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Abstract This paper gives sharp rates of convergence for natural versions of the Metropo-
lis algorithm for sampling from the uniform distribution on a convex polytope. The singular
proposal distribution, based on a walk moving locally in one of a fixed, finite set of directions,
needs some new tools. We get useful bounds on the spectrum and eigenfunctions using Nash
and Weyl-type inequalities. The top eigenvalues of the Markov chain are closely related to
the Neumann eigenvalues of the polytope for a novel Laplacian.

1 Introduction

1.1 Overview

The Metropolis algorithm and the Gibbs sampler (also known as Glauber dynamics) are
often used together as one of the basic tools of scientific computation. We treat the following
example: let � be a polyhedral convex set in d dimensions. To sample from the uniform
distribution on �, from a point x in �, pick a direction e from a fixed finite collection. Set
y = x+ue where u is chosen uniformly in [−h, h]. If y ∈ �, move to y. Else, stay at x. Under
a mild condition on the set of directions in relation to�, this Markov chain converges to the
uniform distribution on �. Our main result gives a sharp determination of the exponential
rate of convergence of this algorithm. It is ce−ng(h) with g(h) asymptotic to h2ν for ν the
first non zero eigenvalue of a novel Laplacian defined on � with Neumann condition on the
boundary.
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Sampling from a convex set is a practical problem. For example, choosing a uniformly
distributed 100 × 100 doubly stochastic matrix [1] or a uniformly distributed 100 × 100
tri-diagonal doubly stochastic matrix [4]. It is also a basic problem of study in theoreti-
cal computer science [9,10]. Many algorithms have been proposed and studied. A readable
textbook description of the Gibbs sampler is in Liu [8]. See [5] for a review of rigorous results
for the Metropolis algorithm in finite spaces. The popular hit and run algorithm [2,11,15]
was introduced for this purpose. Hit and run makes long moves and will probably be preferred
in practice to the local algorithms studied here.

Spectral techniques for analysis of the Metropolis algorithm on continuous spaces are
developed in [3,6,7]. The proposal distributions there are “ball walks” choosing from the
uniform distribution on the interior of a ball. The discrete set of directions studied here is
widely used in practice and necessitates new ideas. Present problems can also be studied by
Harris recurrence techniques [12,14] and by the path techniques of Yuen [16]. These give
useful results but do not get the sharp rates on the exponents derived here.

The remainder of this section gives a careful description of the Markov chain and the
geometric connection between the underlying directions and the convex set � required for
ergodicity. Section 2 gives bounds on the spectrum and eigenvectors using Nash inequal-
ities and Weyl-type inequalities. Section 3 uses this spectral information to get rates of
convergence. Section 4 proves that our operator (suitably rescaled) converges, in the strong
resolvent sense, to a novel Laplace operator on � with Neumann boundary conditions. A
similar convergence of the ball walk Metropolis operator to the usual Neumann Laplacian is
a key ingredient of [3,7]. The final section shows how to modify the argument to handle a
continuous choice of direction.

1.2 Basic definitions

Let � be an open convex polytope in R
d , d ≥ 2. Thus there exists linear forms � j : R

d →
R, j = 1, . . . ,m and real numbers b j such that

� = {x ∈ R
d , ∀ j = 1, . . . ,m, � j (x) > b j } (1.1)

Assume also that � is bounded and non empty.
Consider E = {e1, . . . , ep} a family of vectors in R

d . For any j ∈ {1, . . . , p} we introduce
the operator acting on continuous functions M j,h f (x) = m j,h(x) f (x)+ K j,h f (x), where

K j,h( f )(x) = 1

2

∫

t∈[−1,1]
1�(x + hte j ) f (x + hte j ) dt (1.2)

and m j,h(x) = 1 − K j,h(1)(x).
The local Metropolis operator associated to the family E is

Mh( f )(x) = 1

p

p∑
j=1

(K j,h f (x)+ m j,h(x) f (x)). (1.3)

In the sequel, denote mh = 1
p

∑p
j=1 m j,h and Kh = 1

p

∑p
j=1 K j,h . Let Mh(x, dy) be the

Markov kernel associated to this operator. This defines a bounded self-adjoint operator on
L2(�). Moreover, since Mh(1) = 1, ‖ Mh ‖L2→L2= 1. Thus the probability measure dx

vol(�)
on� is stationary. For n ≥ 1, denote by Mn

h (x, dy) the kernel of the iterated operator (Mh)
n .

For any x ∈ �,Mn
h (x, dy) is a probability measure on �, and our main goal is to get some
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estimates on the rate of convergence, when n → +∞, of the probability Mn
h (x, dy) toward

the stationary probability dy
vol(�) .

A good example to keep in mind is the case where � = AN is the set of N × N doubly
stochastic matrices. In other words,

AN =
{
(ai, j )1≤i, j≤N , ∀i, j, ai, j > 0,

∑
k

aik =
∑

k

ak j = 1

}
. (1.4)

The set AN can be viewed as convex open polytope in A0
N = {(ai, j )1≤i, j≤N ,

∑
k aik =∑

k ak j = 1}. A good way to sample from AN is to use the Metropolis strategy in the fol-
lowing manner. Starting from a matrix A ∈ AN choose two distinct rows Ri1 , Ri2 and two
distinct columns C j1 ,C j2 at random. Denote 	i = (i1, i2, j1, j2) and F = F(	i) the matrix
such that Fi, j = δi1 j1 − δi1, j2 − δi2 j1 + δi2 j2 . For h > 0 given, build the family of matrices
( Ã(t) = A + t F(	i))t∈[−h,h]. For any t ∈ R the matrix Ã(t) belongs to the set A0

N . Taking
t ∈ [−h, h] at random and keeping the move A → Ã(t) only if it results in an element of
AN , we are exactly in the above situation with E = {F(	i)}. This algorithm is used in [1]
to study things like the distribution of typical entries or the eigenvalues of random doubly
stochastic matrices.

Let us go back to the general problem. From the definition of �, a point x ∈ R
d belongs

to ∂� iff there exists a partition I ∪ J = {1, . . . ,m} such that I �= ∅ and

∀i ∈ I, �i (x) = bi and ∀ j ∈ J, � j (x) > b j . (1.5)

Define the following function c : R
d → N ∪ {+∞} by

c(x) = 0 if x ∈ �
= +∞ if x ∈ R

d\�
= card(I ) if x ∈ ∂�.

(1.6)

To proceed, the following geometric condition is needed; it shows how the generating set E

must be related to the convex set�. Proposition 1.5 shows the condition is equivalent to Mh

having a spectral gap.

Definition 1.1 The family E is weakly incoming to the set � if for any point x0 ∈ ∂� there
exists ε > 0, θ ∈ {±1} and e ∈ E such that, for c defined in (1.6),

c(x0 + θ te) < c(x0) ∀t ∈]0; ε]. (1.7)

The following observation is simple and fundamental. Suppose that E is weakly incoming,
then span(E) = R

d . Indeed, otherwise there is a hyperplane H = (Rν)⊥ of R
d such that

span(E) ⊂ H . Since � is compact, the function x ∈ � �→ 〈x, ν〉 would have a global mini-
mum in some x0 ∈ ∂�. Since� is open,� ⊂ x0 + H+, where H+ = {y ∈ R

d , 〈y, ν〉 > 0}.
As E is weakly incoming, there is u ∈ span(E) such that c(x0 + u) = 0. In other words,
x0 + u ∈ � ∩ (x0 + H). This contradicts � ⊂ x0 + H+.

Example 1.1 Consider � the convex hull of on equilateral triangle (ABC) in R
2 and E =

{e1, e2} like on Fig. 1. For α ∈]0, π/3],E is weakly incoming to�whereas for α ∈]π/3, π[,
condition (1.7) is satisfied in every point x0 of the boundary excepted in point A.

