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A self-contained proof of the strong-type capacitary
inequality for the Dirichlet space

Omar El-Fallah, Karim Kellay, Javad Mashreghi, and Thomas Ransford

ABSTRACT. In this expository article, we give a self-contained proof of the
strong-type capacitary inequality for functions in the Dirichlet space. We also
show that such functions possess boundary limits in exponentially tangential
approach regions at almost every point on the unit circle.

1. Introduction

Let f be a function holomorphic in the unit disk . The Dirichlet integral of
f is defined by

D)= 1 [IFCIFaAG)

where dA denotes area measure. The Dirichlet space is the vector space of all f
holomorphic in D for which D(f) < oco.

An easy calculation shows that, if f(z) = 3, <, ax2®, then D(f) = >, klax|*.
It follows that D is a subspace of the Hardy space H2, and that it is a Hilbert space
with respect to the norm || - ||p given by

11D = If3= + D) = D (k + Dlarl*.

k>0

We denote the corresponding inner product by (-, -)p.

It is well known that, if f € H?, then the non-tangential limit f*(¢) exists at
almost every point ¢ of the unit circle T, and f* € L?(T). Since D is contained
in H?, it obviously inherits the same property. But in fact much more is true: if
f € D, then

e the non-tangential limit f*(() exists for all ( € T outside a set of loga-
rithmic capacity zero;
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e the boundary limit function f* satisfies the capacitary strong-type in-
equality

/0 c(If*| > ttdt < A|lf|3,

where ¢ denotes logarithmic capacity, and A is an absolute constant;
e for all ¢ € T outside a set of Lebesgue measure zero, f(z) — f*(¢) as
z — ( in each region

|z —¢| < A(log %M)_l (k> 0).

Our aim in this expository article is to give self-contained proofs of these results.
In particular, we assume no prior knowledge of capacity. Our approach follows an
idea of A. Borichev, which appears to lead to simpler proofs than the ones commonly
found in the literature.

2. Capacity

Throughout this section, we fix a compact metric space (X, d) and a continuous
decreasing function K : (0,00) — [0,00). The function K is called a kernel. We
extend the definition of K to 0 by defining K(0) := lim;_,q+ K(¢). It may well
happen that K(0) = oo, and in fact this is the case for most interesting kernels,
though we do not insist upon it. However, in order to avoid trivialities, we do
assume that K # 0.

Definition 2.1. Let p be a finite positive Borel measure on X. Its K -potential
is the function Kp : X — [0, 00] defined by

/K (x,y)) du(y) (x € X).
The K-energy of p is defined as

— [ Knau= [[ K. duto) duty)

Clearly I (u) € [0,00]. In fact it is not hard to see that I (i) > 0. However,
it is quite possible that I (1) = .

Definition 2.2. Let F be a compact subset of X. We write P(F) for the set
of Borel probability measures on F. The K -capacity of F is defined by

(2.1) ex(F):=1/inf{Ix(p) : p € P(F)}.
In particular cx(F) = 0 if and only if there is no measure p € P(F) with

I () < 0o. The following result gives some basic properties of capacity as a set
function.

Theorem 2.3. (i) cx(0) =
(i1) If Fy C Fg, then cx(F1) < ck ( h).
(i) cx (Fy U F,) <ck(Fi)+ -+ cx(Fn).
PRrROOF. Parts (i) and (ii) are obvious. For (iii), set F':= U} Fy. Let u € P(F).
For each k, let uy be the measure given by puy(S) := p(SNE \ (FLU--- U Fi_1)).

Then p = Ek:l [k, SO
> T ().
k=1
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On the other hand, each measure pj is supported on Fj, so, by the definition of
capacity and a simple scaling argument, I (ux)cr (Fi) > ux(Fy)?. Hence, using
Schwarz’s inequality, we have

F)= i#k(Fk i\/ i () e (Fy) (ZIK HE ) /2(i0K(Fk))
k=1 k=1

k=1

1/2

Combining these estimates, we obtain I (1) >._, ¢k (Fx) > 1. As this holds for
all 4 € P(F), we deduce that >, _, ¢k (F)) > ¢k (F), as required. O

Next, here is a simple upper bound for capacity in terms of diameter.
Theorem 2.4. If F' is a compact subset of X, then cx(F) < 1/K (diam(F)).
PRrROOF. If y € P(F), then

/ K(diam(F)) du(x) du(y) = K (diam(F)).
It follows that cx (F) < 1/K (diam(F)). O
Corollary 2.5. For every compact set F we have ck (F) < oo.

ProOF. By assumption K # 0, so there exists dy > 0 such that K(dp) > 0. A
compact set F' can be covered by finitely many compact sets Fi, ..., F;, of diameter
at most do, so cx(F) < cx(F1) + -+ + cx(Fn) < n/K(dy) < 0. O

The next result is sometimes expressed by saying that capacity is upper semi-
continuous.

Theorem 2.6. Let (F,)n,>1 be a decreasing sequence of compact subsets of X,
and let F := NpF,. Then cix(F) = lim, cx (F,).

The proof makes use of the notion of weak*-convergence of measures. Recall
that a sequence of finite measures (u,) on X is weak*-convergent to p if [ g dp, —
J gdu for every continuous function g on X.

Lemma 2.7. Let (u,) be a sequence in P(X) that is weak*-convergent to
w € P(X). Then liminf, oo Ix(pn) > Ik (1).

