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Abstract This paper gives geometric tools: comparison, Nash and Sobolev
inequalities for pieces of the relevant Markov operators, that give useful
bounds on rates of convergence for the Metropolis algorithm. As an exam-
ple, we treat the random placement of N hard discs in the unit square, the
original application of the Metropolis algorithm.

1 Introduction and results

Let ©Q be a bounded, connected open subset of R, We assume that its
boundary, <2, has Lipschitz regularity. Let B; be the unit ball of R¢ and
0(z) = mlﬂ () so that f(p(z) dz = 1. Let p(x) be a measurable positive

bounded function on  such that fQ po(x)dx =1.For h €]0, 1], set

_ - . )
Knp(x,y) =h d¢<¥> mm(ﬁ(i),l), (1.1)
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and let 7}, , be the Metropolis operator associated with these data, that is,
Th,p(u)(x) =mp,p(x)u(x) + f Kp,p(x, Y)u(y)dy,
Q
iy =1 [ Kiple.y)dy 0. (12)
Q

Then the Metropolis kernel T} ,(x, dy) = myp ,(x)dx=y + Kp p(x, y)dy
is a Markov kernel, the operator T}, , is self-adjoint on L*(Q2, p(x)dx), and
thus the probability measure p(x)dx on K is stationary. For n > 1, we de-
note by T;:’, p(x, dy) the kernel of the iterated operator (7}, ,)". For any x € Q,
Ty ,(x, dy) is a probability measure on €2, and our main goal is to get some
estimates on the rate of convergence, when n — +o00, of the probability
T}ﬁ p(x, dy) toward the stationary probability p(y) dy.

A good example to keep in mind is the random placement of N non-
overlapping discs of radius € > 0 in the unit square. This was the original
motivation for the work of Metropolis et al. [8]. One version of their algo-
rithm goes as follows: from a feasible configuration, pick a disc (uniformly at
random) and a point within distance 4 of the center of the chosen disc (uni-
formly at random). If recentering the chosen disc at the chosen point results
in a feasible configuration, the change is made. Otherwise, the configuration
is kept as it started. If NV is fixed and € and % are small, this gives a Markov
chain with a uniform stationary distribution over all feasible configurations.
The state space consists of the N centers corresponding to feasible configu-
rations. It is a bounded domain with a Lipschitz boundary when Ne is small
(see Sect. 4, Proposition 4.1). The scientific motivation for the study of ran-
dom packing of hard discs as a way of understanding the apparent existence
of a liquid/solid phase transition for arbitrarily large temperatures (for suit-
ably large pressure) is clearly described in Uhlenbeck [12, Sect. 5, p. 18]. An
overview of the large literature is in Lowen [7]. Entry to the zoo of modern
algorithms to do the simulation (particularly in the dense case) with many ex-
amples is in Krauth [5]. Further discussion, showing that the problem is still
of current interest, is in Radin [9].

We shall denote by g(h, p) the spectral gap of the Metropolis operator
Th,p. It is defined as the largest constant such that the following inequality
holds true for all u € L2(p) = L%(2, p(x) dx).

1

72, = (s D) < iy Thootts )29, (1.3)

or equivalently,
/ 1) — u() Po)p(y) dx dy
QxQ

=<

T ) Joong e M) = uPp(x)dxdy.  (1.4)
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Definition 1 We say that an open set & C R? is Lipschitz if it is bounded
and for all a € 92 there exists an orthonormal basis R, of R, an open set
V = V’'x ]—a, a[ and a Lipschitz map n : V' — ]—a, «[ such that in the co-
ordinates of R,, we have

vnQ={0" ya <nO"). (¢'.ys) € V'x]—a, al},

vnaQ={G 10, y eV}

(1.5)

Our first result is the following:

Theorem 1.1 Let Q be an open, connected, bounded, Lipschitz subset of RY.
Let 0 <m < M < 0o be given numbers. There exists hg > 0, 69 €10, 1/2[ and
constants C; > 0 such that for any h €10, hol, and any probability density p
on Q2 which satisfies for all x, m < p(x) < M, the following holds true.

(i) The spectrum of Ty , is a subset of [—1 + 8o, 11, 1 is a simple eigen-
value of Ty, ,, and Spec(Ty,,) N [1 — 8¢, 1] is discrete. Moreover, for any
0 < A < 8oh~2, the number of eigenvalues of Ty , in [1 — h2x, 1] (with
multiplicity) is bounded by C1(1 + 1)4/2.

(i1) The spectral gap g(h, p) satisfies

Coh® < g(h, p) < C3h? (1.6)
and the following estimates hold true for all integer n:

(1= g(h, p))" =< sup T, (x, dy) = p(y) dyliry < Cae 80P (1.7)
xXe

The above results have to be understood as results for small /, other pa-
rameters of the problem being fixed. In particular, our estimates are certainly
not sharp with respect to the dimension d of the space. For instance, a care-
full look at the proof of estimate (1.7) shows that the constant C4 depends
badly on the dimension d (if one tracks the dependance with respect to d, the
bound obtained by the Nash estimates can not be better than de,[4)). Proving
estimate on C4 with respect to the dimension would be of great interest.

The next result will give some more information on the behavior of the
spectral gap g(h, p) when h — 0. To state this result, let

1 1
od = / p(2)z;dz = p / 0(2)|z1*dz = T2 (1.8)

and let us define v(p) as the largest constant such that the following inequality
holds true for all # in the Sobolev space H L):

2 2
lelly 2y = (6 D2y = —— U(p) 5 / |Vul?(x)p(x) dx, (1.9)
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or equivalently,

f |u(x>—u(y>|2p(x)p(y>dxdys“—"f|W|2<x>p<x>dx. (1.10)
QxQ v(p) Jo

Observe that for a Lipschitz domain €2, the constant v(p) is well-defined
thanks to Sobolev embedding. For a smooth density p, this number v(p) > 0
is closely related to the unbounded operator L, acting on L%(p).

—ag Vo
L,(u)= —(Au + —.Vu)
o 3 P

D(L,)={ue H'(Q), —Au € L*(Q), d,ulye =0}.

(1.11)

We now justify and explain the choice of domain in (1.11). Background for
the following discussion and tools for working in Lipschitz domains is in [1].

When Q2 has smooth boundary, standard elliptic regularity results show
that for any u € H'(Q) such that —Au € L*(R), the normal derivative of
u at the boundary, d,u = 7(x).Vu|ag is well defined and belongs to the
Sobolev space H~'/2(32). Here, we denote by 77 (x) the incoming unit nor-
mal vector to €2 at a point x. In the case where 0€2 has only Lipschitz reg-
ularity, the Sobolev spaces H*(d€2) are well defined for all s € [—1, 1]. The
trace operator, Yo (1) = u|yq maps H' () onto HY/2(3Q) = Ran(yyp), and its
kernel is Ker(yg) = HOl (£2). Equipped with the norm ||u|| 512 = inf{||v]| g1,
yo(v) = u} it is an Hilbert space. Then, for any ¢ € H'2(3)*, there exists
a unique v € H~'/2(dQ) such that ¢(u) = [, vudo for all u € H'/?(3Q)
(where o is the measure induced on the boundary). For v € H~/2(3Q), the
support of v can be defined in a standard way. The trace operator acting on
vector fields u € (L?)? with div(u) € L?,

yi:fu e (LA(Q)?, divw) € LX)} — H™'2(09), (1.12)
is then defined by the formula
/ div(u)(x)v(x)dx
Q

=—/ u(x).Vv(x)dx—/ n@vlsado(x), Yve HY(Q). (1.13)
Q 02

In particular, for u € H L) satisfying Au = divVu € L2(2) we can de-
fine d,ulsq = y1(Vu) € H=1/2(3Q) and the set D(L,) is well defined. From
(1.13) we deduce that for any u € HY(Q) with Au € L? and any v € HY(Q)
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we have

aq
— ((Vu, Vo) 120,y + (Bntt, pV) 1230 1205)- (1.14)

<Lpl/£, v>L2(p) = >

Then, it is standard that L, is the self-adjoint realization of the Dirichlet form

%f Vi) p(x) dx. (1.15)
2 Ja

A standard argument [10, Sects. 13, 14] using Sobolev embedding show that
L, has a compact resolvant. Denote its spectrum by vp =0 <v; <vp <---
and by m ; the multiplicity of v;. In particular, v(p) = v;. Observe also that
mo = 1 since Ker L is spanned by the constant function equal to 1.

To state our theorem, we need a basic definition:

Definition 2 Let Q be a Lipschitz open set of R?. We say that 92 is quasi-
regular if 92 = T'reg U Iging, T'reg N Tsing = ¥ with I'eg a finite union of
smooth hypersurfaces, relatively open in 9€2, and s a closed subset of
R4 such that

ve H'2(3Q) and supp(v) CTgpg = v=0. (1.16)

Observe that (1.16) is obviously satisfied if €2 is smooth, since in that case
one can take I'sing = ¥. More generally, the boundary is quasi-regular if it is
‘piece-wise smooth’ in the following sense: suppose €2 is a Lipschitz open set
of R? such that 9Q = [reg U Ising, T'reg N sing = ¥, where I'ieg is a smooth
hypersurface of R¢, relatively open in 9€2, and [sing @ closed subset of R4
such that I'gjpg = U =2 S where the §; are smooth disjoint submanifolds of

R4 such that

codimga $; > j, | J S =5, (1.17)
k>j

then € is quasi-regular, since in that case, if v € H~!/2(3Q) is such that near
a point xg, the support of v is contained in a submanifold S of codimension
> 2 in R?, then v = 0 near xo. This follows from the fact that the distribu-
tion (u, ¢) = (v, P|y) on R4 belongs to H Y (RY), and if u € D'(RY) is such
that u € H~'(R9) and supp(u) C {x; = xo =0}, then ¥ = 0. As an exam-
ple, a cube in R¥ is quasi-regular. This ‘piece-wise smooth’ condition (often
called “stratified”) is easy to visualize. In our applications (Sect. 4) it was
hard to work with products of stratified sets. The definition we give works
easily with products and is exactly what is needed in the proof.

Theorem 1.2 Let Q be an open, connected, bounded and Lipschitz subset
of R, such that 3S2 is quasi-regular. Assume that the positive density p is
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continuous on 2. Then

}}in})h_zg(h,,o) =v(p). (1.18)

Moreover, if the density p is smooth on Q, then for any R > 0 and & > 0 such
that vjy1 — vj > 2¢ for vji2 < R, there exists hy > 0 such that one has for
all h €10, hq],

1-T,
Spec(T}W)m]O’ R]CU[vj—s, vj +el, (1.19)
j=1
and the number of eigenvalues of l_hj;h"’ in the interval [v; —¢&,vj + €] is

equal tom;.

