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Abstract

In this paper, we study the residue of the scattering amplitude for the
Schrodinger operator with long-range perturbation of the Laplacian, in
the case where there are resonances exponentially close to the real axis.
If the resonances are simple and under a separation condition, one proves
that the residue of the scattering amplitude associated with a resonance & is
bounded by C(h)|Imé&|. Here C(h) denotes an explicit constant depending
polynomially on 4~ and the number of resonances in a fixed box. This
generalizes a recent result of Stefanov concerning compactly supported
perturbations and isolated resonances.

PACS numbers: 03.65.Sq, 03.65.Nk

1. Introduction

The aim of this paper is to study the residues of the scattering amplitude for the semi-classical
Schrodinger operator, in the case where there are resonances exponentially close to the real
axis. This problem was treated by Lahmar-Benbernou and Martinez [9, 10] in the particular
case of a ‘well in a island’ with non-degenerate local minimum. Under the assumptions
specified in [10], they proved that the residue fi*(0,w,h) of the scattering amplitude
f (0, w, A, h) which is associated with a pole & satisfies

[0, 0, h) = Oh")|Im&|

for some fixed N. More recently, Stefanov [18] examined the general situation of black-box
compactly supported perturbations of the Laplacian. In this paper, Stefanov deals with the
case where zq(h) is a simple isolated resonance of P(h). Then, for (w, ) € $"~! x §"~!, one

can write the scattering amplitude f (0, w, A, h) near zo(h) as
res 9’ , h
1O 0y = G g (1.1)
z —zo(h)
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where f holg w, z, h)is holomorphicnear zo(4). Under some additional hypotheses, Stefanov
proved that

/0, 0, h)| < Ch~F [Imzo(h)| and |6, w, z, h)| < Ch~*F for z close to zg(h).

In this paper, we will show that these estimates still hold in a more general setting. In
particular, we extend the result of Stefanov to the case of long-range perturbations and domains
containing many resonances.

Let us now state the problem more precisely. Consider the Schrodinger operator P(h) =
—%h2A +V,inR", n > 2,0 < h < 1. The potential V (x) is assumed to satisfy the following
condition for some p > 0.

Assumption (V),. V is a real C*°-smooth function such that

Va € N Vx € R” 09V ()| < Co )P where  (x) = (1 +|x|?)?.

The operator P(h) with domain D(P(h)) = H*(R") is self-adjoint in L>(R"). We can define the
scattering matrix S(A, /) related to Py(h) = — %h2A and P (h), as a unitary operator:

SO, k) LA(S"" — L2(s" .

Next, introduce the operator T(A, i) by S(&, h) = Id — 2inT(A h). It is well known (see [7])
that T(x, h) has a kernel T(0, w, A, h), smooth in (0, w) € §"~' x §"'\{# = w} and the
scattering amplitude is given by

fO, 0,7 h) =ch, )T O, w, A, h)
with

e h) = =27 (20~ T Qrh)'T T, (1.2)
Moreover, in [7], Isozaki and Kitada gave a representation formula that we will recall in the
next section. In [4], Gérard and Martinez used this representation formula to prove that the
scattering amplitude has a meromorphic continuation, from the lower half-plane to a conic
neighbourhood of the real axis. This continuation, which we will explain in the next section,
was established for 6 # w and under the following hypothesis.

Assumption (Hol,,). We assume that there exist 6y € [0, 7[ and R > 0 such that the potential
V extends holomorphically to the domain

Drg, ={z € C"; |z] > R, |Imz| < tan6|Re z|}
and
3>0 3IC >0 Vxe Dgy, |V (x)| < Clx|7".

Let us note that this hypothesis allows also the resonances to be defined by complex scaling
(see [14, 15]). Near the real axis, the resonances coinciding with the poles of the scattering
amplitude and the multiplicity are the same. We will denote by Res(P(h)) the set of resonances
of P(h) lying in {Imz < 0}.

Now, we will formulate our statement on the resonances. Let E{(h), E;(h) be such that,
Vh €10,11,0 < L' < E;(h) < Ea(h) < L < +00 where L > 1 is constant independent
of h. Assume that w(h), S(h) > 0 satisfy

3n+5

%irr(l]a)(h) =0 and Sth)y <h 7 wh). (1.3)

Let us set

Qo(h) = {z € C; E;(h) — w(h) < Rez < Ex(h) +w(h),0 < —~Imz < S(h)}. (1.4)
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Figure 1. Isolated resonances.

We will say that a resonance is simple, if it is a simple pole of the scattering amplitude. Until
the end of this paper, we will assume that each & € Q¢ (k) N Res(P (h)) is a simple resonance
and we denote

A(h) = Qo(h) NRes(P(h))and K (h) = A (h).
We will also assume that the set of resonances A (%) is isolated in the sense that
Res(P(h)) N (R (h)\S20(h)) =V (1.5)
where
Q(h) = {z € C; E1(h) — Tw(h) < Rez < Ey(h) +Tw(h),0 < —Imz < 4h"72S(h)).
(1.6)

Let us note that if w(h) satisfies 0 < w(h) < A" with @ > 0, then E|(h) and E>(h) can be
chosen so that

Res(P(h)) N ([E| — Tw, E; + Tw] +1[0, —S(h)]) = Res(P(h)) N QLy(h). (1.7)
This is a direct consequence of the fact that
#(Res(P(h)) N ([L™", L1 +i[—h™"2S(h),0])) = O(h™")

which comes from the trace formula proved in [14, 15]. Then, to ensure that (1.5) holds, it
suffices to prove that

Res(P(h)) N ((E1 — Tw, E> + To] +i[—S(h), —4S(h)h ™)) = 0.

We will explain further how this can be done in some special situations.
Under the above assumptions, the scattering amplitude takes the form

FE50, @, )

.y + U0, w, 2, h) (1.8)

fO.0.2.h)= Y

§eA(h)

where '8, w, z, h) is holomorphic in (%) (see figure 1). Our aim is to estimate the
residues f{*(6, w, h) and the holomorphic part f hol@, w, z, h). For this purpose, we need a
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separation assumption on the resonances of P(h). We will suppose that there exists € > 0
such that the following condition is satisfied.

