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K = Qgj�
R
��gj�;z|qm�ul[qh�v�vqm��loprqm�{�rqmikqm�VlÓ�u�;qm�@��qmi��u�rqÏi��u�up��uqh�®���N�xlonvq�gjsLfmn��xloprgj�@�fm�rfmikqm��l��xp{nvqh�

+
� − � × � / Ô �hz|qhyÓ��p{zOpr�vqm�un 6= 0 Õ c-Ö��>�xsusLqm�{�rq0×�Ø�ÙjÚÛÙoÜÝÚ�Þ��ßàqm�@�vqmi��u�rq

A2(K) := K2 �uqh�
yhgj�usu�rqh��� ßàfm�rfmikqm�Vlv���uq

K
�@qml�×?Ø{ÙjÚ®×?áoâäãhÞvåhæHç è��ßàqm�@�vqmi��u�rq

P2(K)
�uqh�\lonop{su�rqmlv���@gj�é�V�u�r���@�x�@�

K3 �1Òé�@gjikgjlo�@fmloprq®sunv²h�hê�c=Ö��ësLqm�ul��vqknvqmsunvfh�vqm�Vlvqmnì�u�ësLgjp{�Vl�sunvgxwäqhymlop��
(x : y : z)

yhgji0ikq
�rq0s�gjp{��l�gjnv��p{�N�xp{nvq

(x/z, y/z)
��íhÙjî~è±���N�x�@�

z = 0
�1�x�@���@qm��y}�j��gj�¼���£ï �xp{nvq®Òé�uqh��ðñs�gjp{��lv�

Ò���ß p{��¦@�up�ò�c$Ö��±sLqm�ul0�ugj�@y��vqnvqmsunvfh�vqm�Vlvqmn
P2(K)

yhgji0ikq
A2(K) ∪ D∞

�-gjó
D∞

qh�vlì�u�@q
ô�õ´öº÷~ø|ù�ú~ú}û~üê
(x : y : z) ' (λx : λy : λz) ýdþ~ÿ�� � þ´ÿ � λ ∈ K∗ � x, y, z ∈ K �xþ�� � þ´ÿ����}ÿ�	
� üê
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��nvgjp{lvq Ô sunvgxwoqhymlop{z|qd��gj�Ós�qm�ul��x�@�v�op�����z|gjp{n$yhgji0ikq��u�@q���nvgjp{lvq§gjnv��p{�N�xp{nvq�i��u�uprq§� ß �u�Ós�gjp{��l\Ò��ß p{��¦@�up Õ c��ßàqh�vl®�u�;gj��woqml®p{��lvfmnvqh�v���x��l[sN�xnvyhq �V�@qd�7��� sLgjp{�VlÓ�uqézO�@q��xnop{lo�uikfmlopr�V�@qd�$p{�\sLqmnoikqmlÓ�uq
sN�j�v�vqmnt�N�xlo�unvqm�{�rqmikqm��l��uq®sunvgj�u�r²mikqh��qm�Vloprqmnv��Òé�uqh�tsunvgj�u�r²mikqh�ìn��xloprgj�u�@qm�r��qmltzOpryhq � z|qmnv���Ïqml�V�@qd�����s�gjp{��l��uq�zO�@q��|fhgjikfmlonopr���@qd�Lp{�-fmz�p{lvqì�uqh����pr�olop{�@ymloprgj�@��p{�V�ulop{�rqh�}c �!�xn§q���qmi0su�rqd� �@�x�@�
A2(R)

�Lgj�ë�[lonvgjpr�§�vgjnolvqh�§�uq0yhgj�upr���@qh�����V¯Os�qmno�Lgj�rqh�}� qm�{�{p{s@�vqh�}��sN�xn��x�Lgj�rqh�}c ¥§�x�@�
P2(R)

� yhqh�
lonvgjpr��lñ¯Os�qh�\�*ßàqm���Hgj��l\su�{�@�\���*ß �u�*�NÒì�u��y��N�x�u�|qmikqm�Vl��uq§nvqms�²mnvq�p{i0ikfh��p��xl�sunv²h�}c
bdc���c���Æ��9Å���È��dÍtÎOgjp{l

k ⊆ K
�u� yhgjnos@�}c�Ö���xsus�qm�{�rq�yhgj�uno��q Ô sunvgxwäqhymlop{z|qd��su���x�@qd�N�uf~¦@�uprqì�o�un

k Õ �uqé�uqm�dnvf n
�u�@qÏfh�V�N�xloprgj� C : Pn(X,Y,Z) = 0

gjó
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n
Ò

yhg�q��®ymprqm��lv�ì�@�x�@�
k
c=Ö��Ý��su�{�ul��jl�yhgj�ulo�uikqÓ� ß p{i®�x�dp{�@qmn��u�@q[yhgj�uno�Lq®yhgji0ikq�u�¼qm�@��qmi��u�rq

�uq�sLgjp{�Vlv�}��i®�xpr��p{�!qh�ol���gj�uz|qm�Vlt�hzd�x�Vl��x�|qm��� �uq�yhgj�@�vpr�ufmnvqmn��rqh���vgj�{�uloprgj�@�§�uqìyhqmlolvq�fh�V�N�xloprgj�
�@�x�@�
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�uprqm�X��ßàfh�V�N�xloprgj�*c1¨*qh�§sLgjp{�Vlv���uq����éyhgj�uno��qk�@�x�@�
P2(K)

�vgj��lt�@gjlvfh� C(K)
ÐLnvqmi®�xnv���@qmn����@q

���®zd�x�rqm�un
P (x, y, z)

�*ßàqh�vl�sN�j���uprqm�X�uf~¦@�uprq��op
(x : y : z) ∈ P2(K)

��i®�xpr�§�V�@q����yhgj�@��p{loprgj�
P (x, y, z) = 0
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p F Â�G!ËIHJ�1È'�dÍ�«��ÛsN�xnoloprym�u�{prqmn C(Q)
qh�ol®��ßàqm�@�vqmi��u�rq �uqh�

×�âjç`ÚNæ`í áoÙdæHçBâjÚ@Ú�ÞmØ íë�uq C c�Î�p p
qh�vlésunvqmi0prqmn}�\���Ý�vp{lo�N�xloprgj���o�unéy��N�j�V�@q

Z/pZ
qh�ol��vgj�uz|qm��l

su�{�@���op{i0su�rq�V�@q�o�un
Q
��qmlÓs�qmnoikqmlÓsN�xnä�Bgjpr���uq yhgj�@ym�{�unvqdc��=�xnéq��uqmi0su�rq �}ß p{�§q��Opr�vlvq

p
lvqm�

�V�@q C(Z/pZ) = ∅ �@�x�rgjnv�\gj�����x�@�v�op C(Q) = ∅ �@�xp{�@�vp Y 2 − 5X2 = 3
�*ß��ìsN�j�\�uq�sLgjp{�Vlv�\�o�un

Z/5Z
�N�ugj�@y���ßàfh�V�N�xloprgj� �*ß��0sN�j���uq��vgj�{�uloprgj�@��n��xloprgj�u�@qm�{�rqh�}c*Ö��Ïs�qm�ul��|fm�@fmn��x�{pr�vqmn�yhqmlolvq�pr�ufhq

qml�yhgj�@�opr�ufmnvqmn��rqh���vgj�{�uloprgj�@��ikgO���u�rg
p2 � p3 �*chchc?yhq��V�up9yhgj�@���up{l�Òkp{�VlonvgO���up{nvq Zp

��ßàqm�@�vqmi��u�rq
�uqh�-�o�up{lvqh��� ß��xsusunvgK��p{i®�xloprgj�@�7ikg����u�rg

pi � i > 1
�dqml

Qp
�vgj�kyhgjnos@���uqh�!�Hn��jymloprgj�@�}cVÎ��un

R
�x�@�v�op��

gj� sLqm�ul�pr�uqm�Vlop�¦Nqmn��uqh��gj�@�olono�@ymloprgj�@�L�
X2 + Y 2 = −1

�*ß��[sN�j���uq�sLgjp{�Vlv�§�v�un
R
�L�ugj�@y��o�un

Q
�@gj�ësu�{�@�}c �9gj�un��u�@q0yhgj�upr�V�@q Ô �uqm�dnvf 2 Õ ���nvfhymp{sunvgO�V�@qkqh�vl§z�n��xprqM� �op-�rqh� C(Qp)

qml C(R)�vgj�Vl§�@gj� zOpr�uqh�}��p{�!¯ ��u�s�gjp{��l��@�x�@� C(Q)
c ¥�ß �u�@q0yhqmnol��xp{�@q�����Nhgj�*�L����op{lo�N�xloprgj�X�o�un

R
qml

�o�un���ßàqm�@�vqmi��u�rq��uqh�
Qp

�xsusunvgOyv�@qtyhgj��z|qm�N�x�u�rqmikqm�Vl����0�op{lo�N�xloprgj�Ï�o�un
Q
c

O �u�*ßàqh�ol�sN�j��fmz�pr�uqm��l7�uq�sunvgO���up{nvq��u�®q��uqmi0su�rqd�di®�xpr��ydßàqh�ol!���x���0qm�k�|fm�@fmn��x�P�dgj�ksLqm�ul7�hz|gjp{n
C(R) 6= ∅ �1qml C(Qp) 6= ∅ Ô p{��¯ ���uqh�t��gj�{�uloprgj�@�tikgO���u�rg

pk sLgj�untlvgj�ul
k Õ sLgj�untlvgj�ul p

�*qml
s�gj�unol��x��lì�@qsN�j�0�hz|gjp{n0�uq[s�gjp{��lv�0�@�x�@� C(Q)

c��$q®su�@fm�@gjik²m�@qÓsLqm�ul��vq®sunvgO���up{nvqÓ�u²h���V�@q
deg(C) > 2

cL¨1�[yhgj�uno��q
3X3 + 4Y 3 + 5Z3 = 0

qh�vl��u�q���qmi0su�rq�yhfm�r²m�unvqd� ��B ÒÎOqm�{ikqmn*ÐL���
�ufmikgj�@�olon��xloprgj�Ïqh�ol��u��s�qm���rgj�u�d�@q§i®�xpr��fm�rfmikqm�Vl��xp{nvqd�Nz|gjp{n Q���Rñc

��c;S�¹UT ^IV#W1U@YYXëQ Z ¸N¹ a ^`UR9T'[ ¸ S?a ^IV#W1UëW1UNY T*¹ Z�S�a U@Y
¨1q7lo�@fhgjnv²mikq��uq + fmÑ}gj�ul!��p{l!���*ß �u�@q$��nvgjp{lvq�yhgj�usLq��u�@q�yhgj�upr���@q Ô �uqm�dnvf 2 Õ qm��q��@�jymlvqmikqm�Vl 2s�gjp{��lv�*Ð�yhgj�@�opr�ufmnvgj�@�=sN�xn=q���qmi0su�rq��rq�yhqmnvym�rq;�

X2+Y 2 = 1
�£� ßàfh�V�N�xloprgj�ìsunvgxwäqhymlop{z|q

X2+Y 2 =
Z2 c|Î��ususLgd�vgj�@�-�V�@q��@gj�@�!�@gj�@�!p{��lvfmnvqh�v�vgj�@��Ò���qh�9sLgjp{�Vlv��n��xloprgj�u�@qm�r�}c O ���*ß ¯���sN�j�-�uq7lvqm�usLgjp{�VlÒ���ß p{��¦@�up1su�upr�v���@q −1

�*ßàqh�ol�sN�j���u��y}�xnonvfd�N�ugj�@yì�x�ul��x�Vl�lon��hzd�xp{�{�rqmn��@�x�@���rqtsu���x� ���k�@qdc�\��@q
��]
	E^`_�ÿ�a �?_ ] �#bdc � ] �fe #(C1(C) ∩ C2(C)) = mn

üjP ÿ � R þ~ÿga�_���� 	he-ý�	h_�� õ*iLj|÷ þ ��_ �6eäÿ�	kemlne � � 6 mn
ü
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��nvgjp{lvq�sN�j�v�´�x�Vl=sN�xn1�rq7s�gjp{��l
(−1, 0)