Theorem 1.1 is proved in Sect. 2. This is done from the spectrum of the
operator by comparison with a ‘ball walk’ on a big box B containing £2. One
novelty is the use of ‘normal extensions’ of functions from €2 to B allow-
ing comparison of the two Dirichlet forms. When the Dirichlet forms and
stationary distributions for random walk on a compact group are compara-
ble, the rates of convergence are comparable as well [3, Lemma 5]. Here, the
Metropolis Markov chain is far from a random walk on a group. Indeed, be-
cause of the holding implicit in the Metropolis algorithm, the operator does
not have any smoothing properties. The transfer of information is carried out
by a Sobolev inequality for a spectrally-truncated part of the operator. This
is transfered to a Nash inequality and then an inductive argument is used to
obtain decay bounds on iterates of the kernel. A further technique is the use of
crude Weyl type estimates to get bounds on the number of eigenvalues close
to 1. All of these enter the proof of the total variation estimate (1.7). All of
these techniques seem broadly applicable.

Theorem 1.2 is proved in Sect. 3. It gives rigorous underpinnings to a gen-
eral picture of the spectrum of the Metropolis algorithm based on small steps.
This was observed and proved in special cases [2, 6]. The picture is this:
because of the holding (or presence of the multiplier mj , in (1.2)) in the
Metropolis algorithm, the operator always has continuous spectrum. This is
well isolated from 1 and can be neglected in bounding rates of convergence.
The spectrum near 1 is discrete and for 4 small, merges with the spectrum
of an associated Neumann problem. This is an analytic version of the weak
convergence of the discrete time Metropolis chain to the Langevin diffusion
with generator (1.11).

In Sect. 4, we return to the hard disc problem showing that a suitable power
of the operators and domains involved satisfies our hypothesis. Precisely, in
Theorem 4.6 we shall prove that the results of Theorem 1.1 and Theorem 1.2
hold true in this case.
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2 A proof of Theorem 1.1

Let us recall that

_ — ) )
Knp(x.y)=h d(p(%) mm(ﬁ(i),l), @2.1)

so that

Th,p(”) =u—- Qh,p(u),
01 ) = [ Kyl )) = () dy, @2

(1= Thpyus )z = 4 /Q 1) =) PKy (5, ) () dx .

Observe that since €2 is Lipschitz, there exists §o > 0 such that for any
density p with 0 <m < p(x) < M one has sup,cqmp p(x) < 1 — 2§ for all
h €]0, 1]. Indeed, it follows from (1.2) and (2.1) that

1-— ( ) > 7/ 1 d (2 3)
m X — . .
h,p Y I(Bl) [x—y|<h y

For x € @ such that dist(x, 9€2) > 2h, it follows that 1 — my ,(x) >
1 —m/M. If dist(x, d2) < 2h, using a Lipschitz local parametrization of
the boundary, one shows easily that there exists a constant ¢ > 0, independent
of h such that fQ Lix—yj<ndy > ch?. Moreover, by a simple compactness
argument, this constant ¢ can be chosen independent of x.

Since sup,cq M, p(x) < 1 — 28, the essential spectrum of 7}, is a subset
of [0, 1 — 23] and the spectrum of T, in [1 — §p, 1] is discrete. From the last
line of (2.2), we get that if u € L? is such that u = Th,p(u), then u(x) = u(y)
for almost all x, y € 2, |x — y| < & and since 2 is connected, u is constant.
Therefore, 1 is a simple eigenvalue of 7}, ,. In particular, for any 4 > 0, the
spectral gap satisfies

g(h, p)>0. 2.4)

For the proof of Theorem 1.1, we will not really care about the precise choice
of the density p. In fact, if p;, pp are two densities such that m < p; (x) < M
for all x, then

pa(x) < m(x)(l + M)
m

2.5)
K 06 ) P16) = K, o (s )’)Pz(x)<1 + @),
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and this implies, using the definition (1.4) of the spectral gap and of v(p),

3
gh, p) _ <1+ ll o1 pzlloo) ’

g(h,p) — m
(2.6)
v _ (1 L o —pz||oo>3_
v(p2) m

In particular, it is sufficient to prove (1.6) for a constant density.
The proof that for some 6y > 0, independent of p, one has Spec(7j,,) C
[—1 4 80, 1] for all & €]0, ho] is the following: one has

1
(1 + Tipit, ) 205 = /Q Ky @)+ u P ) dxdy
X

+2<mh’pM,M>L2(p). (27)

Therefore, it is sufficient to prove that there exists /g, Cop > 0 such that the
following inequality holds true for all 4 €0, hp] and all u € L3(Q):

/stzh d ( p )|u<x>+u(y>| dxdy = Collull»q,- (2.8)

Letw; C €, Uj wj = §2 be a covering of €2 such that diam(w;) < h and for

some C; > 0 independent of 4, vol(w;) > C lhd, and for any j, the number
of k such that w; N wy # ¥ is less than C,. Such a covering exists as €2 is
Lipschitz. Then

o f h—dw(u)|u(x)+u<y>|2dxdy
QxQ h
z;/wh ~ ( - )|u<x)+u<y>| dx dy
>Zh d|BI|/wjij lu(x) +u(y)|*dxdy

1
—d 2
> ;Zh mVOI(“’jN'“”LZ(wj)

2C1 2

From (2.9), we get that (2.8) holds true.
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For the proof of (1.6) we need a suitable covering of 2. Given € > 0
small enough, there exists some open sets €2, ..., Qy such that {x € R4,
dist(x, Q) <€?} C U?’:O 2, where the €2;’s have the following properties:

1. Qo={xeQ.,d(x,dQ) > €?}.

2. For j=1,..., N, there exists r; > 0, an affine isometry R; of R? and
a Lipschitz map ¢; : RY-! & R such that, denoting gﬁj x', xg) = (x',
X4 + gﬂj(x/)) and¢p; =R; o (Z)j, we have

¢; is injective on B(0, 2r ;) x |2, 2¢],

Qj=¢;j(B,rj)x]—¢, €],
Q;NQ=2¢;(B(0,r;)x]0,€[),

¢;(B(0,2r;)x10,2¢[) C Q.

(2.10)

We put our open set  in a large box B =]—A/2, A/2[¢ and define an
extension map E : L*(2) — L?(B). For J=0,....,Nwelet x; € Cgo(Qj)
be such that ZJ- x;j(x) =1 for dist(x, Q) < €. For any function u € L*($),
letuj, j=0,..., N be defined in a neighborhood of Q2; by u;j =uo¢joSo
d)j_l, where S(x’, xg) = (x’, —x4) if x4 < 0and S(x’, x4) = (x/, x4) if x4 > 0.
For x € N Q;, one has u j(x) = u(x) and we define

N
E@)(x) =Y xj (0 (x). 2.11)

J=0

We observe that <;~5j_1(x) = (x',xq — ¢;(x)). Consequently, as ¢; is
Lipschitz-continuous, then ¢; and ¢j_l are also Lipschitz-continuous. Hence,

formula (2.11), gives us an extension map from L?(Q) into L%(B), which is
also bounded from H'! (2) into HI(B). Foru € L2(Q), v e L%(B), set

gh,p(”) = <(l - Tl’l,p)u5 u)Lz(p)v

2.12
E4(v) = /f o) — v Pdrdy. D
BxB,|x—y|<h

Since for A large, E (1) vanishes near the boundary of B, we can extend
v = E(u) as an A-periodic function on R?, and write its Fourier series v(x) =
EW)(x) = ) jeza cr(0)eHTR A with cp(v) = A~ [z e~ 2Tkx/Ay (x) dx.
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Then

IE@)I17205 =AY leil?,
k

(2.13)
IE@)I1 5y = AT D (1 + 47K /A% |ex]?
k

and since E is bounded from H'(Q) into H'(B), then ||u||L2(Q)
A?Y" ek l? and ||u||H1(Q) ~ ATY (1 + 472k /A?)|ck|?, where f(u) ~

g(u) means that there exists some constant C > 0 independent of u, such

that & f(u) < g(u) < Cf (w).
Moreover, one gets

En(v) = A? Z ek |26 (hk), (2.14)
k

with
e(g):/ 2754 — 112 dz.
lzl=<1

Observe that the function 6 is nonnegative, quadratic near 0. Moreover, it
vanishes if and only if £ = 0 and it has a positive lower bound for |§| > 1.

The next two lemmas show that the Dirichlet forms for u € L(2) and its
extension to L%(B) are comparable.

Lemma 2.1 Forall o > 1, there exists C > 0 and hg > 0 such that

Ean.p(u) < CEL () Vue LX), Yh €10, hol. (2.15)

Proof Using (2.2) and (2.5), we observe that it suffices to prove the lemma in
the case where p(x) = p is constant, and we first show the result when 2 is

convex. In that case, since |u(x) —u(y)| < |u(x)— u(x+y)|+|u(x+y) u(y)|,
one has
(hot)™
Eah,p(u)—ZV(‘)’i(Bl)/ / Ly zanlun () — u()Ppdx dy
_ 20~ ?
= VOl((xBl) /fllx y|<ah u(x)_u< ) pdxdy

_ 2(ha/2)™?

L, u(x) —u()*pdxdy, (2.16)
vol(B1)  Jpaxa) P52

where ¢ (x, y) = (x, x+y) As Q is convex ¢ (2 x Q) C Q x Q and we get
Ean,p(u) < 48% p(u) Iteratlng this process we obtain the announced result

for convex domains.
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In the general case, we use the local covering introduced in (2.10). Let
Q7 = Q; N Q (respectively ;7 = Q; N (RY \ Q) and U;(h) = {(x,y) €
Q" x Q,|x — y| < ah}. Since by (2.2), @ C |J; ", we have Eqp ,(u) <

Yo &Ly () with

(ah)~@

2
) = 2vol(B1) Jy h)llx—yISah|“(x)_u()’)| pdxdy. — (2.17)

Let us estimate Sgh’p(u). For h €]0, 62/06[ and (x,y) € Up(h), we have

[x, y] C Q. Therefore, the change of variable ¢ (x, y) = (x, x+y ) maps Ug(h)
into Qo x 2 and we get as above

2(ah)™M

g ) <
ah,p vol(B1) Ju,m)

l[x—y|<ah

2
x u(x)—u(x;y)‘ pdxdy <48y ().  (2.18)

For i # 0 and /& > 0 small enough, we remark that U; (h) C S~21+ X S~21+ where
Qi = ¢;(B(0,2r;) x {0 < x4 < 2¢€}). Denoting Q; = B(0,r;)x 0, €[,
Q, = B(O 2r;)x ]0, 2¢[, we can use the Lipschitz-continuous change of vari-
able ¢; : Q, — S2+ C 2 to get

()™
wh,p () < 2VO1(B)/ / Joi ) I D) iy (1) i (v <erh

X |u o i (x) —uo i (y)I*pdxdy (2.19)

where the Jacobian Jy, of ¢; is a bounded function defined almost every-
where. As both ¢;, ¢, U are Lipschitz-continuous, there exists M;, m; > 0
such that for all x, y € Q,- we have m;|x — y| < |¢di(x) — di (¥)| < M;|x — y|.
Therefore,

ahp(u)<Ch / / e y‘<ah|uo¢,(x)—uo¢,(y)| pdxdy, (2.20)

where C denotes a positive constant changing from line to line. As 0; is
convex, it follows from the study of the convex case that

b =cn? [0 eno —we s Podrdy
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SCh_d/~ / Vs co—gi ()1 <h |t 0 $i(x) — w0 ¢ (W)*pdx dy
Qi J Qi

<on [ [ Nl —um)Podsdy = €.
(2.21)

and the proof is complete. U

Lemma 2.2 There exist Co, hg > 0 such that the following holds true for any
h €10, ho] and any u € L?(p).

