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Introduction

The problem of hard spheres

Abstract probabilistic setting

Let u = p(x)dx be a probability measure on [a, b] and let f be a
regular function on [a, b]. We want to compute numerically the

quantity | = 1 fab f(x)du(x).
m Standard "deterministic” method consist to divide [a, b] into

N interval and to approximate / by ZLVZI Ay where Ay is the
area corresponding to the kth interval.

m Probabilist approach: let (x,)nen be a sequence of numbers in
[a, b] such that x, is choosen at random with respect to p.
Then, the quantity % Z,’Yzl f(xn) provides a good
approximation of /.

m A priori, "choose a point at random with respect to p" is not
a simpler problem than "compute /".

The Metropolis Algorithm provides an efficient procedure to
sample from p.
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Introduction

The problem of hard spheres
Abstract probabilistic setting

The problem of hard spheres

Consider a fixed box in RY, B =] — 1,1[?. We consider the
problem of placement of N balls of radius € > 0 with centers in B
under the condition that the balls do not overlap. We denote
One C BN the set of all possible configurations. We endowe One
with the Lebesgue measure dL.

Build a sample of points X!,..., X" € Oy, distributed uniformly
with respect to dL.

m This problem occurs in statistical physics in phase transition
studies.

m It can be formulated in a more abstract setting.
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Introduction

The problem of hard spheres

Abstract probabilistic setting

Metropolis and al (50's) proposed the following algorithm to solve
this problem. Let h > 0 being fixed and X° € One.

m Starting from X% = (x0,...,x%), move one of the ball say x?
uniformly at random in the ball B(x?, h), it results in a new
position x,%. Denote X! = (x?, ... ,x,%, e ,XR,) the new

configuration. If X! € On,e, keep Xt

mIf X1¢ On, throw away X1 and restart the procedure from
X0,

m Once, X! is constructed, define X? by the same procedure
starting from X!, etc.

As r goes to infinity, the distribution of X°,..., X" in Op e is close
to the uniform distribution.
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The problem of hard spheres
Abstract probabilistic setting

Abstract probabilistic setting

Let (X, d) be a metric space and B the Borel o-algebra on X. Let
K(x, dy) be a Markov kernel on X, i.e.

m for all x € X, K(x,dy) is a probability measure on (X, B).
m for all B € B, x — K(x, B) is continuous (to simplify).
For n € N* we define the iterated kernel K"(x, dy) by

K™ "(x, B) —/K'"(y, B)K"(x,dy), VB € B
The kernel K induces an operator on continuous functions by
k() = [ FOK )

and its transpose acts on Borel measure on X,
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Introduction

The problem of hard spheres
Abstract probabilistic setting

A stationary distribution is a probability measure 7(dx) on X such
that 'K (m) = m. In other words:

VB € B, n(B) = / K(x, B)r(dx)

example

Suppose that X is a finite space and let n = §X. Then a Markov
kernel is a matrix (K(x,y)))1<x,y<n With non-negative coefficients
and such that for any x € X, ¥,cxK(x,y) = 1. Hence , a
stationary distribution is an eigenvector of YK associated to the
eigenvalue 1 and with non-negative coordinates.
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Introduction

The problem of hard spheres
Abstract probabilistic setting

Suppose that K(x, dy) is a strictly positive, regular Markov kernel
and that m(dx) is stationary for K. Then,

Vx € X,VB € B, lim K"(x,B) = r(B)

A Markov kernel is strictly positive if K(x, A) > 0 for any open
subset A. We do not define the notion of regular Markov kernel.
Think it as a density k(x, y)dy on an open subset of R?, with k
continuous w.r.t. (x,y) (enough to apply Ascoli's theorem).

Question

What can we say about the speed of convergence?
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Introduction

The problem of hard spheres

Abstract probabilistic setting

Given a probability distribution 7 on X we may be interested in
sampling w. From the preceding theorem, it is clear that if

K(x, dy) is a Markov kernel for which 7 is stationary, we can build
a sample by the following process:

m Start from x® € X and buid x! € X at random with the
probability K(x°, dy).

m Knowing x°,...,x" € X build x"*! at random with the
probability K(x", dy).

Since K"(x, dy) converges to m, the distribution of the point

x0%, ..., x" “looks like" it was choosen according to 7.