�j� ßàfh�V�N�xloprgj�ìsN�xn��xikfmlonopr�V�@q
X+1 = tY Ô s�gj�un!�op{i0su�{p�¦Nqmn}�q���ym�{�@gj�@�����k��nvgjp{lvq§�@gjnop{Ñ}gj�Vl��x�rq Õ nvqhyhgj�us�qt�rq§yhqmnvym�rqtqm�é�u���u�upr���@q��x�ulonvq§sLgjp{�Vl �

X =
t2 − 1

t2 + 1
, Y =

2t

t2 + 1Ö��ëz|gjp{l��V�*ß p{���}ßàqh�ol�sunvg����up{lì�u�ësLqmlop{l�i0p{n��jym�rq �1gj�>gj�uloprqm�Vl��u�@q[sN�xn��xikfmlonopr���xloprgj�>sN�xnì�uqh�
è´áoÙ|åhæHçBâjÚuí�áoÙdæHçBâjÚ@Ú�ÞmØºØrÞ´í��uf~¦@�uprqh�$�o�un

Q
�Vqml��@gj�®sN�j�$�o�un

C
sN�xn7q��uqmi0su�rqdc�«��®sN�xnoloprym�u�{prqmn}�Os�gj�un

�uqh��zj�x�rqm�unv�
t ∈ Q

�@gj�élonvgj�uz|q
(X,Y ) ∈ Q2 c?Ö��éz|gjp{l�lvgj�ul��uqt�o�up{lvqt���@q§���0yhgjnonvqh�vs�gj�@�@�x�@yhqqh�ol0�up wäqhymlop{z|qd���x�Ûs�gjp{��l

(1, 0)
sunv²h��c-¨*q�sLgjp{�Vl

(−1, 0)
�*ß�� noprqm�Û�uqÓi®�x�dpr���@qé� ß��xp{�{�rqm�unv�}�-�rq

i��mikq�su�@fm�@gjik²m�@q§��q�sunvgO���up{n��ìqm�[sN�xnol��x��l\� ß �u�sLgjp{�Vl�n��xloprgj�u�@qm� ���@qm�ryhgj�@�V�@qd�OsN�xn�q���qmi0su�rq
(3/5, 4/5)

��qm�éq��uym�{�N�x�Vl��u�Ï�x�ulonvq§sLgjp{�Vl}c
¨1q®su�@fm�@gjik²m�@q��vq®�|fm�@fmn��x�{pr�vq[�B�jymp{�rqmikqm��lM�9�op7�u�@q[yhgj�upr���@q C �é�u�±s�gjp{��l�n��xloprgj�u�@qm���-gj�

gj�uloprqm�Vl��u�@q\lvqm�{�rq�sN�xn��xikfmlonopr���xloprgj�[���upNfml��x�u�{p{l��u�@q\�up wäqhymloprgj�®qm��lonvq C(Q)
qml

Q
�|Ò��u�k�@gji��unvq

¦@�up��uqsLgjp{�Vlv��sunv²h�}c!¥�gj�@y��� �op{lo�N�xloprgj� �o�un
Q

�*ßàqh�vlìsN�j�ìlonv²h��p{��lvfmnvqh�v���x�Vlvq �9�vgjp{l�p{���*ß ¯±�
sN�j���uq0sLgjp{�Vlìqml�p{���*ß ¯X�Ónoprqm�>Ò���p{nvqd�1�vgjp{l�p{��¯ qm�¼�Ó�u�±qml�gj�ësN�xn��xik²mlonvq®sN�xn��u�@q®��nvgjp{lvqdc
�$qhympL��p{l}�Oyhqmlolvq�sN�xn��xikfmlonopr���xloprgj�én��xloprgj�u�@qm�{�rq��@q��@gj�@�\�xpr�uq�sN�j��Ò�lonvgj�uz|qmn��rqh�$s�gjp{��lv��qm�Vloprqmnv�}c
� �xpr�k�v�un

Z
�xsusN�xn��xpr�v�vqm��l®su�{�@�oprqm�unv�®su�@fm�@gjik²m�@qh�®nvqmi®�xnv���N�x�u�rqh� ��q��@�xi0p{�@gj�@�k���Xyhgj�upr�V�@q

X2 − DY 2 = e
c

��c{bdc���Æ�& �=Å£È'� Â@Á�� " �9ÅjËIHJ�1È'�dÍ§Ö�� qh�vlÓyhgj�@���up{l�Ò¼p{��lonvg����up{nvq �rqyhgjnos@�
Q(

√
D) = {a +

b
√

D : a, b ∈ Q} qml��u�@q��@gj�uz|qm�{�rqk�xnop{lo�uikfmlopr�V�@q Ô �o�un Z[
√

D] = {a + b
√

D : a, b ∈ Z} Õ cÎ�p
z = x +

√
Dy

�?gj�Ï�@gjlvq
z := x −

√
Dy

qml
N(z) := zz = x2 − dy2 Ô ydßàqh�vl��uprqm��8Bun��u�@q

�|fm�@fmn��x�{pr���xloprgj�Ï���éikgO���u�rqtyhgji0su�rq��uq Õ c@«-�ésN�xnoloprym�u�{prqmn}�?��ßàq���pr�olvqm�@yhqtgj���@gj��� ß �u� z
z|fmnop�¦?�x�Vl

zz = e
zd���ufms�qm�@��nvq��uq�sunvgjsunoprfmlvfh���uq$�B�jymlvgjnopr���xloprgj�[�uq

e
qm�0sunvg����up{l��uq7ðñ�@gji��unvqh��sunvqmi0prqmnv�äò

�@�x�@�
Z[
√

D]
���opNgj�����u�uprymp{lvf��uq\�B�jymlvgjnopr�´�xloprgj�gj�[s�qm�ul$qm��ufh���up{nvq

z
cO��ßàqh�ol7�@fm���j��n��xnvqmikqm��l

�rq0y}�j�}�*gj�X�@qk�´�xp{l§i��mikqksN�j�t�op�yhqm���é�vq0sunvgO���up{lts�gj�un��u�@q0p{��¦@�up{lvfk�uq
D
³9Ö��¼��rq0i��mikq

sunvgj�u�r²mikq��hz|qhy���ßàfh�V�N�xloprgj���uq�¡@qmnoi®�xl����up1�}ßàfhymnop{l

Xn = Zn − Y n =

n∏

j=1

(Z − ζjY )

s�gj�un
ζ := exp(2iπ/n)

c9¨*q�lo�@fhgjnv²mikq��Bgj�@�@�xikqm�Vl��x�7�uq���ß��xnop{lo�uikfmlopr���@q®�v�un
Z
��p{lt���@q�lvgj�ul

qm�Vloprqmné�vqÏ���jymlvgjnopr�vq�uq�����Nhgj�J�u�upr�V�@q qm�JsunvgO���up{l�� ßàfm�rfmikqm�Vlv�ép{nonvfh���@ymlop{�u�rqh� Ô �rqh��@gji��unvqh�sunvqmi0prqmnv� Õ �1�x���Xfm�rfmikqm�Vlv��p{�Vz|qmnv�op{�u�rqh��sunv²h� Ô ±1 Õ c����N�x�@�ë�rq�lo�@fhgjnv²mikq[�x�N�x�rgj�d�@q®qh�vl§zj�x�{pr�uq
�@�x�@�

Z[ζ]
�-gj� ikgj��lonvq �j���vqmÑ����jymp{�rqmikqm�Vl[���@q���ßàfh���N�xloprgj�Û�*ß��sN�j�[�uqé�vgj�{�uloprgj�@� Ô z|gjp{n Q�¬%R Õ c� fm���j�}��p{�*qh�vl��B�x���Ós�gj�un�sunvqh�v�V�@q�lvgj�ul

n
c

��c���c � G#G!ËºÊ�Ë`Æ?Ã�Í
N
qh�vl=�u�@q7�Bgj�@ymloprgj�0i��u�{lop{su�{pry}�xlop{z|q�qml!��ß p{��q���pr�olvq$�u�@q��vgj�{�uloprgj�

z
�d�x�rgjnv�-lvgj�@�

�rqh�
zu
�N�}z|qhy

u ∈ Z[
√

D]
�
Nu = 1

�@�vgj��l��x�@�v�op*�vgj�{�uloprgj�@��cNÖ��éyhgj�@�opr�u²mnvqt�ugj�@yt�ugjnvfm�N�}zj�x��l��rq
y}�j�

e = 1 Ô fh���N�xloprgj���uqt�=qm�{� � ¡@qmnoi®�xl Õ c�¨�ßàfm�V�x�{p{lvf
N((x +

√
Dy)(a +

√
Db)) = N(x +

√
Dy)N(a +

√
Db)

�ugj�u�@q§��ß pr�uqm�Vlop{lvf
(xa + dyb)2 − D(ya + xb)2 = (x2 − Dy2)(a2 − Db2)

¥�gj�@y®�op�gj� s�gd��q
(a, b)[+](x, y) := (xa + Dyb, ya + xb)

� ���Ó�rgjp
[+]

p{�@���up{lt�u�@q®�olono�@ymlo�unvq
�uqÓ�dnvgj�us�qé�x�Lfm�{prqm�*���uqÓ�@qm�ulonvq

O := (1, 0)
���o�un0�rqh��sLgjp{�Vlv� Ô n��xloprgj�u�@qm�r�ksN�xnkq��uqmi0su�rq Õ �uq



� ���������
	������	����
��ß �V¯Os�qmno�Lgj�rq H : X2 − DY 2 = 1

cNÎ�p
P
qh�ol��u�ésLgjp{�Vl��uq H(K)

�@gj���@gjlvq
[n]P := P [+] . . . [+]P

︸ ︷︷ ︸

n¥§�x�@�ì�rqÓy}�j�
D = −1

�-�}z|qhy
e(α) := exp(2iπα)

�-gj�>lonvgj�uz|q
e(α)[+]e(β) = e(α + β)

c
¥�gj�@y���ß ð �j�u��p{loprgj��ò��o�un��rq�yhqmnvym�rq�qh�ol7�op{i0su�rqmikqm��l���ß��j�u��p{loprgj��N�x�up{lo�@qm�{�rq�lon��x�@�osLgjnolvfhq�sN�xn$��ßàq�� �s�gj�@qm��loprqm�{�rq0yhgji0su�rq���qdcL«-�sN�xnoloprym�u�{prqmn}� qm�{�rqìyhgjnonvqh�os�gj�@� Ò[���Ïchchc?i��u�{lop{su�{pry}�xloprgj�ë�uqh�§������qh�
e(α)

�?qml
[n]z

yhgjnonvqh�vs�gj�@� Òì��ßàq��OsLgj�@qm�Vlop��xloprgj�
zn c

��c���c � ËHÃ9ËºÊ �#G9ÈNÍtÎ�ß p{� q���pr�olvq
n > 0

lvqm�*�V�@q
[n]P = O

�Ogj�é��p{l����@q��rq�s�gjp{��l
P
qh�vl / Þtæ�âjá´í´çBâjÚ

Ô ���§�o�up{lvq O
�
P
�
[2]P

�
[3]P

�Nchchc|�vq\ikgjnv�k���§���@qm�@q Õ qml��rq�su�{�@��sLqmlop{l�lvqm� n qh�ol$�xsus�qm�rfìâjá / áoÞ��uq
P
Ð?�op{�@gj�

P
qh�ol§� ßrâjá / ávÞ0ç`Ú���ÚNç`c?¨*qh�§�vqm�u�r��s�gjp{��lv�§�uqìlvgjnv�oprgj�X�@�x�@� H(Q)

�vgj�Vl§� ß������uq ±1
�

±e(1/2) Ô �op D = −1 Õ � ±e(1/3)
qml ±e(2/3) Ô �op D = −3 Õ c O �r�=�Bgjnoikqm�Vl��ugj�@y��u�k�vgj�@� � �dnvgj�us�q¦@�up��@qm�Ó�B�xp{l\ym¯�ym�{pr���@qt� ßàgjnv��nvq

2
�
4
�@gj�

6
c

¥�qmno�uprqmni0p{n��jym�rqd�7gj�;s�qm�ul�ufhymnop{nvq H(Z)
�uqé�B��Nhgj����Ú@ç�Þ�qmlq��Osu�{prymp{lvq
���vp