Remark 1.2 In the above case of doubly stochastic matrices, the set E = {F(	i)} is weakly
incoming. Indeed, if A is in the boundary of AN , there exists i1 and j1 such that Ai1 j1 = 0.
Since A is doubly stochastic, there exists i2, j2 such that Ai1 j2 > 0 and Ai2 j1 > 0. Let
ε = min(Ai1 j2 , Ai2 j1)/2, then for all t ∈]0, ε], c(A + t F(i1, i2, j1, j2)) < c(A).
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Fig. 1 Weakly incoming condition in the case of an equilateral triangle

Denote Hk = ker(�k) and let νk be the unit vector such that �k(νk) > 0 and H+
k = {y ∈

R
d , �k(y) > bk}.

Definition 1.2 Let u ∈ R
d\{0}. The vector u is incoming to Hk if 〈u, νk〉 ≥ 0. Further, u is

strictly incoming to Hk if 〈u, νk〉 > 0; u is strictly outgoing to Hk if 〈u, νk〉 < 0; u is parallel
to Hk if u ∈ Hk .

Lemma 1.3 Suppose that E is weakly incoming to � and let x0 ∈ � and k = c(x0). There
exists r > 0 and I ⊂ {1, . . . ,m} such that �I = k and for B(x0, r) the open ball of radius r
about x0,

� ∩ B(x0, r) = B(x0, r) ∩ (∩i∈I H+
i ). (1.8)

Further, there exists β1, . . . , βk,∈ {1, . . . , p}, a family (θn)n=1,...,k of numbers in {±1} and
a bijection {1, . . . , k} � n �→ in ∈ I such that for all n ∈ {1, . . . , k},

θneβn is strictly incoming to Hin ;
θneβn is incoming to Him , ∀m > n.

(1.9)

Proof Proceed by induction on k = c(x0). When k = 0, there is nothing to prove.
Suppose that the property holds true at rank k′ ≤ k − 1 and let x0 ∈ ∂� be such that

c(x0) = k. By definition of �, there exists r > 0 and I ⊂ {1, . . . ,m} with �I = k such that

� ∩ B(x0, r) = B(x0, r) ∩ (∩i∈I H+
i ) (1.10)

Since E is weakly incoming to�, there exists q ∈ {1, . . . , k}, θ1 = ±1, β1 ∈ {1, . . . , p} and
i1, . . . , iq ∈ I such that θ1eβ1 is strictly incoming to Hin for n = 1, . . . , q and θ1eβ1 is parallel
to Hi for i ∈ I ′ := I\{i1, . . . , iq}. By definition of � there exists x′

0 close to x0 and r ′ > 0
such that B(x′

0, r
′)∩� = B(x′

0, r
′)∩(∩i∈I ′ H+

i ). From the induction hypothesis, there exists
βq+1, . . . , βk ∈ {1, . . . , p}, θq+1, . . . , θk = ±1 and a bijection {q+1, . . . , k} � n �→ in ∈ I ′
such that for all n ≥ q + 1,

θneβn is strictly incoming to Hin ;
θneβn is incoming to Him ∀m > n. (1.11)

and the proof is complete. ��
Corollary 1.4 Suppose that E is weakly incoming to �. There exist r > 0 and ε ∈]0, 1],
such that for all x0 ∈ �, there exists q ∈ {1, . . . , p} and θq = ±1 such that

x + tθqeq ∈ � ∀x ∈ B(x0, r) ∩�, ∀t ∈ [0, ε]. (1.12)
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Proof The fact that r, ε > 0 can be chosen uniformly with respect to x0 follows easily from
compactness of �. The statement is trivial when x0 ∈ �. Suppose that x0 ∈ ∂�. From
Lemma 1.3, there exists r > 0 and I = {i1, . . . , ik} ⊂ {1, . . . , p} such that

� ∩ B(x0, 2r) = B(x0, 2r) ∩ (∩i∈I H+
i ) (1.13)

and θ1 = ±1, β1 ∈ {1, . . . , p} such that

θ1eβ1 is strictly incoming to Hi1;
θ1eβ1 is incoming to Hiq , ∀q > 1. (1.14)

Let x ∈ B(x0, r) ∩� and ε ∈]0, r [. Then

〈νi , θ1β1〉 ≥ 0, ∀i ∈ I �⇒ x + tθ1eβ1 ∈ �. (1.15)

Thanks to (1.14), the left hand side of the above property is satisfied and the proof is
complete. ��

Proposition 1.5 The family E is weakly incoming to � iff 1 is not in the essential spectrum
of Mh.

Proof If E is weakly incoming to �, 1 is not in the essential spectrum of Mh thanks to
Proposition 2.2 of this paper and Theorem 1.1 in [3].

Suppose now that E is not weakly incoming to �. This means that there exists x0 ∈ ∂�
such that (1.7) does not hold. Let k = c(x0). There exists a neighborhood V of x0 and
I ⊂ {1, . . . ,m} with �I = k such that V ∩ � = V ∩ (∩i∈I Hi ). Then, for any θ = ±1 and
any j ∈ {1, . . . , p}, the following holds true:

If θe j is strictly incoming to one of the (Hi )i∈I ,
then θe j is strictly outgoing to one of the (Hi )i∈I .

Otherwise, there is j ∈ {1, . . . , p} and θ = ±1 such that θe j is strictly incoming to one of
the (Hi )i∈I and incoming to the other. Then for t > 0 small enough, c(x0 + θ te j ) < c(x0).

Hence, assume that there exists r ≥ 1 such that

• for any j ∈ {1, . . . , r}, e j and −e j are strictly outgoing to some of the (Hi )i∈I ;
• for any j ∈ {r + 1, . . . , p}, e j is parallel to the (Hi )i∈I .

Recall that νi denotes the unit incoming orthogonal vector to Hi . Let W = span(νi , i ∈ I ) and
near x0 use the variable x = x0+(x′,x′′)with x′ ∈ W and x′′ ∈ W ⊥. Letχ(x′) = 1l 1

2<|x′|<1

and for λ, h > 0 denote fλh(x) = (λh)−dim(W )/2χ( x′
λh ). Since any v ∈ W ⊥ is parallel to the

(Hi )i∈I , there exists λ0, c0 > 0 such that for all h ∈]0, 1] and λ ∈]0, λ0], ‖ fλh‖L2(�) ≥ c0.
For any j ∈ {r + 1, . . . , p}, e j is parallel to the (Hi )i∈I . Hence, the function t �→

fλh(x + hte j ) is constant and (M j,h − 1) fλh(x) = 0.
On the other hand, for any j ∈ {1, . . . , r} there exists i j , i ′j ∈ I such that e j is strictly

outgoing to Hi j and −e j is strictly outgoing to Hi ′j . Consequently, there exists γ j , δ j > 0
such that for t > 0,

x ∈ � and x − te j ∈ � �⇒ dist(x − te j , Hi ′j ) ≤ dist(x, Hi ′j )− γ j t

x ∈ � and x + te j ∈ � �⇒ dist(x + te j , Hi j ) ≤ dist(x, Hi j )− δ j t.
(1.16)
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Let us compute the potential m j,h on the support of fλh . For x ∈ supp( fλh), |x j | ≤ λh for
all j = 1, . . . , r . In particular dist(x, Hi j ) ≤ λh and dist(x, Hi ′j ) ≤ λh and thanks to (1.16),

1 − m j,h(x) =
1∫

0

1�(x + hte j )+ 1�(x − hte j ) dt

≤
∫

0≤t≤dist(x,Hi j )/(δ j h)

dt +
∫

0≤t≤dist(x,Hi ′j )/(γ j h)

dt ≤ λ

(
1

γ j
+ 1

δ j

)
. (1.17)

Finally,

〈(1 − Mh) fλh, fλh〉L2(�) = 1

p

r∑
j=1

〈(1 − M j,h) fλh, fλh〉L2(�)

≤ 1

p

r∑
j=1

∫

�

(1 − m j,h(x))| fλh(x)|2 dx ≤ Cλ‖ fλh‖2
L2(�)

. (1.18)

Here we used the fact that for any non-negative function f , one has 〈K j,h f, f 〉 ≥ 0. Finally,
we conclude by taking λ = 2−n → 0 as n → ∞. Indeed, the functions f2−nh are mutu-
ally orthogonal. Their norm is bounded uniformly from below and they satisfy 0 ≤ 〈(1 −
Mh) f2−nh, f2−nh〉 ≤ C2−n . ��

2 Spectral analysis of the metropolis operator

This section is devoted to the analysis of the spectral theory of the Metropolis operator. For
this purpose, we introduce a Laplace operator associated to the family E to be used as a
model. For any e ∈ R

d\{0} and any smooth function u, define ∂eu(x) = d
dt (u(x + te))|t=0.