Question

Given a probability 7, how can we construct a Markov kernel
K(x, dy) such that 7 is stationary for K?
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Framework and basic properties

The Metropolis Algorithm on Lipschitz domain

Our framework is the following:
m Q denotes a bounded connected open subset of RY s.t. O
has Lipschitz regularity.
m p is a measurable function on Q such that
* there exists m, M > 0, s.t. m < p(x) < M, Vx € Q.
* Jop(x)dx =1
m B denotes the unit ball in R? and |B| its volume.

We are willing to define a Markov kernel which permit to sample
from p(x)dx.
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Framework and basic properties

Introduce the following kernel on :

1 . p(y)
Kh,p(Xay) = Wl\x—ykh m'n(ma 1)

The Metropolis kernel is given by

Th,p(Xa d)/) - mh7p(X)5X + Khm(Xa y)dy

with i
M p(x) = 1 - /Q Knp(x, y)dy

The Metropolis operator associated to this kernel is

Thpti(x) = mi,(x)u(x) + /Q u(y) Knp(x, y)dy
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Framework and basic properties

Basic properties

m The Metropolis kernel T} ,(x, dy) is a Markov kernel
(Thp(1) =1).

m The operator T}, is self-adjoint on L2(2, p(x)dx) and
| Thp lliz—r2=1.

m The probability measure p(x)dx is stationary for T} ,.

m Spec(Tp) is discrete near 1 (use this).

We define the spectral gap of the Metropolis operator T}, , as

g(h, p) = dist(1, spect(Ty) \ {1}). This is the largest constant
such that

1
2 2
llullfz(p) — (us 1)1z, < m@ — Thpu, u)2(,)
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Our results
Case of general densities Rough study of the spectrum
Proof of total variation estimates

Let Q be an open, connected, bounded, Lipschitz subset of R.
There exists hg > 0, o €]0,1/2[ and constants C; > 0 such that
for h €]0, hg], the following holds true:

o Spec(Th,) C [~1+00,1]

e 1is a simple eigenvalue of T} ,

e The spectral gap g(h, p) satisfies
Goh? < g(h,p) < Gzh?
o Ve [0, 50],

#(Spect(Th,) N1 — A, 1]) < C(1+ Ah=2)%/2
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Our results
Case of general densities

Total variation estimate

The total variation distance between two probability measures pu, v
is defined by

1
ln=vlrv = sup |u(A)~1(A) =7 sup ,/fdu_/fdy

A measurable fel>= |f|<1

Under the same assumption as above, the following estimate holds
true for all n € N:

Coe™8M) < sup,q| Ty, (x, dy) = p(y)dy || v < Ge™"6(P).
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Our result:
Case of general densities Rough st the spectrum
Proof sariation estimates

Some references

m Diaconis-Lebeau (08): consider the case of the Metropolis
kernel on X = [0, 1] and use semiclassical analysis.

m Lebeau-Michel (09) consider the case of a random walk
operator on a Riemannian manifold.

m Lebeau : Cours a I'école d'été du GDR MOAD, aout 2009.

m For an introduction to this topics, see: Diaconis, The Markov

chain Monte Carlo Revolution, Bull. Amer. Math. Soc.
(N.S.) 46 (2009).
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Our results
Case of general densities Rough study of the spectrum

Proof of total variation estimates

Variational approach

Since, m < p(x) < M on Q, we can easily suppose that p = 1 (and
we denote T}, instead of T}, ,). The spectral gap is the largest
constant such that

1

2 2

ullfz —(u, 1)72 <

H HL2 < >L2 g(h,p)

A standard computation shows that

1

3 /QXQ lu(x) — u(y)[>dxdy := Var(u)

(u— Thu,u)2

lullfe = (u, 1)F: =
—-d ,

h
= Thu,upe =~ | Tuyjaalu(x) — u(y) Poedy := Ex(u).
QAxQ

Hence, the spectral gap is the largest constant s.t.
1
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Our results
Case of general densities Rough study of the spectrum

Proof of total variation estimates

The following properties are easy to prove:
m 1 is a simple eigenvalue (use this)

m g(h,p) < Ch? (take u € C§°(Q) such that [, u(x)dx =0,
| u||;2= 1, make a Taylor expansion and use again this )
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Our results
Case of general densities Rough study of the spectrum
Proof of total variation estimates

Lower bound for the spectral gap

Let us show the lower bound on the spectral gap when € is
convex. For any u € L2(Q), we have

