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Abstract  This paper gives sharp rates of convergence for natural versions of the Metropo-
lis algorithm for sampling from the uniform distribution on a convex polytope. The singular
proposal distribution, based on a walk moving locally in one of a fixed, finite set of directions,
needs some new tools. We get useful bounds on the spectrum and eigenfunctions using Nash
and Weyl-type inequalities. The top eigenvalues of the Markov chain are closely related to
the Neumann eigenvalues of the polytope for a novel Laplacian.

1 Introduction
1.1 Overview

The Metropolis algorithm and the Gibbs sampler (also known as Glauber dynamics) are
often used together as one of the basic tools of scientific computation. We treat the following
example: let Q be a polyhedral convex set in d dimensions. To sample from the uniform
distribution on €2, from a point z in €2, pick a direction e from a fixed finite collection. Set
y = x+ue where u is chosen uniformly in [—/, k]. If y € 2, move to y. Else, stay at z. Under
a mild condition on the set of directions in relation to €2, this Markov chain converges to the
uniform distribution on €2. Our main result gives a sharp determination of the exponential
rate of convergence of this algorithm. It is ce 9" with g(h) asymptotic to h2v for v the
first non zero eigenvalue of a novel Laplacian defined on €2 with Neumann condition on the
boundary.
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Sampling from a convex set is a practical problem. For example, choosing a uniformly
distributed 100 x 100 doubly stochastic matrix [1] or a uniformly distributed 100 x 100
tri-diagonal doubly stochastic matrix [4]. It is also a basic problem of study in theoreti-
cal computer science [9,10]. Many algorithms have been proposed and studied. A readable
textbook description of the Gibbs sampler is in Liu [8]. See [5] for a review of rigorous results
for the Metropolis algorithm in finite spaces. The popular kit and run algorithm [2,11,15]
was introduced for this purpose. Hit and run makes long moves and will probably be preferred
in practice to the local algorithms studied here.

Spectral techniques for analysis of the Metropolis algorithm on continuous spaces are
developed in [3,6,7]. The proposal distributions there are “ball walks” choosing from the
uniform distribution on the interior of a ball. The discrete set of directions studied here is
widely used in practice and necessitates new ideas. Present problems can also be studied by
Harris recurrence techniques [12,14] and by the path techniques of Yuen [16]. These give
useful results but do not get the sharp rates on the exponents derived here.

The remainder of this section gives a careful description of the Markov chain and the
geometric connection between the underlying directions and the convex set €2 required for
ergodicity. Section 2 gives bounds on the spectrum and eigenvectors using Nash inequal-
ities and Weyl-type inequalities. Section 3 uses this spectral information to get rates of
convergence. Section 4 proves that our operator (suitably rescaled) converges, in the strong
resolvent sense, to a novel Laplace operator on 2 with Neumann boundary conditions. A
similar convergence of the ball walk Metropolis operator to the usual Neumann Laplacian is
a key ingredient of [3,7]. The final section shows how to modify the argument to handle a
continuous choice of direction.

1.2 Basic definitions

Let €2 be an open convex polytope in R?, d > 2. Thus there exists linear forms ¢ j: RY —
R, j =1,..., m and real numbers b; such that

Q={zeR!) Vj=1,....m, £;(x) > b;} (1.1)

Assume also that 2 is bounded and non empty.
Consider € = {ey, ..., e,} afamily of vectors in R?. For any j € {1, ..., p} weintroduce
the operator acting on continuous functions M ; f (x) = mj ;(x) f (x) + K, f (x), where

1
Kin(f)(xz) = 5 / lo(x + htej) f(x + htej) dt (1.2)
re[—1,1]

andm;p(x) =1— K; (1) ().
The local Metropolis operator associated to the family € is

| L
My (f)(x) = » D (Kjnf @) +mjn@) f(@)). (1.3)

j=1

In the sequel, denote m;, = % ZJP.ZI mjy and K, = % Zle K n. Let My(z,dy) be the
Markov kernel associated to this operator. This defines a bounded self-adjoint operator on
L2(S2). Moreover, since My, (1) = 1, || My, 72—, ;2= 1. Thus the probability measure m‘f—&)
on  is stationary. For n > 1, denote by M;/ (x, dy) the kernel of the iterated operator (Mj,)".

For any x € Q, M}/ (x, dy) is a probability measure on €2, and our main goal is to get some
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estimates on the rate of convergence, when n — 400, of the probability M}/ (z, dy) toward
the stationary probability OI(Q)

A good example to keep in mind is the case where 2 = Ay is the set of N x N doubly
stochastic matrices. In other words,

AN = |(ai,j)15i,j5N, Viij. aij >0, ) aix =Y ai = 1] : (1.4)

k k

The set Ay can be viewed as convex open polytope in A?V = {(ai, )1<i,j<N» D2k Gik =
> xarj = 1}. A good way to sample from Ay is to use the Metropolis strategy in the fol-
lowing manner. Starting from a matrix A € A v choose two distinct rows R;,, R,2 and two
distinct columns Cj,, Cj, at random. Denote i = (i1, i2, ji, j2) and F = F (l) the matrix
such that F; ; = 8,”1 —8iy,j» — Oirj; +8ipjp. Forh > 0 glven build the family of matrices
(A(t) =A+ tF(l)),e[ h,h)- For any ¢t € R the matrix A(t) belongs to the set AO Taking
t € [—h, h)] at random and keeping the move A — A(r) only if it results in an element of
Ay, we are exactly in the above situation with & = {F (17)}. This algorithm is used in [1]
to study things like the distribution of typical entries or the eigenvalues of random doubly
stochastic matrices.

Let us go back to the general problem. From the definition of €2, a point z € R belongs
to d€2 iff there exists a partition / U J = {1, ..., m} such that I # ¢ and

Viel, £i(x)=b; and VjeJ, £;j(x) > b;j. (1.5)
Define the following function ¢ : R — N U {400} by
c(x) =0 ifrx e Q
= 400 if z € RN\Q (1.6)

=card(/) ifz e 9.

To proceed, the following geometric condition is needed; it shows how the generating set &
must be related to the convex set 2. Proposition 1.5 shows the condition is equivalent to M),
having a spectral gap.