D = d2 gj�
D < 0

p{�?�*ß ¯Ó�ì�V�@q��uqh��s�gjp{��lv���uq�lvgjnv�oprgj�*c@Î�p{�@gj�*��p{��¯���uqh�$sLgjp{�Vlv��� ßàgjnv��nvqh��p{��¦@�up Ô chchcO�u�@qp{��¦@�up{lvf-³ Õ �ui®�xpr��lvgj�ul�sLgjp{�Vl\qm�Vloprqmn��}ßàfhymnop{l Pt + [n]P0
�ugjó

Pt
qh�ol\�uq�lvgjnv�vprgj� Ô gj���ìz������@q�����{pr�olvq��uqh��sLgd�v�op{�up{�{p{lvfh��qh�ol§yhgj�unolvq Õ qml P0 = (x0, y0)

qh�ol��u� sLgjp{�Vlt� ßàgjnv��nvq�p{��¦@�up��#1'70���up=�@q
�ufms�qm�@�����@q$�uq

D
�£�rq$su�{�@�9ðñsLqmlop{läò$� ßàqm��lonvq\qm��� Ô lvqm�u���@q ε0 := x0+y0

√
D > 1

�vgjp{l!i0p{�up{i®�x� Õ c
H(Q)

�*ß��j��ikqml�sN�j���uq�lvqm�{�rq��uqh�vymnop{suloprgj���x�Óikg�¯|qm��� ß �u�Ó�@gji��unvq�¦@�up �uq��|fm�@fmn��xlvqm�unv�}�ui®�xpr�
qm�{�rq§qh�ol��hzd�x�Vl��x�|qm�@��qmikqm�Vl��o�ususu�rfhfhq§sN�xn\���ìsN�xn��xikfmlonopr���xloprgj� n��xloprgj�u�@qm�{�rqdc
O ��q���pr�olvq®�uqh�ì�x�{�|gjnop{lo�uikqh��q��®y}�jyhqh��sLgj�un�y}�x�rym�u�rqmn

P0 Ô z|gjp{n-Q ¢�R Õ �*i��mikq[�op��vqh��yhg�gjnv�ugj� ��@fhqh���uqmzOprqm�u�@qm�Vl0zOp{lvqk�dp{�V�x��lvqh�v�V�@qh���9sLgd�v�op{�u�rqmikqm��lì�uq[��ßàgjnv��nvqÓ�uq
exp(

√
D)

c9�!�xn0q���qmi0su�rq
�rq yhfm�r²m�unvqsunvgj�u�r²mikq �uqh��������B����� ÎOgj�rqmp{�LQ����$�§c����$sus*c�¤x¢V¤��O¤x¢�ª Rñ���xlolonop{�u�@fXÒ± �nvyv�up{ik²h�uq
sunvgj�N�x�u�rqmikqm�Vl§�xs�gOymno¯�su�@qd��i®�xpr��nvqmz�prqm��l�Òìnvfh�vgj�@��nvqt�v�un

Z
��ßàfh�V�N�xloprgj�

X2 − 4729494Y 2 = 1,
gjó

9314
��p{zOpr�vq

Y¨1�0�vgj�{�uloprgj���Bgj�@�@�xikqm�Vl��x�rq
P0

yhgjnonvqh�vs�gj�@��Ò
ε0 = 109931986732829734979866232821433543901088049 + 50549485234315033074477819735540408986340

√

4729494qmlt���su�{�@�tsLqmlop{lvqk�vgj�{�uloprgj�ë�´�xlopr�ä�B�xpr�´�x�Vlt���Óyhgj�@��p{loprgj�±�uqk��p{z�pr�vp{�up{�{p{lvfkqh�ol
[2329]P0

� �vgjp{l§�u�
lonvgj�us�q}�x���uq

7.76 10206545 l �mlvqh� Ô �vgj�{�uloprgj���uq§ �i�lo�@gjn}�1b}¬d¬�� Õ c
��c ¢@c � Æ?Ã9ÉdÊ�Ë`Æ?Ã

L
Í§�9gj�un0�op{i0su�{p�¦Nqmnì������pr��ym�@�v�oprgj�*�1gj�>�o�ususLgd�vq®�ugjnvfm�N�}zj�x��l0�V�@q

D ≡ 2, 3
(mod 4)

qh�ol§���x�@���B�jymlvqm�unty}�xnonvfdcL¨*qh�§��gj�{�uloprgj�@�t�@�x�@�
Z[
√

D]
�uqì��ßàfh�V�N�xloprgj� |Nz| = 1

�vgj��l
�xsus�qm�rfhqh��î�ÚNç`æ?7´íì�uq

Z[
√

D] Ô yhq���gj�Vl��rqh��fm�rfmikqm�Vlv��p{��z|qmnv�op{�u�rqh�}�?lvqm�r�����*ß p{�9q���pr�olvq u ∈ Z[
√

D]�hz|qhy
uz = 1 Õ c���@qm�?�V�@q��vgjp{l

p
sunvqmi0prqmn}�d�rq$�@gji��unvq�� ßàfm�rfmikqm�Vlv�7�uq H(Z/pZ)

qh�ol
p+1

Ð£sN�xnoi0p?qm���
p−aps�gjp{��lv�\�vgj�Vl��@�x�@�

A(Z/pZ)
�ugjó

ap :=







1
�op

D
qh�vl��u��y}�xnonvf§�@gj�é���u�1�uq

Z/pZ
�

−1
�op

D
�*ßàqh�ol�sN�j���u��y}�xnonvft�uq

Z/pZ
�

0
�op

D ≡ 0 (mod p)
c

Ö��ìn��j���vqmi��u�rq�lvgj�@�-yhqh�!nvqm�@�vqmp{�d�@qmikqm��lv��gj�ulvqm���@�-�rg�y}�x�rqmikqm��l Ô �o�un Z/pZ Õ qm���u�kgj��wäqml!�d�rgj�N�x�
Ô �{prftÒ H(Q) Õ �

L(H, s) :=
∏

p 	�
��������


1

1 − app−s

  sunoprgjnop��@ydßàqh�vl��u�@q��Hgj�@ymloprgj�Ï�uf~¦@�uprq§s�gj�un
Re(s) > 1

c



2������������� �n�
	��
���'��� ��� �
� !#" ÆNÅ%$'&ëÈ�� ÍI( Ô ¥�p{nopryv�u�rqml Õ Í L

í}Þ�×�áäâjØ{âjÚ'5�Þ0ÙjÚ?ÙjØ��dæHç��hîuÞ�9®Þ~Ú?æ�Þ~ÚîOÚ�Þ�èmâdÚ?åhæHçBâjÚ ÞmÚNæHç��máoÞ4A
	�î
<£âjçºí´ç`Ú?Ù45VÞ / Þ 0 . âjÚ ÙkØ�� 7��mî�çI<£ÙjØrÞ~ÚNæ
Ô b Õ L(H, s) ∼ 2

hR

w
sr

â�@
{

r = 1, R = log(x0 +
√

Dy0)
í´ç

D > 0  y~�äc���×?á87vå 7 / Þ~Ú?æ�� .
r = 0, R = 1

í~çºÚ?âdÚ .Þmæ
w
Þ´ímæ=Ø{Þ�Ú?â�903~ávÞ / � î�ÚNç`æ?7´í / Þ�æ�âdá�í~çHâjÚ  2 . 4 âjî

6
�2A���� Þ~Ú?æHçBÞ~á

h
Þ~í~æ9Ø{Þ�åvÙjá / ç`Ú?ÙjØ /�� îOÚ05jáäâdî}×uÞ��Ú@ç  ØrÞY5jáäâdî}×uÞ / Þ´í[åmØ{Ùxí�í}Þ´í����hî�ç 9®Þ´í~î�ávÞ[Ø�� â�3~í~æHá~î�åhæHçBâjÚ : å�Þ��mî@Þ[Ø{Þ[æ���7oâdá���9®Þ�èhâjÚ / Ù29kÞmÚNæ�ÙjØ

/ ÞÓØ�� Ùdá´çHæ���907mæHç��mîuÞÓímâjçHæ�<}áoÙjç / ÙjÚ@í Z[
√

D] � ç`Ø <£Ùjî�æ 1
í´çtÞmæ�í}Þ~îOØ{Þ�9®Þ~Ú?æ§í´ç�æ�âjî�æ 7~Ø�7�9®Þ~ÚNætíhÞ

/ 7oåvâ�9�×�âjíhÞ / Þ�èhÙ���âjÚ îOÚ@ç��hîuÞ�Þ~Ú[×?áoâ / îOç`æ / � çºá~á�7 / îuåhæHç63mØ{Þ´í . : îOÚ�Þ�î�Ú@çHæ?7�×?á��~íKA
��c�S�¹ W*a S�U@Y®U@T�TV^`»u] ^CVUW*U@Y�X ��a ¸ T�^HZ�^ T R9^`a U@Y

 �� �up{z|q}�x�¼�uqh�ts�gjp{��lv�§n��xloprgj�u�@qm�r�}�*�u�@q®yhgj�upr�V�@qk�}¯V�x�Vlì�u� s�gjp{��ltn��xloprgj�u�@qm� Ô �uqm�dnvf 2 Õ qml�u�@qk��nvgjp{lvq Ô �uqm�dnvf 1 Õ gj�Vl��rqki��mikqkyhgji0s�gjnolvqmikqm��l}�!�ugj�@y0�rqk�uqm�dnvfk�*ßàqh�vltsN�j�t�u�Xlonv²h����gj�
p{�@��pry}�xlvqm�un}cOÖ��knvqm�dnvgj�usLq\�rqh�7yhgj�uno��qh�7qm�k�dn��x�@�uqh��ym���j�v��qh��gj�-5VÞ~ÚNáoÞ´ím���uf~¦@�upr�$Ò�sN�xnolop{n��uq��rqm�un
�uqm�dnvfd��i®�xpr���x�@�v�op*�uq��rqm�unv��sLgjp{�Vlv���op{�u�d�u�{prqmnv�}�@qml\�@�x�@�\yhqmlolvq§ym���j���op�¦Ny}�xloprgj�é�rqh�\��nvgjp{lvqh�\qml��rqh�
yhgj�upr�V�@qh�1�Hgjnoikqm��l9�rq��|qm�unvq����uikfmnvg

0
c£¨*qh�=yhgj�uno��qh�!�uq��|qm�unvq

1
�}¯V�x�Vl!�u��sLgjp{�Vl=n��xloprgj�u�@qm���vgj�Vl

�xsus�qm�rfhqh��åvâjîOáK3vÞ~í�ÞmØºØ ç�×LæHç��mî@Þ´ímcV �sunv²h���u�®y��N�x�u�|qmikqm�Vl\�uq�nvqmsL²mnvq�qm��z|g}¯V�x��l��rq�s�gjp{��l�n��xloprgj�u�@qm�
Òì��ß p{��¦@�up��@qm�{�rqh���vq�n��xik²m�@qm��l�lvgj�ulvqh��Òì�u�@qtfh�V�N�xloprgj�Ïym�u�upr�V�@qt�vp{i0su�rq  �
��c{bdc �M""! Ã9ËºÊ�Ë`Æ?Ã�ÍtÖ����xsus�qm�{�rq®å�âjî�á43vÞkÞmØºØ ç�×LæHç��mî@Þ��o�un

k
�u�@qtfh���N�xloprgj���uq����ì�Bgjnoikq

E : Y 2 = X3 + aX + bgjó
a, b ∈ k

qml=�rq$ikqmi��unvq��uq���nvgjp{lvq$�*ß���sN�j�-�uq7n��jymp{�@qh�-i��u�{lop{su�rqh� Ô 4a3+27b2 6= 0 Õ cdÎ�ß p{�@�}zj�xp{l�uqh��n��jymp{�@qh�§i��u�{lop{su�rqh�}�*���Óyhgj�uno��qk�x�un��xp{l§�u� sLgjp{�Vlt�ugj�u�u�rq
P
�o�un

k
qml§gj�Xgj�uloprqm�@��n��xp{lt�u�@q

sN�xn��xikfmlonopr���xloprgj���uq E yhgji0ikq��@�x�@�7�rq�y}�j�$�uqh�7yhgj�upr���@qh�7qm�yhgj�@�opr�ufmn��x�Vl��rqh�$��nvgjp{lvqh��sN�j�����x�Vl
sN�xn

