Semi-classical limit of the scattering amplitude for trapping perturbations

Laurent Michel

Département de Mathématiques appliquées, Université Bordeaux I, 351, Cours de la Libération, 33405 Talence, France.

Tel: 05 57 96 21 44. E-mail: lmichel@math.u-bordeaux.fr

Abstract

We study the semi-classical asymptotic as h → 0 of the scattering amplitude f(θ, ω, λ, h) associated to a Schrödinger operator H(h) = −^1_2 h^2Δ + V (x) for short-range trapping perturbations. Our main result yields the leading term of the integral of f(θ, ω, λ, h) for θ, ω ∈ S^{n−1} fixed and λ ∈ [λ_0 − ϵ, λ_0 + ϵ], ϵ > 0, λ_0 > 0 being a trapping energy level.

1 Introduction

Consider the Schrödinger operator H(h) = −^1_2 h^2Δ + V , in R^n , n ≥ 2, 0 < h ≤ 1, and assume that the potential V (x) satisfies the following condition.

Assumption (V)_ρ : V is a real C^∞-smooth function such that ∀α ∈ N^n , ∀x ∈ R^n , |∂^α_x V (x)| ≤ C_α < x >^{−ρ−|α|}, ρ > 1, where < x >= (1 + |x|^2)^{12} .

The operator H(h) with domain D(H(h)) = H^2(R^n ) is self-adjoint in L^2(R^n ). Moreover, we can define the scattering matrix S(λ, h) related to H_0(h) = −^1_2 h^2Δ and H(h), as an unitary operator: S(λ, h) : L^2(S^{n−1}) −→ L^2(S^{n−1}), λ ∈ R. Next introduce the operator T by S(λ, h) = Id − 2iπT (λ, h). It is known ( see [9] ) that T (λ, h) has a kernel T (θ, ω, λ, h), smooth in (θ, ω) ∈ S^{n−1} × S^{n−1} \ {θ = ω} and the scattering amplitude is given by f(θ, ω, λ, h) = c(λ, h)T (θ, ω, λ, h), λ > 0, with c(λ, h) = −2π(2λ)^{− n−14} (2πh)^{n−12} e^{−i (n−3)π4} . D.Robert and H.Tamura [12] have studied the asymptotic behavior of f as h → 0 for fixed θ, ω ∈ S^{n−1}, θ ≠ ω, in the case where the energy λ is fixed in a non-trapping interval. More precisely, denote by (q(t, y, η), p(t, y, η)) the solution to the system { q̇ = p, ṗ = −∇_xV (q), (1.1)

1

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 2

with initial data (y, η) at t = 0, and let us recall the non-trapping condition.

(NT): We say that the energy λ is non-trapping, for the symbol^1_2 |ξ|^2 + V (x) if for any R > 0 large enough, there exists T = T (R) such that |q(t, y, η)| > R for |t| > T when |y| < R and λ =^1_2 |η|^2 + V (y).

For ω and θ fixed in S^{n−1} and for λ satisfying the non-trapping condition, Robert and Tamura obtained for f an asymptotic f(θ, ω, λ, h) = l∑ j=1 σ̂(z^j (λ), λ)^{− 12} e^{ih−1 Sj −iμj π2} + O(h), where σ̂, z_j , S_j and μ_j will be define below. On the other hand, Yajima [18] obtained a such asymptotic without the non-trapping condition, but in an average norm. More precisely, under some hypotheses in [18] (in particular, he assumed (V )_ρ with ρ >^{n+1}_2 ), he established for ω and θ_0 fixed the estimate ∫_{λ0+ϵ} λ_0 −ϵ ∫ U |f(θ, ω, λ, h) − l∑ j=1 σ̂(z^j (λ), λ)^{− 12} e^{ih−1Sj −iμj π2} |^2dθdλ = O(h), where ϵ > 0 is small enough and U is a small open neighborhood of θ_0 in S^{n−1}.