Then, consider the operator �E, defined by

�Eu = 1

6p

p∑
j=1

∂2
e j

u

D(�E) = {u ∈ H1(�),�Eu ∈ L2, ∂n,Eu|∂� = 0} (2.1)

with ∂n,Eu(x) = 1
p

∑p
j=1〈n(x), e j 〉∂e j u(x), n(x) denoting the outgoing normal vector to

the boundary at point x. If the domain� has smooth boundary, the normal derivative is well
defined. In the case where it is Lipschitz, it can be defined by duality in the following way.

Define first the gradient and divergence associated to the family E, by divEu =
1
p

∑p
j=1 ∂e j u j for any u = (u1, . . . , u p) and ∇Eu = (∂e1 u, . . . , ∂ep u). Then, define a trace

operator γE by

γE : {u ∈ (L2(�))p, divE(u) ∈ L2(�)} → H−1/2(∂�) (2.2)

and for v ∈ H1(�),
∫

�

divE(u)(x)v(x) dx = − 1

p

∫

�

〈u(x),∇Ev(x)〉Cp dx +
∫

∂�

γE(u)v|∂� dσ(x). (2.3)

123



Gibbs/Metropolis algorithms on a convex polytope

In particular, for u ∈ H1(�) satisfying �Eu = 1
6 divE∇Eu ∈ L2(�) define ∂n,Eu|∂� =

γE(∇Eu) ∈ H−1/2(∂�) and the set D(−�E) is well defined. The Dirichlet form associated
with −�E is

EE(u) = 1

6p

p∑
j=1

∫

�

|∂e j u(x)|2 dx. (2.4)

Let E0 be the canonical basis in R
d . Then, �E0 = 1

6d� where � is the usual Laplace
operator and EE0( f ) = 1

6d

∫
�

|∇ f |2dx is the usual Dirichlet form. Since E = {e1, . . . , ep}
spans R

d , a simple calculation shows that there exists a constants C > 0 such that

C−1EE0( f ) ≤ EE( f ) ≤ CEE0( f ). (2.5)

Then, it is standard to show that −�E is the self-adjoint realization of the Dirichlet
form EE. A standard argument using Sobolev embedding shows that −�E has compact
resolvent. Denote its spectrum by ν0 = 0 < ν1 < ν2 < · · · and by m j the associated multi-
plicities. Observe that m0 = 1. Section 4 shows that h−2(1 − Mh) converges to −�E in the
strong resolvent sense so that eigenvalues and eigenvectors converge; see [13].

The main theorem of this section follows.

Theorem 2.1 Suppose that E is weakly incoming to �, then the following hold true.

i) There exists h0 > 0, δ0 ∈]0, 1
2 [ and a positive constant C such that for any h ∈

]0, h0], the spectrum of Mh is a subset of [−1 + δ0, 1], 1 is a simple eigenvalue and
Spec(Mh) ∩ [1 − δ0, 1] is discrete.

ii) For any h ∈]0, h0] and 0 ≤ λ ≤ δ0h−2, the number of eigenvalues of Mh in [1−h2λ, 1]
(with multiplicity) is bounded by C(1 + λ)d/2.

iii) For any R > 0 and ε > 0 such that ν j+1 − ν j > 2ε for ν j+2 < R, there exists h1 > 0
such that one has for all h ∈]0, h1],

Spec

(
1 − Mh

h2

)
∩]0, R] ⊂ ∪ j≥1[ν j − ε, ν j + ε], (2.6)

and the number of eigenvalues of 1−Mh
h2 in the interval [ν j − ε, ν j + ε] is equal to m j .

A consequence of this theorem is that Mh has a spectral gap g(h) = 1 − sup(Spec(Mh)\
{1}) > 0 and that limh→0+ h−2g(h) = ν1. This will be used in the proof of total variation
estimates.

The strategy used to prove the first part of Theorem 2.1 is very close to the one given in
[3]. First, show that some iterate of the Markov kernel “controls” the random walk on a ball.
Next, this ball walk on the polytope is compared to the same walk on a large torus containing
�. Finally the information on the torus is transferred back to the original problem.

The proof of the last part of Theorem 2.1 is slightly different from the proof in [3]. Indeed,
the starting point of the analysis in [3] is that for regular function ϕ with normal derivatives
vanishing on the boundary, h−2(1−Th)ϕ is close to −�ϕ up to the boundary, where Th is the
Metropolis operator associated to the kernel vol(B(0, 1))−1h−d1|x−y|<h . Here, this property
fails to be true. Suppose for instance that � ⊂ R

2 and that its boundary is given near (0, 0)
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by x1 ≥ 0. Suppose that e1 = (a, b) and e2 = (b,−a) for some a, b > 0. Then

h−2(1 − M1,h) f (x) = 1

2h3

∫

|t |<h,x+te1∈�
( f (x)− f (x + te1)) dt

= − 1

2h3 ∂e1 f (x)
∫

|t |<h,x+te1∈�
t dt + O(1) (2.7)

= 1

4h3 ∂e1 f (x)1]0,ah](x1)

(
h2 − x2

1

a2

)
+ O(1).

A similar expression holds for M2,h and summing these equalities gives

h−2(1 − Mh) f (x) = 1

4h3

(
∂e1 f (0,x2)1]0,ah](x1)

(
h2 − x2

1

a2

)

+ ∂e2 f (0,x2)1]0,bh](x1)

(
h2 − x2

1

b2

))
+ O(1) (2.8)

If a = b, ∂e1 f + ∂e2 f is proportional to the normal derivative of f and hence, the above
quantity is bounded.

Suppose now that a < b. Then the above quantity is bounded on x1 ∈ [ah, bh] provided
∂e2 f (0,x2) = 0. Then the same argument on [0, ah] shows that ∂e1 f (0,x2) = 0 also.

In order to avoid these difficulties, we work directly on the quadratic form and show that
the Dirichlet form associated to the Metropolis operator converges to the Dirichlet form of
the Laplace operator with Neumann boundary conditions. The end of this section is devoted
to the proof of Theorem 2.1.

Proposition 2.2 There exists N ∈ N and constants c1, c2 > 0 such that for all h ∈]0, 1]
M N

h (x, dy) = μh(x, dy)+ c1h−d1|x−y|<c2h dy (2.9)

where for all x ∈ �,μh(x, dy) is a positive Borel measure.

Proof The proof follows the lines of [3]. Denote Kh = 1
p

∑p
j=1 K j,h . Since for any h2 >

h1 > 0 and any non-negative function f, h2 Kh2 f ≥ h1 Kh1 f , it is sufficient to prove the
following: there exists h0 > 0, c1, c2 > 0 and N ∈ N

∗ such that for all h ∈]0, h0], one has,
for all non-negative continuous functions f ,

K N
h ( f )(x) ≥ c1h−d

∫

y∈�,|x−y|≤c2h

f (y) dy. (2.10)

First note that it is sufficient to prove the weaker version: for all x0 ∈ �, there exist
N (x0), α = α(x0) > 0, c1 = c1(x0) > 0, c2 = c2(x0) > 0, h0 = h0(x0) > 0 such
that for all h ∈]0, h0], all x ∈ � and all non-negative functions f

|x − x0| ≤ 2α �⇒ K N (x0)
h ( f )(x) ≥ c1h−d

∫

y∈�,|x−y|≤c2h

f (y) dy. (2.11)

Let us verify that (2.11) implies (2.10). Decreasing α(x0) if necessary, it may be assumed
that 2α(x0) < r(x0), where r(x0) is given by Lemma 1.3. Since � is compact, there exists
a finite set F such that � ⊂ ∪x0∈F {|x − x0| < α(x0)}. Let N = sup{N (x0),x0 ∈ F}, c′

i =
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minx0∈F ci (x0) and h′
0 = minx0∈F h0(x0). One has to check that for any x0 ∈ F and any

x with |x − x0| ≤ α(x0), the right inequality in (2.11) holds true with N = N (x0) + n in
place of N (x0) for some constants c1, c2, h0. Moreover, one may assume that h0 max |e j | ≤
minx0∈F α(x0)/N .