P Ô �V�up=�*ß��x�un��xprqm�Vlt���*ß �u��vqm�u�!�x�ulonvqìsLgjp{�Vl§� ß p{�Vlvqmnv��qhymloprgj�ë�hz|qhy E Õ Ð�gj�gj�uloprqm�@��n��xp{ltqm�
�B�xp{l��u�@qtyhgj�uno�Lqt�uq��|qm�unvq

0
c

Ö����j�v�vgOymprq7Ò E �����\yhgj�uno�Lq�sunvgxwoqhymlop{z|q Y 2Z = X3+aXZ2+bZ3 cx�$qm���\nvqmz�prqm��l!Ò��j�xwägjp{�@��nvq�rq�sLgjp{�Vl�Ò[��ß p{��¦@�up
O := (0 : 1 : 0)

Ò E c1Î�p=z|gj�@���*ß��xp{ikqmÑ®sN�j�����®�|fhgjikfmlonoprqksunvgxwäqhymlop{z|qd�*yhq�*ßàqh�ol�sN�j�7�dn��hz|qd��p{i®�x�dp{�@qmÑ��rq�yhgji0ikq��u�[s�gjp{��l$� ßàgjnv�ugj�u�@fhq�p{��¦@�uprqd�O�V�up?nvqm�@yhgj�Vlonvq�lvgj�ulvqh���rqh�
��nvgjp{lvqh�-z|qmnolopry}�x�rqh�}c�Ö��0�@gjlvq E(K)

��ßàqm�@�vqmi��u�rqh���uqh�-sLgjp{�Vlv���uq E Ô �uqh���vgj�{�uloprgj�@���uq���ßàfh���N�xloprgj�
E Õ Ò�yhg�gjnv�ugj�u�@fhqh���@�x�@� K

��¯yhgji0sunopr���rq�s�gjp{��l�Ò���ß p{��¦@�up�c
��c���c � Æ�ËLG=È �NÅxÆ��9Ä�È@Í�¨1�ësunvgjsunoprfmlvfÏ�Hgj�@�@�xikqm��l��x�rq �uqh�[yhgj�uno�Lqh�Óqm�{�{p{sulopr�V�@qh�Óqh�olÓ�V�*ßàqm�{�rqh�
s�gd�v��²h�uqm�Vl�u�@qÏ�olono�@ymlo�unvq �N�xlo�unvqm�{�rq�uqÏ�dnvgj�us�q �x�{�|fm�unopr���@qd�$yhgji0ikq ��ß ��¯�sLqmno��gj�rq �uq �9qm�{� �¡@qmnoi®�xl ��ydßàqh�ol � Ò � ��p{nvqX���*ß p{�tq��Opr�vlvq�u�@q�rgjpt� ß��j�u��p{loprgj� �o�un��rqm�un�sLgjp{�Vlv�}���ugj�u�@fhq sN�xné�uqh�
�Hgj�@ymloprgj�@���x�{�|fm�unopr���@qh���uqh�\yhg�gjnv�ugj�u�@fhqh��c
e§fhgjikfmlonopr�V�@qmikqm��l}�L���k�rgjp!� ß��j�u��p{loprgj�

[+]
qh�ol��ugj�u�@fhqìsN�xn����kyhgj�@�olono�@ymloprgj� �o�up{zd�x�Vlvqd�?sN�xn

yhgjnv�uqkqmltl��x�u�|qm�Vlvq �*�op
P,Q ∈ E(K)

�*����yhgjnv�uq
PQ

yhgj�us�q E(K)
qm�X�u�ë�u�upr�V�@q®lonvgjpr�opr²mikq

s�gjp{��l
R′
c�ÎOgjp{l

R
�rqtsLgjp{�Vl�� ß p{��lvqmnv�vqhymloprgj� �uqt���®��nvgjp{lvq�z|qmnolopry}�x�rq

OR′
�hz|qhy E(K)

�Ngj��sLgd�vq
P [+]Q := R

c

�
]
k e � � a�e c _ �?_ c �fb � ] � � ]$# ÿ%e 2 þ~ÿ 3 �

]
	'^`_�ÿ � _´ÿ � þ � ] �6e �!ÿ��%e b # ÿ�_ � ] þ �§ÿ���ý2eäÿ§ý�	�ÿ���% b � b �?_ 	he � a�e 	h_ ^�þ��flne

Y 2 + a1XY + a3Y = X3 + a2X
2 + a4X + a6

� � þ´ÿ'&Hþ´ÿ�� ���f_����*ýdþ ] � � � � ] �(%~ÿ�	 ] e � � ü



� ���������
	������	����
¨1qh�0y}�j�0�ufm�|fm�@fmnvfh�k�vqlon��xp{lvqm�Vlk�uq[����Nhgj�Ý�N�xlo�unvqm�{�rq=�=�vp

A = B
�=��� ��nvgjp{lvq

AB
�ufh�op{�d�@q

���él��x�u�|qm��lvq�qm�
A
Ò E(K)

Ð!�op
P = Q = O

�9gj�±s�gd��q
R = O

c-Ö��Ýgj�uloprqm�Vl0�rqh���Hgjnoi��u�rqh�
�o�up{zj�x��lvqh�}�usLgj�un

P = (xP , yP )
�
Q = (xQ, yQ)

�
R = P [+]Q = (xR, yR)

�

xR := −xP − xQ + m2 qml
yR := −yP + m(xP − xR)

gjó

m :=

{

(yQ − yP )/(xQ − xP )
�op

P 6= Q

(dy/dx)P := (3x2
P + a)/(2yP )

�op
P = Q

¨*q®y}�j�
P 6= Q

qml
xP = xQ

�@qksLqm�ul��xnonop{z|qmn����@q®�op
Q = P ′ Ô P qml

Q
�vgj�Vl��o¯Oikfmlonopr�V�@qh�

sN�xn§n��xsus�gjnol�Ò��ß����uq��@gjnop{Ñ}gj�Vl��x� Õ qmlt�@�x�@�tyhq0y}�j� P [+]Q
qh�ol§�rq�sLgjp{�Vl�Ò��ß p{��¦@�up

O
c O �-�*ßàqh�ol

sN�j�®fmzOpr�uqm�Vl[�uq�z|gjp{n[���@q
[+]

qh�ol®�u�@q��rgjp��j�v��g�ymp��xlop{z|q Ô ydßàqh�ol � Ò � ��p{nvq����@q (P [+]Q)[+]R =
P [+](Q[+]R)

sLgj�un-lvgj�ul
P
�
Q
�
R ∈ E(K) Õ �di®�xpr��ydßàqh�vl-z�n��xp�c O �u¯ì���u�@q!wogj�{prq��ufmikgj�@�olon��xloprgj��|fhgjikfmlonopr�V�@q Ô �vgjprqm��l 8

sLgjp{�Vlv��qm�ÓsLgd�op{loprgj�[�|fm�@fmn��x�rqd�@�x�rgjnv��y��N�j�V�@q§ym�u�upr���@q�sN�j�v���x��l$sN�xn�yhqh�
s�gjp{��lv�ksN�j�v�vqésN�xn®�u�

9 � ²mikqÏs�gjp{��lkp{�@�ufms�qm�@�@�x��l��uq���� yhgj�uno�Lq Õ c���gjlonvqé�rgj�dprymprqm���uq�y}�x�rym�u��Hgjnoikqm�9�B�}z|gjnop!¯Ï�xnonop{z|qmn��[lonv²h���uprqm� �x�@�v�op��?i®�xpr��ydßàqh�ol§�j�v�vqmÑì�rgj�unv�
�?p{�=¯Ï�k�Lq}�x�@yhgj�us �uq�y}�j�
sN�xnoloprym�u�{prqmnv��Ò�z|fmnop�¦Nqmn}�@�vp*�uqh��s�gjp{��lv���vgj��l�yhgj���Bgj�@���@�}c
Ö��z|gjp{l§�x�rgjnv���B�jymp{�rqmikqm��lt�V�@q

[+]
�uf~¦@�up{l��u�@qì�rgjp!�uq��dnvgj�usLq�yhgji0i��ul��xlop����o�un E(K)

�L�uq
�@qm�ulonvq

O Ô O[+]P = P Õ qml���ßàgjsusLgd�vfÓ�uq P
qh�vl��rqsLgjp{�Vl

P ′
���up�qh�olì��gj�>�v¯�ikfmlonopr���@q®sN�xn

n��xsus�gjnol\Ò���ß�����q��@gjnop{Ñ}gj�Vl��x��c��$qh�$�Hgjnoi��u�rqh���vgj�Vl\�x�{�|fm�unopr���@qh�}�u�ugj�@y�zj�x���x�u�rqh���o�un E(K)
�Os�gj�un

�u�>yhgjnos@�
K

�V�@qm�ryhgj�@���@qd�!sN�xn0q���qmi0su�rq
K = Q

i®�xpr�k�x�@���op$�v�un
K = Z/pZ

Ð=p{���v���kl��uq
���hz|gjp{n\p{��z|qmnv�vqmn\�u��fm�rfmikqm��l��@gj�é���u��c

��c���c � ËHÃ9ËºÊ �#G9ÈNÍ O ���*ß ¯ë��sN�j�ì�uq®sN�xn��xikfmlonopr���xloprgj�Ýn��xloprgj�u�@qm�{�rqÓyhgji0ikq[s�gj�unì�rqh�ìyhgj�upr�V�@qh�}�
i®�xpr� E(Q)

qh�ol\yhqmlolvq��Bgjpr���uq§l#¯�sLq�¦@�up��@qml E(Z)
qh�ol�¦@�up�cN¨*q§�vgj�@� � �dnvgj�usLqt�uq�lvgjnv�oprgj��qh�vl�¦@�up

Ô p{�@¯��§prymp?�x�@�v�op@lonv²h��s�qm�®�uq\s�gd�v�vp{�up{�{p{lvfh�}�|�vgj�®y}�xnv��p{�N�x��qh�ol�su�{�@�-sLqmlop{l����@q 16 Õ �Vqml��u�®�@gji��unvq¦@�up!�uq�sLgjp{�Vlv��n��xloprgj�u�@qm�r��qm�u�|qm�@��nvqm�Vltlvgj�@���rqh�t�x�ulonvqh�0�?lvgj�ul§sLgjp{�Vltqh�vl���gji0ikqì� ß �u� sLgjp{�Vl
�uqklvgjnv�oprgj�

Pt
qmlì� ß �u�@q[yhgji��up{�N�xpr�vgj�>�{p{�@f}�xp{nvqÓ�uq

Pi
�
i = 1, . . . , r

gjóë�rqh�
Pi

�vgj��lì� ßàgjnv��nvq
p{��¦@�up�c@¨*q

r
i0p{�up{i®�x�9qh�ol��xsusLqm�rf0áoÙjÚ'5Ó�uq E(Q)

�ui®�xpr��p{� �*ß ¯Ó��su�{�@���uq�nv²m�d�rqt�op{i0su�rq§sLgj�un\�rq
y}�x�rym�u�rqmn}�uqml$p{�L�*ß ¯Ó��sN�j���@gj��su�{�@��� ß��x�{�|gjnop{lo�uikq�yhgji0su�rqml}��i��mikq§�ufmn��xpr�vgj�u�N�x�u�rq-³ O ��¯���u�@q
ikfmlo�@g��uqd�Vp{�up{loprfhq�sN�xn7���t�uqh�vyhqm��lvq��uq�¡@qmnoi®�xl��V�up@i®�xnvy��@q��@�x�@�����tsu�{�usN�xnol7�uqh�$y}�j�7yhgj�@ymnvqmlv�}�
i®�xpr����sunoprgjnop@gj���@q����xp{l-gj�ulvqm�up{n����*ß �u�kqm�@y}�j��nvqmikqm�Vl�sLgj�un

r
c|��ßàqh�ol-qm�0sN�xnoloprym�u�{prqmn-�{prf\�x�ì�B�xp{l

�V�*ß �u�@q\yhgj�uno�Lq\su�{�@�7yhgji0su�{pr�V�@fhq��V�*ß �u�@q�yhgj�upr�V�@q�s�qm�ul7�}z|gjp{n7�uqh��s�gjp{��lv���@�x�@�7lvgj�@���rqh�
Qp

qml
�@�x�@�

R
���x�@�\���*ß p{�*¯�qm�Ï�xp{l��@�x�@�

Q
cNÖ��ésLqm�@�vqt���@q§�rq�n��x�u�

r
sLqm�ul��uqmz|qm�up{n��xno�up{lon��xp{nvqmikqm��l

�dn��x�@�Ï�op E zd�xnoprqdc���gjprymp=�rqtnvqhyhgjnv� �jymlo�@qm����gj�ulvqm�V�sN�xn��osLfhymp��x�{pr���xloprgj�� ß �u�ÏsN�xn��xik²mlonvq��@�x�@�
�u�@q��B�xi0p{�{�rqt�uq � qh�olonvq��
� !#" ÆNÅ%$'&ëÈ��*ÍI( Ô � �xnolop{� � � y � p{�{�rqm� Õ Í �*ÙåvâjîOáK3�ÞkÞ~Ø`Ø ç ×�æHç��mîuÞ

y2 + xy + y = x3 − 19252966408674012828065964616418441723x

+ 32685500727716376257923347071452044295907443056345614006

Þ´í~æ / Þ�áoÙjÚ'5®Ùjî-9kâjç`Úuí 23
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2������������� �n�
	��
���'��� ��� �
� áoÞmî'<xÞ A�¨*qh�\sLgjp{�Vlv�

