
since y; € U; is already closed. Now we continue with this processus, and since the covering
is finite, after at most n steps, one find a point y € X such that y € {z} such that {y} N U;
is closed in U; for each i. In other words, y € X is a closed point. This gives the claim. Now
by the assumption, Ox , is a normal ring. Since Ox , is a localization of Ox ,, it’s hence still
normal. In this way, we show that X is normal. This proves (1), and hence finishes the proof of
this proposition. ]

Theorem 2.7.4.6 (Krull’s structure theorem). Let A be a noetherian integral domain. Then A
is normal if and only if the following two conditions are satisfied:

(i) For any prime ideal p C A of height 1, A, is a principal ideal domain.

(ii) We have the following equality in Frac(A) =: K :

A= N A,.

pESpec(A),ht(p)=1

Proof. Clearly, if A is an integral domain verifying the two properties (i) and (ii) above, then A is
normal as it’s the intersection of normals subrings. Now let A be a normal ring, we need to show
that the two properties (i) and (ii) are true. In fact, for any prime ideal p C A of height 1, A,
is a normal local ring of dimension 1, hence A, is a principal ideal domain. It remains to verify
the second property. In fact, let A’ = ﬂpespec(A)’ht(p)zl A, C Frac(A), we need to show that
A=A Clearly AC A". If AC A, for any element f € A" — A, let Iy :={a € Alaf € A} C A,
which is clearly non-zero. As A is noetherian, the set {If : f € A’ — A} contains a maximal
element, say q := I,. We claim that q C A is a prime ideal. Indeed, let a;,a2 € A such that
ajaz € q but ag ¢ q. Then asg € A’ — A, and a € I,,,. Furthermore, by definition, we have
q =1y C I4,4. By the choice of q = I, we must have q = I,,,. Hence a; € q. This shows that q
is a prime ideal. Moreover, we remark that ht(q) > 1 since 0 C q.

Consider now the ideal gqAq; C A (note that gq C A). If ggA; = Ay, then we obtain
q4q = g 'Aq (equality in Frac(A4)). As a result, A, is a local ring of dimension < 1 (as its
maximal ideal can be generated by just one element). So this implies that q is of height 1. But

g S A, == ﬂ Ap,
peSpec(A),ht(p)=1

we have g € Ay, so we obtain 1 = g g € gilAq = g4, a contradiction. Thus, we must
have gqAq C qA4. As Ay is noetherian, the ideal qA,, is of finite type. By the same argument
as we see in Remark 2.7.4.2 (2) ((¢)==(b)), g € Frac(A) is integral over A;. As A4, being a
localization of the normal ring A, is normal, we must have g € A;. As a result, g = a/s with
a € Aand s € A—q. So sg = a € A, which implies that s € ¢ = I,. A contradiction. As a
result, one cannot find such ideal g, hence the set {I¢|f € A’ — A} must be empty, which means
A’ = A. This finishes the proof of the theorem. O

As a geometric application of Krull’s theorem, we have the following

Proposition 2.7.4.7. Let X be a normal locally noetherian scheme. Let I C X be a closed
subset of codimension > 2 in X. Then the restriction map Ox(X) — Ox (X — F) is bijective.
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Proof. We may assume that X = Spec(A) is affine and irreducible. In particular, X is integral.
Let £ € X be its generic point. According to Proposition 2.3.3.5, for any open U C X (resp.
any point € X), Ox(U) (resp. Ox,) is naturally a subring of Ox ¢. Moreover, under these
identifications, if x € U, then Ox(U) C Ox, C Ox¢ = Frac(4). Now, as FF C X is of
codimension > 2, its complement X — F' contains all the primes of A of height 1. In particular,

AZOX(X)COX(X—F)C ﬂ Ap:A,
peSpec(A),ht(p)=1

As a result, Ox(X)Ox (X — F) = A. This finishes the proof. O
The following properties is also very useful.

Proposition 2.7.4.8. Let S be a scheme, X, Y be two locally noetherian S-schemes, and U C X
18 an non-empty open subset. We assume

e X is normal.
e Y/S is proper.