Assumption (Sep,). For all £, " € Qy(h) NRes(P(h)) with & # &', we have
&€ —&'| > €S(h).

Now, we are in a position to announce the main result of this paper.

Theorem 1. Assume that the potential V satisfies hypotheses (V), with p > 0, (Hol,)
and (Sep,) with € > 0. Assume that all the resonances in Qo(h) are simple and that
Res(P(h)) N (QLW\Q0(h) = 0. Let (6, w) € S x §" ' with 0 # w. Then, there exist
Ce > 0 and hy > 0 such that for all 0 < h < hg, we have

|20, 0. )| < Cch™= K ()@ Im§g| VE € Ah)
|40, w, z, h)| < C.h= " K(h)e log(1 + K (h)) vz € Q(h)

where

Q(h) ={z € C; E;(h) — w(h) <Rez < Ea(h) +w(h),0 < —Imz < 2S(h)}.

Let us make a comparison between our result and theorem 1 in [18]. First, our theorem
holds for long-range potentials whereas Stefanov’s result is proved for compactly supported
perturbations of the Laplacian. This creates some difficulties due to the fact that, in the
long-range case, we do not have some simple representation formula for f.

The second important difference concerns the density of resonances that we deal with. In
[18], it is assumed that z( (%) is the only resonance in €2 (/). Here we consider the case where
the number K (4) of resonances is larger than one. As K (h) may behave like 27" when & goes
to 0, our aim is to prove that the bound on the residues depends polynomially on K (%), while
it is easier to obtain a bound depending exponentially on K ().

Let us note that our result cannot be obtained as a direct consequence of Stefanov’s.
Indeed, one could try to cover €2(h) with some boxes containing only one resonance and
to apply Stefanov’s theorem on each box. If one follows this approach, one has to make a
separation assumption necessary to apply Stefanov’s estimate. Roughly speaking, one has
to suppose (Sep,) with € = h="5" so that the hypotheses become more restrictive than in
theorem 1.

Now, let us make some comments on the term K (k). It is easy to deduce from the trace
formula proved in [14, 15] that there exists /i € N such that K (h) = O(h~"). Therefore,
theorem 1 yields

|0, @, h)| < Cch™ [Im&| V& € A(h)
|f1O, @, 2. )| < Ceh™' 7 Vz € Q(h)
with n. € N. In particular | '] and | fges| / [Im&| are polynomially bounded with respect
to h~!. If we assume additionally that the number K (%) is bounded with respect to 4, theorem 1
shows that | £°!| and | fg“| / |Im&| are bounded by C h™"T". Therefore, the bound found by
Stefanov in the case K (h) = 1 is available in the case where K (h) is bounded.
In conclusion, let us discuss briefly the existence of the Breit—Wigner formula for the

scattering amplitude. Starting from formula (1.8) and differentiating with respect to z, one
obtains

FE50, 0, )

a5 " 3.0, w, z, h).

0. f(0.w.2.h) =~

§€A(h)
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Introducing the term Im & in this formula we get

—I
1O 0= Y el 4o 0, w2, h)
lz —§&|
§eA(h)
where |c(€, h)| = % < Ch="". Moreover, the term 9, £! can be estimated by using

theorem 1 and Cauchy’s formula. In particular, if S(4) > Ch™ for some C, M > 0, we obtain
—Imé

0.f O, 0,2,h) = Y ¢ h) S +0()
s lz —§&|
where N is a positive constant. In the case where A (h) = {£y(h)} one obtains
—Im
8zf(9s w, Z, h) = C(%‘Os h)ﬁ + O(hiN)
— 50

with c(&y, h) = (O(h_%l ) Therefore, we will obtain a Breit—Wigner formula, if we can bound
the coefficient c(&y, i) from below. In the general case, it is not sufficient to prove a lower
bound for the coefficients c(&, ). Indeed, we do not control the argument of these complex
numbers and there could be some cancellation between different terms of the sum. This is a
difficult open problem.

We finish this introduction by giving some examples of potentials satisfying the
assumptions of theorem 1.

Example 1. We consider the case of a ‘well in aisland’. For some fixed energy A, the potential
V(x) is assumed to satisfy

{x e R"; V(x) > A} = U\{xo}

where U is bounded and connected and x is a point of U. It is also required that V" (x¢) is
positive definite. More precisely, we assume that after a symplectic change of coordinate, the
symbol op(x, &) of P(h) can be written as
n )\’ i
op(x, €)=Y = (6 +x7) + O((x, 6)°)
j=1

where the A; are strictly positive and linearly independent of Z. In that case, for all @ > 0 and
6 > 0, the form of the resonance of P(h) in Oy s(h) = [A, A + ah] — 1[0, §] is well known
(see [3, 8, 13]). In that situation, we are in a position to verify all the hypotheses required in
theorem 1. First, we know from [8] that the resonance &(h) € Res(P(h)) N Oy 5(h) have the
following expansion:

" 1
h) =A+h ki+=|x; +Om? 1.9
E(h) ; ( J 2) j+O0?) (1.9)
with k = (ky, ..., k,) € Z" and |k| < C. Moreover, we know from theorem 10.11 in [5] that
there exists Sy > 0 such that
V& € Res(P(h)) N Oy.s(h) Imé&| = O 5/"). (1.10)

Denoting m = inf{|27=1 Ajk;|:k € Z', |k| < C} > 0, we deduce from (1.9) that if & # &’
are two resonances in O, s(h) we have

|E—E&|>h Z(k_,-—k_;)xj — Oh?) = mh — Oh*) > Ch. (1.11)
j=1
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3n+5

Now, let us set w(h) = k™' and S(h) = h™2 w(h). As was noted before assumption (Sep,),
we can choose A + 7w (h) < E (h) < E>(h) < A +ah — 7w (h) such that

Res(P(h)) N ([Ey — Tw, E;] —1[0,6]) =@
and
Res(P(h)) N ([E,, E> + Tw] — 1[0, §]) = 4.