En.p()/Co < ER(EW)) < Co(En,pu) +h?ul2,). (2.22)

As a byproduct, there exists C1 such that for all h €10, ho] and any function
u € L*(p) such that

i3y + 120 = T pus wh gy < 1,

the function u admits a decomposition u = uy + ug with u; € H'(Q),
lurllgr < Cr,and lugll 2 < Cih.

Proof Using the second line of (2.5), we may assume that the density p is

constant equal to 1. The proof of the left inequality in (2.22) is obvious. For
the upper bound, we remark that there exists C > 0 such that &, (E(u)) <

CcYN ol + 1% with
&' = hd/ Lmyl=h G ) = Xl Pdxdy — (2.23)
BxB
and
&= hd/B P leyizh GO Pl () —uj)Pdxdy.  (2.24)
X

As the functions yx; are regular, there exist some x; € C3°(B) equal to 1 near
the support of x; such that

gl <cn fB zj<x>|uj<x>|2< /B Lv—yl<nlx —yl2dy) dx

< Ch*|Jull3, (2.25)

()

In order to estimate 5}{ 2 one has to estimate the contribution of the points
xeQ,y¢ Qand x ¢ Q,y ¢ Q. All the terms are treated in the same way
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and we only examine
3
gl =n df ey <nl GO P luj (x) — u; () 1> dx dy
Qx(B\Q)

=h_df§2+ Myl Pl —uodjoSo ¢ (y)IPdxdy,
. X
J

J

(2.26)
with S defined below (2.10). Let o : RY — R be the symmetry with respect
to {yq = 0}, so that So = Id on {y; < 0}. We use the Lipschitz-continuous
change of variable ¥ : y € QJ+ = ¢joo oqb;l(y) € Q; to get

- B
gl zen [ Tumyonenl o 00PN ~u)Pdxdy.
(2.27)
We claim that there exists 8 > 0 such that
Wi —xl=p7 =yl VY, »eQixQf. (228

Indeed, as both ¢; and qﬁj_l are Lipschitz-continuous, (2.28) is equivalent to
finding B8 > 0 such that

o) —xI=p Ix =yl Ve (@ xQ)), (2.29)

which is obvious with 8 = 1. From (2.28) it follows that for some o > 1, one
has

g < Ch“’/~

v yj<an|u(x) —u() > dxdy < CEun.p(u), (2.30)
QfxQf

J

and the upper bound is then a straightforward consequence of Lemma 2.1.
The proof of the decomposition of u goes as follows. Start from u € L?(p)

such that ||u ||i2(p) +h72((1— Th,p)u,u) 2, < landletv = E(u). It follows

from (2.14) and (2.22) that

> lewP0(hk) < Coh? = A~ Coh?. 2.31)
kezd

Let vy, = Zlhk|<1 cxe?mkxX/A and vy = v — vy Since 6 is quadratic near 0

and only vanishes at the origin, there exists some constant C > 0 such that
0(£) > C|£|? and hence

Ch? Z ek 21k < Cyh?. (2.32)
|hk|<1
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2
H'(B)

is bounded in H'!(2) uniformly with respect to .
Similarly, since 6 is bounded from below by some C > 0 on |§| > 1, it
follows from (2.31) that

Dividing by h2, this shows that |Jvz || < C(/)/C and hence, u; = (vr)js0

lvrl72g <C Y lal® < Coh*. (2.33)
hlk|>1

Setting uy = (vH)|sq, this shows that ||MH||L2(Q) = O(h) and the proof of
Lemma 2.2 is complete. g

We are in position to prove the estimate (1.6) on the spectral gap. Once
again, using the second line of (2.5), we may assume that the density p
is constant equal to 1. To show the right inequality, it suffices to plug a
function u € C§°(2) with support contained in a ball Q C 2 and such that
fQ u(x)p(x)dx =0 into (1.3). As Q is convex, it follows from Taylor’s for-

mula that for such u, we have (u — Tju, u) = O (h?).
To show the left inequality in (1.6), we first observe that it is clearly satis-
fied when  is convex. Indeed, given u € L*(£2) we have by Cauchy-Schwarz

/ u(x) — u(y) P dx dy
QxR
K(h)—1

et Y /SZQ’u(x+kh(y—x))
k=0 x

—u(x + (k+ Dh(y — )| dx dy, (2.34)

where K (h) is the greatest integer < 2~! and h = 1/K (h). With the new
variables x’ = x + kh(y — x), y =x + (k+ 1)hi(y — x), one has dx’'dy’ =
i dx dy and we get

f () — u(y) 2 dx dy
QxQ
<Ch 71K (h) /Q quuy/khdiam(mu(x’)—u(y/>|2dx/dy/, (2.35)
X

By Lemma 2.1, this proves the left inequality in (1.6) in the case where Q2 is
convex.

In the general case, we can find some open sets contained in Q, w; ) €
Qj’ S Qj’ j=1,....,N + M such that for j =1,..., N, Qj’,fl;r are

.....
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—Q
U?/Iﬁvl\;l Q+ QcC UN+M wj, and where A € B means that A~ C B. Hence

forh >0 small enough

N+M

Enp)=C Y hd /  Haml<n () —u()? dx dy

j=1 2

N
>C Zh_d/ g 0)-0;()1<h (0§ (x) —u 0 ¢ (¥))* dx dy
~ QjxQj
N+M
+C > f Lxyi<n ((x) — u(y))* dx dy,
J=N+1 Qf x&f
~ (2.36)

where Q;, Q; are as in the proof of Lemma 2.1. From the estimate proved
above in the convex case, we know that there exists a > 0 independent of &
such that the second sum in (2.36) is bounded from below by

N+M
oy / 6) =) ddy
j=N+1
N+M
>Ch* ) / (ux) —u(y)>dxdy.  (2.37)
j=N+1 w;jXQ,|x—y|<a

On the other hand, thanks to the fact that ¢; is a Lipschitz diffeomorphism,
there exists & > 0 such that 1|y _yj<p/a < 1|¢](x) —¢j(y)<h = Iy yl<ah- Using

the convexity of Q; and Lemma 2.1 it follows that the first sum in the right
hand side of (2.36) is bounded from below by

N
Ch? Z/ (u(x) —u(y)*dxdy. (2.38)

=1 wjXQ,|x—yl<a

Combining (2.36), (2.37) and (2.38), we get
Eipu) = CH [ W) —u()Pdrdy  (239)
QxQ,|x—y|<a

for some fixed a > 0 independent of /. Since by (2.4) we have g(a, p) > 0,
we get

Enpu) > ChZ/Q Q(u(x) —u(y))?dxdy. (2.40)

The proof of (1.6) is complete.
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Lemma 2.3 There exists 8o € ]0, 1/2[ and some constants C; independent on
A and h such that Spec(Ty ) N [1 — 8o, 1] is discrete, and for any 0 < A <
80/ h?, the number of eigenvalues of Th,p in [1 — h?x, 1] (with multiplicity)
is bounded by C1(1 + 1)¥/2. Moreover, any eigenfunction T, (1) = Au with
A €[1 — b9, 1] satisfies the bound

lull oo < Cah™||ul] 2. (2.41)

Proof To get (2.41), we just write that since A is not in the range of my, one

has
_ 1 —a (X=Y\ . (PO
0=y ‘p< h )ml( ' 1)”( o

and we apply Cauchy—Schwarz. The important point here is the estimate
on the number of eigenvalues in [1 — A%A, 1] by a power of A. This is ob-
tained by the min-max and uses (2.22). The min-max gives: if for some
closed subspace F of L?(p) with codim(F) = N one has for all u € F,

2((1 =T, U U 1200y = k||u||L2( )’ then the number of eigenvalues of T},

in [1 — h2x, 1] (with multiplicity) is bounded by codim(F) = N. Then, we
fix ¢ > 0 small enough, and we choose for F the subspace of functions u
such that their extension v = E(u) is such that the Fourier coefficients sat-
isfy cx(E(u)) =0 for |k| < D with hD < c. The codimension of this space
F is exactly the number of k € Z¢ such that |k| < D, since if p is a trigono-
metric polynomial such that E*(p) = 0, we will have fQ pXu(x)dx =0
for any function u with compact support in 2 and such that E(u) = u,
and this implies p = 0. Thus codim(F) ~ (1 + D). On the other hand,
the right inequality in (2.22) gives for u € F, h_z((l — Th,plu, u)Lz(p) >
Co(D?=C)ul}s,,

such that one has 6(hk)h=2 > CD? for all D < ¢/h and all |k| > D. The
proof of our lemma is complete. U

for universal Cyp, C1, since by (2.14), there exists C > 0

We are now ready to prove the total variation estimate (1.7). We use the
notation Tj = Ty, ,. Let Iy be the orthogonal projector in L?(p) on the space
of constant functions

Mo () () = 1a(x) /Q u(p(y)dy. (2.42)
Then

2 sup [Ty (xo, dy) — p(M) dyliry = Ty — Mol Lo . (2.43)

x0€2
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To show the left hand side, it suffices to consider an eigenfunction e, as-
sociated to the eigenvalue (1 — g(h, p)) and normalized in L°°(£2). Since ey, is
orthogonal to constant functions, we getimmediately 2 sup, cq |7 (xo0, dy) —
p(dylry = T en — Hoenlle = (1 — g(h, p))".

Let us now prove the right inequality. We have to show that there exist
Co, ho, such that for any n and any 4 € 0, hg], one has

17 — Moll oo Lo < Coe™ 8. (2.44)

Observe that since we know that for A small, the estimate (1.6) holds true for
any p, we may assume n > Ch~2. In order to prove (2.44), we split T}, into
three pieces, using spectral theory.

LetO<Ap<--<Ajp<Ajpp=<--= h—28 be such that the eigen-
values of Tj, in the interval [1 — 8, 1[ are the 1 — hZA j.h» With associated
orthonormal eigenfunctions e; j,

Tu(ejn) = —R*Ajn)ejn,  (ejnlexn)r2p) =8k (2.45)

Then we write T, — 1o = 11, + T2, + T3, with

T p(x,y) = Z (1 —hz)»j,h)ej,h(x)ejvh(y),
Mp<Ajn<h™®
DaG.y)= Y. (I=h*Aejnx)en(y), (2.46)

h7a<)»j’h§h7280
=T, —o—Ti — T .

Here o > 0 is a small constant that will be chosen later. One has T;' — Iy =
T, +T,,+T;,,and we will get the bound (2.44) for each of the three terms.