Let f: U — X be an S-morphism. There there exists a open subset V. C X containing U such
that its complement X — V is of codimension > 2 in X, and a unique morphism of S-schemes
g: V=Y such that gly = f. In particular, if dim(X) = 1, then f can be extended to a unique
morphism of S-schemes X — Y.

Proof. The proof requires the valuative criterion for proper morphisms, so we omit the proof
here. O

For a integral scheme, there is a canonical normal scheme attached to it, called its normal-
1zation. More precisely, we have

Proposition 2.7.4.9. For any integral scheme X, there exists a unique normal scheme together
with a morphism m: X' — X werifying the following universal property: for any dominant
morphism f:Y — X with Y a normal scheme, there exists a unique morphism f': Y — X'
such that wo f' = f.

Proof. We will just give the construction of X’ when X = Spec(A) is affine. Let K be the
fraction field of A, and A’ be the set of elements which are integral over A. Then A’ C K
is a subring containing A. Hence we get a morphism Spec(A’) — Spec(A) which satisfies the
universal property required by the proposition. ]

Exercise 2.7.4.10. Let m be an integer, and consider X = Spec(Z[Sy, S1,52]/(S3 — m.S$1.52)).
Is X normal? If so, prove your conclusion, otherwise find the normalization of X (one can refer
to Liu’s book for a detail answer is this exercise).



Chapter 3

An introduction to algebraic curves

For simplicity, in this chapter, k denotes an algebraically closed field of characteristic p > 0.
An algebraic curve defined over k is a k-scheme of finite type of dimension 1. We will mostly
suppose in this chapter that X is irreducible smooth and proper over k.

3.1 Divisors and invertible sheaves

3.1.1 Divisors

Definition 3.1.1.1. Let X/k be a smooth irreducible curve.

1. A divisor D on X is a formal sum D = ) ngx, where the 2’s are closed points of X,
ny € Z and n, = 0 for all but finitely many x. The divisor D is called effective if ny, > 0
for all z. For two divisors D = ) n,z and D' =Y mgx, we say that D > D" if n, > m,
for all x.

2. For D =) ngx a divisor, we define its degree deg(D) =) n, € Z.

3. We will denote by Div(X) be the set of divisors on X, which is then the free abelian group
generated by the closed points of X, and Div?(X) the set of divisors on X of degree 0.

Let X be a smooth curve over k with function field K (X). In particular, X is a regular
scheme, thus, for any closed point € X, its local ring Ox , is a discrete valuation ring. As
a result, there exists a valuation on K defined by: for any f € K*, we define v, (f) to be the
integer n € Z such that f € m” —m?*1. Consider the following formal sum

div(f) = > w(f)-

z€X closed

Lemma 3.1.1.2. The formal sum div(f) is a divisor, and div(f) > 0 if and only if f € Ox(X).
Moreover, if X is proper, then deg(div(f)) = 0. Such a divisor is called principal.

Proof. Since k(X) = Ox, with € X the generic point, for any f € k(X), there exists some
open subset U C X such that f provides from an element of Ox(U). Similarly, as f € k(X)*,
up to replace U by some smaller open subset, we may assume that f € Ox(U)*. Thus v,(f) =0
for any « € U. Since the complement X — U of U is a finite set, we find that v, (f) = 0 for all but
finitely many points of X, which gives the first statement. The proof of the second statement
will be omitted for the moment. O

85
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Definition 3.1.1.3. Let X be a connected smooth curve defined over k.

1. We define P(X) C Div(X) to be the set of principal divisors on X.

2. Two divisors D, D’ on X are said to be linearly equivalent if D — D’ is a principal divisor
on X.

3.1.2 Invertible sheaves
Definition 3.1.2.1. For X be a scheme.

1. An invertible sheaf on X is an Ox-module £ such that for each point z of X, there exists
an open neighborhood U of x such that L]y ~ Ox|y as an Ox|y-module. We will denote
by Pic(X) the set of isomorphism classes of invertible sheaves on X.