Combining these properties and (1.10), it follows that () and Qy(%) defined by (1.6) and
(1.4) satisfy

Q(h) C Oys(h) and Res(P(h)) N Q2(h) C Qo(h).

Moreover, it follows from (1.11) that for all € > 0 (Sep,) is verified with S(%) as above, so
that we have verified all the hypotheses required in theorem 1. Finally, we note that in the
present case, the number K(/) is bounded with respect to 4. This is not true in general and in
the following example, we describe such a situation.

Example 2. Fora > 0, let ¢, € C°(R") be such that ®,(x) = 1 for |[x| < 2a. Let b > 0,
yo € R" and set

V(x) =@ —a(x — yo)(lx — yol> +b).
In that situation, it is shown in [1] (cf the example following theorem 6) that
Vi €lb, b+ad’| 3G, 8, >0

1.12
fRes(P(h)) N (1 — 8;h, &+ 8,k — [0, 8;41) > Crh! . (1.12)

Now, we fix two energy levels b < Ey < E3 < b+a?. Denoting op(x, §) = 1[£[>+ V(x) the
symbol of the operator P (h), we assume that Ey and E3 are no-critical values of op. Denoting
Wex: as the unbounded connected component of o, ! ([Eo, E3]), we assume that all points in
Wext are non-trapping in the sense of [12]. Under the above assumptions, Stefanov proved
in [16] that for all M > 0, there exists a function 0 < a(h) = O(h*) such that for & small
enough

Res(P(h)) N ([Ey, E3] +i[—Mh, —a(h)]) = 9. (1.13)

Moreover, we have seen that if we set w(h) = "% o > 0and 0 < S(h) < h3"2+5a)(h),

we can choose Ey < E{(h) < E>(h) < E; such that |E{(h) — E>(h)| > @
and (1.7) holds. Combining (1.13) and (1.7), assumption (1.5) is immediately satisfied
(see figure 2).

On the other hand, if we assume that (Sep,) is satisfied and that the resonances are simple

then we can apply theorem 1 to get

220, 0, < Ch™ T KW FIme| V& € AGh.

To conclude, let us note that combining (1.13) and (1.12), it comes easily that K (k) > Ch'™".
Therefore, the estimate K (h) < Ch™" is almost sharp and it follows that

£, 0, 1) < Ch* " Dimg| Vg € AD).

In our analysis we deal with a representation formula for the scattering amplitude. In the
next section, we recall the representation given by Isozaki and Kitada [7], for A real and its
extension to a conic neighbourhood of the real axis due to Gérard and Martinez [4].
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Figure 2. Resonances associated with a non-trapping potential outside a bounded region.

2. Review on the representation formula and the meromorphic continuation
of T(0, w, \, h)

2.1. The formula of Isozaki—Kitada

The first step towards the proof of theorem 1 is to establish a representation formula for
T(0, w, A, h) in the long-range case. Such a formula has been obtained in [7] and it was used
in [12] to prove an asymptotic expansion of the scattering amplitude in the non-trapping case
with p > 1. We begin with some notation.

Definition 1. Let Q be an open subset of R" x R". For m,u € R and k € 7Z, we denote by
Akm’”(Q) the class of symbols a(x, &, h) such that (x, ) +— a(x, &, h) belongs to C*°(2) and
V(a, B) € N x N 3C >0 V(x, &) € Q |a§a§a(x, )| < Chfxym—lel(gy 1Pl
and set A}"(Q) = (g AL (). In the case where Q@ = R" x R", we will write A}""
instead of A} ().

We also use the incoming and outgoing subsets of the phase space having the form

Ii(R,d,o) ={(x,&) e R" xR" : |x| > R,d! < |&| <d, +cos(x, &) > +o}

(x.£)
lxl1§1

forR > 1,d > 1 and o € |—1, 1[, where cos(x, &) =
Lg(R") — L*(5" 1), by

For o > %, introduce Fy(A, h) :

(FoOh, h) f) (@) = con, h) | e 7' V2Hee) £(xy dx A > 0.
Rn

The idea of Isozaki and Kitada was to approximate the wave operators by Fourier integral
operators I, (ay, 1) with phases @, and symbols a... Formally, with

Ii(as, ®2)(f)(x) = Qrh)”" f f explih™ (®2(x. £) — (y. £))as (x. £) £ () dy dé
the phases ®. have to solve the eikonal equation

SIVe®L(x, E)7 + V(x) = 516
and the symbols a4 are the solution to

(—1R*A +V(x) — LgP) (as el =) ~ 0. (2.1)
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Let Ro » 1,1 <ds <ds <dr <dy <dyand 0 < 0, < 0] <0, < o0f <
oy < o5 < 1. Denote rji = —cr;F for j =0, 1,2, so that we have also —1 < 7, < 1, <
T, <715 <71y <7t <0. According to proposition 2.4 of [6], we can find real C* smooth
functions ® 1, satisfying the following properties:

(pl) @r.(x,&) solves the eikonal equation 1|V, @i, (x,&)* + V(x) = 1&* in
Fi(Ro, d(), ‘L’é‘:)
(¢2) Diy(x, &) — (x, &) belongs to AS’O forall e > 0.
a2
(¢3) Forall (x, ) € R" xR”, %
where € (Rp) can be made as small as we wish by taking Ry large enough.