Let ε > 0, q ∈ {1, . . . , p} and θq = ±1 be given by Corollary 1.12. Then for |x − x0| <
(2 − 1

N )α(x0), one has

K N (x0)+1
h f (x) ≥ 1

p
Kh,βq K N (x0)

h f (x) ≥ 1

p

1∫

0

K N (x0)
h f (x + htθqeβq ) dt

≥ c′
1

h−d

p

min

(
ε,

c2
2 max j |e j |

)
∫

0

∫

y∈�,|y−x−htθq eβq |<c2h

f (y) dy dt

≥ c′
0h−d

∫

y∈�,|y−x|<c2h/2

f (y) dy (2.12)

since for any t ∈ [0,min(ε, c2
2 max j |e j | )], {|y − x| < c2h/2} ⊂ {|y − x − htθqeβq | < c2h}.

Iterating this computation n ≤ N times gives (2.10).
It remains to prove (2.11). If x0 ∈ �, the proof is obvious. Indeed, since E spans R

d ,
it is easy to see that for any δ > 0, there exists c3, c4 > 0 such that for any non-negative
function f ,

dist(y, ∂�) ≥ δh �⇒ K d
h ( f )(y) ≥ c3h−d

∫

z∈�,|y−z|<c4h

f (z) dz ∀y ∈ �. (2.13)

Suppose that x0 ∈ ∂� and denote k = c(x0). Let (i j )1≤ j≤k, (β j )1≤ j≤k, (θ j )1≤ j≤k be as in
Lemma 1.3. Let 1 = γ1 > γ2 > · · · > γk > 0 and δ1, . . . , δk > 0 be such that for all
j, γ j − δ j > γ j+1. Let G j = [γ j − δ j , γ j ] and G = �k

j=1G j . In the following computation,
c denotes a positive constant independent of f and h that may change from line to line. Since
f is non-negative,

K k
h ( f )(x) ≥ p−k Kβ1,h · · · Kβk ,h f (x) ≥ c

∫

t∈Ah(x)

f

⎛
⎝x + h

k∑
j=1

θ j t j eβ j

⎞
⎠ dt (2.14)

where Ah(x) = {t = (t1, . . . , tk) ∈ G, ∀l = 1, . . . , k, x + h
∑l

j=1 θ j t j eβ j ∈ �}.
Since θ1eβ1 is strictly incoming to Hi1 , there exists some constant c5, c6 > 0 such that for

any t ∈ I ,

dist

⎛
⎝x + h

k∑
j=1

θ j t j eβ j , Hi1

⎞
⎠ ≥ c5ht1 − c6h(t2 + · · · + tk)

≥ c5h(γ1 − δ1)− c6h(γ2 + · · · + γk)

≥ c5h(γ1 − δ1)/2 (2.15)
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by taking γ2, . . . , γk small with respect to γ1. Similarly, by taking γ j very small with respect
to γ j+1 for j = 2, . . . , k, there is c7 > 0 such that for any j = 1, . . . , k,

∀(t1, . . . , t j ) ∈ G1 × · · · × G j , dist

⎛
⎝x + h

j∑
i=1

θi ti eβi ,R
d\�

⎞
⎠ ≥ c7h. (2.16)

Hence,

K k
h f (x) ≥ c

∫

t∈G

f

⎛
⎝x + h

k∑
j=1

θ j t j eβ j

⎞
⎠ dt (2.17)

and for any N ≥ 0

K k+N
h f (x) ≥ c

∫

t∈G

K N
h ( f )

⎛
⎝x + h

k∑
j=1

θ j t j eβ j

⎞
⎠ dt. (2.18)

Combining (2.13), (2.16) and (2.18), there is c8 > 0 small enough such that any y ∈ R
d such

that |x + h
∑k

j=1 t j eβ j − y| < c8h belongs to � and hence

K d+k
h f (x) ≥ ch−d

∫

t∈G

∫

|x+h
∑k

j=1 t j eβ j −y|<c8h

f (y) dy dt. (2.19)

Since, K k
h f (y) ≥ p−k Kh,βk · · · Kh,β1 f (y), then

K d+2k
h f (x) ≥ ch−d

∫

(t,s,y)∈Bh(x)

f

⎛
⎝y − h

k∑
j=1

s j eβ j

⎞
⎠ dt ds dy (2.20)

where

Bh(x) =
⎧⎨
⎩(t, s, y) ∈ G × G × R

d , |x + h
k∑

j=1

θ j t j eβ j − y| < c8h and

∀l = 1, . . . , k, y − h
k∑

j=l

θ j s j eβ j ∈ �
⎫⎬
⎭ . (2.21)

Using the new variable z = y − h
∑k

j=1 θ j s j eβ j ,

K d+2k
h f (x) ≥ ch−d

∫

(t,s,z)∈Dh (x)

f (z) dt ds dz (2.22)

with

Dh(x) =
⎧⎨
⎩(t, s, z) ∈ G × G ×�, |x + h

k∑
j=1

(t j − s j )θ j eβ j − z| < c8h and

∀l = 1, . . . , k, z + h
l−1∑
j=1

θ j s j eβ j ∈ �
⎫⎬
⎭ . (2.23)
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Since in the above integral, |t j − s j | < δ j , taking the δ j ’s small enough gives

Dh(x) ⊃
⎧⎨
⎩(t, s, z) ∈ G × G ×�, |x − z| < c8h/2,

∀l = 1, . . . , k, z + h
l−1∑
j=1

θ j s j eβ j ∈ �
⎫⎬
⎭ . (2.24)

Now using (2.16), it follows that

Dh(x) ⊃ {(t, s, z) ∈ G × G ×�, |x − z| < c8h/2}. (2.25)

Combined with (2.22), this yields the announced result. ��
Following the strategy of [3], introduce the Dirichlet form associated to the iterated kernel

Mk
h :

Eh,k(u) = 〈(1 − Mk
h )u, u〉L2(�). (2.26)

Also, put � in a large box B =] − A/2, A/2[d and define an extension map E : L2(�) →
L2(B)which is continuous from H1(�) into H1(B) and vanishes far from�. This is possible
since ∂� has Lipschitz regularity. Finally, introduce the Dirichlet form on B:

Ẽh(u) = h−d
∫

B×B,|x−y|<h

|u(x)− u(y)|2 dx dy. (2.27)

Then Proposition 2.2 easily yields the following (see [3] for details).

Lemma 2.3 There exists C0, h0 > 0 such that for any h ∈]0, h0] and any u ∈ L2(�),

Ẽh(E(u)) ≤ C0(Eh,N (u)+ h2‖u‖2
L2(�)

). (2.28)

Moreover, any function u ∈ L2(�) such that

‖u‖2
L2(�)

+ h−2〈(1 − Mh)u, u〉L2(�) ≤ 1

admits a decomposition u = uL +u H with uL ∈ H1(�), ‖uL‖H1 ≤ C1, and ‖u H ‖L2 ≤ C1h.