/ lu(x) — u(y)Pddy <
QxQ
K(h)—1
-1 X — X)) —u(x — X 2X
Ch kz_jo /M‘”( - kiy — x)) — u(x + (k + D)A(y — x)) [Py,

where K(h) is the greatest integer < h™! and K(h)h = 1.
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Our results
Case of general densities Rough study of the spectrum

Proof of total variation estimates

With the new variables x’ = x + kh(y — x),
y' = x+ (k+1)h(y — x), one has dx'dy’ = h¥dxdy and we get

[ lut) = uly) ey <
QxQ

Ch_d_lK(h)/Q Ql\x’—y’\<hdiam(ﬂ)|u(xl) — u(y")[Pdxdy’,
X

This yields to
Var(u) < C'h=2&,(v)

and proves the lower bound.
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Case of general densities R0 st of the spectrum
Proof of total variation estimates

Proof of total variation estimates

Let Mo be the orthogonal projector in L2(Q) on the space of
constant functions

No(u)(x) = 1a(x) | uly)dy. &
Then, by definition

2 5up || T3/ (x0, dy) = dyll7v = T = Molle~—r. (2)
X0€E

Thus, we have to prove that for h > 0 small and any n, one has
| TP — Mol poo—poe < Coe™ "8, (3)

Since g(h, p) = O(h?), we can suppose that nh? >> 1.
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Our results
Case of general densities Rough study of the spectrum

Proof of total variation estimates

Denote \; j the eigenvalues of T}, and [1; the associated spectral
projector. We fix a > 0 small and use the spectral decomposition
Tp,—Tg = Th,l + Th,2 with

Thy = > Aj,nll

1—h270‘<>\jyh<1

and Tp,» spectrally localized in [—1 + dp, 1 — h?=]. It is easy to
see that

|77 — Moll2_p2 < Ce ehP),
Since, we deal with L*° — L norm, we need:

m to control |||z
m a bound on the number of eigenvalues in any interval [ap, 1]
with 1—50<a/-,<1—Ch2.

For this purpose, we compare our operator with a more simple one.
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Case of general densities Rougk of the spectrum
Proof of total variation estimates

Comparaison with the random walk on the torus

Since Q is bounded, it is contained in a large box | — A, A[¢. We
denote M = (R/2AZ)?. Since Q is Lipschitz, using local
coordinates, we can define an extension map

P:1%(Q) — L2(N)

which is also bounded from H(Q) into H1(I).

Any function v € L2() can be extended in Fourier series

V(x) = Y keza ck(v)e?*™/A The L2 and H! norm on I can be
expressed as follows

o V]2 = (A T, lal
. (vl n)—( A S (1+ 8 g 2.
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Our results
Case of general densities Rough study of the spectrum

Proof of total variation estimates

Recall that for u € L%(Q),

h—d
Ep(u) = (u—Thu, u)20) = —— Loy <nlu(x) = u(y)[*dxdy.
2 Jaxa
For v € L?(I), we define
~ N h—d )
En(v) = (u=Thu, u)i2(m) = —- o L yj<nlv(x) = v(y)|“dxdy.
B X

where T is the metropolis operator on the torus.

A simple calculus using the Fourier expansion, shows that
Th = [(—h?A) where T is a smooth function decreasing to 0 at
infinity.
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Our results
Case of general densities Rough study of the spectrum
Proof of total variation estimates

There exist Cy, C1, hg > 0 such that the following holds true for
any h €]0, ho] and any u € L2(Q).

En(u)/Co < En(P(u)) < Go (En(u) + P|lull72) (4)
As a by-product, any u € L?(2) such that
[ullF2(p) + B72((L = Th)u, u)ap) < 1

admits a decomposition u = u; + uy with u € HY(Q),
||UL||H1 S C1, and ||UH||L2 S Clh.
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Our results
Case of general densities Rough study of the spectrum

Proof of total variation estimates

Proof.

m The first inequality is trivial. The second one is obtained by
working in local coordinates for which the boundary is an
half-space.

m We observe that (thanks to Parseval identity)

&) = 22 2 Slaloln/A)

0(¢) = / |2z _ 12,
<t

The by-product is obtained by projecting the extension

v = P(u) on low frequencies h|k| < § and high frequencies
h|k| > & for some fixed § > 0. Hence, it suffices to use the
fact that the function @ is quadratic near 0 and has a positive
lower bound for || > §. O

L. Michel (joint work with P. Diaconis and G. Lebeau ) Geometric Analysis of Metropolis Algorithm on Bounded Domain



Case of general densities Rougk of the spectrum
Proof of total variation estimates

Control of small eigenvalues

Using the preceding Lemma, we show that there exists §p > 0 s.t.
m for any 0 < X\ < 6p/h?,

#(Spec(Ty) N [1 — KA, 1]) < C(1 + X\)9/?

m any eigenfuntion Tp(u) = Au with X € [1 — do, 1] satisfies the
bound
lull < Coh™2||ull 2.