(x,8)—0k | < €(Ry), 6 jx being the Kronecker symbol,

Next, we determine a+ in the form
az(x.&,h) =Y axj(x, £)h’.
Jj=0
Replacing a4 by this expansion in (2.1) and identifying the power of /, we obtain the following
transport equations:

{Wbﬂ, Viago) + 3 A:Puqaso = 0 02
(Ve®ig, Veas)) + 1A ugas; = 1Acas; . j>1 ’
with the conditions at infinity

atg —> 1 and arj; — 0 j=1 as |x]|—0. (2.3)

These equations are solved by the standard characteristic curve method (see [6, 7, 12]) and
finally, we find some symbols a. ; such that: (s0) a4; belongs to Aaj’foo. (s1) supp(a+;) C
T+ (3Ro. di. 1°). (s2) ay; solves equation (2.2) with (2.3)in T+ (4R, d>, 75°). (s3) a+ solves
equation (2.2) in 'y (4R0, dy, 'Czi) Now, fix an integer N large enough (to be chosen in the
following) and set a+(x, &, h) = Z]]-V:O a+j(x, £ € Ag‘_oo. Then the operator Ji,(h) =
I (ax, ®1,) is well defined and the operator K, given by Koy = P(h)Jiq — Jaq Po(h) is
also a F1.0. In fact, K4, = I}, (k+y, ®+,) with

kg = e M0 (SAR2A 4 V() = LIEP) (7 Pas).

It follows that the symbol k4, has the following properties: (kO) ki, belongs to Al_]‘_oo.
(k1) supp(ksa) C T (3Ro, di, 7). (k2) ks, belongs to AR5 (I L (4R, di, 75)).

Similarly, we define Jy, = I, (by, ;) for the region 'y (SRO, ds, ali). First, we define
the phase functions &, € C*®(R™) verifying (¢1) in 'y (Ro, do, aoi), (¢2) and (¢3). Next,
we define a symbol

N
ba(x, & h) =y baj(x, E)N

Jj=0

satisfying (s0), (s1) for the region I‘i(SRO, ds, ali), (s2) for I‘i(6R0, dy, azi) and (s3) for
| (6R0, ds, azi). Using the same arguments as above, we define K1,(h) = P(h)J1p(h) —
Jip(h) Po(h) = Iy (k+p, ®ip), with

kap = e P9 (IR2A 4 V() = LIEP) (M Pby). 2.4)

Then k., satisfies (k0), (k1) for I'+(5Ro, d3, 0;") and (k2) for T'+(6Ro, d3, 05°). Now, the
Isozaki—Kitada formula is stated in the following proposition.
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Proposition 1 (Isozaki—Kitada [7]). For & € |, %[, we have

T(h, h) = Ty (o, h) = T>(h, h) 2.5)
with

Ti(A, h) = Fo(k, h)(JJ, (h) + T2, (W) (Ksp(h) + K, (h)) Fg (A, ) (2.6)
and
Ty(h, h) = FoGr, h) (K, (h) + K*, (1) R(A +10) (K4 (h) + K _p () F- (i, ). @.7)

In formula (2.7), R(A +10) is the limit of the resolvent on the real line. More precisely,
let us denote R(z) = (P(h) — z)~',z € C\R the resolvent of P(k), then R(A £ i0) =
lime0¢-0 R(A £ i€). Here we take the limit in the spaces of bounded operators
L(Li,Lz_a),a > % with L2 = {f : (x)*f € L*(R")} and for &, B € R, || - |lo.p is the
natural norm on £(L2, L,Zs)

Using this formula and a resolvent estimate proved by Burq [2] and improved by Vodev
[22] and Cardoso—Vodev [3], it was proved in [11] that the scattering amplitude is polynomially
bounded with respect to 4. More precisely, one has the following theorem.

Theorem 2. Fix an energy A > 0 and assume that the potential V satisfies (V), with p > 0
and (Holy,). Then we have

V(w,0) € "' x S\ {0 = w} O, 0,0, k) =0(h~"). (2.8)

Let us remark that this result is not exactly the same as in [11], where it is assumed that p > 1.
Nevertheless, it is not hard to verify that the proof given in [11], still works in the case p > 0.

2.2. Meromorphic continuation of the scattering amplitude and estimates for complex
energies

Here, we recall briefly how Gérard and Martinez [4] extend the formula of Isozaki and Kitada
to a conic neighbourhood of the real axis in the complex plane. Starting from this formula, we
establish some estimates of the scattering amplitude in a conic neighbourhood of RY. Let us
begin with some notation. For R > 0 large enough,d > 0,¢ > 0 and o € ]0, 1[, we denote
I'*(R,d,e,0) ={(x,€) € C*; |Rex| > R,d”" < |Re&| <d,

+ cos(Rex,Re &) > + o, |Imx| < e(Rex), |Im&| < e(Reé)}.

From propositions 2.1 and 3.1 in [4], we deduce that the phases ®.,, 1, and the symbols
a+ and b can be constructed so that the following propositions hold.

Proposition 2. For each ¢ > 0, there exists Ry > 0 such that the phase function ®,
(resp. ®p) has a holomorphic continuation in Fi(Ro, do, €, Toi) (resp. T (Ry, dy, €, ooi))
and satisfies

(Vi®y(x, £)*+V(x) =& Do(x, &) — (x,&) = O((x) + (EN' 7 (&)!
uniformly in Fi(Ro, do, €, 'L'(;t) (resp. I'*(Ry, do, €, Goi)).

Proposition 3. For Ry > 0 large enough and € > 0 small enough, there exists @ > 0 such
that a4 has an extension to Fi(SRO, di, e, tli) which is holomorphic in Fi(4R0, d>, €, r;)
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Moreover, at(x, &, h) is bounded uniformly with respect to (x,§) € I‘i(SRO, di, e, 'L']i),

h €10, 1] and we have the following estimates:
ar(x,&,h) =1+0((x)"") 2.9)
ka6, &, h) = e 0O (P(h) = §87) (" Das(x, £, ) = OO '

uniformly with respect to h € 10, 1]and (x, &) € Fi(4R0, dy, €, tzi) Similarly, the preceding
statement is true for the symbol by and the domains r+ (5 Ry, ds, €, oli), r+ (6R0, dy, €, ozi)
respectively.