Our goal is to generalize the results of Robert and Tamura for trapping perturbations and to obtain an asymptotic ∫_{λ0 +ϵ} λ_0 −ϵ |f(θ, ω, λ, h) − l∑ j=1 σ̂(z^j (λ), λ)^{− 12} e^{ih−1Sj −iμj π2} |dλ = O(h), where we average only with respect to λ provided ω and θ are fixed.

We recall some essential consequences of the non-trapping condition. First of all one can show that {λ > 0 : λ satisfies (NT) } is an open set, and that if λ is a non-trapping energy level for^1_2 |ξ|^2 + V (x), then every particle with energy λ will go to infinity as t → ±∞. Let R(z) = (H(h)−z)^{−1}, z ∈ C \R be the resolvent of H(h) and R(λ±i0) = lim_{ϵ→0,ϵ>0} R(λ±iϵ). Here we take the

limit in the spaces of bounded operators L(L^2_α, L^2_{−α}), α >^1_2 , where L^2_α = {f : < x >^α f ∈ L^2(R^n )}. One can establish ( see [13] ) the following estimate which is crucial in the approach of Robert and Tamura [12] ‖R(λ ± i0)‖_L2_{α,L}2_{−α} = O(h^{−1}). We begin by reviewing some results of classical mechanics, and for more details we refer to the book [11]. Let (p(t), q(t)) be a solution to (1.1) and assume that |q(t)| → +∞ as |t| → ±∞. Then there exists (r_±, v_±) ∈ R^n × R^n \ 0 such that lim t→±∞ |q(t) − v_±t − r_±| + |p(t) − v_±| = 0. From now up to the end of this paper, we will consider a fixed ω ∈ S^{n−1} and we denote by Λ_ω the plane orthogonal to ω and passing through 0. As ω is fixed, we can assume that ω = (0, . . . , 0, 1) and we can write the coordinates in Λ_ω as z = (z_1, . . . , z_{n−1}). We will also use the notation ẑ = (z, 0) for z ∈ Λ_ω. Then there exists an unique solution (q_∞(t, z, λ, ω), p_∞(t, z, λ, ω)), of (1.1) such that lim t→−∞ |p_∞(t, z, λ, ω) − √ 2λω| = 0, lim t→−∞ |q_∞(t, z, λ, ω) − √ 2λωt − z| = 0, (1.2)

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 3

which depends smoothly on the parameter z.

Given λ_0 > 0, we will replace the condition (NT) by the following weaker one.

Assumption (H_{ω,λ0} ) : There exist ϵ > 0 and a neighborhood W of ω in S^{n−1} such that ∀λ ∈]λ_0 − ϵ, λ_0 + ϵ[, ∀ω^′ ∈ W, ∀z ∈ Λ_ω′ lim_{t→+∞} |q_∞(t, z, λ, ω^′)| = +∞. Let (q_∞, p_∞) be as above, take λ_0 > 0 and assume (H_{ω,λ0} ). Then if λ is close to λ_0, we have lim t→+∞ |q_∞(t, z, λ, ω)| = +∞. Thus there exist ξ_∞(z, λ) ∈ S^{n−1} and r_∞(z, λ) ∈ R^n such that lim t→+∞ |p_∞(t, z, λ, ω) − √ 2λξ_∞(z, λ)| = 0, lim t→+∞ |q_∞(t, z, λ, ω) − √ 2λξ_∞(z, λ)t − r_∞(z, λ)| = 0. (1.3)