P1, . . . , P23
��gj�Vl�p{�@�ufmsLqm�@�@�x�Vlv���@�x�@� E(Q)

�
P1 =(16902136044621724275584661392595/119224493521,

− 69455519784971993679807552308609739430858248812/41166906143372569)
P2 =(6647882272466103821634772046571/30891226081,

− 17137023844710987140049387309945953892946213544/5429411004770479)
P3 =(1277229332035649706664846727592/2961427561, 1443380843339272397458721030742392016696304046/161157926442059)
P4 =(1754834771916476982132090651/369369961, 49412130720987886904443301152758710388796/7098921280459)
P5 =(902743031953703698667092998/307406089, 6538434104009303265024749952830709029353/5389750958437)
P6 =(103579510135061476534950819/45091225, 230697883363551870088729854504374414548/302787575875)
P7 =(31762044569407766003397375255/14054813809, 1411381089291349753164768808558921002947204/1666240341498377)
P8 =(29436984213667648723395/17956, 5657335012046240705357319452802233/2406104)
P9 =(1127027270330215920, 3523978127407100674110377602)

P10 =(686464244502821899711515/139129, −394563651945882403580468873435105816/51895117)
P11 =(11962675953816366561795/1369, −1167962768316319592876571517317044/50653)
P12 =(30520680805402695175757355/3345241, −151915114589061403100759698106532333112/6118445789)
P13 =(11449775538050756019357635316/967521025, −1150775031908416918955115365651634494501651/30094741482625)
P14 =(4969418243982621661795591770/1285294201, 184569435055535326363669745422918052707327/46079082400051)
P15 =(480465113537612829840777315/160801, −10531550647702714814852169224678207441368/64481201)
P16 =(97907154284679777917982542166035/57601436172721,

964874722537391293613786748114488474882993683572/437169613520472565481)
P17 =(249989354826313432718977195/4397409, 3941156276776007263792745630379334937996/9221366673)
P18 =(54840074123086507808388135/3996001, 387496978790653709721061294119215460988/7988005999)
P19 =(9690141319063801580189469420/87590881, −953144078079942906360903670036536669593542/819763055279)
P20 =(882142442406602738753880/76729, −775394556680837651292166377698874734/21253933)
P21 =(2812175950395226936581984/24025, 4712624271973109965160039085789391367/3723875)
P22 =(7126269737101017406079752337071371/2947180538019481,

83015454575998684006900205726968222686505350799684/159996363164349841378621)
P23 =(2143448685801212487450/841, 10099849221189668277354753748208/24389)

�

��c ¢@c � Æ?Ã9ÉdÊ�Ë`Æ?Ã
L
Í�¨9��yhgj�jwäqhymlo�unvq\�uq + p{nvyv�[qml�Î���p{�u�@qmnolvgj� � ¥�¯|qmn Ô*+ ÎO¥�� ≈ 1960 Õ p{��lvqmnosunv²mlvq�rqtn��x�u�

r
yhgji0ikq���ßàgjnv��nvqì����Ñ}fmnvg�uqt�����Bgj�@ymloprgj�

L(E , s)
�uq � �j�v�vq ��� qmp{�����uf~¦@�uprq�qm�Ïlvqmnoikq

�����@gji��unvq��uqts�gjp{��lv�\�uq E �o�un�lvgj�@���rqh�\yhgjnos@��¦@�upr�}c@«��é�dnvgd�}�uqm�{�rqt�}ßàfhymnop{l
L(E , s) ≈

∏

p 	�
� ������


1

1 − app−s + p1−2s

gjó
#E(Z/pZ) = p+1−ap Ô ≈ y}�xn-p{�O�B�x�ul�q��uym�{�unvq��rqh�

p
��p{zOpr���x�Vl��rq���pr�vymnop{i0p{�N�x��l

4a3 +27b2 ��op{�@gj�é�o�un
Z/pZ

� E �*ßàqh�vl�su�{�@���u�@qtyhgj�uno�Lqtqm�{�{p{sulopr�V�@q-ÐNp{�L�B�x�ul�n��£wogj�ulvqmn\�u�����jymlvqm�un�yhgjnonvqhymlop��
s�gj�un\yhqh��sunvqmi0prqmnv� Õ c� !#" ÆNÅ%$'&ëÈ � Í � Ô � �j�v�vq Õ Í �1Þ´íÏåvâ£Þ`ÜÛåmç�Þ~ÚNæ`í

ap := p + 1 − E(Z/pZ)
<�7~á´ç �$Þ~Ú?ætØ�� ç`Ú 765|ÙdØ çHæ?7

|ap| < 2
√

p
A

�$qhympNsLqmnoikqml$�uq��uf~¦@�up{n
L(E , s)

sLgj�un
Re(s) > 3/2

c�Ö��yhgj�jwäqhymlo�un��xp{l��uqmsu�upr�7�rgj�u�dlvqmi0s@�$���@q
yhqmlolvq§�Bgj�@ymloprgj�Ï�vq�sunvgj�rgj�u�|q}�xp{l§�x�N�x�{¯�lopr���@qmikqm�Vl§qm�é�u�@qt�Hgj�@ymloprgj� qm�Vlopr²mnvq-Ð�ydßàqh�ol\i®�xp{��lvqm�N�x�Vl
�u�@q§yhgj�@�vfh�V�@qm�@yhq��uqh��lon��hzd�x���é�uq � p{�rqh���@qml\�uq§�rqm�un\�uqh�vyhqm�@�@�x�@yhqdc
+ ÎO¥�sunvfh��p{l��x�rgjnv���u�éfh���up{zj�x�rqm��l\�uq������Bgjnoikq

L(E , s) ∼ λ(s− 1)r �x�z|gjpr�vp{�N�x�|q§�uq 1
�ugjó

λ
qh�ol��ugj�u�@fhq�sN�xn\�u�@q��Bgjnoi��u�rq�q��Osu�{prymp{lvqd���x�N�x�rgj�d�@q�Ò Ô b Õ c��|�@�v�V�*ß��x����lon��}zj�x�����uq � p{�rqh��gj�

�@q\���hzd�xp{l�i��mikq�sN�j�}�dqm�k�|fm�@fmn��x���V�vp
L(E , s)

fml��xp{l7�uf~¦@�uprq��x�®z|gjpr�op{�N�x�|q\�uq
s = 1

³OÖ��k�@q\�´�xp{l
sN�j���vp9�rqtðñ�dnvgj�us�q�¦@�up�ò0�x�N�x�rgj�d�@qì����dnvgj�usLq��uqh��ym���j���vqh���@�x�@�����[yhgj�jwoqhymlo�unvq + ÎO¥ Ô �dnvgj�us�q�uq§�9�xlvq � Î��N�£���xnvqmz�pry�� Õ qh�ol�lvgj�jwägj�unv��¦@�up9gj��sN�j�}c�$qmlolvq��Bgj�@ymloprgj�éqml$��qh�$�ufmnop{z|fhqh���v�@yhyhqh�v�op{z|qh���vgj�Vl�qh�olop{i®�x�u�rqh���v�un$gjnv��p{�N�xlvqm�un*Ð�i®�x�{�@qm�unvqm� ��vqmikqm�Vl}�!���x�@�ìnvfh�o�u�{l��xl�lo�@fhgjnopr���@qd�9p{��qh�olìp{i0s�gd���op{�u�rq[�uqsunvgj�uz|qmn0���@q®���Ïzd�x�rqm�un��xsusunvgOyv�@fhq
gj�ulvqm�V�@qd�?i��mikqty}�x�rym�u�rfhqìÒk�uqh�\i0p{�{�{prqmnv���uq��ufhymp{i®�x�rqh�}�Nqh�vl\�uprqm�é�u��Ñ}fmnvg®q��u�jyml}cLÖ���gj�uloprqm�Vl
�xp{�@�op �u�@q§zd�x�rqm�un Ô �ugj�u�u�rqmikqm�Vl Õ yhgj�jwäqhymlo�un��x�rqts�gj�un\�rq�n��x�u�@cÖ��ës�gj�unon��xp{l���ß p{�Vlvfmnvqh�v�vqmn�qm�@�o�up{lvq®�x��� yhgj�uno��qh���uq��|qm�unvq

g
�o�usLfmnoprqm�un�Ò

2 Ô p{��q���pr�olvq0�uqh�yhgj�uno��qh��uqélvgj�ul�|qm�unvq
g ∈ N Õ ��i®�xpr�®p{���*ß ¯ � su�{�@�Ó�uqé�rgjp��uqé�dnvgj�usLqÏyhgji0ikqÏsLgj�un®�rqh�
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�uqm���;sunvqmi0prqmnv�Ó�|qm�unvqh�}c�«-�JsN�xnoloprym�u�{prqmn�p{�§qh�olÓ�Lq}�x�@yhgj�usµsu�{�@����p �®ymp{�rq �uqyhgj�@�olono�up{nvq �uqh�
s�gjp{��lv�kn��xloprgj�u�@qm�r�}c�¡?�x�{lop{�u�|� Ô b}°d¬d� Õ � ikgj�Vlonvf����@q C(Q)

qh�ol�¦@�up����u²h�®���@qÓ�rq��|qm�unvqé�uq Cqh�ol§�o�us�fmnoprqm�untÒ
2
c*Ö�� s�qm�ul§qm� �ufh���up{nvqk���*ß�Òq��OsLgd���x�Vl

n > 3
¦���fd����ßàfh���N�xloprgj�X�uq�¡@qmnoi®�xl

Xn + Y n = Zn �*ß��[�V�*ß �u�Ï�@gji��unvq�¦@�up9�uqì�vgj�{�uloprgj�@�
(x : y : z) ∈ P2(Q)

�Ni®�xpr��gj���@qì���xp{l
noprqm�Ó�v�un7����l��xp{�{�rq��uq�yhqh����gj�{�uloprgj�@��fmz|qm�Vlo�@qm�{�rqh�}cu¨1�ì�ufmikgj�@�olon��xloprgj�é�uq � p{�rqh�$�*ß �ulop{�{pr�vq�sN�j���rq
lo�@fhgjnv²mikqt�uqt¡N�x�{lop{�u�|�}c

¢@cgS�¹ W1a S?U@Y���T�TV^`»u] ^CVUW*U@Y X���»@»@T�^º¾?R�]L^ ¹UT Y
¢@c{bdc � ÂuÉdÊ}Æ?ÅxËI�}Â�Ê�Ë`Æ?Ã G=Â@ÃP�

Z
Í Ô z|gjp{n Q ¢�R�gj� Q�©�R Õ c�ÎOgjp{l N

�u�®qm��loprqmn�p{i0sN�xp{n}cV µy}�x�@�vq����ks�qmlop{l
lo�@fhgjnv²mikqk�uqk¡@qmnoi®�xl}� p{��qh�vl��B�jymp{�rq0�uqk��q0yhgj�Vzd�xp{�@ymnvqk�V�@q

N
qh�ol§sunvgj�N�x�u�rqmikqm�Vlìsunvqmi0prqmn��op

aN−1 ≡ 1 (mod N)
sLgj�un�su�{�@�oprqm�unv�

a
yv�@gjpr�opr���x�®�N�j�´�xnv� Ô yhqmlolvq�q��OsLgj�@qm�Vlop��xloprgj��qh�ol��B�jymp{�rq�Ò�B�xp{nvqd��i��mikqt�vp