Definition 1.1 The family € is weakly incoming to the set <2 if for any point x¢ € d€2 there
exists € > 0,0 € {1} and e € € such that, for ¢ defined in (1.6),

c(xg + Ote) < c(xg) VYt €]0;€]. (1.7)

The following observation is simple and fundamental. Suppose that € is weakly incoming,
then span(€) = R?. Indeed, otherwise there is a hyperplane H = (Rv)* of RY such that
span(€) C H. Since Q is compact, the function 2 € Q + (z, v) would have a global mini-
mum in some zg € 9. Since 2 is open, 2 C xo+ HT, where Ht = {y € R?, (y, v) > 0}.
As € is weakly incoming, there is u € span(€) such that ¢(zg + #) = 0. In other words,
0+ u € QN (zg + H). This contradicts Q@ C o+ H™.

Example 1.1 Consider 2 the convex hull of on equilateral triangle (ABC) in R? and ¢ =
{e1, e} like on Fig. 1. For o €]0, /3], ¢ is weakly incoming to 2 whereas for o €] /3, 7|,
condition (1.7) is satisfied in every point xo of the boundary excepted in point A.

Remark 1.2 In the above case of doubly stochastic matrices, the set € = {F (;)} is weakly
incoming. Indeed, if A is in the boundary of Ay, there exists i; and j; such that A; ;, = 0.
Since A is doubly stochastic, there exists i, jo» such that A; ;, > 0 and A;,; > 0. Let
€ =min(4;, j,, Aj,j,)/2, thenforall 1 €]0, €], c«(A +tF(iy, i2, j1, j2)) < c(A).
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Fig. 1 Weakly incoming condition in the case of an equilateral triangle

Denote H; = ker(¢;) and let v be the unit vector such that £ (v;) > 0 and H,j ={ye
RY, L (y) > br).

Definition 1.2 Let u € RY\{0}. The vector u is incoming to Hj, if (i, vx) > 0. Further, u is
strictly incoming to Hy if (u, vi) > 0; u is strictly outgoing to Hy if (u, vi) < 0; u is parallel

to Hy if u € Hg.

Lemma 1.3 Suppose that € is weakly incoming to Q and let xo € Q and k = ¢(zo). There

existsr > Qand I C {1, ..., m} such that 1 = k and for B(x, r) the open ball of radius r
about x,

QN B(zo, ) = B(zo, r) N (Nier HY). (1.8)
Further, there exists B1, ..., Bk, € {1, ..., p}, a family (6y)n=1,...x of numbers in {£1} and

a bijection {1, ...,k} >n > i, € I suchthat foralln € {1, ..., k},

Oneg, is strictly incoming to H;,; (19)

Onegp, is incoming to H;,,, Ym > n.

Proof Proceed by induction on k = ¢(z¢). When k = 0, there is nothing to prove.
Suppose that the property holds true at rank ¥’ < k — 1 and let 29 € 92 be such that

c(zg) = k. By definition of €2, there exists » > Oand I C {1, ..., m} with §/ = k such that

QN B(xo, r) = B(xo, r) N (NierH;") (1.10)
Since ¢ is weakly incoming to €2, there exists g € {1, ...,k},0; = £1,6; € {1, ..., p}and
i1,...,Iq € I suchthateg, isstrictly incoming to H;, forn =1, ..., g and 0;ep, is parallel
to H; fori € I' :== I\{iy, ..., iy}. By definition of € there exists x, close to zp and r’ > 0
such that B(x, r')NQ2 = B(xg, )N (Nje I/Ht.+). From the induction hypothesis, there exists
Bg+1, - Br €{l, ..., p}, 0441, ...,k = £landabijection{g+1, ..., k} s n—>i, eI’

such that foralln > g + 1,

9” eﬂn is Stl‘lCtly inCOming to Hin;
Opep, is incoming to H;, VYm > n. (1.11)

and the proof is complete. O

Corollary 1.4 Suppose that € is weakly incoming to 2. There exist r > 0 and € €]0, 1],
such that for all xo € Q, there exists q € {1, ..., p} and 6, = %1 such that

T +1t04e4 € 2 VY € B(xo, ) NQ, YVt €0, €]. (1.12)
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Proof The fact that r, € > 0 can be chosen uniformly with respect to xo follows easily from
compactness of 2. The statement is trivial when z¢p € . Suppose that zo € 9. From
Lemma 1.3, there exists » > Oand I = {iy, ..., it} C {1, ..., p} such that

QN B(xo, 2r) = B(xo, 2r) N (Nier H') (1.13)
and 0 = 1, B € {1, ..., p} such that

O1eg, is strictly incoming to Hj,;

O1ep, is incoming to H;,, Vq > 1. (1.14)
Letz € B(xg,r) N and € €]0, r[. Then
(vi,0181) 20, Viel = x+1tbeg €. (1.15)

Thanks to (1.14), the left hand side of the above property is satisfied and the proof is
complete. O

Proposition 1.5 The family € is weakly incoming to Q2 iff 1 is not in the essential spectrum
of My,

Proof 1f € is weakly incoming to €2, 1 is not in the essential spectrum of Mj thanks to
Proposition 2.2 of this paper and Theorem 1.1 in [3].

Suppose now that € is not weakly incoming to 2. This means that there exists zp € 92
such that (1.7) does not hold. Let k = c(xg). There exists a neighborhood V of z¢ and
I C{l,...,m}with§] =k suchthat VN Q =V N (NjesH;). Then, for any 6 = £1 and
any j € {1, ..., p}, the following holds true:

If Oe; is strictly incoming to one of the (H;);e;,
then fe; is strictly outgoing to one of the (H;);e;.

Otherwise, there is j € {1,..., p} and 6 = %1 such that fe; is strictly incoming to one of
the (H;);e; and incoming to the other. Then for ¢ > 0 small enough, c(zo + 0te;) < c(xo).
Hence, assume that there exists » > 1 such that

o forany j € {l,...,r}, e; and —e¢; are strictly outgoing to some of the (H;);c;;
o forany j € {r+1,...,p},e;is parallel to the (H;)e;.

Recall that v; denotes the unit incoming orthogonal vector to H;. Let W = span(v;, i € I') and

near x use the variable z = zo+ (2, 2”/) witha’ € W andz” € Wt. Let x (z') = lll<|T,|<]
5 <l

and for A, h > 0 denote fy,(x) = (Ah)_dim(w)/zx (%). Since any v € wtis parallel to the
(Hj)jer, there exists Ao, co > 0 such that for all 2 €]0, 1] and A €]0, Ag], ||fAh||L2(Q) > .