We are now in position to prove the first part of Theorem 2.1. First, assume that Mhu = u.
Then, it follows from Proposition 2.2, that

c1h−d
∫

�×�,|x−y|<c2h

(u(x)− u(y))2 dx dy ≤
∫

�×�
(u(x)− u(y))2 M N

h (x, dy) dx. (2.29)

On the other hand, the right hand side in the above inequality is equal to Eh,N (u) which is
actually equal to zero. Hence, u is constant and 1 is a simple eigenvalue.

Using the Markov property of M N
h , positivity of μh and the fact that ∂� has Lipschitz

regularity, easily yields

‖μh‖L∞→L∞ = μh(�) ≤ 1 − c1h−d min
x∈�

∫

�

1|x−y|<c2h dy < 1 − δ′0 (2.30)
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for some δ′0 > 0 independent of h. Working as in the proof of Theorem 1 in [3] shows that
there exists δ0 ∈]0, 1

2 [ such that for any u ∈ L2(�) and any n ≥ N ,

〈Mn
h u, u〉L2(�) ≥ (−1 + δ0)‖u‖2

L2(�)
. (2.31)

Hence, the same holds true for n = 1 with a possibly different δ0.
To show that there is δ0 > 0 sufficiently small so that the spectrum of Mh is discrete in

[1−δ0, 1] it suffices to work as in the proof of Theorem 4.6 in [3], using again Proposition 2.2.
Similarly, the Weyl bound on the number of eigenvalues follows from Lemma 2.3 as in

Lemma 4.8 in [3]. This proves Part i .
To prove the last part of the theorem, work on the Dirichlet form is needed. In the following,

denote Eh = Eh,1. Introduce the bilinear form associated with Eh :

Bh(u, v) = 〈(1 − Mh)u, v〉L2(�), ∀u, v ∈ L2(�). (2.32)

A standard computation shows that Bh(u, v) = 1
p

∑p
j=1 B j,h(u, v) with

B j,h(u, v) = 1

4h

∫

x∈�,x+te j ∈�,|t |<h

(u(x)− u(x + te j ))(v(x)− v(x + te j )) dx dt (2.33)

Lemma 2.4 Let θ ∈ C∞(�) be fixed and let (ϕh, rh) ∈ H1(�) × L2(�) be such that
‖rh‖L2(�) = O(h) and ϕh converges weakly in H1(�) to some ϕ. Then

lim
h→0+ h−2Bh(rh, θ) = 0 (2.34)

and

lim
h→0+ h−2Bh(ϕh, θ) = 1

6p

∫

�

〈∇Eϕ(x),∇Eθ(x)〉Cp dx. (2.35)

Proof To prove (2.34), observe that since θ is smooth,

(1 − M j,h)θ(x) = h−1

2

∫

|t |<h,x+te j ∈�
(θ(x)− θ(x + te j )) dt

= ∂e j θ(x)

2h

∫

|t |<h,x+te j ∈�
t dt + O(h2). (2.36)

Denoting

ρh(x) = ∂e j θ(x)

2h

∫

|t |<h,x+te j ∈�
t dt

observe that supp(ρh) ⊂ {x ∈ �, d(x, ∂�) < h} and ‖ρh‖L∞ = O(h). Hence ‖ρh‖L2 =
O(h3/2) and since ‖rh‖L2 = O(h), it follows that

h−2B j,h(rh, θ)=h−2〈rh, (1−M j,h)θ〉L2 =〈h−1rh, h−1ρh〉L2 + O(h)= O(h1/2) (2.37)

which goes to zero as h goes to zero.

123



Gibbs/Metropolis algorithms on a convex polytope

To prove (2.35) observe that

θ(x + te j )− θ(x) = tψ(t,x)

ϕh(x + te j )− ϕh(x) = t

1∫

0

∂e jϕh(x + t ze j ) dz (2.38)

with ψ(t,x) smooth and ψ(0,x) = ∂e j θ(x). Hence

h−2B j,h(ϕh, θ) = 1

4h3

∫

x∈�,x+te j ∈�,|t |<h,z∈[0,1]
t2∂e jϕh(x + t ze j )ψ(t,x) dt dz dx

= 1

4

∫

x∈�,x+hue j ∈�,|u|<1,z∈[0,1]
u2∂e jϕh(x + huze j )ψ(hu,x) du dz dx (2.39)

= 1

4

∫

x−huze j ∈�,x+hu(1−z)e j ∈�,|u|<1,z∈[0,1]
u2∂e jϕh(x)ψ(hu,x − huze j ) du dz dx.

Taylor expansion of ψ shows that ψ(hu,x − huze j ) = ∂e j θ(x) + O(h). Hence, for any
δ > 0 and any h ∈]0, 1],

h−2B j,h(ϕh, θ)

= 1

4

∫

x−huze j ∈�,x+hu(1−z)e j ∈�,|u|<1,z∈[0,1]
u2∂e jϕh(x)∂e j θ(x) du dz dx + O(h)

= Iδ(h)+ Jδ(h)+ O(h) (2.40)

with Iδ(h) equal to the above integral over d(x, ∂�) ≥ δ and Jδ(h) the integral over
d(x, ∂�) < δ. Then, by Cauchy–Schwartz, |Jδ(h)| ≤ C(θ)δ1/2‖ϕh‖H1 . On the other hand,
for any h ∈]0, δ[,

Iδ(h) = 1

6

∫

x∈�,d(x,∂�)>δ
∂e jϕh(x)∂e j θ(x) dx

= 1

6

∫

x∈�
∂e jϕh(x)∂e j θ(x) dx + O(δ1/2‖ϕh‖H1). (2.41)

Given ε > 0, it is easy to find δ > 0 small enough such that for any h ∈]0, δ[, |Jδ(h)| < ε

and |Iδ(h) − 1
6

∫
x∈� ∂e jϕh(x)∂e j θ(x)dx| < ε. Now make h → 0+, δ being fixed, and use

the fact that ϕh converges weakly in H1 to get

lim
h→0+ h−2B j,h(ϕh, θ) = 1

6

∫

�

∂e jϕ(x)∂e j θ(x) dx (2.42)

and the proof is complete. ��
To complete the proof of Theorem 2.1, denote |�h | = h−2(1 − Mh). Let R > 0 be fixed

and observe that if νh ∈ [0, R] and fh ∈ L2(�) satisfy |�h | fh = νh fh and ‖ fh‖L2 = 1,
then, thanks to Lemma 2.3, fh can be decomposed as fh = ϕh + rh with ‖rh‖L2(�) = O(h)
and ϕh bounded in H1. Hence (extracting a subsequence if necessary) it may be assumed
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that ϕh weakly converges in H1 to a limit ϕ and that νh converges to a limit ν. It now follows
from Lemma 2.4 that for any θ ∈ C∞(�),

1

6p

∫

�

〈∇E f (x),∇Eθ(x)〉Cp dx = ν〈ϕ, θ〉L2 . (2.43)

Since θ is arbitrary, it follows that (−�E − ν)ϕ = 0 and ∂n,Eϕ|∂� = 0. In fact, this also
proves that for any ε > 0 small, there exists hε > 0 such that for h ∈]0, hε], one has

Spec(|�h |) ∩ [0, R] ⊂ ∪ j [ν j − ε, ν j + ε] (2.44)

and

�Spec(|�h |) ∩ [ν j − ε, ν j + ε] ≤ m j (2.45)

In fact, there is equality in (2.45). The following proof is a simplification of the one in [3]. Pro-
ceed by induction on j : let ε > 0, small, be given such that for 0 ≤ ν j ≤ M +1, the intervals
I εj = [ν j − ε, ν j + ε] are disjoint. Let (μh

j ) j≥0 be the increasing sequence of eigenvalues of

|�h |, σN = ∑N
j=1 m j and (ek)k≥0 an orthonormal basis of eigenfunctions of −�E such that

for all k ∈ {1 + σN , . . . , σN+1}, one has (−�E − νN+1)ek = 0. As 0 is a simple eigenvalue
of both −�E and |�h |, clearly ν0 = μ0 = 0 and m0 = 1 = �Spec(|�h |)∩ [ν0 − ε, ν0 + ε].