Using these estimates we get easily:
2—a
I T2n,hHL<>°—>/_oc < Ch3d/2g=nh << e—n&(h.p)

since g(h, p) ~ h?.
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Our results
Case of general densities Rough study of the spectrum
Proof of total variation estimates

Nash inequality

Let E, = span(ejn, 1 — >~ < \j 5 < 1). We have the following
Nash inequality:

a2

There exists C, D, a > 0, s.t. any funtion u € E, satisfies:

2+1/D —2 2 2 2 2 1/D
a5 < ch=2(|ul22 — || Thull2 + B3]|ull2)]|ull2°.

Proof.
m Use Lemma 1 to show that there exists p > 2 such that any
function u € E, satisfies

lulle < Ch=2(lullZ = I Thullz + H*|lullZ)

m Interpolate between LP and L! to get the L2 estimate. U
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Case of general densities Rc idy of the spectrum
Proof of total variation estimates

Control of Tp1

We want to control the norm || T/ || 2100 = || T/ |11 2.

m Take g € [?s.t. ||g|[;1 =1 and denote ¢, = || T/ 1 g||%.
Thanks to the preceding Lemma:

c,ﬁZD < Ch_Z(c,, — Cpt1 + h2c,,)

Hence, for 0 < n < h™2, ¢, < (h=2/(1 + n))?P.

m This permit to show that for some large n ~ h™2,

I Tha

2o = [ Thalln2 = O(1)

Combined with || 77| 2> < Ce Pe(h*), this completes the proof.
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Our results
. L A simple quasimode calculus
More precise results for smooth densities F 1

Case of a smooth density

If the density p is smooth on Q we can give a more precise
description of the spectrum of T} ,. For simplicity, we assume in
this section that 02 is smooth. Let us introduce the unbounded

operator acting on L2(Q, p(x)dx), defined by

L(u) = _TO‘U’(AU + V’f’.vu)

D(L,) = {u € H*(Q), Onuloq = 0}

where
1 5 1

Ad = vol(Bi1) Jg, A% =g

Geometric Analysis of Metropolis Algorithm on Bounded Domain

L. Michel (joint work with P. Diaconis and G. Lebeau )



Our results
A simple quasimode calculus

More precise results for smooth densities

m L, is the self-adjoint realization of the Dirichlet form

% /Q IV u(x)Pp(x)dx. (5)

m L, has compact resolvant (thanks to Sobolev embeddings).

m We denote
Spec(L,) ={ro=0<rv1 <wm<...}

and by m; = multiplicity(v;). Observe that mg = 1 since
Ker(L,) is spanned by the constant function equal to 1.
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Our results

. L A simple quasimode calculus
More precise results for smooth densities pie q

Let Q be an open, connected, bounded and smooth subset of RY.
Assume that the density p is smooth on Q, then for any R > 0 and
€ > 0 such that vj; 1 — v; > 2¢ for vj,» < R, there exists h; > 0
such that one has for all h €]0, h],

1-T,
Spec (5222 ) 0.RIC Upaly -~ el (9

1-T,

and the number of eigenvalues of hz”’” in the interval

[vj —e,vj + €] is equal to m;.
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Our results

. . A simple quasimode calculus
More precise results for smooth densities pleq

A simple quasimode calculus

Assume p = 1 and 99 is smooth. Let A > 0 and u € C®(Q)
satisfy

(—5A—-MNu=0inQ and 0Osupg = 0.

m For x € Q s.t. dist(x,0) > h, Taylor expansion shows that

Thu(x) — u(x) = /|Z|<1 x+hzeQ(U(X + hz) — u(x))dz

d
= hz aXJ.U(X)/ zidz + agh® Au(x) + Ope (h*)
-, |z]<1

- %thu(x) + O (h*)

where the term of order h and h® vanish for parity reason.
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Our results

. . A simple quasimode calculus
More precise results for smooth densities pleq

m For x € Q s.t. dist(x,00) < h, we use local coordinates such
that Q = {(x1,x’) € R x; > 0}. Taylor expansion shows that

Thu(x) — u(x) = /z<1,x1+h21>o(u(x + hz) - u(x))dz

d
= hZanu(x) zidz + Oy (h?)
=1 |z|<1,x1+hz; >0

m Parity argument = term of index j > 2 vanish.