For any j € {r +1,..., p}, e; is parallel to the (H;);cs. Hence, the function ¢
fan(x + htej) is constant and (M — 1) fin(x) = 0.
On the other hand, for any j € {1, ..., r} there exists i}, i ; € I such that e; is strictly

outgoing to H;; and —e; is strictly outgoing to H;:. Consequently, there exists y;, d; > 0
J
such that for r > 0,
z€Q and x—tej € Q= dist(x — te;, Hy) < dist(x, Hy) — y;t
J J

(1.16)
z€Q and x+tej € Q2 = dist(z + tej, Hi/.) < dist(x, Hi/.) —4;t.
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Let us compute the potential m ;, on the support of f;. For x € supp(fin), |x;| < Ah for
all j =1, ..., r.In particular dist(z, H;;) < Ah and dist(x, Hi//_) < MAh and thanks to (1.16),

1
1 —mjp(x) = / lo(x + htej) + lo(x — htej) dt
0
1 1
< / dt + / dtsx(—+8—). (1.17)

Vi J
0<r<dist(z, Hi/. )/(8jh) O<r<dist(x,Hy )/(yjh)
‘ J

Finally,

r

1
(= M) fons Find 1220 = DA = Mjw) fan fn) 2o
j=1

1 r
=2 Z/(l —mn@)| fin @) dz < CAl finll 72 - (1.18)

i=lg

Here we used the fact that for any non-negative function f, one has (K j, f, f) > 0. Finally,
we conclude by taking A = 27" — 0 as n — oo0. Indeed, the functions f>-»; are mutu-
ally orthogonal. Their norm is bounded uniformly from below and they satisfy 0 < ((1 —
Mp) fa-nn, fa-np) < C277 o

2 Spectral analysis of the metropolis operator

This section is devoted to the analysis of the spectral theory of the Metropolis operator. For
this purpose, we introduce a Laplace operator associated to the family & to be used as a
model. For any e € RY \{0} and any smooth function u, define d,u(z) = d (u(x + te))1=o.

— dt
Then, consider the operator A ¢, defined by

1 &,
A@I/l = — Bej
j=1
D(A¢) = {u € H'(Q), Agu € L?, 3, ¢ujpq = 0} 2.1)
P

with 9, e¢u(z) = 1 =1 (n(x), ej)0e ju(x), n(zx) denoting the outgoing normal vector to
the boundary at point x. If the domain €2 has smooth boundary, the normal derivative is well
defined. In the case where it is Lipschitz, it can be defined by duality in the following way.

Define first the gradient and divergence associated to the family €&, by diveu =
% sz':l Bejuj forany u = (uy,...,up) and Veu = (9,1, . . ., Bepu). Then, define a trace
operator yg by

ve  {u e (L*(Q)P, dive() € L>(Q)} > H'2039Q) (2.2)

and forv € H'! (2),

1
/dive(u)(x)v(:v) dr = —;/(u(x), Vev(x))cr dx+/)/@(u)v|gg do(x). (2.3)

Q Q Q2
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In particular, for u € H'(Q) satisfying Agu = édivGV@u € L%(Q) define Op el =
ye(Veu) € H_1/2(8S2) and the set D(—A¢) is well defined. The Dirichlet form associated
with —Ag is

p
Eelu) = é Z/ |0, u ()| da. 2.4)

=g

Let €, be the canonical basis in R?. Then, Ag, = éA where A is the usual Laplace
operator and E¢,(f) = & fQ |Vf|2d.7: is the usual Dirichlet form. Since € = {ey, ..., e)}
spans R?, a simple calculation shows that there exists a constants C > 0 such that

C '8¢y (f) < Ee(f) < CEey(f). (2.5)

Then, it is standard to show that —Ag is the self-adjoint realization of the Dirichlet
form Eg. A standard argument using Sobolev embedding shows that —A has compact
resolvent. Denote its spectrum by vg =0 < vy < vy < ---and by m; the associated multi-
plicities. Observe that my = 1. Section 4 shows that h2(1 — My) converges to —A¢ in the
strong resolvent sense so that eigenvalues and eigenvectors converge; see [13].

The main theorem of this section follows.

Theorem 2.1 Suppose that € is weakly incoming to 2, then the following hold true.

i) There exists hg > 0,8y €]0, %[ and a positive constant C such that for any h €
10, hol, the spectrum of My, is a subset of [—1 + 8o, 1], 1 is a simple eigenvalue and
Spec(Mp) N [1 — 8¢, 1] is discrete.

ii) Foranyh €]0, holand0 < 1 < Soh~2, the number of eigenvalues of My, in [1 —hx, 1]
(with multiplicity) is bounded by C (1 + 1)@/2.

iif) Forany R > 0 and & > O such that vj1 —v; > 2¢ for vj o < R, there exists hy > 0
such that one has for all h €]0, h1],

1-M
Spec ( 2 h) N0, Rl C Uj>1[v; —&,v; +¢], (2.6)
and the number of eigenvalues of l;g/[" in the interval [v; — &, v; + €] is equal to m .

A consequence of this theorem is that M}, has a spectral gap g(h) = 1 — sup(Spec(Mp)\
{1}) > 0 and that limj,_, ¢+ h‘zg(h) = v1. This will be used in the proof of total variation
estimates.

The strategy used to prove the first part of Theorem 2.1 is very close to the one given in
[3]. First, show that some iterate of the Markov kernel “controls” the random walk on a ball.
Next, this ball walk on the polytope is compared to the same walk on a large torus containing
Q2. Finally the information on the torus is transferred back to the original problem.

The proof of the last part of Theorem 2.1 is slightly different from the proof in [3]. Indeed,
the starting point of the analysis in [3] is that for regular function ¢ with normal derivatives
vanishing on the boundary, h=2(1—=Ty)¢iscloseto —Ag up to the boundary, where T, is the
Metropolis operator associated to the kernel vol(B(0, 1))~ 'A=?1 |z—y|<h- Here, this property
fails to be true. Suppose for instance that 2 C R? and that its boundary is given near (0, 0)
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by 1 > 0. Suppose that e; = (a, b) and e = (b, —a) for some a, b > 0. Then

1
W M) @) = s / (F@) = o+ ter) dt

|t|<h,x+te;€Q

1
:—ﬁaelf(a:) / tdt+ 0(1) 2.7
|t|<h,z+te; €

1 2 t%
Zmaelf(lf)l]o.ah](zl) h - + 0(1).