We start by very rough bounds. Since there are at most Ch ¢ eigenvalues A jih
and using the bound (2.41), we get that there exists C independent of n > 1
and /4 such that

IT{ oo oo + 1 T3yl oo poo < CHT2, (2.47)
Since 7} is bounded by 1 on L>, we get from T}/ — 1o =17, + T, + 13,
N7 Ml Lo oo < ChT3/2, (2.48)

Next we use (1.2) to write T, = my, + R, with

Impllpoespe <y <1,

an (2.49)

IRrll 12— oo < Coh™

@ Springer



P. Diaconis et al.

From this, we deduce that for any p = 1,2, ..., one has Thp =Apn+
By, with Ay = my, By, = R, and the recurrence relation Apqq ), =
mpAp.h, Bpr1,n =muBpp + RyT;. Thus one gets, since 7, is bounded by
1on L2,

IApnllLe—sroe <P,

IBpill2o g < Coh™ (1 4y + -+ yP) < Coh ™2 /(1 = ). e
Let60 =1—38p < 1sothat |73 p|;2_,;2 <08. Then one has
175 5 | oo 2 < T3 Ml L2y 2 <67,
and forn > 1, p > 1, one gets, using (2.50) and (2.48),
Ty oo poo = I TP T3 oo s 100
<NApaTspllLeosroe + | Bpn T3 | Loo— Lo
< Ch™342yP 4 Coh=%0" /(1 — y). 2.51)

Taking p = n, we get ||T32’;l||Loo_>Loo < Ch=®@" for some « > 0 and 0 <
6 < 1. This shows that there exists some constants C > 0, u > 0, such that

17§l < Ce ™™, Vh, ¥n = 1/h, (2.52)

and thus the contribution of T3” , 18 far smaller than the bound we have to
prove in (2.44).
Next, for the contribution of Tz” »» We just write, since there are at most

Ch~? eigenvalues A j,» and using the bound (2.41),

Ty = > (=R e a@)ein(y),
h_a<)\,j‘h§h_250 (253)

173 ooz < CR32 (1 = n?7)™,

Thus we get for some C, > 0,

2—a

ITg oo < Coe™ T, Wh, ¥n>=h™2F2 (254)

and thus this contribution is still neglectible for & €]0, hg] for hg small. It
remains to study the contribution of Tl’f n

Let E, be the (finite dimensional) subspace of L?(p) spanned by the eigen-
vectors e, Aj, < h™*. By Lemma 2.3, one has dim(Ey) < Ch=9%/2 We
next prove a Sobolev-type inequality for the form & ,. For background on
Sobolev and the following Nash inequality, see [4, 11].
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Lemma 2.4 There exist o > 0, p > 2 and C independent of h such that for
all u € Ey, the following inequality holds true:

lullZp < Ch™2(Enp) + R [ull3,). (2.55)

Proof Clearly, one has for u = Z)hl,hf)\j,hfh_a ajejp € Eq,

Enp) + R ullo = Y R+ Alagl.

AMp<hjp<h=®

Take u € Eq such that h=2(Ex ,(u) + h2||u||?,) < 1. Then by (2.22), one
has h=2E,(E (u)) < Cy. Let YU(t) € Cgo(]R) be equal to 1 near t =0, and for
V(X) =) repd cr(v)eZ TR/ A et

v=vr+ug, ()= Y YhlkDep (e A, (2.56)
keZd

Then v = vy 4+ vy is a decomposition of the extension v = E(u) in low
frequencies (vy) and high frequencies (vy). One has wvp(x) =
fRd hd 9(%)1}@) dy, where 6 is the function in the Schwartz space de-
fined by o (2mz/A) = ¥ (|z|). Hence, the map v — v, is bounded uniformly
in & on all the spaces LY for 1 < g < oo. Using the definition of ¥, it follows
from (2.32) that

lvell g g < C. (2.57)
Thus, withuy =vr|g andug = vg|q, we get ||uL||H1(Q) < C so by Sobolev
for p < %,

lurller <C. (2.58)
One the other hand, one has also by (2.22),

h™2ER(E(ejn)) < Co(l +Ajn), (2.59)
and this implies, by (2.33),
h2NEejn)ulls < Co(l +ajp) < Co(1+h™%). (2.60)

Thus for a < 1, we get |E(ej ) ull2 < Ch'/2. On the other hand, since
lejnlle <C h=4/2 using the definition of the low frequency cut-off we get

1B all < NEGes il + 1Ees il
< C|E(ejn)llLe < Ch™/2,
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By interpolation we can find some p > 2 such that
IE(ejmmllLe < Coh'/*. (2.61)

Thus one gets, for u = Zklhfkjhfh“" ajejp € Ey with hfz(é’h,p(u) +
R lul7) <1,

lualcr < > lajllECejn)ulle

AMa<hjp<h=®
< CohV* dim(Ey) ' |ull ;2 < Ch1/*h=d2/4, (2.62)

Our lemma follows from (2.58) and (2.62) if one takes o small. Observe that
here, the estimate on the number of eigenvalues (i.e., the estimation of the
dimension of E,) is crucial. The proof of Lemma 2.4 is complete. U

From Lemma 2.4, using the interpolation inequality ||u||i2 <

p r=2
p—1

Null[» " ||Ll , we deduce the Nash inequality, with 1/D =2 —4/p > 0,
2 _ 1/D
Il 352 < Ch2(Enp ) + W2 Nul2) ull)\P, Vue B (2.63)

For Aj, < h™%, one has hz)»j,h <1, and thus for any u € E,, one gets
Enp) < lull3, — IThul?, and thus we get, from (2.63),

1/D

[ YueEq.

(2.64)
For 0 < a <2, we deduce from (2.52), (2.54), and 7} — Iy = Tl'fh + T£h +
3 5> that there exists C2 such that

2+1/D _
Nl 752 < Ch=2 (el = 1 Thae 2 + W2 ul22) ul

1T llLoo—sroe < Co, Yh, Yn > h™ 22, (2.65)
and thus since 77 j, is self adjoint on L?,
IT{ gt < Coo YR, Vo= h™292, (2.66)

Fix p ~ h=2+%/2 Take g € L? such that llgll;1 <1 and consider the se-
quence ¢, n > 0,

e =T, 8ll3.. (2.67)
Then 0 < ¢, 41 < ¢y, and from (2.64) and (2.66), we get
1+% _9 n+p 1/D
c <Ch —c + h3c T
n ( n+1 n)” g” (268)
< CCY P e — cpsr + h2ey).
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From this inequality, we deduce that there exist A >~ CCasupy,<,-2(2 +
n)(1+h%—(1- nlﬁ)ZD) which depends only on C, C», D, such that for all

0 <n <h~2, one has c < (%)2D , and thus there exist Cy which depends
only on C, Cp, D, such that for N >~ h~2, one has cn < Cp. This implies

1T gl 2 < Collgl . (2.69)
and thus taking adjoints,
17, P gl < Collgl 2. (2.70)
and so we get, for any n and with N + p ~h~2,
1T 7 gl < Co(l — 2 )" llgl 2. 2.71)
And thus for n > h=2,
1Tl 10w < Coe™ @I — Coertne=8BP) gy > =2
< Cre "M (2.72)

for some C1, C, > 0 independant on £, by (1.6). This concludes the proof of
Theorem 1.1.

Remark 1 We believe that (2.41) is true with a power of A instead of a power
of h with A = 1 — h> A. We have no proof for this which is why we use a Nash
inequality for T .

Remark 2 The above proof seems to apply for a more general choice of the
elementary Markov kernel h~¢ (p(%). Replace ¢ by a positive symmet-
ric measure of total mass 1 with support in the unit ball, and let 7}, be the
Metropolis algorithm with this data. Assume that one is able to prove that
for some §p > 0 one has Spec(Ty) C [—1 + do, 1] for all & < hg, and that for
some power M, one has for some C, ¢ > 0,

M (x, dy) = i (x, dy) + Ch™ N sy j<cnp () dy,  pn(x, dy) > 0.

Then there exists y < 1 such that |||~ < y. Moreover, the right inequal-
ity in (2.22) and (2.41) are still valid for T, Also, the spectral gap of T} is
given by formula (1.4) with ThM (x, dy) in place of K, ,(x, y)dy, and there-
fore the left inequality in (1.6) holds true, and the right one is true, since if p
is constant, for any 6 € C3°(2), one has u — Thu € O (h?).

We shall use these remarks in the study of the hard disc problem, in Sect. 4.
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3 A proof of Theorem 1.2

In this section, we suppose additionally that €2 is quasi-regular (Definition 2).
For a given continuous density p, using (2.6) and an approximation of p in
L by a sequence of smooth densities p; on €2, one sees that the first asser-
tion (1.18) of Theorem 1.2 is a consequence of the second one (1.19). Assume
now that p is smooth.

Lemma 3.1 Let 0 € C®(Q) be such that supp(6) N Lsing = @ and
3n9|l“mg = 0. Then, with Qy,,, defined in (2.2) and L, defined in (1.11), we
have

Onp®) =h’L,©®) +7, |rlg2=00"?). (3.1)
Proof For 6 € C*®(RQ) and x € 2, we can use the Taylor formula to get

Vp(x)
p(x)

On.p(0)(x) = min(l—l—h .z+0(h2|z|2),1>

vol(B1) Ja(x,h)

hZ
x (—hV@(x).z =5 D2y b, 6 (0) + 0<h3|z|3)) dz,
ij
(3.2)
with A(x,h) ={z e R?, |z] <1, x + hz € Q}. As A(x,h) = AT (x,h) U
A~ (x,h), with AT (x, h) ={z € A(x, h), £(p(x + hz) — p(x)) > 0}, it fol-
lows by an easy computation that

Vo (x). zdz

On,p () (x) = — vol(By) ACx,h)

d

h2
- Oy, 0x;0(x) 7izjdz
2V01(Bl)ij2::1 e Ax,h) -

h? Vp(x)
vol(B1) Ja-@x,ny p(X)

=f1(x) + f2(x) + f3(x) +7(x), (3.3)

.ZVO(x).zdz +r(x)

with ||r|| L) = O (). Let x = la(x.90)<2n, then for j =2,3,

I fill 2 < Xl 2o I £l () = O (h™/3), (3.4)

thanks to the support properties of x. Moreover, for x € supp(l — x),
A(x,h) = {|z|] < 1} and the change of variable z — —z shows that (1 —
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xX) 2= — x)%h?Af(x) thanks to (1.8). Hence,
falx) = —jh AG(x) +r(x), (3.5)
with [|7]|;2 = O (h/?).