Now, using proposition 1, we can write the scattering matrix as
Sk, h) = c(r, h)(Ti (A, h) — Ta(X, h))

where T and 7, are given by (2.6), (2.7) and are associated with our new symbols. Denote by
T1(0, w, A, h) the kernel of T} (A, h) and by T,(0, w, X, h) the kernel of T> (A, h). Let us set

(X, 0, 0) = Pip(x, V2h0) — Py (x, V2140).

It is easy to see that for A > 0 we have

TV, w, kb)) = (T7, + T, + T8, + T79,) (0, 0, &, h) (2.10)
with
T4, 0, @, 0, h) = co(h, h)? / el VOO (x, V2hw)a (x, V208) dx @2.11)
and

L0, 0,k h) = (T, + T, + T, 4, + T, %,) (6, @, &, h) (2.12)
with
T,(0, , o, h) = coGhy DA(RO+i0)kap (-, V/2hw) ' @ 0VZ0),

ko, V/216) @' P2 (VB0 2.13)

At the end of this section we will explain how we can extend the previous expression for
complex energies. As can be easily seen, in the above expressions of 7} and 7>, it is natural to
use the analytic continuation of the symbols involved in these formulae. Moreover, to extend
the term 7>, it is essential to holomorphically continue the resolvent to complex energies. This
is done by complex scaling, using hypothesis (Hol,,). We do not recall here the construction
of the complex scaled operator (see [14, 15]), we just give the main properties of this operator.
For po > 0 small enough ¢y > 0 and 0 < pu < pwo, there exists f, : R* — C which is
injective for every pu and satisfies the following properties:

1) fu(t) =tfor0 <t < 7Ry,

(i) 0 < arg f,(1) < pand 9, £, (1) # 0 Vr
(iii) arg f, (1) < argd; f (1) < arg £, (1) + €
(iv) arg f,, (t) = e%t, fort > 8Ry.

Denoting by «,, the map given by
ky :R'"s3x =twr— fu,(t)w t = |x|

one defines I'y, =k, (R") and U, : L*(R") — L*(T,) by U,9(x) = J,(x)@(k,(x)) where
J,.(x) is the Jacobian associated with the transformation «,. Next, we define the modified
operator by P,(h) =U,P(h)U " !, This is an unbounded non self-adjoint operator on LZ(FM)
and the resonances of P (/) are exactly the eigenvalues of any P, (k). Moreover, the resolvent
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(P, — 2)~! has a meromorphic continuation to {A; [ImA| < u(ReL)}. Using estimates (2.9)
for k1, and k4, and the properties of the phases ®,, ® 1, it is easy to show that there exists
€1 > 0 such that for Im A > 0, we have

Uy ("' P 6V20ky (x, V20w)) = O(e™1 /M) (2.14)

uniformly with respect to |x| > 6Ry, w € S"', h €10, 1] and [Im | < u(ReA). Similarly,
if we denote by U_,, the operator associated with the conjugate deformation £, then for all
|x| = 4Ry, w € "', h €10, 1] and [ImA| < u(Re L), we have

U_p ("' ®2 V2D, (x, V220)) = O(e™2M/M) (2.15)

where €, is a strictly positive constant. Therefore, using the analyticity of these quantities
with respect to u, it is not hard to prove that

T35, (6. @, 0, h) = ol AR, (b, WU, (kap (-, v/ 20w) el o V2h00),

Uy (ksa (-, V/209) e P2 (V2200 (2.16)

for A > 0, where R, (A, h) = (P,(h) — 2)~! is the resolvent of the modified operator. For
n > 0 fixed, Sjostrand [15] showed that R, (A, h) is analytic in the region {ImA > 0} and
is meromorphic in the sector e 7l%#110, +00[. By definition, the resonances of P (/) are the
poles of R, (A, h). It follows from (2.16) that the poles of 7>(6, w, A, h) coincide with the
resonances of P (h).

The next step is to extend Tfib to complex energies. We need to extend Tfib as a
function, so that we do not have to recall the general construction of [4]. More precisely, we
work in the case where w, 8 € S"~! are fixed and @ # 6. As mentioned in [4], we can choose
the parameters of sufficiently close to 1 and 6 > 0 small enough, such that

n - (y,0—0)
Vy e R cos(y,w) 20, =6 =—> ——2>2a>0. (217

1yl
‘We will use this property at the end of the demonstration, but for the moment we simply recall

that for A € R%, T, (6, w, A, h) is given by
T, 0, 0, &, h) = co(h, h)? f el (VR0 I (x, V2hw)a (x, v/200) dx

where r(x, A) = rfb” (x, 1) = O((x)'=(+/2)!="). Working as in [4], we can split Tﬁfg‘ 0, w,
A, h) into the sum of two terms

Tliib(ev (1), )"7 h) = fl (97 (1), )"7 h) + f2(97 (1), )"7 h)
where f] is given by

18, @, A, h) = co(h, h)> el (VR0 M (v Dhw)dy (x, v/2A6) dx.

[x[<6Ro

(2.18)

Using propositions 2 and 3, it is obvious that the functions (r, p) > kip(rx, pw)ay(rx, po)
are holomorphic with respectto r € {|r| = SRo} N {|Imr| < e(Rer)} and p € {dz_1 < p| <
dz} N {|[Im p| < €(Re p)}. Hence, we obtain that f; has a holomorphic continuation to

dy? d3
2 2
Ag e = :k e C; lImA| < e(Re ), 5 < |ReA| < NE

Moreover, for A € A4, o we have Z—/\ > 1 and we can write f, = f3 + f4 with
£06, 0,1, h) = co(r, h)* - el (VR0 M (v /Dhw)d (x, V2A6) dx
042

6Ro<Ix|< VT
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which gives after a change of variables

2
f0, 0,4, h) = ot k)7 / il (0=0.3) 474 (y/V20,3))
\ A2 SRRy <TRods
x kep <\/L2_A sz) s <\/L2_A sz) dy. (2.19)