Moreover, one can show that z → ξ_∞(z, λ) is C^∞ ( see [11] ), and we may define σ̂(z, λ) = |det(ξ_∞, ∂_{z1} ξ_∞, . . . , ∂_{zn} ξ_∞)|. Definition 1.1 We will say that θ ∈ S^{n−1} is regular for (λ, ω), if θ ≠ ω and ∀z ∈ Λ_ω, ξ_∞(z, λ) = θ =⇒ σ̂(z, λ) ≠ 0. Remark 1.1 If θ is regular for (λ, ω), then there exists a finite set {z^1, . . . , z^l} included in Λ_ω such that ξ_∞(z, λ) = θ =⇒ z ∈ {z^1, . . . , z^l}. Indeed, by the implicit function theorem, the set Ξ_{λ,θ} = {z ∈ Λ_ω : ξ_∞(z, λ) = θ} is a discrete one. Moreover, Ξ_{λ,θ} is bounded, since if this is not true there exists C > 0 such that (see [3], p 67 ) ∀z ∈ Ξ_{λ,θ}, ∀t ∈ R, q_∞(t, z, λ) ≥ C(t + |z|) and we deduce from this estimate, the inequality lim_{t→+∞} |p_∞(t, z, λ) − ω| ≤ C < z >^{−ρ}. As θ ≠ ω,

then for |z| large enough, ξ_∞(z, λ) ≠ θ.

We will show in Appendix ( Proposition A.1 ) that for λ close enough to λ_0, the number l does not depend of λ and there exist smooth functions z_1(λ), . . . , z_l(λ) such that ξ_∞(z, λ) = θ =⇒ z ∈ {z^1(λ), . . . , z^l(λ)}. To introduce the resonances by complex scaling, as in [14], [15] and [2] , we need an hypothesis of analyticity of V at infinity. More precisely we assume there exist θ_0 ∈ [0, π[, ϵ > 0 and R > 0 such that the potential V extends holomorphically to the domain D_{ϵ,R,θ0} = {rω : ω ∈ C^n , dist(ω, S^{n−1}) < ϵ, r ∈ C , |r| > R, arg r ∈ [−ϵ, θ_0 + ϵ[} and ∃β > 0, ∃C > 0, ∀x ∈ D_{ϵ,R,θo} , |V (x)| ≤ C|x|^{−β} . Following [14], we define the resonances in the upper half-plane by complex scaling. Recall that the resonances coincide with the poles of the meromorphic continuation of the resolvent (H(h) − z)^{−1} : L^2_{comp} → D_{loc}(H(h)) from the lower half-plane to a conic neighborhood of the positive half axis in the upper half-plane.

Denote by Res(H(h)) the set of resonances of H(h), by d(λ, h) = min(h, dist(λ, Res(H(h)))) and set d(h) = inf_{[λ0 −ϵ,λ0+ϵ]} d(., h), where ϵ > 0 will be fixed later. Under the previous assumptions,

recently Burq showed ( cf. [2] ) that the resonances λ ∈ Res(H(h)) satisfy the estimate |Im(λ)| ≥ Cexp(−Ch^{−1}), C > 0

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 4

for Reλ ∈ [λ_0 − ϵ, λ_0 + ϵ]. One of the consequences of this result is that there exists C > 0 such that d(h) ≥ Ce^{−Ch−1} . Indeed, we have d(h) = min(h, inf_{ξ∈Res(H(h))} dist(ξ, [λ_0 −ϵ, λ_0 +ϵ])), and, obviously,

h ≥ Ce^{−Ch−1} for h > 0 small enough. Let ξ ∈ Res(H(h)), then dist(ξ, [λ_0 − ϵ, λ_0 + ϵ]) ≥ |Imξ| and we know from [2] that |Im(ξ)| ≥ Ce^{−Ch−1} . Thus inf_{ξ∈Res(H(h))} dist(ξ, [λ_0 − ϵ, λ_0 + ϵ]) ≥ Ce^{−Ch−1} .

Now we can state our main result.

Theorem 1.1 Let ω ∈ S^{n−1}, and λ_0 > 0. We assume the following conditions:

1) (V )_ρ with ρ > 1.

2) There exist θ_0 ∈ [0, π[, ϵ > 0 and R > 0 such that the potential V extends holomorphically to the domain D_{ϵ,R,θ0} and ∃β > 0, ∃C > 0, ∀x ∈ D_{ϵ,R,θo} , |V (x)| ≤ C|x|^{−β} . 3) (H)_{ω,λ0} .