2. For two invertible sheaves £ and £’ on X, we can consider the tensor product: L ¢, L';
and the dual of L: LY := Homy (£, Ox). With these two operations, the set Pic(X)
becomes an abelian group, called the Picard group of X.

Let X be a smooth curve over k, and D a divisor on X. We define in the following way a
sheaf Ox (D) on X: for any open subset U C X, we define

Ox(D)(U) = {f € K*[(div(f) + D)|y = 0} U{0} C K,

which is naturally an Ox (U)-module. Together with the usual restriction maps, we obtain in this
way a sheaf Ox (D) such that for each open U C X, Ox(D)(U) is naturally a Ox (U)-modules.
Hence we get an Ox-module.

Lemma 3.1.2.2. Ox (D) is locally free of rank one over Ox.

Proof. Write D =" _ngx, and let supp(D) = {x : n, # 0}. Hence Supp(D) C X is a finite set,
and its complement U = X — Supp(D) C X is an open subset of X. Moreover, for any open
V Cc U, we have

Ox(D)(V) = {f e K*|(div(f) + D)lv = 0} U{0}
{f € K*|div(f) = 0} U{0}
Ox (V).

Hence, we find Ox(D)|y ~ Ox|y. In particular, Ox(D)|y is free over Ox|y. It remains to
show that Ox (D) is locally free around an open neighborhood of = € Supp(D). Since the local
ring Ox , C K is a discrete valuation ring, let f € Ox; be a uniformizing element. Then g is
an element of Ox (W) for some small open neighborhood of . As a result, we can write

div(g) =z + Znyy.
yF
So we find D|w, = div(¢™)|w, = ngz, with
Wo =W — (Supp(D) — {z}) U (div(g) — {z}),
which is an open neighborhood of x. Now for any Vj C Wy open subset,
Ox(D)(Vo) = {f € K*|(div(f) + D)lv, = 0} U{0}
= {f € K™[div(fg")lv, = 0} U{0}

{f € K*|fg" € Ox(Vo)} U {0}
Ox (o),

12
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where the last isomorphism is given by f +— fg¢"*. In this way, we find Ox(D)|y, ~ Oxl|v,
which is again free of rank one over Ox|y;. This finishes then the proof of the lemma. ]

In this way, we obtain the following map
¢: Div(X) — Pic(X), D~ Ox(D).

One can show that the following two formulas hold: for any two divisors D, D’ € Div(X), we
have
O)((D) Rox Ox(D,) EOX<D—|—D/), O)((D)VZOX(—D).

In particular, the map above is a morphism of groups.

Proposition 3.1.2.3. ¢ is surjective with kernel given by P(X). As a result, we obtain an
isomorphism of groups Div(X)/P(X) ~ Pic(X).

Definition 3.1.2.4. Let X/k be a proper connected smooth curve, and £ an invertible sheaf
on X. We define the degree of £, denoted by deg(L), to be deg(D) where D is an divisor on X
such that £ = Ox (D). Note that by our assumption, any principal divisor is of degree 0, hence
deg(L) is independent of the choice of D.

3.1.3 Cech cohomology of a topological space

We will discuss here the Cech cohomology. Consider first of all Y a topological space, and
U = {U;|i € I} an open covering of Y. Let F be an abelian sheaf on Y. For any integer n > 0,
and for any sequence of indices ig,--- ,i, € I, let

Uio---in = Uio Nn---NU;

n*

We set
C™U, F) = I 70

(il,m 7in)€[n+l

Now for f € C™(U, F), we define df € C"T1(U, F) to be the element given by

n+1 '

(df)io~~~in+1 = Z(_l)]fiom'zj“'in+1 |Ui0~-in+17

§=0

where the symbol %j means to remove the index i;. For example, if n = 1, then
(df)i0i1i2 = fi1i2’Ui0i1i2 - fi0i2‘Ui0i1i2 + fioil ‘Uioilig'
In this way, we obtain a complex of abelian groups
C*UTF)=(—=0—=COUF) 4~ U,F)L—...).