As in the case of fi, this expression has a holomorphic continuation to the domain A4, . and
it remains to examine

2
f0 w0, ) = LR / 10,4 /T
A2 TR

x kep <\/L2_A vzm) s <\/L2_A \/2w> dy. (2.20)

For this purpose, let us fix 05" such that0 < 0, —§ <05 <0, <o0f <of <1, where§ is
given by (2.17). We introduce a cut-off function y,, such that

SUpp Xw C {Iyl > TRyd,, cos(y, w) € [03_, a;]}

and
Yo = Lon{|y| = 8Rdy, cos(y, w) € [05, 03]}
We define also
it y . y
Uy, 0, w, h) = e ORI, (— «/2m> s (— «/2)\9)
V24 V24
and we decompose f1 as fa = f5+ fg, with
A, h)? -
f50, 0, 1, h) = CO(A—Q) /(1 — X)W " Uy, 2,60, , h) dy (2.21)
and
A, h)? . ,
f6@, @, A, h) = CO(AT)/Xw(y)e”' MO0y (y, 0,0, 0, ) dy.  (2.22)

Using the fact that ki(x, &) = O(e™2™/") for cos(Rex,Re&) ¢ [0, .07], we show
easily that for €3, > 0 small enough, A € Ay and y € supp(l — x,), we have
kib(ﬁ, V2ih0) = O(e~=™W/"). Moreover, we deduce from proposition 3 that for & € Ag,
and y € supp(l — x,) we have

lu(y, 1,0, w, h)| < Ce*ﬁ(y)/h|eih"ri(.V/«/ﬁq)»)| < Cefez(y)/h+C<y>"”/h.
As p > 0, we can take Ry sufficiently large and €4 small enough so that
Vi€ Ape  Vyesupp(l—xo)  |u(y,r 6, 0,h)] < Ce OV,

It follows immediately from this estimate that fs has a holomorphic continuation to Ay,
and that

YA € Agye, | f5(0, 0, A, )| < Ch™"L. (2.23)

The continuation of fg is performed via a change of integration path in formula (2.22). Let
Xxo be a C*°-smooth function with supp o C {|y| = 9Rod>} and xo = 1 on {|y| > 10Ryd>}.
For € > 0, the new path of integration will be L. ,, = {1 +iexo(|]y]), y € R"}. Using (2.17),
it is clear that for all y € supp xu, (v, @ — 6) > «a|y|. It follows, for € sufficiently small and
y € L¢y,, that we have Im(y,  — 6) > «|y| and then

o1 B
el o 9)| <e alyl/h
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Therefore, the integral giving fs becomes absolutely convergent and we can easily extend fj
holomorphically, to A4, ¢, for € > 0 small enough, by

co(r, h)?

f6(01 , )"sh) = )“n/2

/ o) Iy 00,0, by dy.  (2.24)

€0

Thus, we have extended the kernel Tﬁfjéb(@, , A, h) to the domains Ag4 ¢, for € > 0 small
enough. Moreover the continuation can be decomposed into the sum

T, 0, 0,0, h) = (fi+ f3+ fs+ f6) (0, 0, 1, h) (2.25)
where f;, j = 1,3,5, 6 are given by (2.18), (2.19), (2.21) and (2.24) respectively. These

formulae permit a bound for Tlﬂfib to be obtained for complex energies.

Proposition 4. Let  and 6 be fixed in S"~' with 0 # w. Then, there exist €, hg > 0 and

-2
C > 0 such that for all 0 < € < €y and A satisfying [ImA| < e(Re L), dzT < |ReA| < %22,
we have

YO < h < hg | T7,0, 0, A, h)| < Ce“/M.

Proof. We have just shown that lej:b = fi+ f3+ f5 + fs, so that we have to control each f;.
We begin by the analysis of f;. In the following, C will denote a positive constant that may
change from line to line. For A € A4, ¢, we deduce from equation (2.18) that

|f1(0, @, A, B)] < Ch™" sup |ksp(y, V2Aw)a+(y, v 240)|

[yIS6Ro

. / M/ o0l ~Ir (1D g
[xI<6Ry

Using the fact that (x, 1) = O((x)' = (+/2)'~"), we obtain for R, sufficiently large
VA€ Agye 1f16, 0, A, )| < Ch™" e/ < Ce/h. (2.26)
The case of f3 is similar and we use the fact that after integration over a compact set we get
VA € Ag,.c |30, , A, h)| < Ch™"e/h < C e/, (2.27)

The estimate of f5 has already been obtained in (2.23) and treating fs remains. By the
definition of y,,, there exists @ > 0 such that

| X (y, ) & =0 | < gmalvl/h,

Moreover, using the definition of 74 and proposition 3, we can choose Ry large enough so that
u(y, x, 6,0, h) < e*/?" Hence, we deduce from (2.24) that

YA € Agye, | f6(0, w, A, h)| < Ch*"/ e @I2h gy < ch . (2.28)

Combining equations (2.26), (2.27), (2.23) and (2.28) we obtain the result. O

3. Residues’ estimate

The aim of this section is to prove theorem 1. As in [18], we apply the semi-classical
maximum principle to a well-chosen function.



4388 L Michel

3.1. Preliminary estimates of an auxiliary function

As a preparation, we introduce the following function. For z in Q (%), we set

Fem=| ] Z:i £, 0.2, h). 3.1
gentn ©

Following [18], we apply the semi-classical maximum principle to this function. The latter
was originally proved by Tang and Zworski [20, 21], generalizing lemma 1 in [19]. The
following lemma is a refined version of this principle, due to Stefanov [17].