PROOF. We first claim that, if f : X x X — R is a continuous function, then
[ fdpndpn — [[ fdpdp as n — co. Indeed, this is clearly true if f has the form
f(z,y) = g(x)h(y), and, using the Stone—Weierstrass theorem, a general continuous
f may be uniformly approximated by finite sums of functions of this special form.

If K(0) < oo, then we can apply the claim with f(z,y) := K(d(z,y)), and de-
duce that I (pn) — Ik (u). For the general case, consider Kr(t) := min{K (¢),T}.
By what we have just proved, Ir, (1) = limy, oo Ix, (tin). Clearly Ik, (pn) <
Ik (pn) for all n, and so Ik, (p) < liminf, oo Ix(un). Also, by the monotone con-
vergence theorem Ix, (1) = I (p) as T — oo. Hence I (i) < liminf,, oo Ix (tin),
as required. (I

PROOF OF THEOREM 2.6. By Theorem 2.3 (ii), the sequence cx (F,,) decreases
and ci (F,) > cx (F) for all n. We need to show that lim, . cx (F) < cx (F).

For each n, pick u, € P(F,) such that Ix(u,) < 1/ck(F,) + 1/n. By the
Banach—Alaoglu theorem, there exists a subsequence of the w,, which is weak*-
convergent to some pu € P(X). Relabeling, if necessary, we may as well suppose that
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this is the whole sequence. Note that p is supported in F;, for each n, so u € P(F)
and Ix(p) > 1/cx(F). On the other hand, by Lemma 2.7, we have Ix(u) <
liminf, oo Tx (pin) < limp oo 1/ck (Fy). Tt follows that lim, o0 cx (Fr) < e (F).

O

Now we extend the definition of capacity to non-compact sets.

Definition 2.8. Let E be an arbitrary subset of X.
e The inner K-capacity of F is defined by

¢k (E) :=sup{ck(F): F C E, F compact}.
e The outer K -capacity of E is defined by
cx(E) :=inf{cxg(U): U D E, U open in X}.

Evidently cx(E) < ¢ (E). A set E is called capacitable if cx(E) = ¢ (E).
It is clear that open sets are capacitable, and Theorem 2.6 shows that compact
sets are capacitable too. In fact, it can be shown that every Borel subset of X is
capacitable (Choquet’s theorem), but we do not need that result here.

The next theorem summarizes some basic properties of cj.

Theorem 2.9. (i) ¢} (0) = 0.
(11) If FE; C EQ, then C?{(El) < C?{(EQ)
(i) ¢ (Urz1Ek) < D4y i (E).
In particular, the outer capacity of set does not change if we adjoin to it a set

of outer capacity zero. Also, a countable union of sets of outer capacity zero is still
of outer capacity zero.

PROOF. Parts (i) and (ii) are obvious.

For part (iii), we consider first the case when each Fj is an open set Uy. Let
F be a compact subset of UpUy. By compactness, there exists n > 1 such that
FcUyJ---UU,. We can write F' = F; U ---U F,,, where each F} is a compact
subset of Uy. Then, using Theorem 2.3 (iii), we have

cx(F) < ex(Fr) < ex(Us) £ ex(Us).
k=1 k=1 k>1
As this holds for each such F, we obtain cx(UpU) < Y, c¢x(Ug), proving the
result in this case.

For the general case, we may suppose that ¢} (Er) < oo for all k, otherwise
there is nothing to prove. Let ¢ > 0, and, for each k, let Uy be an open set such
that U, D Ej, and c¢(Uy) < ¢*(Ex) + ¢/2F. Then U,Uy is an open set containing
Ux Er, and, by what we have already proved,

e (UkUk) <> exc(U) < che(Br) + e
k k

Thus c¢j; (UpEg) < >4 ¢ (Ex) + €. This holds for all € > 0, whence the result. O

Next, we consider the important class of measures for which the infimum is
attained in (2.1).

Definition 2.10. Let F be a compact subset of X such that cx(F) > 0. An
equilibrium measure for F' is a measure v € P(F') such that Ix () > Ix(v) for all

wePF).
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Clearly, if v is an equilibrium measure for F, then cx (F) = 1/Ix(v).

Theorem 2.11. Let F be a compact subset of X with cx(F) > 0. Then F has
an equilibrium measure.

PRrROOF. For eachn > 1, choose ,, € P(F) such that Ik (un) < 1/cx(F)+1/n.
A subsequence of the pu, converges weak* to some v € P(F). By Lemma 2.7, this
v must satisfy Ix(v) < 1/ck(F), so it is an equilibrium measure for F. O

For many kernels K, it turns out that the equilibrium measure is unique. We
shall not pursue this here. We do however need the following version of a theorem
of Frostman, sometimes called the fundamental theorem of potential theory, which
details some special properties of the potential of an equilibrium measure. We write
supp p for the (closed) support of a measure .

Theorem 2.12. Let F be a compact subset of X such that cx(F) > 0. Let v
be an equilibrium measure for F. Then:
(i) Kv(z) < Ix(v) for all x € suppv,
(i) Kv(z) > Ix(v) for all x € F'\ E, where ¢ (E) = 0.
Lemma 2.13. If i is a finite positive Borel measure on X, then its potential
Ky is a lower semicontinuous function on X .