N
���uqh��i0p{�{�{prqmnv���uq§y��up�ï�nvqh� Õ c��$qmlolvq�ikfmlo�@g��uqtqh�vl\���@qtÒ�¡@qmnoi®�xl\�{�up � i��mikqdc«-�®���xp{l}��p{��q���pr�olvq��u�@q�p{��¦@�up{lvf��uq

N
�@gj�[sunvqmi0prqmnv�����up?sN�j�v��qm�Vl�yhq�lvqh�vl�sLgj�un7lvgj�ul

a
sunvqmi0prqmn

Ò
N
���rqh�§�@gji��unvqh���uq®���xnoi0pryv�N�jqm��c � �xpr�§gj� sLqm�ul§�rq�ikgO��p�¦Nqmn��uqì�B��Nhgj�ëÒÓyhq0���*ß��x� ikgjp{�@�

3/4
�uqh��qm�Vloprqmnv�

a < N
lon��x�upr�v�vqm��l��u� qm�Vloprqmn

N
�@gj�Ïsunvqmi0prqmn}cL¨1�®ikgO��p�¦Ny}�xloprgj� nvqmsLgd�vq��o�un

�rq��B�xp{l\���@qt�op
x2k

= 1
�@�x�@�

Z/NZ
�@�x�rgjnv���vgjp{l

x = 1
�@�vgjp{l�p{�*¯Ó�ì�u� −1

�@�x�@�\���0y��N���r�@q��uqh�
x2i �

i < k
c@«���� ß��x�ulonvqh�\lvqmnoikqh�}�Ngj���

X2k − 1 = (X − 1)
∏

06i<k(X
2i

+ 1)
c

Ö��é�ufh�vp{nvq�i®�xp{�Vlvqm�N�x�Vl��B�jymlvgjnopr��qmn
N
c�¨*qm�@�olon�� Ô ≈ 1980 Õ ��p{��z|qm�Vlvf§�u�@q�lonv²h�!wogj�{prq Ô qml�lonv²h�q��®y}�jyhq Õ ikfmlo�@gO�uq7�ulop{�{pr���x�Vl!�rqh�!yhgj�uno��qh�!qm�{�{p{sulopr���@qh�}�x�o�un Z/NZ

cx�$q7�*ßàqh�ol=sN�j�=�u�ìyhgjnos@�}�£i®�xpr�
gj�ks�qm�ul7�ulop{�{pr�vqmn��rqh�7i��mikqh�-�Bgjnoi��u�rqh�7s�gj�un$�uf~¦@�up{n��u�@q��j�u��p{loprgj�[�o�un E(Z/NZ)

c�\��®fm�rfmikqm�Vl
�uq

Z/NZ
qh�ol�p{�Vz|qmnv�op{�u�rqì�op9qml��vqm�u�rqmikqm��l��op9p{�9qh�ol�sunvqmi0prqmn§Ò

N
c?¥�gj�@y����k�rgjp=� ß��j�u��p{loprgj��@q

i®�xnvyv�@q�sN�j�����N�x�@���u�Ï�ufm�@gji0p{�N�xlvqm�un��*ßàqh�ol�sN�j��sunvqmi0prqmn�Ò
N
c � �xpr�-wä�@�olvqmikqm�Vl*³LÎOgj��su�|yh�

�hz|qhy
N

qh�ol�su�{�@���dn��x�@����@q
1
��qml���ß p{�=qh�ol��@gj� �V�u�!ikg����u�rg

N
�?yhq�su�|yh�é�Bgj�uno�up{l��u�����jymlvqm�un

�@gj��lonop{z�p��x�1�uq
N
³

ÎOgjp{l
p
�rq®su�{�@��sLqmlop{l���p{z�pr�vqm�un�sunvqmi0prqmn Ô p{�@yhgj�u��� Õ �uq N

c=Î�p7�u�±qm��loprqmnì�uq[����l��xp{�{�rq�uq
p�*ß����V�@q��uqh��sLqmlop{lv�$�B�jymlvqm�unv�\sunvqmi0prqmnv� Ô gjóðñsLqmlop{läò�qh�ol\�uf~¦@�up*qm�Ó�Bgj�@ymloprgj�é�uq p Õ �ugj�é��p{l\�V�*ß p{�qh�ol§è´á~çBÙ�3~ØrÞmc7Î�p�gj�Û��q��ugj�u�@q

P ∈ P2(Z/NZ)
�!p{��qh�ol0p{i0ikfh��p��xl[�uqélonvgj�uz|qmn Ea,b : Y 2 =

4X3 + aX + b
lvqm�r�����@q

P ∈ Ea,b(Z/NZ)
c� ��rgjnv�$����nvfh���@ymloprgj�é�uq

P
ikgO���u�rg

p
�xsusN�xnoloprqm��l�Ò

Ea,b(Z/pZ)
Ð?�op1��ßàgjnv��nvqì�uq�yhq��uqmno�uprqmn��dnvgj�usLq�qh�vl\�Hnop��x�u�rqd�N��ßàgjnv��nvqì�uq

P
�x�@�v�op�c@«-�y}�x�rym�u���x�Vl

Q := [n]P
�o�un E(Z/NZ)

s�gj�un
n
�u�Ýi��u�{lop{su�rq �j�ufh�V�N�xlk�uqÓlvgj�@�k�rqh�0s�qmlop{lv�ksunvqmi0prqmnv�}�-���

nvfh���@ymloprgj���uq
Q
ikg����u�rg

p
�vqmn��ì�rq�sLgjp{�Vl

O
�uq E(Z/pZ)

cu¥�gj�@y��u�@q�p{��z|qmnv�oprgj�énvqh���upr�vq�s�gj�un
��ß��j�u��p{loprgj�¼�@�x�@� E(Z/NZ)

�vqmn���p{i0s�gd�v�vp{�u�rqd�1yhqk���up��ufmz|gjp{�rq
p
c9Î�p�noprqm�ë� ß p{��lvfmnvqh�v���x��lì�@q®�vq

sunvg����up{l}�@gj��woqmlolvq E qml
P
qml\gj��yv�@gjpr�op{l��u�@q��x�ulonvqtyhgj�uno�Lqdc

�$qmlolvq[ikfmlo�@gO�uq®�|fm�@fmn��x�{pr�vq�u�@q®pr�ufhq[�uq�9gj�{���xnv�>���up��ulop{�{pr���xp{lì�rqk�dnvgj�usLq {(Z/pZ)∗,×} �� ßàgjnv��nvq
p − 1

�x�Ý�{prqm�Û�uq {E(Z/pZ), [+]} ��� ßàgjnv��nvq p + 1 − ap
c-¨1� ikfmlo�@g��uq��uq��9gj�{���xnv�

qh�ol��@qmlolvqmikqm�Vl�su�{�@��nvqh�olonoprymlop{z|q§su�upr�v���*ßàqm�{�rq§�@q�i®�xnvy��@qt�V�@q§�vp
p − 1

qh�vl��`nop��x�u�rqd�@�x�rgjnv�\���*ßàqm�
�B�xpr���x��l1zd�xnoprqmn E �£gj��gj�uloprqm��l=�uqh�9�dnvgj�us�qh�=� ßàgjnv��nvq$��Ò��x�@�v�vp|sunvg�y��@q7�uq p

�hi®�xpr�9zd�xnop��x�Vl!�@�x�@�1�u�
p{�Vlvqmnozd�x�{�rq§�uq��rgj�u�d�@qm�un

4
√

p
�uÒ�y}�x�@��q§�uq���ß p{�@fm�V�x�{p{lvf |ap| < 2

√
p
c�\���dn��x�@�Ó�@gji��unvq�� ßàqm�Vlonvq

qm���§�uqmzOn��xp{l9�ugj�@y �mlonvq�� ßàgjnv��nvq��`nop��x�u�rqdcj�$qmlolvq�ikfmlo�@gO�uq�qh�ol=� ß��x�ul��x�Vl=su�{�@�1q��®y}�jyhq$�V�@q
N
�\�uq

s�qmlop{lv�-��p{zOpr�vqm�unv�n�jqm�{�rq�q��Olon��xp{l=���jymp{�rqmikqm�Vl��uqh�=���jymlvqm�unv���uq
20

yv�up�ïLnvqh��� ßàqm�Vloprqmnv���dp{�V�x�Vlvqh�v���@qh�}c
�=�xn�yhgj��lonvqd��qm�{�rq �*ßàqh�vl�sN�j�éy}�xsN�x�u�rqX� ß��xlol��j���@qmn��rqh�éqm��loprqmnv�é�ulop{�{pr�vfh�éqm��ymno¯�sulvgj�rgj�dprq Ô sN�xnq���qmi0su�rq�sLgj�un ¶ ÎO ì�Oz|gjp{nvq�su�{�@���N�j� Õ �u���upL��gj�Vl�sunvgO���up{lv�\�uq§�uqm����dn��x�@�Ó�@gji��unvqh�\sunvqmi0prqmnv��uq�i��mikq§l��xp{�{�rqdc
¢@c���c\ÀtÅxÈ'���?È G=È�ÀtÅjË*&XÂ@ÁHËºÊ " ÍtÖ��é�ulop{�{pr�vqt�x�@�v�vp*yhq�lñ¯Os�qt�uq�ikfmlo�@gO�uqh��sLgj�un�×?áoâjî <xÞ~á0�V�*ß �u�
qm�Vloprqmn

N
qh�ol\sunvqmi0prqmn}c O � ¯Ó�ì�u� �x�N�x�rgj�d�@q§lonv²h���op{i0su�rq��uq�����ikfmlo�@g��uq��uq§�9gj�{���xnv� �
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æñÞmØ
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gN−1 ≡ 1 (mod N)90Ùdç�í
g(N−1)/` 6≡ 1 (mod N)×�âjîOá�æ�âjî�æ / çI<}çºíhÞ~îOá�×?ávÞ�9�ç�Þ~á ` / Þ N − 1 . ÙdØ�âjá´í N

Þ´í~æ*×?ávÞ�9�çBÞmáKA
\��>lvqm�

g
qh�ol0qm�Ýsun��xlopr���@qÓ���jymp{�rqéÒ lonvgj�uz|qmn}c + prqm� �8Bun}�=p{���B�x�ul��mlonvq�y}�xsN�x�u�rqé�uq���jymlvgjnopr�vqmn

N −1
³�ÎOgjp{l

N0 = N
Ðd���t�op{lo�N�xloprgj�[���hz|gjn��x�u�rq�qh�ol������o�up{zj�x��lvq �

N0−1
qh�ol��Hnop��x�u�rqd��Òt�u�®�dnvgd�

�B�jymlvqm�un
N1

sunv²h���O���up*Ò���ß��xp{n�sunvqmi0prqmn*Ð�p{�L�v���kl��x�rgjnv���uq�ikgj��lonvqmn����@q
N1

qh�ol�sunvqmi0prqmn}�uqml\gj�
nvqhyhgji0ikqm�@yhqdcNÖ��yhgj�@�olono�up{l\�xp{�@�op��u�@q��o�up{lvq��olonoprymlvqmikqm�Vl\�ufhymnvgjpr�v�´�x�Vlvq�� ßàqm�Vloprqmnv�

Ni
lvqm�r�����@q

���0sunop{i®�x�{p{lvfì�uq
Ni+1

sunvgj�uz|q�yhqm�{�rq��uq
Ni
c?¨1�k�o�up{lvq

(g0, N0), (g1, N1), . . .
qh�ol\�u�±å´Þ~á~æHç �7åvÙ|æ

/ Þ�×?á~çC9kÙjØ çHæ?7��uq N
su�upr�v�V�@q��rqìlo�@fhgjnv²mikq�s�qmnoikqml�p{i0ikfh��p��xlvqmikqm��l��uq�z|fmnop�¦Nqmn§���®sunop{i®�x�{p{lvf

�uqkyv�N�jym�u�>�uqh�
Ni
�*�ugj�@y®�uq

N = N0
c*¨*q®sunvgj�u�r²mikq[ydßàqh�vl��V�*ß p{�7�*ß ¯X���x�@ym�u�@qkn��xpr��gj�¼���@q

yhqmlolvq��vp{lo�N�xloprgj�[���hz|gjn��x�u�rq§��q\sunvgO���upr�vqd��ç6A`Þ4A����@q�lvgj�@�$�rqh�
Ni