Lemma 1. For 0 < h < 1, let a(h) < b(h). Suppose that G(z, h) is a holomorphic function
of z defined in a neighbourhood of

Uh) = [a(h) — 50(h), b(h) + 50 (h)] +i[—S(h)h "2, 0]
where 0 < S(h) < w(h)h™" and w(h) — 0as h — 0. Assume that F(z, h) satisfies

|G(z, h)| < Aexp(Ah™ " log(1/h)) on Uh) (3.2)
|G(z, h)| < M(h) on [a(h) — 6w(h), b(h) +6w(h)] (3.3)

with M (h) — +oo0 when h — 0. Then, there exists ho > 0 such that
|G(z, h)| <2e’M(h) Vz e Uh) :=[a(h) — w(h), b(h) + w(h)] +i[—S(h), 0]
for0 < h < hy.

Using this lemma, we can prove the main result of this section which is stated in the
following proposition.

Proposition 5. Under the hypotheses of theorem I, we can find hy > 0 small enough and
C > 0 such that
Vi €10, ho] Vz € U(h) |F(z,h)| < Ch™*F (3.4)

where

U(h) = [Ei(h) — 2w(h), Ex(h) + 2w (h)] +i[—2S(h), 0].

To prove this proposition we will show that the function F (z, /) satisfies the estimates (3.3) and
(3.2). For this purpose, we need to control the norm of the modified resolvent (P, (h) — z2)7!
near the poles & € A(h).

Lemma 2. Under the hypotheses of theorem 1, we can find 1o > 0, hg > 0 small enough and
C > 0 such that for all @ < po,0 <h < hgand z € Q%(h) we have

—n—1

I1 Z:? (Pu(h) —2)™"! <Ce 3.5)
YO

L2(T), L2(T,)

where Q 3 (h) is the domain

Qi (h) = {z €C; Ei(h) — 2oh) <Rez < Ex(h) + 2 w(h),0 < —Imz < 3h—"—25(h)}.
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Proof. The proof is based on the estimate established by Tang and Zworski in the proof of
lemma 1 of [20]:

~n 1o, 1
1(Pu(h) — 2 l2qr,.L2r,) < C e 8w vZesz(h)\ U DGj.s)
zj€Res(P(h))

(3.6)
where 0 < g(h) < 1. Let us set

Fan=|T] 2:2 (Pu(h) —2)7".

geA(h)

By construction, the resonances of P () coincide with the poles of (P, (h) — 2)~! with the
same multiplicity. As the resonances & € A(h) are simple, then F), (-, h) is holomorphic in
Q(h). Hence, applying the maximum principle, it suffices to show that estimate (3.5) holds
on the border BQ% (h). Let us recall that according to Burq’s result ([2], theorem 1), there
exists C > 0 such that

Ei(h) 3Ex(h)

Res(P(h)) N ([T 5 ] +i[—e /N, 0]) =¢.

Letusset g(h) =e <« 1. With this choice of g(h) it is easy to prove that all resonances
are at least at distance g(h) from BQ%(h). Indeed, as Res(P(h)) N (QLA)\RQ(h)) = @,
for z in BQ% (h) we can write

dist(z, Res(P(h)))

—C/h

> min (dist(z, A(h)), dist(z, Res(P (k) N Q(h))))
> min (S(h), dist(23 (h), 2(h)°))

—n—2

> min <S(h), S(h)) > e C/h

where the second inequality comes from S(h) > —Imé& > e~ ¢/ V& € A(h). Tt follows that
we can apply estimate (3.6) for z € 9 %Q (h) to get

|Z - E' —n—1 —n—1
Vz € 0Q: (h) 1Eu (2, Wllz2r,. 2, < C ]_[ BZ8T) ot o oCh
gcA(h) |z — &l

and the proof is complete. 0

Proof of proposition 5. Let us set a(h) = E|(h), b(h) = E»(h) and
Uh) = [a(h) — 6w(h), b(h) + 6w (h)] +i[—2S(h)h "2, 0].

3n+5

By definition, 0 < S(h) < w(h)h ™2 withw(h) — 0ash — 0. It follows that U (h) is exactly
in the form required in lemma 1. As each & € A(h) is a simple resonance of P(h), F(z, h)
is a holomorphic function of z in €2(%). We have just checked that the domain U (h) satisfies
the hypotheses of this lemma, so that we need only verify estimates (3.2) and (3.3) with
M) =h="'5.

Proof of estimate (3.3). It is based on the estimate of the scattering amplitude for real energies,
proved in [11]. First, note that for A € RY and & € A(h), %| = 1l and

[F(A, b)) =10, w, A, h)|.

Now, it suffices to apply theorem 2 to obtain

n—1

|FO., h) =0(h™ )

and the proof of estimate (3.3) is complete.
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Proof of estimate (3.2). First we choose iy > 0 such that forall 0 < h < ho, Q(h) C Ag.c,
where Ay, . 1s defined in section 2 and we suppose 0 < i < hy. For z € Q(h) we have the
decomposition
F(z,h) =T(z, h)(T1 (0, w, 2z, h) — T (0, w, z, h))
where T is defined by (2.10) with (2.25), T is defined by (2.10) with (2.16) and
7 —
M(z, h) = c(z, h) ]"[ £
z—§
§eA(h)

Here c(z, h) is given by formula (1.2) and is chosen to be holomorphic in C\]—oo, 0]. We
will estimate successively each term of the right-hand side of this equation. We begin by the
estimate of F»(z, h) = I1(z, h)T»(0, w, z, h) and we note that

Vze{yeCiImy <0} Tz, h)| < |e(z. h)| < Ch'T
Using estimates (2.14) and (2.15) in combination with (2.16), it is obvious that
|Fa(z, h)| < C|IT1(z, h)(Py(h) — 2)" lz2r,). 2,

for z € Q(h). Using the fact that U(h) C %Q(h), we deduce immediately from lemma 2

that |F>(z, h)] < CeC"™"' forall z € U(h). Therefore, it remains to estimate Fi(z, h) =
I1(z, h)T, (0, w, z, h). Using proposition 4 and identity (2.10), we get immediately

Vee Q) IR < |chT Ti0, 0,2, h)| < CeM < e
and the proof of estimate (3.2) is complete. O