PRrROOF. Let z, — x¢ in X. By Fatou’s lemma, we have
liminf [ K(d(zn, y)) du(y) > / K (d(zo,y)) du(y).

In other words liminf, oo Kp(z,) > Ku(xo), as required. O

PROOF OF THEOREM 2.12. We first claim that, if u € P(F) and Ik (1) < oo,
then [ Kvdu > Ix(v). In showing this, we may as well suppose that [ Kvdu < oo,
otherwise there is nothing to prove. For each ¢ € (0,1) consider the measure
we :=tu+ (1 —t)v. A simple calculation shows that

I () = I (v) +2t(/Kudu—IK(u)) +t2(IK(u)+IK(u) —2/Kudu).

Also, since p; € P(F), it must satisfy Ix(p) > Ix(v) for all ¢ € (0,1). It follows
that [ Kvdp > Ik (v), as claimed.

(i) Suppose, if possible, that Kv(z) > Ik (v) for some x € suppr. As Kv is
lower semicontinuous, there exists a neighborhood N of z such that Kv > I (v)
on N. As x € supp v, we must have v(N) > 0, and hence

/ Kvdv > Ix(v)v(N).
N

Also, applying the claim at the beginning of the proof to the measure u(S) :=
v(S\ N)/v(X \ N), we have
Kvdv > Ig(v)v(X \ N).
X\N
Adding together the two inequalities, we obtain

/Kl/dl/ > I (v),

which is clearly a contradiction. Hence Kv(z) < Ik (v) for all x € suppv.
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(ii) For each n > 1, set
E,:={zxeF:Kv(x) <Ig({v)—1/n}.

As Kv is lower semicontinuous, F,, is compact. Suppose, if possible, that cx (E,) >
0 for some n. Then E,, possesses an equilibrium measure v,,. By the claim at the
beginning of the proof, we have

/Kl/dl/n > Ix(v).

On the other hand, since Kv < Ix(v) — 1/n on E,,, we have

/Kudun <Ig(v)-1/n.

This is clearly a contradiction. Thus, in fact, cx(E,) = 0 for all n. Setting
E :=U,>1E,, we therefore have ¢*(E) = 0 and Kv(z) > Ix(v) forallz € F\E. O

Though the notion of capacity has been developed in some generality, we shall
be interested mostly in the following special case.

Definition 2.14. Let X = T with the metric d(z,w) = |z — w|, and let
K(t) := log*(2/t). The corresponding capacity is called logarithmic capacity. We
shall denote it simply by ¢(-).

The choice of 2 in log™ (2/t) is largely for convenience, since T has diameter 2.
It could be replaced by any other constant A > 2. and the resulting capacity ca
would be equivalent in the sense that 1/ca(F) — 1/c¢(F) = log(A/2) for all F.

Another possibility, often seen in the literature, is to take K(t) = log(1/t).
This gives a non-positive kernel, but one can nevertheless define

¢(F) = exp(—inf{IK(u) RS P(F)})
The capacities ¢ and ¢ are related via the formula 1/¢ = log(2/¢). In particular,
¢(F) = 0if and only if ¢(F) = 0.
We shall need two results specific to logarithmic capacity on the circle. The

first is an estimate in terms of Lebesgue measure. We write |E| for arc-length
measure of F.

Theorem 2.15. Let E be a Borel subset of T with |E|> 0. Then
1
F)> ———.
AE) 2 {ogme/ 1Y
ProoF. Let K(t) :=1log"(2/t). Let F be a compact subset of T with |F| > 0.
Let p be the probability measure on F' defined by u(S) := |F' N S|/|F|. Then

Ku(z) = —
MO =TE] e

For a fixed value of z € T, the integral is increased by replacing F' with an arc in T
of the same length |F| centred at z. Thus

/Fl/2 /|F/2
1og
|F| \F|/2 |2$11f1(9/2 |F| \F|/2
|Fl/2m
log(1/t) dt = log(2mwe/|F).

2

IFI
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It follows that Ix (1) < log(2me/|F|), and therefore cx (F') > 1/log(2me/|F|). This
proves the result for compact sets.

The result for a general Borel set E now follows easily using the inner regularity
of Lebesgue measure, namely the fact that |E| = sup{|F|: F C E, F compact}. O

It is also possible to give an upper bound for the logarithmic capacity of an
arc in terms of its measure. However, no such bound is possible for general closed
subsets of T. Indeed, there exist Cantor-type sets E such that |E| = 0 but ¢(E) > 0.

The second result that we need is sometimes called the maximum principle for
potentials.

Theorem 2.16. Let X = T with the metric d(z,w) = |z — w|, and let K :
(0,00) — [0,00) be a decreasing convex function. If u is a finite positive Borel
measure on T and Ku < M on supp u, then Ky < M on T.

In particular, this result applies if K (t) := log™ (2/t).

PROOF. Let I be a connected component of T\ supp j, say I = (e, e*#), where
0 < B —a < 27. We shall prove that Ky < M on I.
If a <~ < g, then

9 —
e /K — ")) dp(e?) = / K(Zsin
[B,a+27]

Now sin is concave on [0, 7], and K is convex and decreasing on [0,00). Hence,
for each 6 € [B,a + 27, the function v — K (2sin(f — v)/2)) is convex on [a, ]
(perhaps infinite at the endpoints). Integrating with respect to u, we deduce that
v+ Kpu(e?) is convex on [, ). In partlcular Ku(e") < max{Kpu(e), Ku(e)}
for all ¥ € (o, 8). Now Ku < M at ¢, e*®, because both these points belong to
supp pt. Therefore Kpu(e?) < M for all ~y € ( ,B3). In other words Ky < M on I,
which is what we wanted to prove. (|

”Y) du(0).