4) θ is regular for (λ_0, ω). Then there exists ϵ > 0 such that ∫_{λ0 +ϵ} λ_0 −ϵ |f(θ, ω, λ, h) − l∑ j=1 σ̂(z^j (λ), λ)^{− 12} e^{ih−1 Sj (λ)−iμj π2} |dλ = O(h), where

S_j (λ) = ∫_{+∞} −∞ ( 1 2 |p_∞(t, z^j (λ), λ, ω)|^2 − V (q_∞(t, z^j (λ), λ, ω)) − λ ) dt − ⟨r_∞(z^j (λ, λ), √ 2λθ⟩ (1.4)

and μ_j ∈ Z is the Maslov index of the trajectory ( q_∞(t, z^j (λ), λ, ω), p_∞(t, z^j (λ), λ, ω) ) on the Lagrangian manifold {(x, ξ) ∈ R^n × R^n : x = q_∞(t, z, λ, ω), ξ = p_∞(t, z, λ, ω), z ∈ Λ_ω, t ∈ R}. Remark 1.2 If V has compact support, 1) and 2) are trivially satisfied, and 3) becomes ∃ ϵ > 0, ∀λ ∈]λ_0 − ϵ, λ_0 + ϵ[ , ∀z ∈ Λ_ω lim_{t→+∞} |q_∞(t, z, λ, ω)| = +∞. Example. There exist potentials satisfying our assumptions. For example for n = 2, set V_0(x_1, x_2) = 1 + x^2_1 − x^2 and take ρ ∈ C^∞_0 (R^+ ) decreasing such that ρ(t) = 1 for t ∈ [0, 1] and ρ(t) = 0 for t ≥ 2. Consider V (x_1, x_2) = V_0(x_1, x_2)ρ(x^2_1 + x^2). For λ_0 > 1 there exist trapped trajectories for the potential V . Indeed, for 0 < x_2 < 1, the trajectory q(t, λ_0, x_2) such that q(0, λ_0, x_2) = (0, x_2) and p(0, λ_0, x_2) = q̇(0, λ_0, x_2) = ( √ 2(λ_0 − 1), − √ 2x_2) has the properties:

∀t > 0, q(t, λ_0, x_2) = ( √ (λ_0 − 1) sin √ 2t, x_2e^{−√2t}), lim t→−∞ |p(t, λ_0, x_2)| = +∞. Moreover, it is easy to show that V satisfies the hypotheses of the previous theorem with λ_0 > 1 close to 1 and ω = (1, 0). In this case , using the work of Gérard and Sjöstrand [5], one can also show that there are no resonance in a box containing λ_0 and having size h^M .

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 5

2 Representation of the scattering matrix.

As in [12], we will use the Isozaki-Kitada formula for the representation of the scattering matrix. We begin with some notations. Given an open subset Ω ⊂ R^n × R^n , denote by A^m_∞(Ω) the class of symbols a ∈ C^∞(Ω) such that ∀L > 1, ∀(α, β) ∈ N^n ×N^n , ∃C_{α,β,L} > 0, ∀(x, ξ) ∈ Ω, |∂^α_x ∂^β_ξ a(x, ξ)| ≤ C_{α,β,L} < x >^{m−|α|}< ξ >^{−L} .

In the case when Ω = R^n × R^n , we will write A^m_∞ instead of A^m_∞(Ω). We use also the incoming and outgoing subsets of the phase space having the form: Γ_±(R, d, σ) = {(x, ξ) ∈ R^n × R^n : |x| > R, d^{−1} < |ξ| < d, ±cos(x, ξ) > ±σ} for R > 1, d > 1 and σ ∈] − 1, 1[, where cos(x, ξ) =^{⟨x,ξ⟩}_{|x||ξ|} . The idea of Isozaki and Kitada was to approximate e^{−ih−1tH(h)}W_±(h), ±t > 0, by I_h(c_±, Φ_±)e^{−ih−1tH0 (h)}, where I_h(c_±, Φ_±) are Fourier Integral Operators with symbols c_± and phases Φ_±. Formally,

I_h(c_±, Φ_±)(f)(x) = (2πh)^{−n} ∫ ∫ exp(ih^{−1}(Φ_±(x, ξ) − ⟨y, ξ⟩))c_±(x, ξ)f(y)dydξ.