To compute f3(x) for x € supp(l1 — x), we first observe that | f3(x)| <
Ch?|Vp(x)||VO(x)|. We thus get |1y, <12 f3llLe < Ch/2||VO]| L. At a

point x where |Vp(x)| > h'/2, we may write z = tlg’;g;' + z+,
t = T'vap(gf and z-.Vp(x) = 0. In these coordinates, one has A~ (x, h) =

{lzl < 1, (1,21, 1]V (x)| + O(h(t* + |z**)) < 0}. From [Vp(x)| > h'/2
we get that the symmetric difference R between A~ (x, h) and {r < 0} sat-
isfies meas(R) = O(h'/?) (the symmetric difference of two sets A, B is
AU B\ AN B). Therefore

L pznz (L= x) f3(x)

(1= Vp(x)
vol(B1)  J{z1<1,Vp(x).z<0} P(X)

= —h*1|g =12 2VO(x).zdz 4 r(x),
(3.6)
with |7z = O (h/?). Using the change of variable z — z — 2z, we get

Ligpiznt2(1 = x) f3(x)

—h g S (1= 0) (()) Vo) +r@x), (3.7
and therefore, using (3.4), we get
A0 = —n22 VPN Go o). (3.8)
2 px)

with ||r||;2 = O (h>/?). It remains to show that I fill2) = O (h>/?). Using
the change of variable z — —z we easily obtain (1 — x) f; = 0. Hence, it
suffices to show that fl/(x, h)=x fA(x’h) z7.VO(x) dz satisfies ||f1/”LOO(Q) =
O(h). As Tgjng is compact and supp(0) N I'sing = @, this is a local problem
near any point xq of the regular part I'reg of the boundary. Let ¥ be a smooth
function such that near xo = (0, 0) one has Q = {x; > ¥ (x)}. For x close to
X0 one has

A, ) ={zeR? |z < 1, xg + hza > Y (x' + h2)}. (3.9)
Set

A, h) ={zeR% |zl < 1, xg +hza > Y () +hVy (N}, (3.10)
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then the symmetric difference R between A(x,h) and Aj(x,h) satisfies
meas(R) = O (h) uniformly in x close to xg. This yields

fiGx, h) =VO(x).v(x, h) +r(x), v(x,h)z/ zdz, (3.11)
A1 (x,h)

with ||r|L~ = O(h). Let v(x) be the vector field defined by v(x) =
(=Vy(x'), 1). Observe that v(x,h) = ¢(‘”,§fv'2;)fd) v with ¢(a) =
flz‘<1,21>az1 dz, vanishes for dist(x, 92) > Ch and that for x € 02, v(x)
is collinear to the unit normal to the boundary Nt (x). Since OO = 0, we
thus get || f{ [ L= = O (h). The proof of our lemma is complete. O

Let us recall that we denote 1 =vp < vy <--- <v; <--- the eigenvalues
of L, and m  the associated multiplicities. We introduce the bilinear form

=

ap(u,v) = Vu, Vo) 2,y + (U, v) 12, (3.12)

This defines an Hilbertian structure on H!(2) which is equivalent to the usual
one. We write ||.|| g ] for the norm induced by a,. We denote

Dy = {6 € C*(Q), 6 = 0 near Ling, d0yr,,, = 0}. (3.13)
Lemma 3.2 Dy is dense in H' ().

Proof Let f € H'(Q2) be orthogonal to Dy for the inner product a, defined
above. Then, it is orthogonal to C{°(£2) so that (L, + 1) f =0 in the sense

of distributions. In particular —Af € L?(2). Hence we can use the Green
formula (1.14) to get for any 6 € Dy, since a,(f,0) =0,

(0 f, ,09>H7|/2’H1/2 =0. (3.14)

For any ¢ € Cgo(Freg), using smooth local coordinates we can find & in Dy
such that &wg = 1. Consequently,

Onf. PYY 112 g2 = On fo pV) =172 12 = 0. (3.15)

Hence, 8nf|l“reg = 0. This shows that 9, fjsq € H™1/2 s supported in gjpg.
From (1.16) this implies 9, fjago = 0. This shows that f € D(L,). As the op-
erator L, + 1 is strictly positive, this implies f = 0. The proof of our lemma
is complete. O

We are now in position to complete the proof of Theorem 1.2. Let K ¢ N
be fixed (independent of /). We first observe that if v, € [0, M] and ¥, €
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L*(p), k=1,..., K satisfy [Yxnll2 =1, h™2Qn p¥in = vk and ¥ip
orthogonal to v for any j # i, then thanks to Lemma 2.2 the family
(Yk,n)he0,1] 1s relatively compact in L?(p) for any k, so that we can suppose
(extracting a subsequence h,) that v, — v, Y — Yy in L%(p), Ykl =1
and ; orthogonal to v; for any j # i. Moreover by Lemma 2.2, the limit
Yk belongs to H ! (p). Given 6 € Dy, it follows from self-adjointness of Q)
and Lemma 3.1 that

0= ((h"2Qnp = Vi) Vs 0) 120 = (Wis (Lo = Vi)O) 12y + O(R'/2).

(3.16)
Making h — 0 we obtain (Y, (L, — v)@)Lz(p) =0 for all 8 € Dy. It follows
that (L, — v)¥ = 0 in the distribution sense, and integrating by parts that
On Yk vanish on I'yeg. Since Y € H 1(/o), we get as above using (1.16) that
Y =0, and it follows that vy, € D(L,). This shows that v is an eigenvalue
of L,, and thus (1.19) is satisfied. Moreover, the inequality dim(Ker(L, —
v)) > K, shows that for any € > 0 small enough, there exists 4 > 0 small
enough such that

jiSpec(h*QQh’p) Nvj —e€,vj+el<mj, (3.17)

for h €]0, h¢]. It remains to show that there is equality in (3.17), and we shall
proceed by induction on j.

Let € > 0, small, be given such that for 0 < v; < M + 1, the intervals
I;. =[vj —€,vj + €] are disjoint. Let (u(h)) j>0 be the increasing sequence
of eigenvalues of h—2 Oh,p,ON = Z?’Zl m j and (ex) >0 the eigenfunctions of
L, such that forall k € {1 +on,...,0on41}, 0ne has (L, —vyi1)er =0. As
0 is a simple eigenvalue of both L, and Qj, ,, we have clearly vo = o =0
andmg=1= ﬁSpec(h_ZQh,p) N[vog—e€, v +€l.

Suppose that foralln < N, m, = ]jSpec(h_2 On,p)N[v, —€, v, +e€]. Then,
one has by (1.19), for h < h,,

Uitay (M) = vy — €. (3.18)

By the min-max principle, if G is a finite dimensional subspace of H' with
dim(G) =1+ on+1, one has

Moy ()< sup (B2 Qn oW ¥ 120, (3.19)
YeG,lyi=1

Thanks to Lemma 3.2, for all e;,0 < k < oy and all o > 0, there exists
ek.« € Do such that |lex — ek o ”HJ < «. Let G be the vector space spanned

by the ex o, 0 < k < on+1. For @ small enough, one has dim(Gy) = 14+0oy+1.
From Lemma 3.1, one has

(h™2 Q. pek.as ek .a) 12(p) = (Lpehoas ek'.a) 12(p) + Oa(h'/?).  (3.20)

@ Springer



P. Diaconis et al.

Since ek, € Do, one has (Ljerq,er o)r2(p) = “Td(Vek’a,Vekr,a)L% and
(Vek’a,Vekr,a)L% = (Vey, Vek/)leJ 4+ O(a). Therefore, for Vv € G,
Il =1, we get

(W2 QoW W) 12(p) S VN1 + Ca+ Oy (h'/?). (3:21)

Taking o > 0 small enough and & < hy < 1, we obtain from (3.19) and
(3.21), poy,, (h) < vn41 + €. Combining this with (3.18) and (3.17), we get
MmN+ = j:tSpec(h*2 On,p) N[vN4+1 — €, vy 41 +€]. The proof of Theorem 1.2
is complete.

4 Application to random placement of non-overlapping balls

In this section, we suppose that €2 is a bounded, Lipschitz, quasi-regular, con-
nected, open subset of R? withd > 2. Let N € N, N > 2 and € > 0 be given.
Let Oy ¢ be the open bounded subset of RNd,

One={x=(1, ..., x0) € QY VI <i < j <N, |x; — xj| > €}

and recall that B; denotes the unit ball in R¢ and v(z) = m 15,(z). We
introduce the kernel

N
1 _ Xi—Yj
Kn(x, dy) == 8, ® @by, ®h dw(%) dy;
j=1

®8.Xj+1®”'®6x1\]7 (4'1)

and the associated Metropolis operator on L?(Oy )

Th(u)(X)=Mh(X)M(X)+/ u(y)Kn(x, dy), (4.2)

ON,e
with

mp(x) =1 —/O Kn(x, dy). 4.3)

The operator 7}, is Markov and self-adjoint on LZ(ON,G). The configuration
space Oy . is the set of N disjoint closed balls of radius /2 in R?, with cen-
ters at the x; € 2. The topology of this set, and the geometry of its boundary
is generally hard to understand, but since d > 2, Oy ¢ is clearly non-void and
connected for a given N if € is small enough. The Metropolis kernel 7}, is
associated to the following algorithm: at each step, we choose uniformly at
random a ball, and we move its center uniformly at random in R4 in a ball of
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radius A. If the new configuration is in Oy ¢, the change is made. Otherwise,
the configuration is kept as it started.

In order to study the random walk associated to 7}, we will assume that
N and € are such that Ne is small enough. Under this condition, we prove
in Proposition 4.1 that the open set Oy ¢ is connected, Lipschitz and quasi-
regular, and in Proposition 4.4 we prove that the kernel of the iterated operator
ThM (with M large, but independent of /) admits a suitable lower bound, so
that we will be able to use Remark 2 at the end of Sect. 2. The main results
are collected together in Theorem 4.6 below.

We define I'reg and I'ging the set of regular and singular points of 0Oy ¢ as
follows. Denote Ny = {1, ..., N}. Forx € @N,G set

R(x) = {i e Ny, x; € 39},
S(x)={t=(r1,12) €Ny, 71 <2 and |x;, — x| =€}, 4.4)

r(x) =fR(x), s(x) =85 (x).

The functions » and s are lower semi-continuous and any x € Oy . belongs
to 00y ¢ iff r(x) + s(x) > 1. Define

[reg = {x € 6N,e, s(x)=1land r(x) = 0}
v {x < EN’G’ s(x) =0, R(x) = {jo} and Xjo € 8Qreg} 4.5)

and T'sing = 00pN ¢ \ T'reg. Then Tgipg is clearly closed, and the I'rey is the
union of smooth disjoint hypersurfaces in RV<.

Proposition 4.1 There exists o > 0 such that for Ne < «, the set Oy ¢ is
arcwise connected, Lipschitz and quasi-regular.

Remark 3 Observe that in the above Proposition, the smallness condition on
€ is Ne <« where o > 0 depends only on 2. The condition N €? < ¢, which
says that the density of the balls is sufficiently small, does not imply that
the set Oy ¢ has Lipschitz regularity. As an example, if 2 =]0, 1 [2 is the unit
square in the plane, then x = (x,...,xy), x; =((j —1e€,0), j=1,..., N,
with € = ﬁ is a configuration point in the boundary 0Oy . However,
0Oy e is not Lipschitz at x: otherwise, there would exist v; = (a;, bj) such
that (x; +1tvy, ..., xy +tvy) € Opn ¢ for t > 0 small enough, and this implies
ar >0,ajy1 > a; and ay < 0 which is impossible.

Proof Forv e sr=1 p>1and$ €]0, 1], denote
Ti(v,8) ={& eRP, £(&,v) > (1 - d)IE], (€, v)| <8} (4.6)
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We remark [1] that an open set O C R? is Lipschitz if and only if it satisfies
the cone property: Ya € 0, 35 > 0,3y, € sr=l vbe B(a, §) N a0 we have

b+T41(vg,8)CO and b+T_(v,,8) CRP\O. 4.7
Let us first show that Oy ¢ is connected for Ne small. For x € Oy ( define

I(x) = inf |x; — x;]. (4.8)
i#]

Then I (x) > € and we have the following lemma.