Combining this result with Theorem 2.12, we obtain the following important
corollary.

Corollary 2.17. Let X = T with the metric d(z,w) = |z — w|, and let K :
(0,00) — [0,00) be a decreasing convex function. Let F be a compact subset of T
such that cx (F) > 0. Let v be an equilibrium measure for F. Then:

(i) Kv(z) <Ig(v) for allxz €T,
(i) Kv(z) = Ik (v) for all x € F'\ E, where ¢ (E) = 0. O

3. Cauchy transform

The rest of this article is based upon a representation formula for functions
in D in terms of the Cauchy transform, which we shall establish in this section. We
begin with some notation.

Definition 3.1. Let A := {z € C: 1 < |z| < 2}. We write L*(A) for the
Hilbert space of measurable functions ¢g : A — C such that

1
laly = 5 [ low)? dA(w) < .
A
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Given g € L%(A), we define its Cauchy transform Cg: D — C by

Cyg(z) := l/A 9(w) dA(w) (z € D).

™ w—z

Using Schwarz’s inequality, we see that Cg(z) is well-defined for all z € D, and
that Cg is holomorphic in D. In fact, as the next result shows, it belongs to the
Dirichlet space.

Theorem 3.2. If g € L*(A), then Cg € D and ||Cgllp < v/3/2||gllL2(4)-
PROOF. Let g € L?(A). For each z € D, we have

B o= (5 [ L daw)s = St 60 et

k>0 k>0

where ¢ (w) := 1/w", and (-,+)12(a) denotes the inner product on L?(A). Hence
ICglI =Y (k + 1)I{g, bn) 2wy >
k>0
Now (¢ )k>0 is an orthogonal sequence in L?(A), so, by Bessel’s inequality,
Z(k + Dg, ¢x) L2y > < Bllgll7zay,
k>0

where B := supjo(k + 1)[¢x[72(4- A calculation gives

1 1 2 dr log4 k=0
2 2 44 :2/—= ’ ’
ll6klI72a) W‘/;|u42k+2 (w) 1 T2kl (1—-47%)/k, k>1.

Therefore B = 3/2 and the result follows. (Note that the constant /3/2 in the
theorem is sharp: just take g(w) = ¢ (w) = 1/w?2.) O

In fact the Cauchy transform maps L?(A) onto D. This is the next result,
which may be viewed as a representation theorem for the Dirichlet space.

Theorem 3.3. Given f € D, there exists g € L*(A) such that f = Cg and
lgllzza) < [ fll-

PRrROOF. Let f € D, say f(2) = > 15 arz®. Let ¢p(w) := 1/w**1 as in the
previous proof, and consider g := Ekzo(ak/H(kaQLz(A))gbk. As (¢r,) is an orthogonal
sequence in L?(A), and as

Do lalP /N dlgagmy < Dk + Dlaw* = |If]13 < oo,
k>0 k>0

the series defining g converges in L?(A), and |g||z2a) < ||f|lp. Furthermore, by
(3.1), we have

Con(z) = > (bh: $i)rom?’ = [dklienyz® (€D, k>0),
j=>0
and therefore
Cg(2) =D (ar/llkll2s)Cor(2) = > arzk = f(z)  (z€D).
k>0 k>0

This completes the proof. ([l
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4. Beurling’s theorem

Recall that ¢(E) denotes the logarithmic capacity of E C T, and that ¢*(E)
is the corresponding outer capacity. Our main goal in this section is to prove the
following theorem of Beurling.

Theorem 4.1. Let f € D. Then there exists E C T with ¢*(E) = 0 such that,
if € T\ E, then f*({) := lim,_,,— f(r{) exists, and f(z) = f*(C) as z — ( inside
each region |z — ¢| < k(1 —|z]) (k > 0).

A property is said to hold quasi-everywhere (q.e.) on T, if it holds everywhere
on T\ E where ¢*(E) = 0. Thus Beurling’s theorem can be summarized by saying
that each f € D has non-tangential limits quasi-everywhere on T.

For the proof of Beurling’s theorem, it is helpful to extend the Cauchy transform
to the unit circle as follows.

Definition 4.2. Given g € L2(A), we define Cg : T — [0, 0] by

Co) = 7 [ 0 ddw) (e,

If ¢ € T and Cg(¢) < oo, then we set

¢o(0)i= = [ 2 dau)

Theorem 4.3. Let g € L?(A). Then Cg 15 lower semicontinuous on T.

Proo¥F. Let ¢, — (p in T. By Fatou’s lemma,

liminf—/ lg(w)] dA(w)E%/ lg(w)l dA(w).

|w — Cnl a Jw — ol

In other words, liminf, 5g(§n) > 5g(§0), as required. O

The next theorem shows that CNg plays the role of a sort of maximal function
(for more on this theme, see e.g. [26, p.332]).

Theorem 4.4. Let g € L*(A), let ¢ € T, and suppose that Cg(¢) < co. Then

(11) o)l < (1+ S55)00)  (zeD),

and Cg(z) = Cg(C) as z — ¢ in each region |z — (| < k(1 — |2|).