Suppose that for all n ≤ N ,mn = �Spec(|�h |) ∩ [νn − ε, νn + ε]. Then by (2.44), for
h ≤ hε,

μh
1+σN

≥ νN+1 − ε. (2.46)

By the min-max principle, if G is a finite dimensional subspace of H1 with dim(G) =
1 + σN+1,

μh
σN+1

≤ sup
ψ∈G,‖ψ‖=1

〈|�h |ψ,ψ〉L2(�). (2.47)

Let G be the vector space spanned by the ek, 0 ≤ k ≤ σN+1. Then, dim(G) = 1 + σN+1

and it follows from Lemma 2.4, for any k, k′ ≤ 1 + σN+1,

lim
h→0+ h−2Bh(ek, ek′) = 1

6p

∫

�

〈∇Eek(x),∇Eek′(x)〉Cp dx. (2.48)

Hence

lim
h→0+ h−2Bh(ψ,ψ) = 1

6p

∫

�

|∇Eψ(x|2 dx ≤ νN+1 (2.49)

for any ψ ∈ G with ‖ψ‖L2 = 1. Since G has finite dimension, a standard compactness
argument shows that there exists hε > 0 such that for any h ∈]0, hε] and any ψ ∈ G with
‖ψ‖L2 ≤ 1,

h−2Bh(ψ,ψ) ≤ νN+1 + ε. (2.50)

Therefore μσN+1 ≤ νN+1 + ε. Combining this with (2.46) and (2.45) gives m N+1 =
�Spec(|�h |) ∩ [νN+1 − ε, νN+1 + ε]. The proof of Theorem 2.1 is complete.
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3 Total variation estimates

This section gives estimates on the convergence speed of the iterated kernel Mn
h (x, dy)

towards its stationary measure dy
V ol(�) . Recall that the total variation ‖μ−ν‖T V between two

probability measures μ and ν on � is defined by

‖μ− ν‖T V = sup |μ(A)− ν(A)| (3.1)

where the sup is taken over all measurable sets A. Equivalently,

‖μ− ν‖T V = 1

2
sup

f ∈L∞,‖ f ‖L∞=1
|μ( f )− ν( f )|. (3.2)

Theorem 3.1 Assume that E is weakly incoming. Then there exists C > 0 and h0 > 0 such
that for all h ∈]0, h0] and all n ∈ N, the following estimate holds true, with g(h) the spectral
gap studied in Sect. 2:

sup
x∈�

∥∥∥∥Mn
h (x, dy)− dy

vol(�)

∥∥∥∥
T V

≤ Ce−ng(h). (3.3)

Proof The proof is very close to the proof of Theorem 4.6 in [3] and is just sketched for
the reader’s convenience. Observe first that n ≥ h−2 can be assumed, since otherwise the
estimate is trivial thanks to the lower bound on the spectral gap.

Let �0 be the orthogonal projector in L2(�) on the constant functions. Observe that

2 sup
x∈�

∥∥∥∥Mn
h (x, dy)− dy

vol(�)

∥∥∥∥
T V

= ∥∥Mn
h −�0

∥∥
L∞→L∞ . (3.4)

Using the spectral decomposition of Mh , let 0 < λ1,h ≤ · · · ≤ λ j,h ≤ · · · ≤ h−2δ0 be
such that the eigenvalues of Mh in the interval [1 − δ0, 1] are the 1 − h2λ j,h with associated
orthonormalized eigenfunctions Mh(e j,h) = (1 − h2λ j,h)e j,h .

Then write Mh − �0 = Mh,1 + Mh,2 + Mh,3, so that the operators Mh,1,Mh,2 have
kernels

Mh,1(x, y) =
∑

λ1,h≤λ j,h≤h−α
(1 − h2λ j,h)e j,h(x)e j,h(y) (3.5)

Mh,2(x, y) =
∑

h−α≤λ j,h≤h−2δ0

(1 − h2λ j,h)e j,h(x)e j,h(y) (3.6)

where α ∈]0, 2] is a small constant that will be chosen later. Then

2 sup
x∈�

∥∥∥∥Mn
h (x, dy)− dy

vol(�)

∥∥∥∥
T V

≤
3∑

j=1

‖Mn
h, j‖L∞→L∞ (3.7)

and terms on the right hand side must be estimated.
From (2.30), it is easy to prove that any eigenfunction Mh(u) = λu with λ ∈]1 − δ0, 1]

satisfies

‖u‖L∞ ≤ Ch−d/2‖u‖L2 . (3.8)

As in [3], using in particular the bound on the number of eigenvalues, we show that for n ∈ N,

‖Mn
h,2‖L∞→L∞ + ‖Mn

h,3‖L∞→L∞ ≤ C((1 − h2−α)n + (1 − δ0)
n)h−3d/2 (3.9)
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For n ≥ h−2, this implies that

‖Mn
h,2‖L∞→L∞ + ‖Mn

h,3‖L∞→L∞ ≤ Cαe−nh2−α
. (3.10)

It remains to estimate Mn
h,1. Let Eα denote the space spanned by the eigenvectors e j,h such

that λ j,h ≤ h−α . Then, thanks to Part i i of Theorem 2.1, dim(Eα) ≤ h−dα/2. As in [3],
Lemma 2.3 shows that there exists α > 0 and p > 2 such that for any u ∈ Eα ,

‖u‖2
L p ≤ Ch−2(Eh,N (u)+ h2‖u‖2

L2). (3.11)

This gives the following Nash estimate, with 1
D = 2 − 4

p > 0:

‖u‖2+ 1
D

L2 ≤ Ch−2(Eh,N (u)+ h2‖u‖2
L2)‖u‖

1
D
L1 ∀u ∈ Eα. (3.12)

This inequality allows an estimate of Mh,1 from L1 into L2 and this leads to ‖Mk N
h,1‖L∞→L∞ ≤

Ce−k Ng(h) for k ≥ h−2. As Mh is bounded by 1 on L∞ it follows that k N can be replaced
by n ≥ h−2 in this estimate, and the proof of Theorem 3.1 is complete. ��

4 Convergence of the resolvents

Let us denote |�h | = h−2(1 − Mh). Recall �E from (2.1). This section proves strong
resolvent convergence of |�h | to �E. For background and consequences, see [13].

Theorem 4.1 Let z ∈ C\[0,+∞[ and g ∈ L2(�). Then

lim
h→0+ ‖(|�h | − z)−1g − (−�E − z)−1g‖L2(�) = 0. (4.1)

Proof Let z ∈ C\[0,+∞[ and g ∈ L2(�) be fixed. For any h > 0 let fh ∈ L2(�) be the
solution of (|�h | − z) fh = g. Hence

− z〈 fh, fh〉L2 +
〈

1 − Mh

h2 fh, fh

〉
L2

= 〈g, fh〉L2 . (4.2)

Since z /∈ [0,∞[ and |�h | is a positive operator, it follows that ‖ fh‖L2 ≤ dist (z, [0,∞[)−1

‖g‖L2 is bounded uniformly with respect to h. It follows from the above equation that there
exists C0 > 0 such that

‖ fh‖2
L2 + h−2Eh( fh) ≤ C0‖g‖2

L2 . (4.3)

It now follows from Lemma 2.4 that there exists C > 0 depending on z and ‖g‖L2 such
that for any h ∈]0, 1], we can write fh = ϕh + rh with ‖ϕh‖H1 ≤ C and ‖rh‖L2 ≤ Ch.
Let f ∈ H1(�) and (hk)k∈N be a sequence of positive numbers such that (ϕhk )k converges
weakly to f in H1. Let θ ∈ C∞(�) be fixed. Then

− z〈 fhk , θ〉L2 + h−2
k Bhk ( fhk , θ) = 〈g, θ〉L2 (4.4)

and taking the limit k → ∞ it follows from Lemma 2.4 that

− z〈 f, θ〉L2 + 1

6p

∫

�

∇E f (x)∇Eθ(x) dx =
∫

�

g(x)θ(x) dx. (4.5)

Since θ is arbitrary, this implies (−�E − z) f = g and ∂n,E f|∂� = 0. Since, this is true
for any subsequence (hk), this shows that ‖ fh − f ‖L2 → 0 when h → 0, which is
exactly (4.1). ��
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5 Some generalizations

Here we present a possible generalization of the previous results. It is still assumed that� is
a convex polytope in R

d . Suppose that E ⊂ R
d is endowed with a Borel probability measure

μ. For any e ∈ E , define

Ke,h f (x) = 1

2

∫

t∈[−1,1],x+hte∈�
f (x + hte) dt (5.1)

and

Kh f (x) =
∫

e∈E

Ke,h f (x) dμ(e). (5.2)

The associated Metropolis operator is defined by Mh f (x) = mh(x) f (x) + Kh f (x) with
mh(x) = 1 − Kh(1).