Now for any integer n > 0, we set

. ker(d : C™"(U, F) — C"H (U, F
H* U, F) := H"(C*(U, F)) = im((d : cn(l(u,)f)%% C”éu,f));’

by convention, C~1(U, F) = 0.
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Proposition 3.1.3.1. The canonical map F(X) — HO(U, F) is an isomorphism.

Let V = {Vj|j € I} be a second open covering of Y. We say that V is a refinement of
U if there exists a map o: J — I such that V; C U,(;) for every index j. We have then a
homomorphism, which will also denoted by o

7)

o: C"(U,F) — C"(V,F)
given by
0 (Fivin = Foio)o(in) Vigmin-

This homomorphism commutes with the differential operators, we obtain a morphism of com-
plexes

C*(U,F)—=C*(V,F),

and hence a morphism between the cohomology groups
H"(U,F) — H"(V,F).
We have now the following important observation:
Lemma 3.1.3.2. The morphism above is independent of the choice of o for all n > 0.

Definition 3.1.3.3. Let Y be a topological space, and F be an abelian sheaf on Y. We set

H™(Y, F) = lig H" (U, F),
u

where I runs through the classes of open coverings of Y. The group H*(Y, F) is called the n-th
Cech cohomology group of F.

On applying this construction to a scheme X, we obtain the notion of Cech cohomology of
the scheme X. For separated schemes, the direct limit in the definition of Cech cohomology
above is even unnecessary. More precisely, we have the following result:

Proposition 3.1.3.4. Let X be a separated scheme, U = {U;|i € I} an open covering of X by
affine schemes. Let L be a line bundle on X.!' Then the canonical map

H"(U, L) — H"(X, L)
18 an isomorphism for any n. Moreover, we have
1. If X is projective of dimension d, then H*(X, L) =0 for n > d.
2. If X is affine, then H*(X, L) = 0 for any n > 0.

Remark 3.1.3.5. The more correct notion of cohomology is defined by using derived functors.
But for quasi-coherent sheaf F on a separated scheme (for example, when F = £ is an invertible
sheaf), the Cech cohomology is the same as the cohomology group defined by using derived
functors. Hence, for this reason, for the following, we will also use the notation H"(X, L) to
denote H"(X, £) for an invertible sheaf on X. As a result, by a theorem of Grothendieck, we
have H"(X, £) = 0 for n > dim(X) + 1. Moreover, if X/k is proper over a field k, H*(X, L) is
a k-vector space of finite dimension.

Lor more generally, a quasi-coherent sheaf on X.
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3.1.4 Riemann-Roch theorem for a curve (first form)

In this subsection, let X/k be proper a smooth connected curve. In particular, for an invertible
sheaf £ on X, for each n, the cohomology group H" (X, £) is a k-vector space of finite dimension.
Moreover, H"(X, L) = 0 for n # 0, 1.

Definition 3.1.4.1. Let £ be an invertible sheaf on X. Its Fuler-Poincaré characteristic is
defined to be the following alternative sum

X(£) = (—1)idimy (H' (X, £)) = dim (H*(X, £)) — dimg (H' (X, £)).
1€EZ
Lemma 3.1.4.2. If X is a connected smooth proper curve over k. Then the canonical map
k — Ox(X) is an isomorphism of rings.

Proof. As X is connected and smooth, Ox(X) is a integral domain. Since X is proper over k,
Ox(X) is finite as a k-module. In particular, Ox(X) is a field, hence is a finite extension of k.
As we assume k algebraically closed, we must have k = Ox (X). O

Example 3.1.4.3. We take £ = Ox the trivial invertible sheaf. According to H*(X, Ox) ~ k.
We set g = dim(H(X, Ox)), called the genus of the curve X/k. So we obtain x(Ox) =1 — g,
which is sometimes referred to be the Euler-Poincaré characteristic of X.

Theorem 3.1.4.4 (Riemann-Roch theorem—first form). Let £ be an invertible sheaf of degree
d. Then
X(£) = x(Ox) + deg(L) = 1 — g + deg(L).