We may construct c_±(x, ξ, h) ∼ ∞∑ j=0 c_{±j} (x, ξ)h^j and Φ_±(x, ξ) in such way that ( − 1 2 h^2Δ + V (x) − 1 2 |ξ|^2 ) (e^{ih−1 Φ±} c_±) ∼ 0. Let R_0 >> 1, 1 < d_4 < d_3 < d_2 < d_1 < d_0, and 0 < σ_4 < σ_3 < σ_2 < σ_1 < σ_0 < 1. Using the WKB method we find phases Φ_± and symbols a_±, b_±, k_{±a} and k_{±b} such that:

1) Φ_±(x, ξ) is a solution of the eikonal equation^1_2 |∇_xΦ_±(x, ξ)|^2+V (x) =^1_2 |ξ|^2, in Γ_±(R_0, d_0, ±σ_0). 2) Φ_±(x, ξ) − ⟨x, ξ⟩ belongs to A^0_∞.

3) For all (x, ξ) ∈ R^n × R^n , |^{∂2 Φ±}_{∂xj ∂ξk} (x, ξ) − δ_{jk} | < ϵ(R_0), δ_{jk} being the Kronecker symbols, where ϵ(R_0) can be made as small as we wish by taking R_0 large enough.

4) a_± and b_± belong to A^0_∞.

5) supp(a_±) ⊂ Γ_±(3R_0, d_1, ∓σ_1) and supp(b_±) ⊂ Γ_±(5R_0, d_3, ±σ_4). 6) k_{±a} and k_{±b} belong to A^{−1}_∞ .

7) supp(k_{±a})) ⊂ Γ_±(3R_0, d_1, ∓σ_1) and supp(k_{±b})) ⊂ Γ_±(5R_0, d_3, ∓σ_4). 8) h^{−(N+2)}k_{±a} ∈ A^{−(N+2)}_∞ (Γ_±(4R_0, d_1, ∓σ_2)) and h^{−(N+2)}k_{±b} ∈ A^{−(N+2)}_∞ (Γ_±(6R_0, d_3, ±σ_3)), N being an integer as large as we want.

Moreover, by construction we have k_{±a}(x, ξ, h) = e^{−ih−1 Φ±(x,ξ)} ( H(h) − 1 2 |ξ|^2 ) ( e^{ih−1Φ±} a_± ) (x, ξ), (2.1) and k_{±b}(x, ξ, h) = e^{−ih−1Φ± (x,ξ)} ( H(h) − 1 2 |ξ|^2 ) ( e^{ih−1 Φ±} b_± ) (x, ξ). (2.2)

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 6

Then we define

J_{±a} = I_h(a_±, Φ_±), K_{±a}(h) = H(h)J_{±a}(h) − J_{±a}(h)H_0(h) = I_h(k_{±a}, Φ_±), K_{±b}(h) = H(h)J_{±b}(h) − J_{±b}(h)H_0(h) = I_h(k_{±b}, Φ_±).

Before going to the Isozaki-Kitada formula, let us recall some notations.

1) For α > 1, we denote L^2_α = {f : |f|_α = | < x >^α f|_L2 < ∞}. 2) For α >^1_2 , one defines F_0(λ, h) : L^2_α(R^n ) −→ L^2(S^{n−1}), by

(F_0(λ, h)f)(ω) = (2πh)^{− n2} (2λ)^{n−24} ∫ R^n e^{−ih−1} √ 2λ⟨x,ω⟩f(x)dx, λ > 0.