Definition 5.1 Say that (E, μ) is weakly incoming to � if for any x0 ∈ ∂� there exists
ε > 0, θ ∈ {±1} and a measurable subset F ⊂ E such that μ(F) > 0 and

c(x0 + θ te) < c(x0) ∀t ∈]0, ε], ∀e ∈ F. (5.3)

Lemma 5.1 There exists some measurable subsets F1, . . . , Fd ⊂ E such that μ(Fj ) > 0
for all j and any ( f1, . . . , fd) ∈ �d

j=1 Fj spans R
d . Moreover the sets Fj can be chosen

with arbitrary small diameters.

Proof From the same argument as in remark following Definition 1.1, we can easily see
that μ can not be supported in an hyperplane of R

d . Let us prove by induction that for
k = 1, . . . , d , there exists F1, . . . Fk ⊂ E such that μ(Fj ) > 0 for all j and for any
( f1, . . . , fk) ∈ �k

j=1 Fj , rank( f1, . . . , fk) = k.
If k = 1, it suffices to take F1 ⊂ F\{0} with μ(F1) > 0, which is possible thanks to the

fact that F is weakly incoming to �.
Assume that the property holds true at rank k − 1 < d . There exists F1, . . . Fk−1 ⊂ E

such that μ(Fj ) > 0 for all j and any ( f1, . . . , fk−1) ∈ �k−1
j=1 Fj , H = span( f1, . . . , fk−1)

has dimension k − 1. Since supp(μ) is not contained in H , there exists Fk ⊂ F\H with
μ(Fk) > 0. Then F1, . . . , Fk satisfy the property at rank k.

The fact that we can take diam(Fj ) arbitrary small can be shown as follows. Let ε > 0 and
assume by contradiction that there exists j0 such that for any f ∈ Fj0 , μ(B( f, ε) ∩ Fj0) =
0. Then any compact subset of Fj0 would have measure zero, which is impossible since
μ(Fj0) > 0. ��

Introduce the following differential operators associated to the set E :

∇E : H1(�) → L∞(E, L2(�)) (5.4)

defined by ∇E u(e,x) = 〈∇u(x), e〉Cd for any (e,x) ∈ E ×�;

divE : L∞(E, H1(�)) → L2(�) (5.5)

defined by divE f (x) = ∫
E 〈∇x f (e,x), e〉Cd dμ(e) for any x ∈ �; and

�E : H2(�) → L2(�) (5.6)

given by �E = 1
6 divE∇E .
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Define also the following trace operator:

γ 0
E : { f ∈ L∞(E, H1(�)), divE f ∈ L2(�)} → H− 1

2 (∂�) (5.7)

by∫

∂�

γ 0
E f (x)v|∂�(x) dσ(x)=

∫

�

divE f (x)v(x) dx+
∫

E

∫

�

f (e,x)∇Ev(e,x) dx dμ(e) (5.8)

for any v ∈ H1(�). Observe that if f ∈ L∞(E,C1(�)), then

γ 0
E f (x) =

∫

E

〈e, n(x)〉Cd f (x, e) dμ(e) (5.9)

where n(x) denotes the unit outgoing normal vector to the boundary ∂� at point x.
For u ∈ H1(�) such that�E u ∈ L2(�), the function f = ∇E u satisfies divE f ∈ L2(�).

Hence, the operator

γ 1
E : {u ∈ H1(�),�E u ∈ L2(�)} → H− 1

2 (∂�) (5.10)

defined by γ 1
E u(x) = γ 0

E∇E u(x) is continuous.
Finally, introduce the following quadratic form on H1(�):

EE (u) = 1

6

∫

E

∫

�

|∇E u(e,x)|2 dx dμ(e) ∀u ∈ H1(�). (5.11)

From Lemma 5.1 it follows that, since E is weakly incoming to�, there exists some sub-
sets F1, . . . , Fd with arbitrary small diameters and μ(Fj ) > 0 such that any ( f1, . . . , fd) ∈
F1 × · · · × Fd spans R

d . Taking the diameter of the Fj sufficiently small, it is easy to show
that there exists C > 0 such that for any u ∈ H1(�),

1

C
‖∇u‖2

L2(�)
≤ EE (u) ≤ C‖∇u‖2

L2(�)
. (5.12)

Then, the operator −�E = − 1
6 divE∇E with domain D(−�E ) = {u ∈ H1(�),�E u ∈

L2(�), γ 1
E u = 0} is the self-adjoint realization of the Dirichlet form EE . Moreover, it follows

from (5.12) that−�E has compact resolvent. Denote its spectrum by ν0 = 0 < ν1 < ν2 < · · ·
and by m j the multiplicity associated to ν j . Observe that m0 = 1.

Theorem 5.2 Suppose that (E, μ) is weakly incoming to �, then the following hold true.

i) There exists h0 > 0, δ0 ∈]0, 1
2 [ and a positive constant C such that for any h ∈

]0, h0], the spectrum of Mh is a subset of [−1 + δ0, 1], 1 is a simple eigenvalue and
Spec(Mh) ∩ [1 − δ0, 1] is discrete.

ii) For any h ∈]0, h0] and 0 ≤ λ ≤ δ0h−2, the number of eigenvalues of Mh in [1−h2λ, 1]
(with multiplicity) is bounded by C(1 + λ)d/2.

iii) For any R > 0 and ε > 0 such that ν j+1 − ν j > 2ε for ν j+2 < R, there exists h1 > 0
such that one has for all h ∈]0, h1],

Spec

(
1 − Mh

h2

)
∩]0, R] ⊂ ∪ j≥1[ν j − ε, ν j + ε] (5.13)

and the number of eigenvalues of 1−Mh
h2 in the interval [ν j − ε, ν j + ε] is equal to m j .
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Here are two examples of (E, μ) which are weakly incoming to �. The first is the case
where E = {e1, . . . , ep} is discrete and μ is simply the measure 1

p

∑p
j=1 δe=e j . Then it

suffices to assume that E is weakly incoming to � in the sense of Definition 1.1. Moreover,
in that case the conclusion of Theorem 5.2 are exactly those of Theorem 2.1.

A second example is the following. Let E be equal to the sphere Sd−1 and μ = dσd

be the surface measure. Assume that ρ : Sd−1 → R
+ is a continuous function such that∫

Sd−1 ρ(ω)dσd(ω) = 1 and let μ = ρ(ω)dσd(ω). Then (E, μ) will be weakly incoming to
� iff there exists a family of vectors e1, . . . , ep ∈ supp(ρ) such that (e1, . . . , ep) is weakly
incoming in the sense of Definition 1.1. For instance, if ρ is strictly positive on Sd−1 then
these assumptions are automatically satisfied.

The proof of Theorem 5.2 is very close to that of Theorem 2.1 and only the main steps are
given. The following proposition is a version of Lemma 1.3 adapted to the present setting.