But this theorem is not enough “compute” dimy(H"(X,L£)). We need some information
about dimy(H!(X, £)), which will be furnished by the Serre’s duality theorem.

3.2 Serre’s duality theorem

3.2.1 Differentials

Let k be a field, A be an k-algebra and M an A-module. A k-derivation of A into M is a k-linear
map d: A — M such that the Leibniz rule

d(alag) = ald(ag) + a2d(a1), Va; € A

is verified, and that d(\) = 0 for any A € k. Sometimes the set of k-derivations of A into M is
denoted by Dery (A, M).

Definition 3.2.1.1. With the notations above. The module of relative differential forms of A
over k is an A-module Q}q  endowed with a k-derivation d: A — 9}4 Ik having the following
universal property: for any A-module M, and for any k-derivation D: A — M, there exists a
unique homomorphism of A-modules ¢: Qil e M such that D = d o ¢. In other words, the
map below is an bijection.

HomA(QllLl/k,M) — Derg(A, M), ¢+ doo.

Proposition 3.2.1.2. The module of relative differential forms (Q}L‘/k,d) exists and is unique
up to unique isomorphism.
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Proof. Let F be the free A-module generated by the symbols da for a € A. Let E C F be the
submodule of F' generated by the elements of the form d(\), A € k; d(a1 + az) — da; — dag, and
d(ajag) — ajday — asda; with a; € A. Now we define Qi‘/k =F/E,and d: A — Qil/k sending a
to the image of da in 9}4 Ik Then it’s clear that (Q}4 Ik d) has the required properties. O

Let now X be a smooth connected curve defined over k, and let K be its function field. Let
x € X. Consider now QK/k (resp. Q4 a/k i) the K-space (resp. the Ox ,-module) of relative

differential forms of K over k (resp. of (9 X,z Over k).
Remark 3.2.1.3. Let k be a field, and A a k-algebra.

1. Let «: A — B be a morphism of k-algebras. There exists then a canonical morphism of
B-modules:
B ®a Qh/k — Q}B/k, b®da—b-d(ala)).

2. Let S C A be a multiplicative subset. The canonical map A — S~'A induces then an
isomorphism of S~ A-modules

STy = 5T A@A Y = Qgora e
Indeed, we have Dery(S~'A, S™'M) ~ Dery(A, S~ M), and
Hom 4 (€} /5, ™' M) =~ Homg-14(S~' Q) 5, S™'M).
As a result, S_lﬁh/k ~ Q}S‘*A/k‘
3. Let I C A be an ideal, and put B = A/I. We have then the following exact sequence

I/IQ—>B®AQA/k—>QB/k

4. Now, we take A = k[Ty,---,T,]. Then Qi&l/k is the free A-module with a base given by
{dT;|t = 1--- ,n}. For B = k[Ty,--- ,T,,)]/(F},- -, Fy) with F; € k[Ty,---,T,], by (3),
Q}%‘/k is given by

@; BdT;
< image of dF} in @; BdT; >

~ coker(f: B™ — B")

where the matrix in the canonical basis of the A-linear morphism g above is given by

OF;
< J> € Myxm(B).
aTi 1<i<n,1<j<m

Lemma 3.2.1.4. QéX,x/k is free of rank one over Ox .. In particular, Q}C(X)/k is a k(X)-vector

space of dimension one.

Proof. Let U = Spec(B) be an affine neighborhood of z with B = k[Ty,--- ,T,]/(F1, - , Fn).
Then B is an integral domain. Consider moreover the following matrix with coefficient in B:

= (5)
OTi ) 1<i<ni<j<m

€ My, xm(B).
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As X is regular of dimension one at x, by the jacobian criterion, the matrix

M(z) = (gf; <x>) I e )

is of rank n — 1. As a result, there exists a minor of order n — 1 of M which is invertible in B,
with p C B the prime ideal corresponding to . Hence there is a submatrix N of order n — 1
which is invertible as a matrix with coefficients in By. Hence, there exists an element b € B —p
such that, viewed as a matrix with coefficients in By, the matrix IV is invertible. Hence, we can
find invertible matrix P € GL,(Byp) and @ € GL,,(By) such that the matrix PM (@ has the form