—n—1

3.2. Proof of theorem 1

Let us recall that

fO.0.2.h) =)

§eA(h)

50, . h)
—t

where £, w, z, h) is holomorphic with respect to z € Q(h). By a simple calculation, we
obtain

+ 0, 0, z, h)

o000 =2m@FED | [] i%; VEe A(h)  (3.7)
centmne) S ¢
and
0, 0. zm=| ] = 5 rm - > S Vz e Qh). (3.8)
senin 28 gy ©

Using proposition 5, it follows that

2|Im$|)
lE—¢l)
3.9)

Hence, we have to estimate the product which appears in the right-hand side of the last
equation. If we just write that |Im&| < S(h) and V¢ € A(W)\{&}, 1§ — ¢| = €S(h), we obtain

2[Im&| 1K)
1+ —— ) < .
[ <+|s—¢|) (tre)

ceA(\{§)

£ 0.0 < Ch~ T mel ] %gcm%lma I1 (1+
ceA(m\{&} ceA()\{§}
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As K (h) may grow as h™", this estimate does not give a polynomial bound on f;** / [Im&].
To overcome this difficulty, we use the fact that the resonances cannot accumulate in a given
area. In the following lemma, [x] denotes the integer part of x € R.

Lemma 3. Assume (Sep,) with0 < € < 1 andlet @ € [E{(h) — w(h), E2(h) + w(h)]. Then
we can find Le(h) € [SK (h), (2 —1)" K(h)] such that
Le(h) [2/e]

Ay = Utz (3.10)

j=1 i=1
and
eS(h)

Vz e Q) N{Rez = a) Vi>2 Viefl,....[2/e]} 2=zl =G —1)
(3.11)

Let us complete the proof of theorem 1, assuming lemma 3. From here until the end of this
paper, C. will denote a positive constant independent of /2, which can change from line to line.
Our aim is to give a good estimate of

2|Imé&|
men= |1 (1 A
ceA(\{§}
Let us apply lemma 3 with « = Re &. Then we can write

Le(h) [2/€]
Ay = Utz
j=1 i=1
with z;; = & and
. . eS(h)
Vj=2 Viell,...,[2/€]} 1§ —zijl =2 — 1D .
Using (Sep,) to separate £ and z;;, i = 1, ..., [2/€], we obtain
[2/€] Le(h) [2/€]
2S(h) 128(h)
(&, h) < ( ) ( 7)
! 11 eS(h) H l_][ (j— DeS(h)
o) [2/e]—1 Le(h) [2/€] 12 ,
<142 1+ ——— ) < C(1+L.(h)*<.
(+e> QH(W—W) (1 L)

Here, we have used the elementary estimate ]_[ (1 + ) < N% Va > 0. By construction,
we have L.(h) < (; — 1) K(h) < K(h) and we obtaln

I (€, ) < Ce(l+ K ()< (3.12)
Finally, we deduce from equations (3.9) and (3.12) that

| 250, w, h)| < C.h™"T K ()< |Im&|. (3.13)

Now we shall estimate the holomorphic part f'°' of the scattering amplitude. Let us
n—1

denote M, (h) = h="7 K (h)**’. Starting from formula (3.8) and using estimate (3.13), we
obtain

/"6, @, 2, )| < Ta(z, WIF (2, h)| + CcMc(h) )
§€A(h)

[Tm &|
lz =&l

vz € Q(h) (3.14)
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where TIa(z, 7)) = [lecamn ::g

analytic on €2 (h), it suffices to obtain an estimate on 92(h). Letz € 9Q(h) and apply lemma 3
with ¢ = Re z in combination with estimate (3.4)

Le(h) [2/€] 12Imz;;| Le(h) [2/€]
116, w, z, h)| < Ch_l—[l—[( ”|> CM(h)ZZ

}. Our aim is to estimate f"°' on Q(k). This function being

j=1 i=l1 IZ_ jlll'Z_Zl]
[2/€] I I Lc(h) [2/€]
CM(h)+CM(h)Z il CM(h)ZZ
j=2 i=1
2/€]
< CM.(h) (1 N l—flog(Le(h)) 2y dmanl ) .
€ € p |z — zi1l

Moreover, for z € 3Q(h) and z;; € A(h), we know that |z — z;;| > min(S(h), w(h), |Im z;1])
and we obtain

4 12

|40, w, 2, h)| < CcMc(h) <1 +—+— log(1 + eK(h))) < CeM (h) log(1 + K (h)).
€ €

This estimate completes the proof of theorem 1.

Proof of lemma 3. First, we number the resonances such that A(h) = Uf(h){z j} and
Vi < j,Rez; <Rez;. Letusfixa € [E (h) —w(h), E»(h)+w(h)], then we can find io(h) €
{1,..., K(h)} such that

Vi <ig(h) Rez; < and Vi > ig(h) Rez; >«

By induction, the proof is reduced to show that

S(h
Vii > iy Vi > i +[1/€] Rez; > Rez;, + €S(h) 3.15)
and
. . €S(h)
Vi <ip Vi< —[1/€] Rez; <Rezj — 5 (3.16)

We give the proof of (3.15) only, because the demonstration of (3.16) is identical. Suppose
that (3.15) does not hold. The sequence (Re z;); being increasing, we can find i; > iy such
that

€S(h)
5

Let us denote &) = Rez;, and A, = [(xl, o) + Léh)] +1[—S(h), 0]. Then as the surface Sc(h)
of the rectangle A, is given by

Vi e {il, ey il +[1/€]} RGZ[] < Rez,- < RGZ[] +

S(h)?
S.(h) = < (6) . (.17
On the other hand, the balls B(z,-, esz(h)), i =iy,...,01 +[1/€] do not intercept one another.
Denoting S; . (h) as the surface of each of these balls, it follows that
11+[]/€] ) 2
1 S(h) _ weS(h)
Se(h Sic(h — > .
025 2 s> a0 TN

i—ll

Combining this equation and (3.17), we obtain a contradiction. 0
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