A similar expression holds for M5 ;, and summing these equalities gives

2 1 2 ‘T%
h™=(1 — Mp) f(x) = w 0e, f(0, 22) 10 any () | B~ — 2

2
+ e, £(0, 22) 110,51 (1) (h2 - Zé)) +o0() (238

Ifa =0,0, f + 0, f is proportional to the normal derivative of f and hence, the above
quantity is bounded.

Suppose now that @ < b. Then the above quantity is bounded on x; € [ah, bh] provided
0¢, f (0, 22) = 0. Then the same argument on [0, ah] shows that 9., f (0, z2) = 0 also.

In order to avoid these difficulties, we work directly on the quadratic form and show that
the Dirichlet form associated to the Metropolis operator converges to the Dirichlet form of
the Laplace operator with Neumann boundary conditions. The end of this section is devoted
to the proof of Theorem 2.1.

Proposition 2.2 There exists N € N and constants c1, co > 0 such that for all h €]0, 1]
Mz, dy) = pin (. dy) + cth™ iy <cn dy 2.9)

where for all x € Q, up(x, dy) is a positive Borel measure.

Proof The proof follows the lines of [3]. Denote Kj = % Zle K . Since for any hy >

hi > 0 and any non-negative function f, hp Ky, f > h1Ky, f, it is sufficient to prove the

following: there exists hg > 0, ¢1, ¢c2 > 0 and N € N* such that for all 4 €]0, h¢], one has,
for all non-negative continuous functions f,

K p@zan [ swa 2.10)
YeQ, la—yl=c2h
First note that it is sufficient to prove the weaker version: for all 20 € Q, there exist
N(wo),(x = O[(IL'O) > 0,c1 = ci(xg) > 0,c0 = ca(xg) > 0,hg = ho(xg) > 0 such
that for all 4 €]0, hg], all x € €2 and all non-negative functions f
ool = KV O@zant [ fwa. e
YEQ, |z—y|<c2h

Let us verify that (2.11) implies (2.10). Decreasing o (x) if necessary, it may be assumed
that 2a(xg) < r(xg), wﬁere r(zo) is given by Lemma 1.3. Since 2 is compact, there exists
a finite set F such that Q C Uger{lz — 20| < a(xo)}. Let N = sup{N(x0), o € F}, cl’. =
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ming,er ¢ (zo) and hy = mingyer ho(xo). One has to check that for any g € F and any
x with |z — zo| < a(xp), the right inequality in (2.11) holds true with N = N(zg) + n in
place of N (x¢) for some constants cy, ¢z, ho. Moreover, one may assume that 1o max |e;| <
ming,cr a(xg)/N.

Lete > 0,9 € {1,..., p} and 6, = £1 be given by Corollary 1.12. Then for |z — z¢| <
2 - %)O[(l‘()), one has

1
KO £ @) > Kh s K f2) = ;/K;lv(z(’)f(x—i—hteqeﬂq)dt

0
. C
mln(e maxilei] ij \31|)
hd
> 6= / / fy) dydt
0

ye2, |y7m7ht9qe,3q |<cah

> chh™ / fydy (2.12)
yeQ,ly—x|<cah/2

since for any ¢ € [0, min(e, Zmax e |)] {ly — 2| < c2h/2} C{ly —x — htbyep,| < cah}.
Tterating this computation n < N tlmes gives (2.10).

It remains to prove (2.11). If z9 € 2, the proof is obvious. Indeed, since & spans RY,
it is easy to see that for any § > 0, there exists c3, c4 > 0 such that for any non-negative
function f,

dist(y, 0Q) > 6h = K (f)(y) = czh ™4 / f(dz YyeQ. (2.13)

z€Q,|y—z|<cah

Suppose that 29 € 92 and denote k = ¢(xo). Let (ij)1<j<k. (Bj)1<j<k» (6j)1<j<k be as in
Lemma 1.3.Let 1 = y; > y» > --- > y» > 0 and §1,...,8; > 0 be such that for all
J,vi—90; > vj+1.LetG; = [y; —4d;, yjland G = ik —1G In the following computation,
c denotes a positive constant independent of f and & that may change from line to line. Since
f is non-negative,

k

KK(f) (@)= p*Kgn-- Kpnf(x) > / fla+hnD Ojtjes, | di (2.14)
teAn(x) j=1
where Aj(z) = {t = (t,....0) €G, VI=1,... k. x+h>}_ 0jtjes € Q).

Since 0 ep, is strictly incoming to H;,, there exists some constant cs, cg > 0 such that for
any t € I,

k
dist x+h29jtje,gj,H,~l > cshty —cgh(ty + - -+ + 1)
j=1
> csh(yr —81) —ceh(y2 + -+ vi)
> csh(yr —481)/2 (2.15)
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by taking y,, ..., yx small with respect to y;. Similarly, by taking y; very small with respect
toyj1 for j =2,..., k, thereis ¢;7 > O such that forany j =1,...k,

j
Vit ... t) € Grx o x Gy dist [+ h D Oitieg, RN\Q | = c7h. (2.16)

i=1

Hence,
k
K,’;f(x)zc/f z+h Y Otieg | dt (2.17)
teG j=1
and forany N > 0
k
K,’;+Nf(x)zc/ KY () [z+h > 0tiep; | dt. (2.18)
teG Jj=1

Combining (2.13), (2.16) and (2.18), there is cg > 0 small enough such that any y € R? such
that |z + h ZI;':1 tjeg; —yl < csh belongs to €2 and hence

K f(@) = eh™ / / f(y) dyd. (2.19)

1€G |pqp Z_];:l tjep; —y|<cgh

Since, Kf f(y) > p~™*Kn g, - Knp, f (), then

k
KT f(a) = ch™ / fly—hD sjes; | didsdy (2.20)
(t,5,y)€By () j=1
where
k
By(x) = {(t.5.9) € G x G xR, |x+h > 0tjep, —y| < cgh and
j=1
k
Vi=1,....k y—h 0sjes €Qt. .21
j=l
Using the new variable z =y — h ZI;‘:1 0jsjep;,
Kt f(a) > ch™ / f()dtdsdz (2.22)
(t,s,2)€Dp ()
with
k
Dy(x) = {(t.5.2) € G x G x Q. [w+h Y (tj —s))bjep, —z| < cgh and
j=1
-1
Vi=1,....k z+h 0sjep, € Q. (2.23)

Jj=1
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Since in the above integral, |¢; — 5;| < §;, taking the §;’s small enough gives