(o )

with N' € My (m—n)(Bp). But since X/k is smooth of dimension 1, we must have N'(y) = 0
for any closed point y € Spec(By,) C Spec(B). Hence, we find that the coefficients of N’ are all
contained in

N m

meMax(By)

which, by Hilbert’s zero theorem, is the nilpotent radical of By. But By is integral, so we find
finally N/ = 0. In this way, we find that leEs’b/k is a free Bp-module of rank 1. As a result, the

By-module Q}Bp Jk is equally free of rank 1. O

Remark 3.2.1.5. According to (2) of the previous remark, the notion of module of differential
forms can be globalized. So we can define the sheaf of differential forms Qﬁ( e and by the last

lemma, this is an O x-module locally free of rank 1. In other words, Qﬁ( Ik is an invertible module
on X.

For x € X a closed point, let t € Ox, C k(X) be the uniformizing element of the discrete
valuation ring Ox ;. The differential dt gives a base of the one dimension k(X )-space Qi( X)/k

Hence, for any element w € Q}g(X)/k, it can be written as w = f-dt with f € k(X). When w # 0,
we define

ve(w) =v(f) €Z, and div(w)= sz(w)x.

Definition 3.2.1.6. The k(X)-space Qi(x)/k is sometimes called the space of meromorphic
differential forms. An element w € Q,lf(X)/k is called holomorphic if it’s either zero, or v, (w) >0
for all closed point z € X.

Lemma 3.2.1.7. The formal sum div(w) above is a divisor.

Proof. Indeed, take a closed point x € X, and U = Spec(A) an open neighborhood of z. Let
t € Ox, a uniformizing element. We write w = fdt with f € Ox,. Up to replace U by a
smaller open neighborhood, we may assume that f,t € Ox(U). Moreover, we may assume 9}4 Jk

is free of rank 1 with a base given by dt. As a result, ¢t — t(y) is a uniformizing element of Ox ,
for any y € U, and w = fd(t —t(y)). Hence v,(w) = vy, (f). Since vy(f) = 0 for almost all y € U,
we find v, (w) = 0 for almost all y € X. This finishes the proof. O

Definition 3.2.1.8. For D a divisor on X, we define Q(D) to be
D) := {w € Qyx)/div(w) > D} U {0}.
When D =0, Q := Q(0) is then the space of holomorphic differentials on X.
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3.2.2 Residues

Recall that, for a noetherian local ring (A, m), its (m-adic) completion is defined to be

A:=1limA/m".

Moreover, the canonical map A — Ais injective. Hence we can identify A to a subring of A.

Lemma 3.2.2.1. Let X/k be a smooth curve, and x € X a closed point. Lett € Ox 4 be a

uniformizing element. Then the canonical map k[[X]] — @ sending X to the image of t is
an isomorphism.

Proof. To be added later. O

By using this lemma, we can deduce another local invariant of w, its residue: let ¢ be a
uniformizing element of Ox ,, we write w = fdt. As f € K, there exists an integer n such that

t"f € Ox .. Hence viewed as an element in 6;;, we find t"f € E[[t]]. As a result, f € k((¢)).
Note that this description is independent of the choice of ¢. So we can write f € k((t)) as

fOy= > ant™

n>—oo

Hence the residue of the differential form w at the point = is defined to be
Resgz(w) :=a_; € k.

We have the following two fundamental propositions.

Proposition 3.2.2.2 (Invariance of the residue). The preceding definition is independent of the
choice of the local uniformizing element t.

Proof. To be added later. O

Proposition 3.2.2.3 (Residue formula). For every meromorphic differential forms w € Q}{ e
we have 3, ¢y x) Resz(w) = 0.