Proposition 5.3 Assume that (E, μ) is weakly incoming to �, let x0 ∈ � and denote k =
c(x0). There exists ε > 0 and some subsets F1, . . . , Fk ⊂ E such that μ(Fi ) > 0 for all
i = 1, . . . , k and

• there exists r0 > 0 and I ⊂ {1, . . . ,m} with �I = k such that

� ∩ B(x0, r0) = (∩k
i∈I H+

i ) ∩ B(x0, r0); (5.14)

• there exists θ1, . . . , θk ∈ {±1} and a bijection {1, . . . , k} � n �→ in ∈ I such that for any
n = 1, . . . , k and any fn ∈ Fn,

θn fn is strictly incoming to Hin (5.15)

and

θn fn is incoming to Him ∀m > n. (5.16)

Moreover the sets F1, . . . , Fk can be chosen with arbitrary small diameter.

Proof First, it is clear that (5.14) holds true. We prove (5.15) and (5.16) by induction on
k = c(x0). For k = 0 there is nothing to prove.

Assume now that the property holds true for all x′
0 such that c(x′

0) ≤ k − 1 and suppose
that c(x0) = k. Since (E, μ) is weakly incoming to �, there exists F ⊂ E, θ1 ∈ {±1} and
ε > 0 such that c(x0 + tθ1 f ) < c(x0) for all t ∈]0, ε]. Assume without loss of generality that
θ1 = 1. Since μ(F) > 0, there exists f 0 ∈ F such that for all ρ > 0, μ(B( f 0, ρ) ∩ F) > 0
and

c(x0 + t f ) < c(x0) ∀ f ∈ B( f 0, ρ) ∩ F, ∀t ∈]0, ε]. (5.17)

In particular, there exists q1 ∈ {1, . . . , k} and i1, . . . , iq1 ∈ I such that

f 0 is strictly incoming to Hiq ∀q = 1, . . . , q1 (5.18)

and

f 0 is parallel to Hiq ∀q ≥ q1 + 1. (5.19)

Let Fq = B( f0, ρ) ∩ F with ρ > 0 for q = 1, . . . , q1. Then μ(Fq) > 0 and it follows
from (5.18) that for ρ small enough, any f ∈ Fq is strictly incoming to Hiq . Moreover,
thanks to (5.17), any f ∈ Fq is incoming to Hi for i ∈ I\{i1, . . . , iq1}. Then we can use the
induction hypothesis with x′

0 = x0 + ε f0 close to x0 such that c(x′
0) = k − q1 < k to build

Fq1+1, . . . , Fk . The statement concerning the diameter of the Fj is a trivial consequence of
the construction. ��
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Corollary 5.4 Assume that (E, μ) is weakly incoming to� and let x0 ∈ �. Then there exists
r0 > 0, ε > 0, F ⊂ E with μ(F) > 0 and θ ∈ {±1} such that

∀ f ∈ F, ∀x ∈ B(x0, r0) ∩�, ∀t ∈ [0, ε], x + tθ f ∈ � (5.20)

Using these results and working as in Sect. 2 easily proves the following.

Proposition 5.5 There exists N ∈ N and c1, c2 > 0 such that

M N
h (x, dy) = μh(x, dy)+ c1h−d1|x−y|<c2h dy (5.21)

where for all x ∈ �,μh(x, dy) is a positive Borel measure.

Proof The starting point of the proof is to observe that for any k ∈ N and any non-negative
function f ,

K k
h f (x) ≥

∫

e1∈F1

· · ·
∫

ek∈Fk

Kh,e1 · · · Kh,ek f (x) dμ(ek) · · · dμ(e1) (5.22)

for any F1, . . . , Fk ⊂ E . Then the proof is the same as the proof of Proposition 2.2. In fact,
(2.13) remains valid thanks to Lemma 5.1. Then we can mimick the end of the proof, using
the fact that in Proposition 5.3 the set Fj can be chosen with arbitrary small diameter. Details
are left to the reader. ��

Proposition 5.5 implies a lemma analogous to Lemma 2.3 for the operator Mh considered
in this section. In particular, any function u ∈ L2(�) satisfying

‖u‖2
L2 + 〈(1 − Mh)u, u〉L2 ≤ 1 (5.23)

admits a decomposition u = uL + u H with ‖uL‖H1 ≤ 1 and ‖u H ‖L2 = O(h). Using
Proposition 5.3 and the generalization of Lemma 2.3 gives Parts i and i i of Theorem 5.2.

Part i i i is implied by the following lemma (where Bh still denotes the Dirichlet form
associated to Mh).

Lemma 5.6 Let θ ∈ C∞(�) be fixed and let (ϕh, rh) ∈ H1(�) × L2(�) be such that
‖rh‖L2(�) = O(h) and ϕh converges weakly in H1(�) to some ϕ. Then

lim
h→0+ h−2Bh(rh, θ) = 0 (5.24)

and

lim
h→0+ h−2Bh(ϕh, θ) = 1

6

∫

E

∫

�

∇Eϕ(e,x)∇Eθ(e,x) dx dμ(e). (5.25)

Proof The proof is the same as that of Lemma 2.4. ��
Total variation estimates for rates of convergence now follow as in Sect. 3.

References

1. Chatterjee, S., Diaconis, P., Sly, A.: Properties of uniform doubly stochastic matrices. ArXiv e-prints
(2010)

2. Diaconis, P., Anderson, H.C.: Hit and run as a unifying device. J. Soc. Francaise Stat. 148, 5–28 (2007)

123



Gibbs/Metropolis algorithms on a convex polytope

3. Diaconis, P., Lebeau, G., Michel, L.: Geometric analysis for the Metropolis algorithm on Lipshitz domains.
Invent. Math. 185(2), 239–281 (2011)

4. Diaconis, P., Matchup-Wood, P.: On random, doubly stochastic, tri-diagonal matrices. Technical report,
Department of Mathematics, Stanford University, preprint, (2010)

5. Diaconis, P., Saloff-Coste, L.: What do we know about the Metropolis algorithm? In: 27th Annual ACM
Symposium on the Theory of Computing (STOC’95) (Las Vegas, NV). J. Comput. Syst. Sci. 57(1), 20–36
(1998)

6. Diaconis, P., Lebeau, G.: Micro-local analysis for the Metropolis algorithm. Math. Z. 262(2),
411–447 (2009)

7. Lebeau, G., Michel, L.: Semiclassical analysis of a random walk on a manifold. Ann. Probab. 38(1),
277–315 (2010)

8. Liu, J.S.: Monte Carlo Strategies in Scientific Computing. Springer Series in Statistics. Springer-
Verlag, New York (2001)

9. Lovász, L., Simonovits, M.: Random walks in a convex body and an improved volume algorithm. Random
Struct. Algorithms 4(4), 359–412 (1993)

10. Lovász, L., Vempala, S.: Hit-and-run is fast and fun. Technical Report, Microsoft Research, Microsoft
Corporation (2003)

11. Lovász, L., Vempala, S.: The geometry of logconcave functions and sampling algorithms. Random Struct.
Algorithms 30(3), 307–358 (2007)

12. Meyn, S.P., Tweedie, R.L.: Markov Chains and Stochastic Stability. Communications and Control Engi-
neering Series. Springer-Verlag, London (1993)

13. Reed, M., Simon, B.: Methods of Modern Mathematical Physics. IV. Analysis of Operators. Academic
Press/Harcourt Brace Jovanovich Publishers, New York (1978)

14. Rosenthal, J.S.: Minorization conditions and convergence rates for Markov chain Monte Carlo. J. Am.
Stat. Assoc. 90(430), 558–566 (1995)

15. Smith, R.L.: Efficient Monte Carlo procedures for generating points uniformly distributed over bounded
regions. Oper. Res. 32(6), 1296–1308 (1984)

16. Yuen, W.K.: Applications of geometric bounds to the convergence rate of Markov chains on R
n . Stoch.

Process. Appl. 87(1), 1–23 (2000)

123


	Gibbs/Metropolis algorithms on a convex polytope
	Abstract
	1 Introduction
	1.1 Overview
	1.2 Basic definitions

	2 Spectral analysis of the metropolis operator
	3 Total variation estimates
	4 Convergence of the resolvents
	5 Some generalizations
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