Dp(x) D 1(,5,2) € GxG X Q,|x—2z| <cgh/2,

-1
Vi=1,....k z+h) Ojsjes, €Qt. (2.24)
j=1
Now using (2.16), it follows that
Dp(z) D{(t,5,2) € G x G x Q, |x —z| < cgh/2}. (2.25)

Combined with (2.22), this yields the announced result. ]

Following the strategy of [3], introduce the Dirichlet form associated to the iterated kernel
M
h

Eni) = ((1 = My)u, u) 12q). (2.26)

Also, put Q in a large box B =] — A/2, A/2[? and define an extension map E : L*(Q) —
L?*(B) which is continuous from H ! (€2) into H'(B) and vanishes far from 2. This is possible
since 02 has Lipschitz regularity. Finally, introduce the Dirichlet form on B:

Enw)=h" / lu(z) — u(y)|?> dz dy. (2.27)
BxB,|x—y|<h
Then Proposition 2.2 easily yields the following (see [3] for details).
Lemma 2.3 There exists Co, ho > 0 such that for any h €]0, hol and any u € L2(),
En(E ) < Co(Enn () + h*[ull7sq)- (2.28)
Moreover, any function u € L*(2) such that
172 gy +h2 (0 = My, u) 2 < 1
admits a decompositionu = up +uy withuy € H'(Q), |lur g <Crand|lupl2 < Cih.

We are now in position to prove the first part of Theorem 2.1. First, assume that Mpu = u.
Then, it follows from Proposition 2.2, that

cth™ / (u(x) —u(y)? drdy < / (w(x) —u@)* M} (z, dy)dz.  (2.29)
QxQ,|lx—y|<c2h QxQ

On the other hand, the right hand side in the above inequality is equal to &, y(u) which is
actually equal to zero. Hence, u is constant and 1 is a simple eigenvalue.

Using the Markov property of M, }le , positivity of uj and the fact that 92 has Lipschitz
regularity, easily yields

Iillcess = @) < 1= et~ min [ 1yicndy <18 @30)
re
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for some &, > 0 independent of /. Working as in the proof of Theorem 1 in [3] shows that
there exists &y €]0, %[ such that for any u € LZ(Q) andanyn > N,

(M. 1) 20y = (=1 + 80l 2.31)

Hence, the same holds true for n = 1 with a possibly different .

To show that there is §o > 0 sufficiently small so that the spectrum of M, is discrete in
[1—6p, 1]it suffices to work as in the proof of Theorem 4.6 in [3], using again Proposition 2.2.

Similarly, the Weyl bound on the number of eigenvalues follows from Lemma 2.3 as in
Lemma 4.8 in [3]. This proves Part i.

To prove the last part of the theorem, work on the Dirichlet form is needed. In the following,
denote &, = &, 1. Introduce the bilinear form associated with &,:

By, v) = ((1 — Mp)u, v) 2y, Yu,v € L*(). (2.32)

A standard computation shows that By, (i, v) = % Zp Bj n(u, v) with

j=1

Bjnu,v) = ﬁ / () —u(x+te;))(v(z) —v(r +tej))drdt  (2.33)

2€Q,w+tej€Q,|t|<h

Lemma 2.4 Let 0 € C®(Q) be fixed and let (gn, ry) € HY(Q) x L2(Q) be such that
Irnllz2(@) = O(h) and g converges weakly in HY(Q) to some @. Then

lim A28, (ry, 6) =0 (2.34)
h—0t
and
1 -
lim A 2By (¢n, 0) = —/(Vew(x),w@(x»cp dzx. (2.35)
h—0F 6p
Q

Proof To prove (2.34), observe that since 6 is smooth,

hfl
(I —=M;p)o(x) = - @) —0(x +tej))dt
[t|<h,z+te; €2
0¢.0(x
= ejzh( ) / tdt + O(h?). (2.36)
[t|<h,v+te;€Q
Denoting
0¢.0(x)
pn(x) = E’Zh tdt

[t|<h,x+te;€Q

observe that supp(p;) C {z € Q, d(x, 3Q) < h} and |ppllr~ = O(h). Hence || onll; 2 =
0(h3/2) and since ||rh||L2 = O(h), it follows that

2B (rn, ) =h" >, (1 =M 1)0) 2= (h™rp, k™ pn) 2 + Oy =0 (') (2.37)

which goes to zero as h goes to zero.
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To prove (2.35) observe that

O(x+te;) —0(x) =ty(t, )
1

(@ + 1) — pn(x) = 1 / B¢, 0n(x + 1z¢5) dz (2.38)
0

with ¥ (¢, x) smooth and ¥ (0, z) = 0;6(x). Hence

1 _
BB h(en, 0) = YT / 120, 0n(x + tze))y (t, x) dt dz dx

2€Q,r+tej€RQ,|t|<h,z€[0,1]

uzaej<p,,(x + huzej)y (hu, v) dudzdx (2.39)

1
T4
2€Q,x+huejeR,|ul<1,z€[0,1]

?de, on (@)W (hu, © — huze;) du dz da.

1
4
r—huzej€Q,x+hu(l1-z)e; €, ul<1,z€[0,1]
Taylor expansion of v shows that v (hu, x — huze;) = 0e;0(x) + O (h). Hence, for any
8 > 0and any i €]0, 1],

h_sz,h(fph, 0)

1 _
= 1 u286j<ph(w)aej9(x)dudzdx+O(h)
r—huzej€Q,x+hu(l1-z)e; €Q,ul<1,z€[0,1]
= Is(h) + Js(h) + O(h) (2.40)

with I5(h) equal to the above integral over d(x, d2) > § and Js(h) the integral over
d(z, 3 < 8. Then, by Cauchy—Schwartz, |J5(h)| < C(0)8'/?||@p]| ;1. On the other hand,
for any & €]0, §[,

Ls(h)zé / 0e, 01 (2)2e,0(2) dx

reQ,d(x,02)>8

1
= / 0e, 91 (@)9e;0 (@) d + O (8| gn | ). (2.41)

zeQ

Given € > 0, it is easy to find § > 0 small enough such that for any & €]0, §[, |Js(h)| < €
and |I5(h) — é eQ Bej<ph(x)8e./.0(x)dac| < €. Now make h — OV, § being fixed, and use
the fact that ¢, converges weakly in H! to get