® Oyujpq = 0 and dist(x,08) < h = term of index j = 1 is
O (h?).

Since meas({dist(x,0Q) < h}) = O(h), it follows that
5
Laist(x,00)<h( Tht — u) = Op2(h2).
Combining the two estimates, we get

Thu — (1 — h2X\)u = O(h3).
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Our results

Application to Random Placement of Non-Overlapping Balls

Application to Random Placement of Non-Overlapping
Balls

We consider the initial problem that motivated the works of
Metropolis et al. Given an open set @ C RY and N € N we
consider the set of all possible positions in £ for N non-overlapping
balls of radius € > 0. This can be identified to the possible
locations for their centers

C’)N,Ez{x:(xl,...,xN)EQN,Vl§i<j§N,]X,-—Xj\>e}.

The problem we adress is to sample from the uniform distribution,
according with the following Metropolis algorithm:

Starting from a configuration (Xi, ..., Xy) we choose a ball at
random and move it uniformly at random in a small ball of radius
h > 0. If it results in an admissible configuration, “we keep" the
move. Otherwise we don’t move and try again.
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Our results

Application to Random Placement of Non-Overlapping Balls

This is associated to the following Markov kernel (where
Y= ]-BRd(O,l))

N
Kn(x,dy) = Z q @ - -®5Xj71®h7d4,9 (XJhyJ> dyj@0dx;,; -+ @dxy

and the associated Metropolis operator on L2(Op )
Th(u)(x) = mp(x)u(x) + /(9 u(y)Kn(x, dy),
N,e

with
mp(x) =1 —/ Kn(x, dy).
ON €
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Our results

Application to Random Placement of Non-Overlapping Balls

Proposition

There exists o > 0 such that for Ne < «, the set Op ¢ is
connected, Lipschitz and quasi-regular.

Proof. The proof is rather technical. The quasiregularity is notion
used to replace “smooth” by “Lipschitz”.

To prove the “Lipschitz boundary“ use the following caraterisation:
A domain O C RP has Lipschitz boundary iff it satisfies the

following cone property:
Ya € 00,36 > 0,3, € SP7L,¥b € B(a,§) N OO we have

b+T4(vs,6) CO and b+T_(vs,0) CRP\O.
where for v € SP,

M (va,0) = {§ € RP, (6, v) > (1= 0)[g], [{§,v)] < 0}
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Our results

Application to Random Placement of Non-Overlapping Balls

Thanks to the preceding proposition, we can consider the
Neumann Laplacian [A|y on Op ¢ defined by

_Qd
2N
D(|A|n) = {u € HY(On,), —Au € L2(On,), Onulso, . =0} .

Aly =

We still denote 0 = 1 < 11 < 1p < ... the spectrum of |A|y and
m; the multiplicity of v;.
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Our results

Application to Random Placement of Non-Overlapping Balls

Theorem (part 1)

Let N > 2 and € > 0 small be fixed. Let R > 0 be given and 3 > 0
small. Then, there exists hg > 0, o €]0,1/2[ and constants C; > 0
such that for any h €]0, hg], the following hold true:
i) The spectrum of Tp is a subset of [—1 + dp, 1], 1 is a simple
eigenvalue of Tj, and Spec(Ty) N [1 — do, 1] is discrete.
Moreover,

1-—T,
Spec( 2 h)ﬂ]O, R] C Uj»1lvj — B, v + B];

1-T,
tiSPeC< 12 h) Ny =B,y +pl=m  Vy <R;

and for any 0 < A < oh~2, the number of eigenvalues of T,
in [1 — h?X, 1] (with multiplicity) is bounded by Cy(1+ \)9N/2.
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Our results

Application to Random Placement of Non-Overlapping Balls

Theorem (part 2)

ii) The spectral gap g(h) satisfies

o _2 .
i, %6(h) =

and the following estimate holds true for all n € N:

sup || TH(x, dy) —

dy _
——— |7y < Ge "),
e ol )TV < Cae
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