Proof. To be added later. O

3.2.3 Classes of répartitions
Following Weil, introduce the following definition of répartitions (or adéles)

Definition 3.2.3.1. 1. A répartition r is a family {r;},cx(x) of elements of k(X) such that
ry € Ox, for almost all x € X. The répartitions form an algebra R over the field k.

2. For D a divisor, we write R(D) for the vector subspace of R formed by the r = {r,} such
that v, (ry) > —v,(D).

As D runs through the ordered set of divisors of X, the R(D) form an increasing filtered
family of subspaces of R whose union is R itself. Moreover, we have a natural injection from
the function field k(X)) to the algebra of répartitions over k.

Proposition 3.2.3.2. For a divisor D on X. There is a canonical isomorphism between

H'(X, Ox(D)) and R/(R(D) + k(X)).
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Proof. We consider the constant presheaf sheaf K defined as follows: for any non empty subset
UcCX, KU) = k(X). As our scheme X is irreducible, K is a sheaf on X. Consider now the
following short exact sequence of abelian sheaves on X:

0—Ox(D)—K—K/Ox(D)—0.
The Cech cohomology gives then a long exact sequence
0 — H(X,0x(D)) - K - H(X,K/Ox(D)) = H'(X, 0x(D)) = H'(X,K).

As X is irreducible, and K is constant, we find H'(X,K) = 0.2 Hence H' (X, Ox (D)) is the
cokernel of the morphism K — HY(X,K/Ox(D)). On the other hand, for any element s €
HY(X,K/Ox(D)), let 5, € K, be a lifting of the stalk s, € (K/Ox(D)),. We obtain hence a
family {5;}zex(x) € R whose image in the quotient /R(D) is independent of the choice of 3.
So we get in this way a morphism

a: H(X,K/Ox (D)) — R/R(D).
This map is bijective. Indeed, for any r = {r,} € R, let
Y ={z e X(k)|r; € Oxz}USupp(D), and U=X-Y.

For any element y € Y, let Vj, C X be an open such that ryly, ¢,y € Ox(D)(V,). As a result,
the class {(ry,Vy),(0,U) defines a global section of IC/Ox (D). As a result, the morphism «
above is surjective. It’s also clear that « is injective. Hence a gives an isomorphism. As a
result, the cokernel of the morphism K — HY(X,K/Ox (D)) is the same as the cokernel of the
morphism K — R/R(D), that is, R/(R(D) + K), as desired. O

3.2.4 Duality theorem

Let D be a divisor, recall that we write (D) the set of meromorphic differential forms formed
by 0 and the differentials w # 0 such that div(w) > D. Now for any w € Q}{/k, and any r € R,
we define

<w,r >:= Z Resy (rzw).
zeX (k)

Since r,w € Q}QX Ik for almost all r, the previous sum is a finite sum. We obtain in this way

the following pairing
<> Qg X R— k.

Moreover, one can verify the following properties:
(a) <w,r >=0if r € K by the residue formula.

(b) <w,r>=0if r € R(D) and w € Q(D), since rpw € Q, for all z € X (k).

X,z/k
(c¢) If f € K, then < fw,r >=<w, fr >

As a result of (a) and (b), we obtain the following pairing

<+ >:Q(D)x R/(R(D)+ K) — k.

2Details to be added later.
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Theorem 3.2.4.1 (Serre’s duality theorem). For every divisor D, the previous pairing is perfect.

Now, for w € Q}(/kv we denote by
Ow): R—k
the map induced by the pairing above.

Lemma 3.2.4.2. Ifw is a differential such that 0|rpy1x =0, then w € Q(D).

Proof. Indeed, otherwise there would be a point x € X (k) such that v,(w) < v,(D). Put
n = vz(w) + 1, and let r be the répartition whose components are

|0 if y # z,
"y = 1/t y==x

where ¢ is a uniformizing element of Ox ,. As a result, v,(ryw) = —1, whence Resy(r,w) # 0
and < w,r ># 0; but since n < v, (D), r € R(D), and we arrive at a contradiction since f(w) is
assumed to vanish on R(D).

Proof of duality theorem. To be added later.