Lemma 4.2 There exists ag > 0 such that for any N € N, e > 0 with Ne <
o, there exists 5y ¢ > 0 such that for any x € Oy  with I (x) < oo/ N, there
exists a continuous path y : [0, 1] - Oy ¢ such that y (0) =x and I (y (1)) >
I(x)+6n.e.

Proof As 2 is bounded and Lipschitz, a compactness argument shows that
there exists 5o > 0, rg > 0 such that

Vxoe Q,Fve S9! Vx e B(xg,ro) N2, x+T4(v,8) C L,

Vxo € 92, 3v e S971 Vx € B(xo,70) N8, x +T_(v,80) CRY\ Q.
(4.9)
Let 0 < ap < min(8g, r9)/100. For K € N* denote 8x = /K>, px =
10ag/ K 2. Observe that it suffices to show the following statement:

VK e N*, Ve €]0,0/K],VN € Ng,Vx € Oy st. I(x) <ao/K,
dy e C([0, 1], On.¢), s.t.
y(0) =x, I(y(1))>1(x)4+6x and Vrel0,1],
|x =y ()loc < Npk. (4.10)

Let K > 1 and 0 < € < g/ K. We proceed by induction on N € Ng. (Re-
call that Ny = {0,1,..., K}.) In the case N = 1, there is nothing to show.
Suppose that the above property holds true at rank N — 1 and let x € Oy ¢
be such that 7(x) < ag/K (this is possible since € < ag/K). Introduce the
equivalence relation on Ny defined by i 2, j iff x; and x; can be connected
by a path lying in [, eNy B(xy, 400/ K) and denote by c(x) the number of
equivalence class.

Suppose that c¢(x) > 2. Then there exists a partition Ny = I U J, such that
Ny=#l>1,Ny=#J>1andforalliel, jeJ, |xi—xj|>40ay/K.
By induction, there exists a path y7 : [0, 1] — QNN {(x))ier, Vi #*j,lxi —
xj| > €} such that y;(0) = (xj)ies, 1(yr(1)) = I(y1(0)) + x and [y;(0) —
y1(t)loo < N7ipg. The same construction for the set J provides a path y;
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with the same properties. Define the path y on [0, 1] by (y(#)); = (v1(2));
fori € I and (y (7)) = (ys(¢)); for j € J. Since 40cty/K — (N + Nj)pg >
ap/K + 6k > €, y has values in Oy  and we have I (y(1)) > I(x) + 8k as
well as

|x — ¥ (#)|loo <max(N;, Ny)px < (N —1)pk. 4.11)

Suppose now that there is only one equivalence class. Then for all k € Ny,
|x1 — xx| < 400gN/K < 400g < rg, where rq is defined in (4.9). In par-
ticular, there exists v € S9~! such that for all y € B(x1,4000) N 2, vy +
'+ (v, 8p) C 2. On the other hand, we can suppose without loss of generality
that

(x1,v) <--- < {xn, v). (4.12)
For j e{l,...,N}seta; = jog and

y() = (x; +tayv,...,xy +tayv), te]l0,1]. (4.13)

Then, one has [x — y (t)|co <supa; = Npg, xj +ta;v € Qsince Npog < do,
and fori < j

|(xj +ta;v) — (x; +ta;v)|?

=|xj — x| + 2t (a; — ap)(x; — x;,v) +12]a; — a;|?
> |xj — xi|* + %|a; — ail . (4.14)
Thus one has
Iy (1)* = 1(x)* + pg = (I (x) +8x)>. (4.15)
The proof of Lemma 4.2 is complete. g

Using this lemma, it is easy to show that Oy ¢ is arcwise connected for Ne
small. For x € Oy ¢, define

Iy ={y€One,Fy €C(0,11, O, ), yO) =x, y () =y}.  (4.16)

We first show easily that there exists y € Z, such that I(y) > ag/N if
Ne < ap. Let M = maxyez, I(y). As I is a bounded function, M is finite
and given y €]0, 8y /2[, there exists y; € Z, such that I(y;) > M — y.
If 1(y1) < ap/N, Lemma 4.2 shows that there exists y» € Z, such that
I(y2) = I(y1) + én,e > M which is impossible. This shows that there ex-
ists y € Z, such that 7(y) > ag/N. Now by 4.9, for any x € Q, there exists
v, € §9 1 such that x +tv, € Q for 7 € [0, 8p] and dist(x +1v,, d) > £ sinfy
with cosfp =1 — &g. Let o1 = agsinbp/20. Then for Ne < 1, and I(y) >
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ap/N, y(t) = (y1 + t(ag/4N)vy,, ..., yny + t(ag/4N)vy,), t € [0,1] is a
path in Oy ¢ and one has with y(1) =y = (y{,...,¥y), 1()') = ao/2N,
and dist(y}, 92) > 3¢ for all j.

LetCy e be the setof x € Oy ¢ such that I (x) > ag/2N and dist(x;, 3€2) >
3¢ for all j. It remains to show that for any x, y € Cy  there exists a continu-
ous path y from x to y, with values in Oy ¢ for Ne < ;. Decreasing og we
may assume 6cdozg < vol(2) with ¢z = vol(B(0, 1)). Decreasing o1, we get
that for any x, y € Cy  with Ne <, there exists z € Cy ¢ such that

|xp —z4l = a9/2N and |y, —z4|l 2 a9/2N Vp,qeNy. (4.17)

One can easily choose the z; by induction, since for any x,y € Oy . and
any z1,...,z1 €  with 0 </ < N — 1 we have VOl(U?’ZlB()Cj,Ol()/N)
U B(Gj.ao/N) Uy Bzj.20/N)) < 3Ncqe N~ <vol(Q)/2 <
vol({x € @, dist(x, 02)} > 3¢).

Thus we are reduce to show that if y, z € Cy ¢ satisfy (4.17), there exists a
continuous path y from y to z, with values in Oy ¢ if Ne < a1. We look for
a path y of the form y = yy o --- o y1, where the path y; moves only the jth
ball from y; to z;. Let us explain how to choose y;. As €2 is connected, there
exists an analytic path y; which connect y; to z; in 2. We have to modify the
path p; into a new path y; in order that

ly1(t) —yjl>€ Vjef2,...,N}. (4.18)

Let K ={t€[0,1],3jo € {2,..., N}, Iy1(t) — yj,| <2€}. If K is empty,
we set y1 = 1. If K is non empty, since the path y; is analytic and 7 (y) >
/2N > 4e, K is a disjoint union of intervals, K = [ay,b1]U---Ular, br]
and forany / € {1, ..., L} there exists a unique j; such that |y (t) — y;| <2e
for t € [a;, b;]. For t ¢ K we set y(t) = y1(t) and for t € [a;, b;] we re-
place y; by a continuous path y; connecting y(a;) to y1(b;) on the sphere
|x — yj;| = 2e which is contained in €2. Then y;(¢) is continuous. Moreover,
as I (y) > 4e,forany j €{2,...,N}andt € [0, 1] we have |y (¢) — y;| > 2e.
In particular, the path ¢t € [0, 1] — (y1(f), y2, ..., yn) has values in Oy
and connects y and y := (z1,y’). From (4.17) it is clear that y € Cy ¢ and
that (4.17) holds true with y replace by y. This permits iterating the con-
struction to build a continuous path from y to z. Thus Oy , is connected for
Ne < aj.

Let us now prove that 9Oy ¢ has Lipschitz regularity for Ne < ry/2, where
ro is such that (4.9) holds. For a given €, we will prove this fact by induction
on N € [1,rp/2¢]. The case N =1 is obvious since €2 is Lipschitz. Let
X € 00y . The equivalence relation i 2 j iff X; and X ; can be connected by
a path lying in the union of closed balls of radius €/2, gives us a partition
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{1,...,N}Y=J;_; Fi such that
k=1
|fi—fj|>6 Vk #£I,Vi e F,VjeFy;
X0, — Xnyy | =€ (4.19)
Vk,Vi#jeF,3(n) € Fr, 1<l <m,n; =i,n,=j.

The Cartesian product O x O of two bounded Lipschitz open subsets
O; c R% has Lipschitz regularity. Thus, if » > 2, the induction hypothesis
on N shows that 9Oy ¢ has Lipschitz regularity near x. Thus we may assume
r =1, and therefore, for all i, j one has [x; — X ;| <e(N — 1) <ro/2.

Thus there exists xo € Q such that x; € B(xo, ro /2), and (4.9) gives us a
unit vector v and §g > 0. We set

§i=ax;+v (4.20)

with o > 0 small such that t&; € I'y (v, 80/2) for t > 0 small. We choose
B>0, p>0, tp >0 such that K oe?, B K by, p K ae?, p < ro,
10l&;* < ae?, 1) < .

Let x € 90y ¢ such that [x; —X;| < p and 0; € R4 such that |6;] < B. Let
& =§,~ +6;,and £ = (&1, ...,&n). One has t&; € I' (v, §g) for t €0, #p] and
t& e I'_(v, 8p) for t € [—1p, O[. From

(xi —xj, & —&))=(xi —xj,& —&;)+ O(B)
=alX; —%;°+ 0B+ p) 4.21)

and

(i +18) — (xj +1E)1°
=|x; —xj P42 —xj, & — &) +12E — &7 (4.22)

we get that the function ¢ € [—19, fo] = g j () = |(x; +1&) — (x; + t$j)|2
is strictly increasing. Since by (4.9) we have x; + t&; € Q for ¢ €]0, rp], we
get x +t& € Oy ¢ for t €]0, 1p]. It remains to show x + t& ¢ 5N,€ for t €
[—10, O[. If there exists two indices i, j such that |x; — x| = €, this follows
from g; ; (1) < €2 for ¢ < 0. If there exists one indice i such that x; € 9%,
this follows from t&; € I'_(v, 8g) and the second line of (4.9) which implies
xi +t& ¢ Q fort € [—tg, O[. Thus 9Oy . is Lipschitz.

Let us finally prove that Oy ¢ is quasi-regular. Let u € H -1/ 2(8(’);\/,5)
be supported in I'ying. We have to show that u is identically zero. This is
a local problem near any point X € Iipe. Let X be such that s(x) = 0,
R() = {jo} (say jo=1) and X}, € 3Quing. Denote Dy = {x € RH)Y,
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|x; —xj| >€, VI <i < j <N} Let x be a cut-off function supported near
X such that supp(x) C (R? x Q¥~1) N Dy .. Then, for any y € C°(QN 1)
the linear form u, defined on H'/2(3Q) by

(wy, f)= (cu, feOY(x2,...,x8)) (4.23)

is continuous and supported in d€2ing. As 0€2 is quasi-regular, it follows that
uy is equal to zero for all ¥ and hence, xu = 0. Therefore, we can suppose
that u is supported in the set {r(x) + s(x) > 2}. Let v be the distribution on
RNd

(v, @) = (u, ¢looy.)- (4.24)

Then v € H~!'(RN9) and its support is equal to supp(u). The Sobolev space
H~! is preserved by bi-Lipschitz maps. Therefore, if there exists a bi-
Lipschitz map & defined near x such that locally one has & (supp(u)) C
{y1 = y» = 0}, then u is identically O near x. For n € N, n > 2, introduce
the following property:

(Py) : for any X € [jpg with r(X) + s(X) =n,

we have u = 0 near x. (4.25)

This property is proved by induction on n. By lower semicontinuity of the
functions r and s, we may assume in the proof that for x € supp(u) closed
to X, one has r(x) = r(x) and s(x) = s(x) and hence R(x) = R(x) and
S(x) = S(x). Therefore, we are reduced to prove that for X € I'yjpg with
r(x) +s(x) >2 and u € H—1/2(30N,6) supported in R(x) = R(Xx) and
S(x) =S(x), we have u =0 near x .