1 _
lim h_2Bj n(on, 0) = = | 9.,90(x)0,,0(x)dx (2.42)
h—0F ’ 6 / /
Q
and the proof is complete. O

To complete the proof of Theorem 2.1, denote |Ap| = h=2(1 = My). Let R > 0 be fixed
and observe that if v;, € [0, R] and f, € LZ(Q) satisfy |Ay|fn = vp frn and || frll;2 = 1,
then, thanks to Lemma 2.3, f}, can be decomposed as f;, = ¢j, + r, with ||rp|| Q) = O(h)
and ¢, bounded in H'. Hence (extracting a subsequence if necessary) it may be assumed
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that ¢, weakly converges in H' to a limit ¢ and that vj, converges to a limit v. It now follows
from Lemma 2.4 that for any 6 € C*° (),

1
G /(V@f(x), Veb(x))cr de = vi(p, 0) 2. (2.43)
Q

Since 0 is arbitrary, it follows that (—A¢ — v)¢ = 0 and 9, ¢@jpe = 0. In fact, this also
proves that for any € > 0 small, there exists 4 > 0 such that for & €]0, k], one has

Spec(|Ax) N[0, R] C Uj[v; —€,v; + €] (2.44)
and
gSpec(|Ap) N[v; —€,vj +€] <m; (2.45)

In fact, there is equality in (2.45). The following proof is a simplification of the one in [3]. Pro-
ceed by induction on j: lete > 0, small, be given such that for 0 < v; < M + 1, the intervals
I; = [v; — €, v} + €] are disjoint. Let ([,L?) j=0 be the increasing sequence of eigenvalues of

|Apl,on = ZJ/-V:] m j and (ex)>0 an orthonormal basis of eigenfunctions of —A¢ such that
forallk € {1 +on,...,0n41},0onehas (—Ae — vyi1)er = 0. As O is a simple eigenvalue
of both —A ¢ and |Ay], clearly vg = o = 0 and mg = 1 = #Spec(|Ap]) N [vo — €, vo + €].

Suppose that for all n < N, m, = gSpec(|Ax|) N [v, — €, v, + €]. Then by (2.44), for
h < he,

Wi oy = VN1 — €. (2.46)

By the min-max principle, if G is a finite dimensional subspace of H! with dim(G) =
1 + UNJr] )

pho < sup (AR ) 2. (2.47)
Ve Iy l=1

Let G be the vector space spanned by the e, 0 < k < on41. Then, dim(G) = 1 + on4i
and it follows from Lemma 2.4, for any k, k' < 1 4+ on41,

1
lim hszh(ek, ep) = — /(Veek(l‘), Veer (x))cr dx. (2.48)
h—>0+ 6p
Q
Hence
1
lim h™2By(y, ¥) = — / Ve ¥ (z)*da < vy4 (2.49)
h—0t 6p
Q

for any ¥ € G with ||[{||;2 = 1. Since G has finite dimension, a standard compactness
argument shows that there exists 4. > 0 such that for any & €]0, h¢] and any ¥ € G with

Il <1,
2By (W, ) < vng1 +e. (2.50)

Therefore ptoy,, < vn+1 + €. Combining this with (2.46) and (2.45) gives my1; =

gSpec(|Anl) N [vy+1 — €, 41 + €]. The proof of Theorem 2.1 is complete.
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3 Total variation estimates

This section gives estimates on the convergence speed of the iterated kernel Mj (z, dy)

towards its stationary measure #%Q). Recall that the total variation || — v||7y between two
probability measures p and v on €2 is defined by

e = vllry = sup[(A) — v(A)] (3.1

where the sup is taken over all measurable sets A. Equivalently,

1
I =vliry =7 sup ln(f) =v(HI (3.2)
feL®.| fligeo=1

Theorem 3.1 Assume that & is weakly incoming. Then there exists C > 0 and ho > 0 such
that for all h €10, ho] and all n € N, the following estimate holds true, with g(h) the spectral
gap studied in Sect. 2:

sup < Ce MM, (3.3)

zeQ

M (x, dy) —

Proof The proof is very close to the proof of Theorem 4.6 in [3] and is just sketched for
the reader’s convenience. Observe first that n > 2 can be assumed, since otherwise the
estimate is trivial thanks to the lower bound on the spectral gap.

Let [Ty be the orthogonal projector in LZ(Q) on the constant functions. Observe that

2 sup || M} (z, dy) — H =M} —Tlo| 0 . soo- (3.4)
2eh h VOI(Q) || h HL —L
Using the spectral decomposition of My, let 0 < Ay, < -+ < Ajp < -+ < h_280 be

such that the eigenvalues of M}, in the interval [1 — 8¢, 1] are the 1 — hz)\,j,h with associated
orthonormalized eigenfunctions My, (e; 5) = (1 — h?Aj p)e; p.

Then write My, — Iy = Mjy,1 + Mp 2 + M, 3, so that the operators My, 1, My 2 have
kernels

Mia@y) = D (L=krnejn@e ) (3.5)
AMp<Ajp<h=®
Mup(z, )= D (A =khjnejn@eny) (3.6)

h=@<Xjn<h=28)

where o €]0, 2] is a small constant that will be chosen later. Then

dy

2 sup
zeQ

M (x, dy) —

3
< DM}l o (3.7)
j=1

and terms on the right hand side must be estimated.
From (2.30), it is easy to prove that any eigenfunction My («) = Au with A €]1 — §p, 1]
satisfies

lullzoe < CH™ ] 2. (3.8)
Asin [3], using in particular the bound on the number of eigenvalues, we show that forn € N,

1M} 5| Lo poo + 1M} 5llmo oo < C((1—R*)" + (1= 8y (3.9)
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For n > h™2, this implies that

_ hZ—a
1M 5l Looms oo + 1M} 31l oo poe < Cae™™" . (3.10)

It remains to estimate M }’l’yl. Let E,, denote the space spanned by the eigenvectors e; ; such
that A;, < h™%. Then, thanks to Part ii of Theorem 2.1, dim(E,) < h=42/2 As in [3],
Lemma 2.3 shows that there exists « > 0 and p > 2 such that for any u € E,,

lullfy < Ch™2(En,n () + h*||ull3 ). (3.11)

This gives the following Nash estimate, with % =2 % > 0:

1 1

24+ 5 _
lull ;2P < Ch™2(Enn ) + h* w3 ) ull B Vu € Eq. (3.12)

This inequality allows an estimate of M}, | from L' into L2 and this leads to || Mﬂ oo oo <

Ce ™ N9 for k > h=2. As My, is bounded by 1 on L™ it follows that kN can be replaced
by n > h~2 in this estimate, and the proof of Theorem 3.1 is complete. O

4 Convergence of the resolvents

Let us denote |Ay| = h=2(1 — My). Recall Ag from (2.1). This section proves strong
resolvent convergence of |Ay| to Ag. For background and consequences, see [13].