3) We denote by ‖ . ‖_{α,β} the norm of linear bounded operators in L(L^2_α, L^2_β). Now we recall the following.

Proposition 2.1 (Isozaki-Kitada [8]). For λ ∈]^{d−24}_2 ,^{d24}_2 [, we have T (λ, h) = T_{+1}(λ, h) + T_{−1}(λ, h) − T_2(λ, h), with T_{±1}(λ, h) = F_0(λ, h)J^∗_{+a}(h)K_{±b}(h)F^∗_0 (λ, h) and T_2(λ, h) = F_0(λ, h)K^∗_{+a}(h)R(λ + i0, H(h))(K_{+b}(h) + K_{−b}(h))F^∗_0 (λ, h).

Denote by T_{±1}(θ, ω, λ, h) the kernel of T_{±1}(λ, h) and by T_2(θ, ω, λ, h) the kernel of T_2(λ, h). We see easily that T_{±1}(θ, ω, λ, h) = c_0(λ, h)^2 ∫ e^{ih−1 ψ±(x,θ,ω)}k_{±b}(x, √ 2λω)a(x, √ 2λθ)dx, where ψ_±(x, θ, ω) = Φ_±(x, √ 2λω) − Φ_+(x, √ 2λθ). For θ ≠ ω, one can integrate by parts, to get T_{±1}(θ, ω, λ, h) = O(h^∞). In a such way, assuming θ ≠ ω, we need only to study T_2.

3 Resolvent estimate.

Under the hypotheses of Theorem 1.1, we wish to prove the estimate ∫_{λ0 +ϵ} λ_0 −ϵ ‖ R(λ ± i0) ‖_{α,−α} dλ = O(h^{−ñ}), ñ ∈ N.

According to the work of Bruneau and Petkov [1], we know that it suffices to show that a such estimate holds for the truncated resolvent χR(λ ± i0)χ, for suitable χ ∈ C^∞_0 (R^n ). Indeed we have the following proposition ( see [1] ).

Proposition 3.1 Let d > 0. There exists ρ > 0 large enough such that for all χ ∈ C^∞_0 (R^n), χ = 1 on B(0, ρ) and for h small enough we have ∀α > 1 2 , ‖ R(z) ‖_{α,−α}≤ Ch^{−2} (1+ ‖ χR(z)χ ‖) , uniformly for z ∈ B_± = {z ∈ C : (Re z, ±Im z) ∈]d^{−1}, d[×]0, 1]}.

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 7

Next we follow the argument of Stefanov [16] to obtain the following.