Proor. For z € D, we have

co) < L [ AL gaw) < sup =Sl o)

A lw— 2| T wea [w— 2|
Now, if z € D and w € A, then
=g Jw-zl+l= =, 2=
|w—z| |w — z| |w — z| 11—z
This gives (4.1).
Turning now to the second part of the theorem, for § > 0 let us define gs(w) :=
9(w)1 {1 <jw|<145}- Then, for z € D, we have

Cg(2) = Cg(Q)] < [C(g — 95)(2) = Clg = 95)(O)] + [Cgs(2)| + [Cgs(C)]-
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Now C(g — gs) is holomorphic on a neighborhood of D, so in particular
lim C(g — 95)(2) = Clg = 95)(C)-
zeD
Also, by (4.1),
z—=C\ 5
Coste) < (14 E5)Eanco)
and clearly |Cgs(¢)] < 595(0. Putting these facts together, we deduce that, for
each k > 0,

limsup  |Cg(z) —Cg(Q)| < (x5 +2)Cgs(C).
je—G1n(i 2D
This inequality holds for each § > 0. Since Cg(¢) < oo, the dominated convergence
theorem implies that Cgs(¢) — 0 as § — 0. Hence, for each > 0,

limsup  |Cg(z) — Cg(¢)| = 0.
z—
[2—¢|<K(1—|2])

This gives the result. O

Theorem 4.4 begs the question: on how large a set can 59(() be infinite? This
is where capacity enters the picture.

Theorem 4.5. Let g € L?(A). Then
c(Cg>t) < Allgll72a)/t? (t>0),
where A is an absolute constant.
The key to the proof of this theorem is the following elementary lemma.

Lemma 4.6. There exists B > 0 such that, for all (1,(s € T,

1 dA(w) B
— | ————————— < 2log—.
T Ja lw = Gllw = | G — ¢
PRrROOF. Making the change of variable z := (w — (1)/(¢2 — (1), we obtain

/ dA(w) _/ dA(z) </ dA(z)
I<qwl<2 [0 =Gllw =Gl Jicie,rco—c)zi<2 12112 =1 7 Jizjcayico—ai) 2112 = 117

Now
dA(z) / 1 1
—— < — 4+ ——— ) dA(z
[ o ) )

S/ dA(z) +/ dA(2) =47 + 6.
lzl<2 |2 lz1<s |2l

R
/ M<27T/ i§27r10gR.
2 2 1

<pai<r l2llz =11 7 r=

Also, for R > 2,

If we put all these inequalities together, then we obtain

1 dA 4
— # <10+ 2log —.
T Ja lw = Gllw = & ¢z — 1
This gives the required inequality with B = 4e°. (I
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PRrROOF OF THEOREM 4.5. For the time being, we work with the capacity cx,
where K is the kernel K(t) := log" (B/t), and B is the constant in Lemma 4.6.
At the end of the proof we shall make the necessary adjustments to obtain the
standard logarithmic capacity c. N

Let t > 0 and let F be a compact subset of {( € T : Cg({) > t}. Let p
be a Borel probability measure on F. Then, by Fubini’s theorem and Schwarz’s
inequality, we have

tS/FéVg(C)du
< llgllzeny / / o ) dA<w))”2.

Now, using Lemma 4.6, we have

%/A(/Fﬁdu //FW/W G |w G2 Aulr) diulCa)

= /F /F 2log m dp(Cr) dp(Go) = 21k ().

¢) dA(w)

If we put all this together, then we obtain ¢ < ||QHL2(A)(2IK(,U))1/2; whence
1/ Irc (1) < 2l|gll72n) /.
As this holds for each p € P(F), it follows that
i (F) < 2|l 72n)/t
And as this holds for each compact F in {59 > t}, we get
K (Cg > 1) < 2gl 720/t

It remains to relate cx to c¢. For this, note that the difference between their
respective kernels is log B —log2 = log(B/2), and so 1/ck (F)—1/c(F) = log(B/2)
for all compact sets F. Hence

c(F)/cx(F)=141log(B/2)c(F) <1+ log(B/2)c(T).

It follows that ¢(Cg > t) < A||g|\%2(A)/t2, where A := 2(1 + log(B/2)c(T)). O

Corollary 4.7. If g € L?(A), then Cg < oo quasi-everywhere on T.

PROOF. Since 59 is lower semicontinuous, for each ¢ > 0 the set {¢ € T :
Cg(¢) > t}is open in T. Thus ¢*(Cg = o0) < ¢(Cg > t) < Allg|72(,)/t* for all
t > 0. Letting t — oo, we get c*(CNg =o0) = 0. O

Finally, we are in a position to prove Beurling’s theorem.

PrOOF OF THEOREM 4.1. Let f € D. From Theorem 3.3 we know that f =
Cg for some g € L?(A). By Theorem 4.4, Cg has non- tangential limits at every ¢ € T
for which Cg(¢) < co. And by Corollary 4.7, we have Cg(¢) < co quasi-everywhere.
The proof is complete. O
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5. Weak-type and strong-type inequalities

The proof of Beurling’s theorem above yields a lot more information about the
boundary values of functions in D. In particular, the following important result is
more or less an immediate consequence.

Theorem 5.1 (Capacitary weak-type inequality). Let f € D. Then
(5.1) (>0 < AlfIB/E (> 0),
where A is an absolute constant.