Theorem 4.1 Let 7 € C\[0, +o0[ and g € L*(2). Then
lim [(|Axl —2)7'g— (—Ae —2) gl 2 = 0. .1
h—0t

Proof Let z € C\[0, 400 and g € L?(2) be fixed. For any & > 0 let fj, € L?>(R2) be the
solution of (|Ay| — 2) f = g. Hence

11— My
= 2{fns fn) 12 +<Tfh, fh> =g, fn)r2- (4.2)
L2

Since z ¢ [0, oo[ and |Ay] is a positive operator, it follows that || fx||;2 < dist(z, [0, oo[) !
llgll 12 is bounded uniformly with respect to 4. It follows from the above equation that there
exists Co > 0 such that

I fall32 +h~2E(fa) < Collgll2. (4.3)

It now follows from Lemma 2.4 that there exists C > 0 depending on z and ||g||;2 such
that for any 4 €]0, 1], we can write f, = @n + rp, with |lop|lgn < C and ||ryll;2 < Ch.
Let f e H L(Q) and (hp)ren be a sequence of positive numbers such that (¢, )x converges
weakly to fin H!. Let & € C*®(Q) be fixed. Then

— 2 O 2 + BBy (fi 0) = (g, 0) 12 (4.4)

and taking the limit k — oo it follows from Lemma 2.4 that

Cf 0t é / Ve (2)Vel(@) do = / 9@ da. @.5)
Q Q

Since 0 is arbitrary, this implies (—Ae¢ — z) f = g and 9, ¢ flso = 0. Since, this is true
for any subsequence (hy), this shows that || f, — fll;2 — 0 when h — 0, which is
exactly (4.1). m]
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5 Some generalizations

Here we present a possible generalization of the previous results. It is still assumed that €2 is
a convex polytope in R?. Suppose that E C R? is endowed with a Borel probability measure
. For any e € E, define

Kenf(x) = % / f(x+ hte)dt 5.1
te[—1,1],z+htecQ
and
Knf(2) = / Ko f (@) dp(e). (5.2)
ecE

The associated Metropolis operator is defined by M, f(x) = my(x) f(x) + Kj f (z) with
mp(z) =1 — Kp(1).

Definition 5.1 Say that (E, ) is weakly incoming to €2 if for any zp € €2 there exists
€ > 0,60 € {£1} and a measurable subset F' C E such that u(F) > 0 and

c(xo + 0te) < c(xg) Vte]0,¢], VeeF. (5.3)
Lemma 5.1 There exists some measurable subsets Fy, ..., Fy C E such that u(F;) > 0
forall j and any (f1,..., fa) € l'I‘f.:1 F; spans RY. Moreover the sets F; can be chosen

with arbitrary small diameters.

Proof From the same argument as in remark following Definition 1.1, we can easily see
that . can not be supported in an hyperplane of R?. Let us prove by induction that for
k =1,...,d, there exists Fy,...Fy C E such that u(F;) > O for all j and for any
(fi,oos ) € TE_ Fj rank(fi, ..., fi) = k.

If k = 1, it suffices to take F; C F\{0} with «(F1) > 0, which is possible thanks to the
fact that F' is weakly incoming to €2.

Assume that the property holds true at rank k — 1 < d. There exists Fi, ... Fx—_1 C E
such that w(F;) > O forall j and any (fi, ..., fi—1) € H/j‘;le, H =span(fi,..., fi—1)
has dimension £ — 1. Since supp(u) is not contained in H, there exists Fy C F\H with
Ww(Fx) > 0. Then Fy, ..., F satisfy the property at rank k.

The fact that we can take diam (F;) arbitrary small can be shown as follows. Lete > 0 and
assume by contradiction that there exists jo such that for any f € Fj, w(B(f, €) N Fj)) =
0. Then any compact subset of F;, would have measure zero, which is impossible since
u(Fj,) > 0. O

Introduce the following differential operators associated to the set E:
Ve : H(Q) > L®(E, L*(R)) (5.4)
defined by Veu(e, ) = (Vu(x), e)ca for any (e, ) € E x Q;
divg : L®(E, H'(Q)) — L*(Q) (5.5
defined by divg f(2) = [ (V. f (e, z), e)cadu(e) for any 2 € Q; and
Ap: HX(Q) — L*(Q) (5.6)

givenby Ag = édivEVE.

@ Springer



P. Diaconis et al.

Define also the following trace operator:

Yo {f € L¥(E, H\(Q)), dive f € L*(Q)} — H‘%(asz) (5.7)
by

[ r@ua@ o= [ dves@n@ dos [ [feovie.sdaue 69
Q

Q2 E Q

for any v € H'(). Observe that if f € L®(E, C'(Q)), then

VO f(2) = / (e, n(@)ca f (@, ) du(e) (5.9)
E

where n(x) denotes the unit outgoing normal vector to the boundary 92 at point x.
Foru € H'(Q) suchthat Agu € L2(), the function f = Vgusatisfiesdivg f € L2(Q).
Hence, the operator

vi i lue HU(Q), Apu € LX(Q)} — H‘%(asz) (5.10)

defined by yéu(a:) = EOVEu(x) is continuous.
Finally, introduce the following quadratic form on H L(Q):

1
Er(u) = 6// |VEu(e, :1c)|2 dxdu(e) Yu e HI(Q). (5.11)
E Q
From Lemma 5.1 it follows that, since E is weakly incoming to €2, there exists some sub-
sets 1, ..., Fy with arbitrary small diameters and £ (F;) > O such that any (f1, ..., fq) €
Fj x --- x Fy spans RY. Taking the diameter of the F ' sufficiently small, it is easy to show
that there exists C > 0 such that for any u € H 1 (),

1
cIVulliag) < E6@) = CIVulZ, (5.12)

()"

Then, the operator —Afg = —%diVEVE with domain D(—Ag) = {u € H! (), Agu €
L3(Q), y,i-u = 0} is the self-adjoint realization of the Dirichlet form £g. Moreover, it follows
from (5.12) that — A g has compactresolvent. Denote its spectrumbyvg = 0 < vy < vy < - --
and by m ; the multiplicity associated to v;. Observe that mo = 1.