�vgjprqm��l�qh���vqm�Vloprqm�{�rqmikqm��l��`nop��x�u�rqh�}c
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Z/NZ . ÞhæímâjçHæ
P ∈ E(Z/NZ)

A��$ÚÚ?âdæñÞ
m

ØrÞ�åvÙjá / çºÚ�ÙjØ � / Þ #E(Z/NZ)
Þhæ9âjÚ�å �Oâjçºí´çHæ îOÚ / çC<}çºíhÞmî�á s / Þ

m
A	�?ç�×�âjîOá�å ��Ù"�mî@Þ / çI<}çºíhÞ~îOá-×?ávÞ�9�ç�Þ~á ` / Þ s . (m/`)P := (x` : y` : z`)

íhÙdæHç�í`èmÙdç`æ
(z`, N) = 1 .ÙjØ�âdá�í$×�âjîOá�æ�âjî�æ / çC<�ç�í}Þ~î�á�×?áoÞ 9ìç�Þ~á p / Þ N . âdÚÙ

s | #E(Z/pZ)
A

¥��x�@�\�rqh�\yhgj�@��p{loprgj�@�����élo�@fhgjnv²mikqd�N��ß p{�@fm�V�x�{p{lvf��uq � �j�v�vqd�u���up*�}ßàfhymnop{l��x�@�v�vp
#E(Z/pZ) < (

√
p + 1)2p{i0su�{pr�V�@q����jymp{�rqmikqm�Vl��V�@q§�vp

s > ( 4
√

N + 1)2
�?�x�rgjnv�

N = p
�LçfA`Þ4A

N
qh�ol�sunvqmi0prqmn}c

¨�ß��x�{�|gjnop{lo�uikq��uq�e�gj�r� ���j�v�vqmn�qml�
�p{�{p��x�®yv�@gjpr�op{l7�uqh� E �x�k�N�j���xnv��l��x��l7���@q
m(E)
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s
sunv²h�}�j���up�����ß��xp{n!sunvqmi0prqmn}c2\��ìsLgjp{�Vl

P
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�rqh�$yhgj�@��p{loprgj�@�����Ólo�@fhgjnv²mikq�qh�ol��x�rgjnv�$�B�jymp{�rq�Ò�lonvgj�uz|qmn �V����su�{�usN�xnol\�uqh�$s�gjp{��lv�$�uq�����yhgj�uno��q
yhgj�VzOprqm�u�@qm�Vl}c�¨1��sunop{i®�x�{p{lvf��uq

s
�u���up*qm�Vlon����r�@q�yhqm�{�rq��uq

N
�Nqh�ol�ikgj�Vlonvfhq��uq§i��mikqdc��$gji0ikq

s�gj�un����ì���jymlvgjnopr���xloprgj�*�@gj� �ì��q}�x�@yhgj�us��uqt�{p{��qmnolvf§sLgj�un\yv�@gjpr�vp{n E �u�ugj�@y§�Lq}�x�@yhgj�us��uqty��@gjp �s�gj�un
m
� yhgj��lon��xp{nvqmikqm�Vl®ÒÓ���Óikfmlo�@gO�uq0�ulop{�{pr���x��l

(Z/pZ)∗
c*¨*qksunvgj�u�r²mikq®zOprqm�Vl��uq[yhqk���*ß p{�

nvqh�olvqÏ���N�x�@�;i��mikq ��p �®ymp{�rq �uq y}�x�rym�u�rqmn
#E(Z/pZ)

�V�N�x�@�
p
qh�vl[zOn��xp{ikqm�Vl��dn��x�@� c \��@q

zj�xnop��x��lvq��@qmlolvqmikqm��l$ikgjp{�@�7�N��Bz|q��uq�yhq�lvqh�vl Ô ���@q�Ò� �l���p{� Õ s�qmnoikqml$�uq�yhqmnolop�¦Nqmn$���§sunop{i®�x�{p{lvf� ßàqm�Vloprqmnv�$�uq\��ßàgjnv��nvq��uq
6000

yv�up�ïLnvqh�$�ufhymp{i®�x���Lcu��ßàqh�ol��u�[nvfh�o�u�{l��xl�sun��xlopr���@q ��gj�®�@q\��pr�osLgd�vq
sN�j�\� ß �u�ëæ���7oâdá���9®Þ��V�xn��x��lopr�v���x�Vl���ß��xnon �ml�qm���u�élvqmi0s@��q��Osu�{prymp{lvq§n��xpr��gj�u�N�x�u�rq Ô sLgj�{¯��@gji0p��x� Õ c¢@c���c���Å��*Ä9Ê}Æ?Á`Æ �?Ë`ÈÓÉVÁ " ÄU�#�!Á`ËIHJ�9È@Í Ô z|gjp{ngQ�©�R Õ cNÎ�p G

qh�ol��u��qm�@�vqmi��u�rq§i��u�up*� ß �u�@q§�j�u��p{loprgj�
[+] Ô �j���vg�ymp��xlop{z|q Õ qmlt�op a

qml
b
�vgj��l��uqm���Xqm�Vloprqmnv�}�9�x�rgjnv�

[a]([b]x) = [b]([a]x) = [ab]x
s�gj�un

lvgj�ul
x ∈ G

c Î��usus�gd�vgj�@�����@q��uqm���ésLqmnv�vgj�u�N�x�|qh�
A
qml

B
�@q��vqìyhgj�u�N�xpr�v�vqm�Vl�sN�j��qml�z|qm�u�rqm��l

fhyv�N�x�u�|qmn��u�@q�ym�rft�uq�yv�up�ïLnvqmikqm�VltÒ��@���x�|q��u�upr�V�@q Ô sLgj�un��u�Ï�u�upr�V�@q�ikqh�v���x�|qd�usN�xn�q���qmi0su�rq�@�x�@�Ó�rqÏy}�j��nvq � ß �u� �jyv�N�xl�zOp�� O ��lvqmno�@qml Õ c�«-l��x�Vlé�ugj�u�@f {G, [+]} qml
x
su�u�u�{pryh�}�

A
qml

Byv�@gjpr�opr�v��qm�Vl��u�±qm�Vloprqmn Ô nvqh�os�qhymlop{z|qmikqm��l a
qml

b Õ yv�N�jym�u�>�@�x�@�t�rqm�un�yhgjp{�±qmltlon��x�@�oikqmlolvqm��l0Ò
�rqm�un�yhgjnonvqh�osLgj�@�@�x�Vl�nvqh�osLqhymlop{z|qmikqm�Vl

[a]x
qml

[b]x
cL�7�N�jym�u��uqh���uqm���és�qm�ul§�x�rgjnv�\���jymp{�rqmikqm�Vl

nvqhyhgj�@�olop{lo�@qmn
[ab]x

�-qmlk��ß �ulop{�{pr��qmnkyhgji0ikqéym�rf��uqéyv�up�ïLnvqmikqm�Vl�� �ufhyv�up�ïLnvqmikqm�Vl}c��$qmlolvq�pr�ufhqd�
�Hgj�@�@�xlonopryhqÓ�uqh�ìikfmlo�@g��uqh�0�uqÓym�rf[su�u�u�{pr�V�@q Ô gjó±��ß p{���Bgjnoi®�xloprgj�Ý�@fhyhqh�v���xp{nvq��x�Ýyv�up�ïLn��x�|q[�*ß��

� P c�� þhþ ^ _ ] ��� e � �fb ÿ�� _ 	$%´þ�� ] ��� lne ] � % b � ] eäÿ�����_ l b 	 ] þ � b ý%_ � K 	�� ] e �;e � D � � ] ����ýdþ~ÿ�� c _ 	 c ÿ�	ke � m
� �� �

e�! c _ c emlne � � e � �Bÿ£ýxýdþ �f_ � � # ÿ�e N e � �#" ] e ��ý �feml ] e � ü�F 	E^�þ�� c � ] þ ���%e e �;a�e$� ] ��_ � � aN := N + 1 − E(Z/NZ)
l�þ4a�ÿ�	�þ a e!ý2e � ] � �*ý��feml ] e � � � e � e � �fe c þ ��� � ��ÿ ] �f_�� � aN % �&% c e _�ÿ 	kemlnlne(' � ] �£þ ] �Pe �#) 	+* ] � b % _ 	 ] �fb a�e(,U_�� �6e ü
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	������	����
sN�j����qh��gjp{�é� ß �mlonvq§sunvgjlvfm�|fhqd�@yhqt���upL�B�jymp{�{p{lvq��dn��x�@�uqmikqm��l��´�ìlon��x�@�oi0pr�v�oprgj� Õ �@qh�vl����@q�Ò�¥�p �®qqml � qm�{�{i®�x� Ô b}°|ªj© Õ �?gjnop{�dp{�@qm�{�rqmikqm�Vl�s�gj�un G = (Z/pZ)∗

c
Ö��X�xsusLqm�{�rqØ�â�5VÙjá´çHæ���9®Þ / ç�íhåmávÞmæ��v�un G

��ßàgjsLfmn��xloprgj�X�V�up-Ò[sN�xnolop{nt�uq
[a]x

qml
x
�Bgj�uno�up{l��u�

a
�vgj�{�uloprgj� Ô qm�Ó�@gjl��xloprgj��i��u�{lop{su�{pry}�xlop{z|q [a]x → xa �O��ß��xsus�qm�{���xloprgj�éqh�vl$su�{�@���N�xlo�unvqm�{�rq Õ �Nqml\gj��@gjlvq

logx[a]x := a
c \���qh�osuprgj�Ïfmz|qm�Vlo�@qm�-�uqh��fhy��N�x�u�|qh��qm��lonvq

A
qml

B
�@q���pr�vs�gd�vq��x�éi0prqm���

�V�@q$�uq
x
�
[a]x

�jqml
[b]x

qml!p{���vqmi��u�rq���p �®ymp{�rq�� ßàqm�0�ufh���up{nvq
[ab]x

�opO�rq$sunvgj�u�r²mikq������rgj�V�xnop{lo�uikq
��pr�vymnvqml�qh�ol��xnv�����v�un

G
c

«��¼sN�xnoloprym�u�{prqmn}�=gj�ësLqm�ul�sunvqm�@��nvq
G = {(Z/pZ)∗,×} �*i®�xpr��p{�7q���pr�olvq®�u�@q[�xlol��j���@q®q�� �y}�jyhqdc1¨�ß pr�ufhqqh�ol�lonv²h���op{i0su�rqd�1�Hgj�@�ufhq[�o�un��rqh��i��mikqh��sunvgjsunoprfmlvfh���uq0�Hnop��x�up{�{p{lvf�V�@q®s�gj�un����

�B�jymlvgjnopr���xloprgj� �jgj�ky��@qmnvyv�@q��Lq}�x�@yhgj�us®� ßàqm�Vloprqmnv�
c
lvqm�r�-���@q

xc mod p
�xz��kyhgji0ikq�qm��loprqmn}�|�vgjp{l

�`nop��x�u�rq-ÐL�hz|qhyì�o���®���xi0ikqm��l��uq
c
gj� s�qm�ul�y}�x�rym�u�rqmn

logx pi
sLgj�un�lvgj�@���rqh��ðñsLqmlop{lv�äòtsunvqmi0prqmnv�

qm�ëp{�Vz|qmnv�´�x�Vl�����i®�xlonopryhq�ugj�u�N�x�Vlì���Ó���jymlvgjnopr���xloprgj�>�uqh�
xc qm�X�Bgj�@ymloprgj�±�uqh�

pi
c1�=gj�un��u�

b�xno�up{lon��xp{nvqd�Lp{�=�o���kl§qm�@�o�up{lvq��uqìlonvgj�uz|qmn��u�
c
lvqm�-�V�@q

bxc �vgjp{l��`nop��x�u�rqìsLgj�un�gj�ulvqm�up{n logx(b)qm�é�Bgj�@ymloprgj�Ï�uq
c
qml��uqh�

logx pi
�V�up9�vgj�Vl�i®�xp{�Vlvqm�N�x�Vltyhgj�u���@�}c�¨*qh�\nvqhyhgjnv�u�§�jymlo�@qm�r��s�gj�un��rq

y}�x�rym�u�$�uq[�rgj�V�xnop{lo�uikqh�0��pr�vymnvqmlv�ìsN�xn0yhq®l#¯�sLq®�uq[ikfmlo�@g��uqÓ�vgj��lì�uq[��ßàgjnv��nvqÓ�uq
120

yv�up�ïLnvqh�
s�gj�un

p
c

�!�xn�yhgj��lonvqt�op
G = {E(Z/pZ), [+]} qh�vl��u�@qtyhgj�uno��q§qm�{�{p{sulopr���@qd�@yhqmlolvq��xlol��j���@q§�@q�i®�xnvy��@qsN�j� �Op{�*�*ß ¯�ìsN�j�\�uq��Lgj�u�@q§�@gjloprgj���uq��Hnop��x�up{�{p{lvfdc@  ��ß �@qm�unvq��jymlo�@qm�{�rqd�ui��mikq§�u��sunvqmi0prqmn��uq