PRrROOF. Using Theorem 3.3, we can find a function g € L?(A) such that f = Cg
and [|g|z2a) < [[fllp. By Theorem 4.3 the set {Cg > t} is open in T, and by
Theorem 4.5 we have ¢(Cg > t) < AHgH%Z(A)/t?, where A is an absolute constant.

Finally, |f*| = |Cg| < Cg q.e. on T. Assembling the picces, we obtain (5.1). O

Recall that | - | denotes Lebesgue measure on T, and that it is related to loga-
rithmic capacity via Theorem 2.15.

Corollary 5.2. Let f € D. Then
{157 > 6] < A=W (¢ > 0),
where A, B > 0 are absolute constants.
Proor. Combine Theorems 5.1 and 2.15. O
Corollary 5.3. Let f € D. Then exp(|f*|?) € L'(T).

PROOF. Assume first that || f||%, < B, where B is the constant in Corollary 5.2.
Then

L £ o0
/(eu ? _ 1)df :// otet” dt db :/ / otet” do dt
T TJOo t=0 J{|f*[>t}

:/ 2tet2|{|f*|>t}|dt§/ 2Atet” =B/ 11 gt < oo,
t=0 t=0

For the general case, write f = p + g, where p is a polynomial and ||g||% < B/2.
Then |f*|? < 2|p|? + 2|g*|? q.e. on T, whence

/JN”WWSJMi/Jﬂﬂﬁw<m
T T

O

This result is close to optimal. If p > 2 and f = (log —==)'/?, then f € D but

TI—z
exp(|f*|P) ¢ L(T).
The weak-type inequality, Theorem 5.1, can be strengthened a little further.
This extra strength turns out to be vital for certain applications.

Theorem 5.4 (Capacitary strong-type inequality). Let f € D. Then

(5.2) / (] > 0 de? < AlfIB,

where A is an absolute constant.
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PROOF. Once again, it will be convenient to work with the capacity cx, where
K(t) := log*(B/t) and B is the constant in Lemma 4.6. We shall prove that, if
g € L?(A), then

(5.3) /0 cx(Cg > t)dt* < 32[|g[I72(a)-

If so, then, since c¢ is majorized by a multiple of ck, the same inequality holds
with cx by ¢, and 32 replaced by another absolute constant. We can then finish
off the proof by using the representation theorem for D, exactly as in the proof of
Theorem 5.1. Thus, it remains to prove (5.3).

Let n > 1 and, for k = —n,...,n, let F} be a compact subset of {59 > 2k} Set
W= Zzzin 2ch(Fk)1/;€, where vy is an equilibrium measure for Fy. By Fubini’s
theorem and Schwarz’s inequality, we have

kinkaK(Fk)g/ng(C)du // = <| ¢) dA(w)
<ol (5 [ ([ g ant)) aa (DW

Using Lemma 4.6, we have

([ rg ) aaw=[ [ 2 Am g ) ()

: /T/Tmog G =g WG dn(Gz) = 2L ().

Now, by Corollary 2.17, we have Kvy, < Ix(v;) on T. Tt follows that f Kvjdy, =
[ Kvy dv; < I(vg) for all j, k. Therefore

Ik (p) = Z Z 29

2 cxe (Fy)2% e (Fy) min{Ix (v;), Ix (Vi) }

)

K(Fj)2ch(Fk) / KVj dl/}C
T

NE
NE

k:*’n,j:*n
= Z Z 292k min{ck (F}), cx (Fi)}
k=—nj=-n

n k
<2 ) N 22kek(Fy)
k=—nj=—n

n

<4 )" ek (Fy).

k=—n

If we put all this together, then we obtain

> 2%er () < llgllro (8 > 22ch(F’“))l/2’

k=—n k=—n
whence

> 2%ex(Fy) < 8llgl7aa)-

k=—n
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As this holds for all such compact sets Fj, we get

Z 2% (Cg > 2F) < 8”9”%?@&)-

k=—n

Finally, letting n — oo, we obtain

3 2%eg(Cy > 2%) < 8llgl2an),

k=—o0

and this implies (5.3). O

6. Tangential approach regions

In this section we shall consider limits along certain exponentially tangential
approach regions. Our aim is to prove the following result, due to Nagel, Rudin
and Shapiro [28].

Theorem 6.1. Let f € D. Then, for a.e. ( € T, we have f(z) = f*(¢) as
z — ( in each region

-1
|z—§|<f<a(log1_#|z|) (k > 0).

The proof is based on the representation formula of Theorem 3.3, and on a
slightly more sophisticated version of the estimate (4.1). In order to state the
estimate, we need to recall the notion of maximal function.

Given h € L*(T), its mazimal function Mh : T — [0, 00] is defined by

1 .
(Mh)(C) := sup o |h(e™)] db.
6>0 |6—arg (| <o
Mh is lower semicontinuous, and it satisfies the weak-type inequality
(6.1) (MR > )] < AllBllpmy /(6> 0),
where A is an absolute constant. For more details, we refer to [32, §7].