Theorem 5.2 Suppose that (E, i) is weakly incoming to 2, then the following hold true.

i) There exists hg > 0,5y €]0, %[ and a positive constant C such that for any h €
10, hol, the spectrum of My, is a subset of [—1 + 8¢, 1], I is a simple eigenvalue and
Spec(Mp) N [1 — 8¢, 1] is discrete.

ii) Foranyh €]0, holand(Q < A < Soh ™2, the number of eigenvalues of My, in [1 —hx, 1]
(with multiplicity) is bounded by C (1 + 242,

iii) Forany R > 0 and & > O such that vj11 —v; > 2¢ forvjyo < R, there exists hy > 0
such that one has for all h €]0, h1],

1— M
Spec %) N]0, Rl C Uj>1[v; —&,v; + €] (5.13)

l_hg/lh in the interval [v; — &, v; + €] is equal to m .

and the number of eigenvalues of
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Here are two examples of (E, u) which are weakly incoming to 2. The first is the case
where E = {ey,..., e} is discrete and p is simply the measure 1 Zle SE:ej. Then it
suffices to assume that E is weakly incoming to €2 in the sense of Definition 1.1. Moreover,
in that case the conclusion of Theorem 5.2 are exactly those of Theorem 2.1.

A second example is the following. Let E be equal to the sphere S~ ! and u = doy
be the surface measure. Assume that p : S¢~! — R¥ is a continuous function such that
de’l p(w)dog(w) = 1 and let u = p(w)doy(w). Then (E, n) will be weakly incoming to
Q iff there exists a family of vectors ey, ..., e, € supp(p) such that (eq, ..., e)) is weakly
incoming in the sense of Definition 1.1. For instance, if p is strictly positive on S?~! then
these assumptions are automatically satisfied.

The proof of Theorem 5.2 is very close to that of Theorem 2.1 and only the main steps are
given. The following proposition is a version of Lemma 1.3 adapted to the present setting.

Proposition 5.3 Assume that (E, 1) is weakly incoming to S, let xo € Q and denote k =

c(xq). There exists € > 0 and some subsets Fy, ..., Fy C E such that u(F;) > 0 for all
i=1,...,kand
o thereexistsrg > 0and I C {1,..., m} with I = k such that
QN B(xo, r0) = (N, H") N B(xo, r0); (5.14)
e thereexists 01, ...,60r € {£1} and a bijection {1, ..., k} > n +— i, € I such that for any
n=1,...,kandany f, € F,,
O [ is strictly incoming to H;, (5.15)
and
O fu is incoming to H;, VYm > n. (5.16)
Moreover the sets Fy, ..., Fy can be chosen with arbitrary small diameter.

Proof First, it is clear that (5.14) holds true. We prove (5.15) and (5.16) by induction on
k = ¢(xp). For k = 0 there is nothing to prove.

Assume now that the property holds true for all x, such that ¢(x;) < k — 1 and suppose
that c(xp) = k. Since (E, ) is weakly incoming to €2, there exists F C E, 6; € {£1} and
€ > Osuchthat c(zg+1601 f) < c(xp) forall# €]0, €]. Assume without loss of generality that
6, = 1. Since u(F) > 0, there exists f0 € F such that forall p > 0, w(B(f°, p) N F) > 0
and

c(xo +1f) < c(xg) Vf € B(f°, p)NF, Vi €]0, €]. (5.17)
In particular, there exists g1 € {1,...,k}and iy, ..., i, € I such that
fYis strictly incoming to H;, Vg =1,....q (5.18)
and
fis parallel to H;, Vg > g1+ 1. (5.19)

Let Fy, = B(fo,p) N F with p > Oforg = 1,...,q. Then u(F;) > 0 and it follows
from (5.18) that for p small enough, any f € Fy is strictly incoming to H;, . Moreover,
thanks to (5.17), any f € F, is incoming to H; fori € I\{iy, ..., 14 }. Then we can use the
induction hypothesis with 2, = xo + €fp close to g such that c(z;) = k — g1 < k to build
F4 41, - .., Fr. The statement concerning the diameter of the Fj is a trivial consequence of
the construction. m]
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Corollary 5.4 Assume that (E, 1) is weakly incoming to Q and let xo € Q. Then there exists
ro>0,€ >0, F C E with u(F) > 0and 0 € {1} such that

VfeF, VYxeB(xy,ro)NQ, Vtel0el, z+10f € Q (5.20)
Using these results and working as in Sect. 2 easily proves the following.

Proposition 5.5 There exists N € N and c1, ¢; > 0 such that
M} (@, dy) = i (x, dy) + cth™ 1y <con dy (5.21)

where for all x € 2, uy(x, dy) is a positive Borel measure.

Proof The starting point of the proof is to observe that for any & € N and any non-negative
function f,

KEf@) > / - / Kie - Kno f@diter) - dpter)  (5.22)
eleF exeFy
for any Fi, ..., Fx C E. Then the proof is the same as the proof of Proposition 2.2. In fact,

(2.13) remains valid thanks to Lemma 5.1. Then we can mimick the end of the proof, using
the fact that in Proposition 5.3 the set F'; can be chosen with arbitrary small diameter. Details
are left to the reader. O

Proposition 5.5 implies a lemma analogous to Lemma 2.3 for the operator M}, considered
in this section. In particular, any function u € L?(S) satisfying

lull 7o + (1 — Mp)u,u)2 < 1 (5.23)

admits a decomposition u = uy + uy with |upllygr < 1 and |lugll;2 = O(h). Using
Proposition 5.3 and the generalization of Lemma 2.3 gives Parts i and ii of Theorem 5.2.

Part iii is implied by the following lemma (where 5y, still denotes the Dirichlet form
associated to My,).

Lemma 5.6 Let 0 € C*®(Q) be fixed and let (¢y,, 1)) € HY(Q) x L3(Q) be such that
Irnll 2@y = O(h) and g converges weakly in HY(Q) to some . Then

lim h=2By(rp, 6) =0 (5.24)

h—0F

and
1 .

lim hszh (on,0) = — // Vep(e, x)VEO (e, x)dx du(e). (5.25)

h—0t 6

E Q

Proof The proof is the same as that of Lemma 2.4. O

Total variation estimates for rates of convergence now follow as in Sect. 3.
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