First assume r(x) = s(x) = 1. Then, we can suppose without losing gen-
erality, that u is supported near X in G = (0€2 X QN N {|x; — x2| =€)} for
some i € {1,3,..., N}. Denoting x; = (x; 1, ..., Xi 4), We may assume that
near X, G is given by two equations,

x1,1 =a(xy), =(X1,2, ..., X1,d),

X
(4.26)
X2k = B(x3, X;), Xy = (X2 1y ey X2 Ty X2 kbl s - - s X2,
with o Lipschitz and g smooth. Then, v(x) = (x1,1 — a(x}), x2.x — B(x, x;),
X{, X}, X3, ..., xy) defines a local bi-Lipschitz homeomorphism of RN guch
that vo G C {0}2 x RN4=2 Therefore, v,(v) vanishes identically near v (x)
and hence u is null near x.
We may thus assume that s(x) > 2 or r(x) > 2. In the case s(x) > 2, the
support of u near X is contained in a set A of the form |x; —x2| = |xo —x3| =€

or |x; —x2| = |x3 — x4| = €. Since A is a subvariety of RN of codimension 2,
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we get as above that u is null near x. In the case r(x) > 2, the support of u
near ¥ is contained in a set B of the form 3Q x Q2 x R =24 which is near
X bi-Lipschitz homeomorphic to (y; = y, = 0) x R¥?~2_and thus « is null
near x. The proof of Proposition 4.1 is complete. O

Define for j € Ny the two functions 7 from RN to RN and o j from RY
to RV by

(X1, Xjy o XN) = (X1,...,0, ..., xn),

4.27)
oj(»=(@,...,y,...,0),

so that x =7 (x) + 0 (x;). The following geometric lemma will be the main
ingredient of the proof of Proposition 4.4.

Lemma 4.3 Let ag = ro/10 with ry given by (4.9). For all N e N and € €
10, g/ N1, there exists n ¢ > 0 and a finite covering (U;); of Oy ¢ such that
for all I, there exists j and v € S4~' such that

X+ Gj(F.,.(l), SN.e)) C ON,e VxelU N ON,e, (4.28)
where I is defined in (4.6)

Proof Since Oy . is compact, we have to prove that for any given x° € Oy ,
there exist r > 0,8 =6y >0, jand v € §4=1 guch that (4.28) holds true
forx e Oy e N B(x°, r). This means that we can select one ball, and that
moving only this ball by a vector in " (v, §) while keeping the other balls
fixed, results in an admissible configuration. We shall proceed by induction
on N > 1. For N = 1, this is true since 2 is Lipschitz. Let N > 2. If one can
write {1, ..., N} as the disjoint union / U J with §/ > 1,4J > 1, and

X} —xJ|=5¢ VielVjel, (4.29)

then, by the induction hypothesis, the result is true for some Sy ¢ €10, 4€[.
Thus, using the definition of «g, we may assume that all the x? are in a small
neighborhood of a given point y° € € and supy, |x,? — v < ro/2. By (4.9)
there exist v, §o > 0, ro > 0 such that

yeQ and |y—»y<rg = y+Tyi( 8) €. (4.30)
It remains to show that there exist j,r) €10, ro[, and V', 8 > 0, with
Iy (v, 8)) C I'y(v,80), such that for all x = (x1,...,xy) € Oy Wwith

dist(x,x%) < r{, and all z € x; + '/, §)), one has |z — x¢| > € for all
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k # j.This will be a consequence of the following property:
V>0, 3j, W esi ! st p—v<B
and /' (x —xk) >0 Vk#j. 4.31)

In fact, if (4.31) holds true, first take § small enough, such that for all
V' € S971 with |v/ — v| < B there exists 8§ > 0 with F+(v 8y) C T(v, 80);
then (4.31) gives us a pair v/, j such that v .(xj —X ) > 0 Vk # j. For
ry > 0,8, > 0 small enough, we get for all & € F+(v/,86) and all x €
Op e, dist(x, x0) < r» that infi.; &.(x; — xi) > 8;|&|, and thus there exists
fo such that for 7 € [0, 7] and k # j, the function 7 = |x; — (x; + t,g5)|2 is
strictly increasing for all x € Oy ., dist(x, x°) < roand all £ e T (v, §;).
Let us show that (4.31) holds true. If j — v.x? achieves its maximum at
a single j, then (4.31) is obvious with v = v’. Otherwise, the set A = {V' €
§4=1.3j £ k, v/.(x — xk) = 0} is contained in a finite union of equators
in the sphere Sd_l, with v € A, and thus (4.31) is still obvious by taking
v € §471\ A close to v. The proof of Lemma 4.3 is complete. U

Proposition 4.4 Let N, ¢ be such that Lemma 4.3 holds true. There exists
ho >0, co, c1 > 0 and M € N* such that for all h €10, hg], one has

TM (x, dy) = un(x, dy) 4 coh™¢ ( - )dy, (4.32)

where for all x € Oy ¢, un(x, dy) is a positive Borel measure.

Proof For k € N* denote B¥ = Bri (0, 1) the unit Euclidean ball and ¢ (z) =
vol(Bk 15k (z). For x,y € Op ¢, we set dist(x, y) = sup; ;< |x; — yi|. For
N > 1, denote by K}, n the kernel given in (4.1). It is sufficient to prove the
following: there exists hg > 0, cg, c; > 0 and M(N) € N* such that for all

h €10, ho], one has for all nonnegative function f,

KN () ) > coh =N f FO)dy. 433)

yeON ¢, dist(y,x)<cih

First note that it is sufficient to prove the weaker version: for all x%e 51\/,6,
there exist M(N, x9), r = r(x%) > 0, co = co(x0) > 0, ¢; = c1(xg) > 0, ho =
ho(xo) > 0 such that for all & € ]0, ho], all x € Oy ¢ and all nonnegative func-
tion f

/ f(ydy. (4.34)
yeOp ¢.dist(y,x)<c1h
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Let us verify that (4.34) implies (4.33). Decreasing r(xg) if necessary,
we may assume that any set {dist(x, x®) < 2r(xg)} is contained in one
of the open set U; of Lemma 4.3. There exists a finite set F' such that
On,e C U oepldist(x, x%) < r(xo)}. Let M(N) = sup,ocp M(N, x0), ¢} =
miny,er ¢ (xo) and h6 = miny,er ho(xp). One has to check that for any
x0 € F and any x with dist(x, x%) < r(x©), the right inequality in (4.34) holds
true with M(N) = M(N,x% +n in place of M(N, x%) for some constants
co, C1, ho. Let [ be such that dist(x,xo) < r(xp) implies x € U;. Let j and
' (v, §) be given by Lemma 4.3. Clearly, if f is nonnegative, one has

KO ()

1

> —h—d/ (p(z/h)KM(Nx "(f)x+0j@)dz. (4.35)
N x+0;(2)€ON,¢

For dist(x, x*) < 2r(x%) — ¢{h/2, and |z| < {h/2,z € T4 (v,8), one has
dist(x + 0(z),x%) < 2r(x%) and by (4.28), x + 0;(z) € Oy c. Moreover,
dist(y, x) < ¢(h/2 = dist(y, x 4+ 0(z)) < ¢} h. From (4.35) and (4.34) we
thus get, with a constant Cs depending only on the § given by Lemma 4.3,
and for h < hy,

dist(r, x0) <2r () —h/2 = KMV ()

Ca
cph N4 / f(y)dy. (4.36)
N YEON o dist(y,x)<c| h/2
By induction on n, we thus get

dist(r, x%) < 2r(x0) —cjh = KMV () )

Cs\" , _
> (—) o [ Fdy.
N YEON ¢, dist(y, x)<c’1—n

Since n is bounded, we get the desired result with 79 = min(min, o, r(x%) /
i hy).

To complete the proof, let us show (4.34) by induction on N. The case
N =1 is obvious. Suppose that (4.34) holds for N — 1 discs. Let x0€ 61\/,6
be fixed. Thanks to Lemma 4.3, we can suppose that there exists an open
neighborhood U of x% a direction v € S9! and § > 0 such that (4.28) holds
with j = 1. Let us denote x = (x, x") and

(4.37)

S

KnNn=Knn1+KpnN> (4.38)
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with

—d

Kpnif(x)=— w(
N Jix)eon . h

We also denote G(v,8) = {x; € ['+(v,§), |x1| > %}. Then, we have the fol-
lowing:

Y 1>f<y1,x/) dyi.  (439)

Lemma 4.5 For any 8§’ €10,8/2], there exists C > 0, a > 0, hg > 0 and
ro > 0 such that Vr €]0,r9], Yh €]0,hol, Vx € U N One, VX € x +
h(G(v,8") x BO, )N "1 with¥ € On_1.c, we have % € O . and

Kn,N,> f (%) = CKann—1(f (F1, NE), (4.40)

for any nonnegative function f. In particular, for all M € N*, there exists
C, ro, ho, a as above such that Vx € U N Op ¢ and VX € x + h(G(v,§") x
B(0, )N, we have

Ky o f@) = CKM y (f G D E). (4.41)

Proof Inequality (4.41) is obtained easily from (4.40) by induction on M. To
prove (4.40), observe that for nonnegative f and o € ]0, 1[ we have

—d N

h
KhN>f<x)>—Z/ TG Ry, @)
/ahx

with Aj 5 (X) = {z € Q, |Xj — z| < ahand Vk # j, |X;x — z| > €}. Let

Bjoan(x) ={z € Q,|x; —z| <ahandVk # 1, ], |xx — z| > €}. Then
Ajan C Bjgn and we claim that for o, 7 > 0 small enough and x € x +
h(G(v,8") x B0, r)N~1) with ¥’ € On_ le,wehave Bjogn(X) = Ajon(X).
Indeed, let X; = x| + hu; with u; € G(v,8’) and X’ € Oy_] ¢ be such that
|Xj — x;| < hr.Then for z € Bj o 4(X),

X1 —zl = lx1 —x; + huvil, (4.43)
with vy = uy + f" + i’h—_z Taking o, r small enough (w.r.t. §) it follows

that v; € 'y (v, §). Consequently, Lemma 4.3 shows that |X; — z| > € and
hence z € A 4 5 (X) (the same argument shows that X € Oy ). Therefore,

—d N

h
KhN>f<x>>—Z Gy EN) dyj
Bjah(x)