50
yv�up�ïLnvqh��yhgj�@�olop{lo�@q��u�@q�q���yhqm�{�rqm��lvq�sunvgjlvqhymloprgj� � cO«-z�pr�uqmi0ikqm��l}��su�{�@�$�rqh�7�@gji��unvqh�\Òtlon��xp{lvqmn

�vgj�Vl�s�qmlop{lv���@su�{�@��p{�=qh�ol��B�jymp{�rq��uq�sunvgj�dn��xi0ikqmn��rqh���x�{�|gjnop{lo�uikqh�§� ßàfhyv�N�x�u�|qh� Ô �@gjl��xi0ikqm��l§�rqy}�x�rym�u�\�uq
[a]P

�@�x�@� E(Z/pZ) Õ �o�unk�uqh��sunvgOyhqh�v�vqm�unv��sLqm�>��gjsu�upr�olopr�V�@fh���!sN�xnkq���qmi0su�rq��uqh�
y}�xnolvqh��Ò�su�@yhqh�}c
¨1q�yhg��@�x�|q ¶ ÎO  Ô ¶ p{z|qh�ol}�£Î��N�xi0p{n}�} ����rqmi®�x�b}°|ªdª Õ qh�ol sunvgOyv�@q��uq�yhqmlolvq-sunvg�yhfh���unvq�� ßàfhyv�N�x�u�|q�uq�ym�rfh�}�ui®�xpr���Bgj�@�uf��o�un\���®��p �®ym�u�{lvfìÒ��B�jymlvgjnopr�vqmn��u�é�dn��x�@� qm�Vloprqmn

N = pq
�@gjó

p
qml

q
�vgj��l

sunvqmi0prqmnv�}� �uq�l��xp{�{�rqh�tyhgji0sN�xn��x�u�rqh�}c!�$qmlolvqì�Hgjpr� � ymp-p{�-�*ß ¯�su�{�@�t�o¯Oikfmlonoprqd�Li®�xpr�§�u�Xyv�@q~�����up
yhgj�u�N���rl

p
qml

q
qmlÓy}�x�rym�u�rq��u�@qÏsN�xp{nvq � ßàqm�Vloprqmnv�

(c, d)
lvqm�r��V�@q

cd = 1 (mod φ(N))
�$gjó

φ(N) := (p− 1)(q − 1)
c O �?�V�xnv�uq

d
Ò���ß��x�unop Ô d yhgji0ikq§�ufhyv�up�ïLnvqmn}�uydßàqh�ol$�u�@q�ym�rf���qhymnv²mlvq Õ �uqmlsu�u�u�{prq

c Ô y��up�ï�nvqmn}�?ym�rf§su�u�u�{pr���@q Õ c\��@q\�|fm�@fmn��x�{pr�´�xloprgj�[p{i0ikfh��p��xlvq����ksLqmlop{l�lo�@fhgjnv²mikq��uq\¡@qmnoi®�xl}�O���@q�Ò§«-�u�rqmn}��p{�@��pr���@q����@q
xφ(N) = 1 (mod N)

sLgj�un�lvgj�ul�qm�Vloprqmn
x
sunvqmi0prqmn7Ò

N
cd¥�gj�@y��rqh�-lon��x�@�ä�Bgjnoi®�xloprgj�@�7�uq

Z/NZ�ugj�u�@fhqh�\sN�xn
x → xc qml y → yd �vgj�Vl�p{�Vz|qmnv�vqh����ß �u�@q��uq§��ß��x�ulonvqdcLÎ�p �u�éikqh�v���x�|q 0 < x < Nqh�ol�y��up�ï�nvf�sN�xn����klon��x�@�ä�Hgjnoi®�xloprgj�

x → y := xc (mod N)
�?�rq�y}�x�rym�u�

yd (mod N)
nvqh�ugj�u�@q

�rq
x
p{�up{lop��x��c O ymp��L�����p �®ym�u�{lvf0zOprqm�Vlt�uq0yhq0���*ßàgj� �@q0���xp{l�sN�j�§y}�x�rym�u�rqmn

d
Ò[sN�xnolop{n��uq

c
���x�@�

yhgj�u�N���rlonvq
φ(N)

�!�up
φ(N)

ÒÏsN�xnolop{nk�uq
N

���x�@�
p
gj�

q
c!¨*q�yv�@q~��s�qm�ul0�ugj�@yÓsu�u�u�{prqmnk���x�@�

ymn��xp{�Vlvq
c
qml

N
qml��*ß p{i0sLgjnolvq����up@sLgj�unon����{�up?qm��z|g}¯|qmn��uqh�-ikqh�v���x�|qh�7�V�*ß p{�?�vqmn��§�vqm�u�?Ò§s�gj�uz|gjp{n

�ufhyv�up�ïLnvqmn}c
¶ ÎO �gxïLnvq§��ß��}zj�x��l��x�|q��uq§sLqmnoikqmlolonvqt�u�@q��x�ulo�@qm�Vlop�¦Ny}�xloprgj� �uqh��ikqh�v���x�|qd�*ç6A`Þ4A@�u�ésunvg�yhfh�uf

�uq�vp{�d�N�xlo�unvq �!�op�gj�>z|gj�@�0�vgj�uikqml0�u�>ikqh�v���x�|q
x
�=z|gj�@��s�gj�uz|qmÑÓ�rqÓ�op{�d�@qmnk�hz|qhyÓz|gjlonvqÓym�rf

�vqhymnv²mlvq
d
�
x → y := xd c!�1gj�ulvqÓsLqmnv�vgj�u�@q�yhgj�u�N�xpr�v�´�x�Vl0z|gjlonvq�ym�rfsu�u�u�{pr�V�@q c

�!�V�@qz|gj�@�
�*ß��hz|qmÑt�x�@ym�u�@q�n��xpr��gj��uq�y}�jyv�@qmn�su�upr�v���@q������ufhyhgj�uz|qmnolvq��@q�yhgji0sunvgjikqml�qm�®noprqm��rq��o¯O�vlv²mikqd�
s�qm�ul9�x�rgjnv�9z|fmnop�¦Nqmn1z|gjlonvq7�op{�d�N�xlo�unvq7sN�xn*����lon��x�@�ä�Bgjnoi®�xloprgj�

y → yc cxÎ�pVqm�{�rq7gj�uloprqm�Vl=�rq�ikqh�v�´�x�|qp{�Vlvqm�{�{p{�dp{�u�rq
x
�uqm�{�rq������

((

sunvqm�uz|q
))

���@q§z|gj�@�\yhgj�u�N�xpr�v�vqmÑ�����ym�rft�vqhymnv²mlvqdc
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  y}�x�@��q��uqh��sunvgj�dnv²h���@�x�@���rqh��lvqhyv�u�upr���@qh�§�uq§���jymlvgjnopr���xloprgj�@�}�

N
�ugjp{l �mlonvq��dn��x�@� � c?¥�gj�@y

¶ ÎO  qh�ol=nvqm���xlop{z|qmikqm�Vl$yhg�Bulvqm����Ò�ikqmlolonvq�qm��sun��xlopr�V�@q�sLgj�un!�uq7�dnvgd�!z|gj�{�uikqh���uq$�ugj�u�@fhqh���dgj�
s�gj�un$�uq\sLqmlop{lvqh�$y}�x�rym�u�rqmlolvqh��c�«-�{�rq�qh�ol$�o�unolvgj�ul7�ulop{�{pr��fhq�yhgji0ikq�sunvg�yhfh�uf��uq��vp{�d�N�xlo�unvq Ô y}�xnolvqh��u�rqm�@qh� Õ c¢@c ¢@c���Æ�& �=Å£È'�ÏÉVÆ?Ã �NÅ��1ÈOÃ�Ê4�dÍ Ô z|gjp{n>Q�¤�R Õ c-Ö��>�xsusLqm�{�rq�æHá~ç�×�Ø{Þmæ�× �dæ��OÙ 5|âjá~çHåmç�Þ~Ú �u�¼s�gjp{��l�n�� �loprgj�u�@qm�

(x : y : z) ∈ C(Q)
���Ïyhqmnvym�rq C : X2 + Y 2 = Z2 cL�$qt�vgj��l��rqh����p{ikqm�@�vprgj�@��� ß �u�élonop ��x�u�d�rq7nvqhyml��x�u�d�rq\Ò�yhgjlvfh�-�uq$�rgj�u�d�@qm�unv�!n��xloprgj�u�@qm�{�rqh�}cVÖ��0��p{l-�V�*ß �u�0qm��loprqmn

n
qh�ol\åvâjÚ 5já´î@Þ~ÚNæ!�}ß p{�qh�ol���ß��xp{nvq�� ß �u�[lvqm�Nlonop��x�u�d�rq Ô = XY/2 Õ cO�=�xn$q���qmi0su�rq 6

qh�ol7yhgj�u�dno�@qm�Vl Ô �j�v�vgOymprf�Ò (3 : 4 : 5) Õ �
5
�x�@���op

(3/2 : 20/3 : 41/6)
�
157

�x�@�v�op sLgj�un
X =

411340519227716149383203

21666555693714761309610
, Y =

6803298487826435051217540

411340519227716149383203

Z =
224403517704336969924557513090674863160948472041

8912332268928859588025535178967163570016480830Ô ydßàqh�ol�����su�{�@�$ðñsLqmlop{lvq~òt�vgj�{�uloprgj� Õ c¡Nqmnoi®�xl��kikgj��lonvf�sN�xn��uqh��yhqm�Vlvq�p{��¦@�uprq��V�@q
1
�*ßàqh�ol�sN�j��yhgj�u�dno�@qm��l}� ydßàqh�ol§fh�V�up{zd�x�rqm�Vl��x�

ðñlo�@fhgjnv²mikq��uq�¡@qmnoi®�xläò�sLgj�un���ßàq��OsLgd���x��l
4
cVÖ��kikgj�Vlonvq��V�@q

n
qh�ol�yhgj�u�dno�@qm��l7�op@qml���qm�u�rqmikqm�Vl

�op����éyhgj�uno�Lq®qm�{�{p{sulopr���@q En : Y 2 = X3 − n2X
�é�u�ësLgjp{�Vl�n��xloprgj�u�@qm��� ßàgjnv��nvqkp{��¦@�up��=qml�yhq

s�gjp{��l��ugj�u�@q§�u�élonop{su�rqml\s�¯�lo�N�x�|gjnoprymprqm� yhgj�Vz|qm�N�x�u�rqd��qm�Ó�B�xp{l��u�@q�p{��¦@�up{lvfdc
+ ÎO¥�p{i0su�{pr�V�@q�x�rgjnv�[���@q

n
qh�ol[yhgj�u�dno�@qm��lÓ�vp�qmlÓ�vqm�u�rqmikqm�Vl��op

L(En, 1) = 0
c$«-�Û���xp{l

��ß p{i0su�{pry}�xloprgj�ëqh�ol��u�lo�@fhgjnv²mikqk�uqk�$g|�xlvqh� ��� p{�rqh� Ô b}°|ªdª Õ �*ÒÓy}�x�@�vq��uq����[�Bgjnoikq��osLfhymp��x�rq0�uq
En Ô yhgj�uno��qìÒ�i��u�{lop{su�{pry}�xloprgj�yhgji0su�rq���q Õ Ð��vqm�u�rq§���0nvfhymp{sunvg����@q Ô �op L(En, 1) = 0

�?�x�rgjnv�
n
qh�ol
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∑
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