Lemma 6.2. Let g € L*(A) and let ( € T. Then
~ 3 1/2
62)  1Co(=)| < 2o(0) +2((Mh) (Ol ~ Cllog(7=7)) T (€D,
where
2
h(©) = [ lotrOPrar  (c e,
1
ProOF. Fix z € D. Clearly
1 [ lg(w)
<= | /2 dA(w).
ol < 7 [ 2 aA(w)
We shall estimate the right-hand side by splitting the domain of integration into
two regions, A; and Ag, say. Let 6 := |z — (| and set Ay := AN{w: |w— (| > 26}
For w in this region, we have
w—¢

w—z

_ =
=T —q-9

<2,
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and consequently

1 1 2 ~

T Ja, [0 — 2] T Ja lw =]

In the complementary region As, we apply Schwarz’s inequality:

i/ MdA(w)g (% |g(w)|2dA(w))1/2(l/ #dA(w))l/Z

T JAs |w — 2| Ao T JAs lw — z|?

Now Ay is contained in the sector {1 < r < 2, |§ —arg(| < wd}. Hence
1 1 )
> [ lotwipaaw < - [ hy(e) db < 25(Mhy)(C).
™ |§—arg ¢|<md

Ao Q0

Also, we have

1 1 1 1
_/ ﬁdA(w)S—/ L dAw) = 210g —>
T Ja, W — 2| T J1- |21 <jw| <3 W] 1 — 2|

Putting all these estimates together, we obtain (6.2). (]

PrOOF OF THEOREM 6.1. Let f € D. By Theorem 3.3 we can write f = Cg,
where g € L?(A). We then have f(z) — f*(¢) = Cg(z) — Cg(¢) for all z € D and
a.e. ¢ € T. For § >0, let us set gs(w) := g(w)1{1<|w|<145}- Just as in the proof of
Theorem 4.4, we have

[Cg(2) = Cg(Q)] < |C(g = 95)(2) = Clg — 95) ()] + [Cgs(2)| + |Cgs(C)l,
where the first term tends to zero as z — ( unrestrictedly in I, and the third term
satisfies |Cgs(¢)| < Cg(¢). As for the second term, if we write

Qx(Q) :={z€D: |z = (] <r/log(3/(1—|z]))},
then by Lemma 6.2

[Cas(2)] < 2Cg5(C) + 2(k(Mhy, ) (O))
Putting this all together, we deduce that

limsup |f(z) — £*(¢)] < 3Cgs(C) + 2(k(Mhyg,)(C))
a0

1/2

(z € 2:(¢))-

1/2

Now, by Theorems 4.5 and 2.15, we have

|{C~gé >t} < Ae*Btz/HgsHZLzm),
and by (6.1)
{Mhg, > t}| < Allhg,llLim)/t < A'l|gsl172(n)/t;
where A, A’, B are absolute constants. Also, clearly, ||gs||z2(a) — 0 asé — 0. Hence,
given ¢ > 0, we can choose § > 0 small enough to ensure that both [{Cgs > €}| < €
and [{Mhg, > €}| < e. It follows that

limsup [ f(2) — f*(¢)] < 3¢ + 2(ke) /2
z—C
2€Q,(¢)
for all ¢ € T outside a set of measure 2¢. Letting € — 0, we deduce that
lim  f(z) = f*(¢)
z—C

2€Q,(¢)



16 EL-FALLAH, KELLAY, MASHREGHI, AND RANSFORD
for all ¢ € T outside a set of measure zero. O

7. Further results

In this section we discuss very briefly and, for the most part, without detailed
proofs, some extensions of the principal results in this article, as well as some
theorems concerning their sharpness.

The two main theorems on boundary limits, namely Beurling’s theorem (Theo-
rem 4.1) and the theorem of Nagel-Rudin—Shapiro (Theorem 6.1), are the simplest
in a whole scale of results of this kind, with a playoff between the width of the
approach region and the size of the exceptional set. The following result is taken
from [36], where it is also shown to be optimal in a certain sense.

Theorem 7.1. Let f € D.

(i) For all { € T outside a set of logarithmic capacity zero, f(z) — f*(¢) as
z — ¢ in each region

{z:]z—¢| < (1 —|2))*} (K >0, A>0).

(i) Given 0 < v < 1, for all ( € T outside a set of y-dimensional Hausdorff
content zero, f(z) = f*(¢) as z — ¢ in each region

{z: |z —¢| <m(10g1_;|z|)1/’y} (k> 0).

It is not possible to widen the approach region any further than in (ii). Indeed,
given a function v : (0,1) — RT with lim;_ % (¢) log(1/t) = oo, it is possible to
construct f € D, f # 0 with infinitely many zeros in Q(¢) := {z : |z—(| < ¥(1—]z|)}
for each ¢ € T. Consequently, whenever lim,_,¢ .cq(c) f(2) exists, it must equal
zero, and this can only happen for ¢ in a set of measure zero. (This argument is
taken from [28].)

The fact that logarithmic capacity is optimal in part (i) can be demonstrated
using a construction of Carleson [10] (where it was actually used to prove something
a little different). The construction shows that, given a compact subset E of T of
logarithmic capacity zero, there exists f € D such that lim,_,1 |f(r¢)| = oo for all
¢ € E. By refining this construction, one can obtain the following more precise
result, taken from [15].

We write d for arclength distance in T and E, := {¢ € T : d(¢, E) < t}.