_ (N —1)vol(BY)
N N

and the proof of Lemma 4.5 is complete. 0

Konn—1(f (F1, NED, (4.44)
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Using this lemma we can complete the proof of (4.34). In the following
computations, C denotes a strictly positive constant independent of &, whose
value may change from line to line. Let p € N, o €]0, ag] and x € Op «,
then

KPN @) = Knna KL y o f(x)

h —d

p /
- N Kh’N’>f(Zlax)dZ]
(z1,x)€OpN ¢,21€x1+hG (v,8)

h— —d
zC— KDy yo1 (@1, D& dzi,
(z1,X)€ON ¢,21€x1+hG(1,8")
(4.45)

thanks to Lemma 4.5. From the induction hypothesis we can choose p € N so
that

KDy f()

> Ch_Nd/ / fz,y)dy' dzy.
(21,X")EON e,21€X1+hG(v,8) J |x'—Y'|<ah,y'€ON_1.¢

(4.46)
Hence, for any g €]0, 1] we get

KW F ) = KN Knova f(x)
> cp-Nd / FOL Gy dyrdys  (4.47)
Dq, g1 (x)
with

Do gp(x)={y€One, IX' =y | <ah,|xi — yi| < Bh} (4.48)

and

Yr(x, y1) zh_d/ Lz =y 1<n dz1. (4.49)
(z1,x")€ON ¢,z1€x1+hG (v,8')

We have to show that yj, is bounded from below by a positive constant, uni-
formly with respect to (x, y;) when |x; — yi| < Bh. For z1 € x; + hG (v, §'),
one has |z; — y1| < |z1 — x1| + |x1 — y1| < h8’ + hB < h for B and &' small.
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Thus for |x; — y1| < Bh one has

m(x,yl):h—”’f dz
(z21,x)€ON ¢,z1€X1+hG(v,8")

:/ 1(x1+hu,x’)€(91v$e du. (4.50)
ueGv,8)
Using Lemma 4.3 again, we get for |x; — yi| < Bh
yh(x,y1)=/ du=Cy>0. 4.51)
ueG(v,8)
Plugging this lower bound into (4.47), gives

KPi2 > chNd / fO)dy, (4.52)
' Dy, g0 (x)

and the proof of (4.34) is complete. This completes the proof of Proposi-
tion 4.4. O

By Proposition 4.1, we can consider the Neumann Laplacian |A|y on Oy ¢
defined by

A Yd A
N =" 9
2N (4.53)

D(|Aly) ={ue H (On.e), —Au € L*(Oy.e), duutlyo,. =0}

We still denote 0 = vy < vy < vy < --- the spectrum of |A|y and m; the
multiplicity of v;. Our main result is the following.

Theorem 4.6 Let N > 2 be fixed. Let € > 0 be small enough such that
Proposition 4.1 and Proposition 4.4 hold true. Let R > 0 be given and
B > 0 such that the spectrum v; of the Neumann Laplacian (4.53) satisfies
Vjy1 —Vvj > 2B forall j suchthatvjyr < R.

There exists hg > 0, 89 €10, 1/2[ and constants C; > 0 such that for any
h €10, hol, the following hold true:

(1) The spectrum of Ty, is a subset of [—1 + 8¢, 1], 1 is a simple eigenvalue
of Ty, and Spec(Ty,) N [1 — 8¢, 1] is discrete. Moreover,

1-T
Spec(7h>ﬂ]0, RIc [ Jvj—B.v;+Bl;

jz1
ﬁSpeC(7>ﬂ[1}j—ﬁ, vi+Bl=m; Vv; <R, (4.54)
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and for any 0 < A < 8oh™2, the number of eigenvalues of Ty, in
[1 — A2, 1] (with multiplicity) is bounded by C(1 4+ 1)4N/2.
(i1) The spectral gap g(h) satisfies

lim h=2g(h) = v, (4.55)
h—0t

and the following estimate holds true for all integer n:

dy

—— | < Cye®, 4.56
vol(Oy.o) |7y~ ¢ (430

TV

sup
)CEON,e

Ty (x, dy) —

The rest of this section is devoted to the proof of Theorem 4.6.

Let pup(x, dy) be given by (4.32) and un(f)(x) = [,  f()pn(x, dy).
Thanks to the positivity of up(x, dy), using the Markov property of ThM and
Lipschitz-continuity of the boundary, we get for some &, > 0, independant of
h > 0, small enough

lnllzoe pe <1~ inf / coh™ Vg (x —
On.e cih

XGON_e

)dy <1-— 86. 4.57)

Since by (4.32) uj, is self-adjoint on LZ(ON,E), we also get
lnlipn pr <1 =8, (4.58)

and by interpolation it follows that [|upllz2 2 <1 — 56. In particular the
essential spectrum of ThM is contained in [0, 1 — 86] so that 0. (7)) C
[0, 1 — 280] with 289 = 1 — (1 — 84)'/M. Thus Spec(T;) N[1 — 8o, 1] is dis-
crete. Let us verify that, decreasing dg > 0, we may also assume

Spec(Ty) C [—1+ 8o, 1]. (4.59)

Thanks to the Markov property of ThM , to prove this, it suffices to find M €
2N + 1 such that

/O /O W) +uG)TM (x, dy)dx = Sollulls. (4.60)

for any u € L?(S2). Thanks to the proof of Proposition 4.4, there exists M
2N + 1 such that

/ f W) + )T (x, dy) dx
ONA,e ON,e

X—y
cih

> coh™N / (u(x) + M(}’))2<PNd< ) dxdy. (4.61)
ON,e XON«,E

Hence, (4.59) follows from (4.61) and (2.8).
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Following the strategy of Sect. 2 we put Oy in a large box B =
1—A/2, A/2[N4 and, thanks to Proposition 4.1, there is an extension map
E : L*(Oy.c) — L*(B) which is also bounded from H!(Oy ) into H'(B).
Define

En k) = {(1 = T)u, u) 120, ), (4.62)

and define &, as in Sect. 2. Moreover, the identities (2.13) and (2.14) remain
true with obvious modifications.

Lemma 4.7 There exist Co, hg > 0 such that the following holds true for any
h €10, ho] and any u € Lz((’)N,G):

En(EW)) < Co(Enm ) + h2||ull3 ). (4.63)

Proof Thanks to Lemma 2.2 we have

Ex(Ew) < Co ( / W(x) — u(y)Peoh™N
ON,GXON,G

X =Yy 2
¢Nd<01—h> dy dx +I’l ”u”LZ(ON,E))' (464)

Combined with (4.32), this shows that

En(E(u)) = CO(/@ " (u(x) —u()’ T (x, dy)dx

| LZ(ON.G)), (4.65)

and the proof is complete. U
Lemma 4.8 For any 0 < A < 80/ h?, the number of eigenvalues of T}, in
[1—h2x, 1] (with multiplicity) is bounded by C1(1 + MWNAIZ Moreover, any
eigenfunction Ty (u) = Au with . € |1 — 8¢, 1] satisfies the bound

lulloe < Cah ™ N2 |u|l 2. (4.66)

Proof Suppose that Ty, (1) = Au with A € [1 — §g, 1], then ThMu =AMy and
thanks to (4.32), we get

(e — AMyul| e = O (N2, (4.67)

The estimate (4.66) follows from (4.57). Let (A, k) be the number of eigen-
values of T,f in the interval [1 — A2, 1] for #2A < 8. Thanks to Lemma 4.7,
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we can mimick the proof of Lemma 2.3 to get
cu(h, h) < C(142)N4/2, (4.68)

Then from (4.59), one has

1 290k
M,h). (4.69)

Cl()»,h)ICk( 2

Combining (4.68) and (4.69), we easily obtain the announced estimate. The
proof of Lemma 4.8 is complete. |

The rest of the proof of Theorem 4.6 follows the strategy of Sects. 2 and 3.
Using the spectral decomposition (2.45), (2.46) we get easily the estimates
(2.52) and (2.54), and it remains to estimate Tl’f ;- Following the proof of
Lemma 2.4, we can find o > 0 small enough and C > 0 such that the follow-
ing Nash inequality holds with 1/D =2 —4/p > O:

2+1/D

VP < ch ™ (Enm) + B2l )lull )P, YueEa.  (470)

Jul ue.

From this inequality, we deduce that for k > h~2,

ITEM || oo, oo < Ce™*MeM) (4.71)
and this implies for k > h~2, since the contributions of Tzkj)l/[ , Té‘?f are negli-
gible,

T || oo poo < Cle M), (4.72)

As Tj, is bounded by 1 on L™ we can replace kM by n > h~2 in (4.72) and
(4.56) is proved. Assertion (4.55) is an obvious consequence of (4.54). The
proof of (4.54) is the same as the one of Theorem 1.2. Thus, the following
lemma will end the proof of Theorem 4.6.

Lemma 4.9 Let 6 € C°°(5N,6) be such that supp(6) N ging = @ and
001, =0. Then

(1=T)0 =h*|AlN0 +7,  |rl 2 = O00?). (4.73)

Proof Let 0 € C“(@N,e) be such that supp(¢) N Ising = ¥ and 9,01, =0
and denote O, =1 — Ty. Then Q) = % Z?’:l Qj,n with
—d

vol(B1) Jo

Qj,he(x) = llxj—y\<h l—[ llxk—y|>e(9(x)_e(nj(x)+0j(y))) dy.

k#j
(4.74)
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Let x0(x) = ldist(x,00y )<2r- The same proof as in Sect. 3 shows that
(1= X0) Q16 () = =S h*030.(x) + Op (k). (4.75)

so that
(1 = x0) QnO(x) = h*|A|N6(x) + Op2(B). (4.76)

We study xoQn6. As |xoll;2 = O(h'/?) it suffices to show that
X0 QrO| L = O(h?). On the other hand, by Taylor expansion we have

hxo(x)
X0QjH0(x) = — == / [Tt theselse ey rhzez-d;0 (x) dz
Vol(B1) Jizj<1

Hence, it suffices to show that

N
v(x) = x0(x) ) / [ 1 theniimel rhzeqz-dj0(x)dz  (4.78)
lzl<1 ¢
Jj=1 k#j

satisfies [|v||Le = O (h). Since dist(supp @na (), I'sing) > 0, there exists dis-
joint compact sets F; C {s(x) =0, R(x) =1}, and F; ; C {r(x) =0,S(x) =
(i, j)} such that

supp(x00) C | J{x. dist(x, F) <4n} | J{x. dist(x, Fi ;) <4h}.
! i.j

If x € supp(x0f) is in {x, dist(x, F1) < 4h}, then the same parity arguments
as in Sect. 3 show that

v(x) = xo(x) z.010(x)dz = O (h). 4.79)
lz]<1,x1+hzeQ

If x € supp(x06) is in {x, dist(x, F7 2) < 4h}, then

v(x) = xo(x) Z-(ale(x)1|x1+hz—xz|>e + 329(X)1|x2+hz—x1\>e)dz

|z]<1
(4.80)
and the result follows from (x; — x2).(d10 — 020)(x) = 0(h) for
{x, dist(x, F12) < 4h}, since 9,6 vanishes on the boundary |x; — x2| = €.
The proof of Lemma 4.9 is complete. 0
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