3.3 Riemann-Roch theorem — Definitive form

3.3.1 Riemann-Roch theorem

Let X/k be a connected proper smooth curve. Recall that for a meromorphic differential form
w e Q,lg( X)/k? div(w) is a divisor on X. We will denote this divisor by K, called a canonical
dwisor of X. If &' is another meromorphic differential form, the corresponding divisor K, is
different from K, by a principal divisor, hence the class of K, in Div(X)/P(X) is independent
of the choice of w, as a result, Ox (K,) is independent of the choice of w. Because of this reason,
by abuse of notation, we will denote by K a canonical divisor, called the canonical divisor of X.
With this terminology, we have trivially the following

Lemma 3.3.1.1. For each divisor D on X, there is a k-linear bijection between H(X, Ox (K —
D)) and (D).

Hence, on combining 3.1.4.4, 3.2.3.2 and 3.2.4.1, we obtain the following

Theorem 3.3.1.2 (Riemann-Roch theorem — Definitive form). Let X/k be a proper connected
smooth curve, and D a divisor on X. Then

dimy, (HY(X, Ox(D))) — dimg(H°(X, Ox (K — D))) = 1 — g + deg(D).

3.3.2 Some applications

Lemma 3.3.2.1. Let X/k be a proper connected smooth curve, and D a divisor of degree < 0.
Then H(X, Ox (D)) = 0.

Proof. Otherwise, let f € k(X)* such that div(f) + D > 0. As a result, we have
0 < deg(div(f) + D) = deg(D),

whence a contradiction. O
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Lemma 3.3.2.2. Let K be the canonical divisor of X/k, then deg(K) = 2g — 2.
Proof. Recall that H*(X,Ox) = k. As a result, we obtain by Riemann-Roch theorem that
1 — dimH°(X,0x(K)) =1—g+0.
Similarly, on applying the Riemann-Roch theorem to the divisor K, we obtain
dimH(X, Ox(K)) =1 =1 — g + deg(K).
As a result, deg(K) = 29 — 2. O

Corollary 3.3.2.3. Let X/k a proper smooth connected curve, and D a divisor of X. If
deg(D) > 2g — 2, then dim;, HY(X,Ox (D)) =1 — g + deg(D).

Now, we give the following characterization of projective line.

Proposition 3.3.2.4. The genus of }P’,lg 1s equal to 0. Conversely, for any proper smooth con-
nected curve of genus 0 is k-isomorphic to ]P’,lﬂ.

Proof. Indeed, consider let ¢ be the uniformizing element of Opi o, then k(PL) = k(t). We
consider the differential form dt, then we find

- 0 if z # oc;
va(dt) = { —2 ifz = oo.
Hence div(dt) = —2-o0o. As a result, 2g — 2 = deg(div(dt)) = —2, which implies g = 0.

Conversely, X be a smooth proper connected curve of genus 0. In particular, 29 — 2 < 0. Let
z € P} be a closed point. By Riemann-Roch theorem, the k-space H(X, Ox(z)) is of dimension
2. Hence there exists a element f € k(X) — k such that

div(f) +z > 0.

As f ¢ k, div(f) # 0. Hence we must have v,(f) = —1. Now using f, we can define a morphism
of k-schemes a: X — P}. Now the fact that v,(f) = —1 implies that « is an isomorphism. [

We now comes to curves of genus 1. Such a curve (with a marked point) is called an elliptic
curve. For elliptic curves, we have the following

Proposition 3.3.2.5. Let X = E/k be an elliptic curve. Then one can realize X as a closed
subscheme P% whose (inhomogeneous) equation can be given by the following Weierstrass equa-
tion:

y2 +ai1xy + azy = 3+ a2x2 + aqsx + ag.

Proof. To be added later. O

Remark 3.3.2.6. When the field & is of characteristic # 2,3, the Weierstrass equation can be
further simplified. The details will be added later..The interested readers can refer to the book
of Silverman Arithmetic of elliptic curves.

More should be discussed..But we don’t have time......