Theorem 7.2. Let E be a closed subset of T, and let n : (0,7] — Rt be a
decreasing continuous function. The following statements are equivalent:

(i) there exists f € D such that

lim inf | f(2)] = n(d(C, E)) (¢ € T);
(ii) there exists f € D such that |Im f(z)| <1 and

liminf Re f(2) > n(d(¢. E)) (¢ € T);

(i) E and n satisfy

(7.1) /07r c(Ey) |dn*(t)] < oc.
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That (ii) implies (i) is obvious, and that (i) implies (iii) follows easily from
the strong-type inequality, Theorem 5.4. The main thrust of the theorem is the
implication that (iii) implies (ii), which can be considered as a partial converse to
the strong-type inequality.

It is shown in [15] that (7.1) is implied by the condition

1
(7.2) /0 Bl (8)? dt < oc.

Thus (7.2) is sufficient for (i) and (ii) to hold. We conclude this section by giving
a simple direct proof of this fact in the case when 7 is convex. It is a consequence
of the following theorem (in which we write ‘dist’ for Euclidean distance).

Theorem 7.3. Let E be a closed subset of T, and let n : (0,2] — R be a
decreasing convex function. If (7.2) holds, then there exists f € D such that

(7.3) Re f(z) > n(dist(z, E)) (z € D).
PRrROOF. Let A :={w:1 < |w| < 2}, and define g : A — C by
g(w) := —=3wn’ (dist(w, E)/3)) (w € A).

We claim that g € L2(A). Indeed, writing w = re®® and denoting by d the arclength
distance, we have

dist(w, E) > max{(r — 1), (2/m)d(e”,E)} > (r —1)/2+ d(e",E) /.

Therefore, since |7’ (t)] is a decreasing function,

2w 2
[P aaw < [~ [ o
A 6=0 Jr=1
27 1
< 72/ / |’ (t)|* dt do
0=0 Jt=d(ei?,E)/3m

1
:72/ / I (8)[2 d dt
t=0 Jd(e? ,E)<3nmt

1
— 72 / (Bl (02 dt
t=0

/ r—1 i 0 ‘2
n(—6 +o-de E))| rdrds

1
< 2167r/ Bl (8)[2 dt.
t=0

By (7.2), this last integral is finite, thereby justifying our claim. (In fact, a very
similar calculation shows that (7.2) is also a necessary condition for g € L?(A).)
Now set f := Cg + n(1/3), where C denotes the Cauchy transform. Explicitly,

f(z):= 1 / (3_w) |7’ (dist(w, E)/3)| dA(w) +n(1/3) (z € D).
T Ja\w—2z
By Theorem 3.2, we have f € D. We shall show that f satisfies (7.3). Performing
the change of variable z — e*z, and using the obvious rotation-invariance proper-
ties of f, it is enough to prove (7.3) in the case when z = z € [0, 1). Furthermore,
since Re (w/(w — x)) is always positive for w € A, it is clear that Re f(x) > n(1/3),
so (7.3) is certainly true if dist(z, F) > 1/3.
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Suppose now that z = = € [0, 1) and that dist(z, F) < 1/3. We make the change
of variable w = = + pe’®. Note that w € A provided that 2dist(z, E) < p < 1 and
0 < ¢ < /3. Indeed, under these conditions, we have

|t +pe?| <z +p<2 and |z + pe'®| >+ pcos¢g > x + dist(z, E) > 1.

Also Re (3w/(w — x)) = 3 + Re (3x/pe’®) > 1/p and dist(w, E) < dist(x, E) + p.
Hence, after making the change of variable, we have

1 /3 1 1 ) )
Re f(r) > /0 /2 gy g1 (@S E) 4 0)/3) pdpds (13

1
- % / |7 ((dist(z, B) + p)/3)| dp +1(1/3) > n(dist(x, E)).
2 dist(z,E)

This gives (7.3) and completes the proof. ([l

8. Bibliographical remarks

82. Logarithmic capacity can be defined in many different ways: in terms of
energy [2, 5, 19, 21, 24, 31, 33, 34], potentials [1, 3, 11, 22, 27], réduites [4, 13, 20],
Green’s functions [17, 23, 29|, and transfinite diameter [30]. We have followed the
energy definition. Though these definitions may give rise to different numbers for
the logarithmic capacity of a set, they are all equivalent in the sense that any one
of them can be made small if any other is sufficiently small. In particular, the sets
of logarithmic capacity zero are the same, whichever definition is used.

§3. The representation theorem 3.3 is due to Dyn’kin [14]. The simple proof
given here is taken from Borichev [8].

§4. Beurling’s theorem (for radial limits) appeared in [7]. Our approach follows
Borichev [8].

§5. The weak-type capacitary inequality is due to Beurling [7]. He had earlier
obtained Corollary 5.2 in his thesis [6], showing that, if f(0) = 0 and D(f) < 1,
then |{|f*| > t}| < 2me! ™. This was later strengthened by Chang and Marshall
[12] (see also [16] and [25]), who proved that

sup{Aexp(|f*|2) do: f(0)=0, D(f) < 1} < oo.

The strong-type capacitary inequality is due to Hansson [18]. Our proof is adapted
from that given in [1].

§6. Theorem 6.1 is due to Nagel, Rudin and Shapiro [28]. Our approach is an
adaptation of their ideas and those in [8].

87. For more information about the playoff between the width of the approach
region and the size of the exceptional set, we refer to [8, 9, 35, 36]. Theorem 7.2
is taken from [15], where it is stated in a slightly different form. Theorem 7.3 we
believe to be new.
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