Proposition 3.2 Assume hypotheses 1. and 2. of Theorem 1.1 fulfilled. Then there exists ñ ≥ n such that for ϵ and h small enough and χ ∈ C^∞_0 (R^n ) we have ∫_{λ0 +ϵ} λ_0 −ϵ ‖ χR(λ ± i0)χ ‖_{α,−α} dλ = O(h^{−ñ}). (3.1) The proof is a λ-uniform modification of the semi-classical maximum principle of Tang and Zworski [17] with an adaptation of the tools used by Stefanov in the case of H(h) = h^2P , where P is a compactly supported perturbation of the Laplacian [16]. Fix δ > 0, n^∗ ∈ N^∗ and set S(λ, h) = h^{3n∗+3δ} d(λ, h) and ω(λ, h) = d(λ, h)h^δ . Lemma 3.3 Let F (., h) be a family of functions such that for all λ ∈ [λ_0 − ϵ, λ_0 + ϵ], F(.,h) is holomorphic in Ω(h, λ) = [λ − 5ω(h, λ), λ + 5ω(h, λ)] + i[−S(h, λ), S(h, λ)h^{−2n∗−δ}]. Moreover, assume that F satisfies the estimates |F (z, h)| ≤ Aexp(Ah^{−n∗log 1h} ) in Ω(h, λ), (3.2) |F (z, h)| ≤ C |Im(z)| in Ω(h, λ) ∩ {Im(z) < 0}. (3.3) Then there exists C > 0, independent of λ ∈ [λ_0 − ϵ, λ_0 + ϵ], such that ∀h << 1, ∀z ∈ Ω̃(h, λ), |F (z, h| ≤ C S(h, λ) , (3.4) where Ω̃(h, λ) = [λ − ω(h, λ), λ + ω(h, λ)] + i[−S(h, λ), S(h, λ)]. Proof: It is just a repetition of Tang-Zworski’s proof [17] with control on λ. Set α = S(h, λ)h^{−2n∗−δ}, and f(z, h, λ) = (πα^2)^{− 12} ∫_{λ+3ω} λ−3ω exp(− (x − z)^2 α^2 )dx, where ω = ω(h, λ). Obviously, the function f(., h, λ) is analytic in Ω(h, λ). It is clear that, as in [17], for h small enough, we have |f(z, h, λ)| ≤ e in Ω(h, λ), (3.5) |f(z, h, λ)| ≥ 1 2 for z ∈ [λ − ω(h, λ), λ + ω(h, λ)] + i[−S(h, λ), α]. (3.6) Moreover, there exists C > 0 independent of λ ∈ [λ_0 − ϵ, λ_0 + ϵ] such that ∀z ∈ Ω(h, λ) ∩ {|Re(z) − λ| ≥ 4ω(h, λ)}, |f(z, h, λ)| ≤ Ce^{−h−2n∗−2δ} . (3.7) Let z = u + iv ∈ Ω(h, λ) ∩ {|Re(z) − λ| ≥ 4ω(h, λ)}, then |f(z, h, λ)| ≤ (πα^2)^{− 12} e^{v2}α^2 ∫_{λ+3ω} λ−3ω exp(− (x − u)^2 α^2 )dx, ≤ (πα^2)^{− 12} e^{v2}α^2 ∫_{λ+3ω} λ−3ω exp(− ω^2 α^2

)dx ≤ 6αωπ^{− 12} e^{v2}α^2 e^{− ω2}α^2 .

On the other hand, v ≤ α,^ω_α = h^{−n∗−δ} , αω = h^{n∗+3δ}d(λ, h)^2 and d(λ, h)^2 ≤ h^2. Hence we get |f(z, h, λ)| ≤ 6π^{− 12} h^{n∗+3δ+2}e^{−h−2n∗−2δ} .

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 8

Define G(z, h, λ) = e^{izσ} f(z, h, λ)F (z, h), where σ = log(S(h, λ)Ae^{Ah−n∗ log( 1h )}) S(h, λ)h^{−n∗−δ} . It is easy to see that there exists C > 0 such that ∀h << 1, ∀λ ∈ [λ_0 − ϵ, λ_0 + ϵ], |σ(h, λ)S(h, λ)| ≤ C. (3.8) Indeed, σ(h, λ)S(h, λ) = h^{n∗+δ} log ( S(h, λ)Ae^{Ah−n∗ log( 1h )} ) , and we conclude with the following inequality log ( S(h, λ)Ae^{Ah−n∗ log( 1h )} ) ≤ log ( Ah^{3n∗+3δ+2}e^{Ah−n∗− δ2} )

≤ log(Ah^{3n∗+3δ+2}) + h^{−n∗− δ2} ≤ Ch^{−n∗−δ}. G(., h, λ) being holomorphic in Ω(h, λ). We can find a constant C independent of λ such that |G(z, h, λ)| ≤^C_{S(h,λ)} , ∀z ∈ Ω(h, λ). By the maximum principle, it suffices to obtain this estimate on the boundary of Ω(h, λ).

1) According to (3.2) and (3.5), on [λ − 5ω(λ, h), λ + 5ω(λ, h)] + iS(h, λ)h^{−2n∗−δ} , we get |G(z, h, λ)| ≤ e^{−σS(h,λ)h−2n∗−δ} eAexp(Ah^{−n∗} log 1 h ) ≤ e^{−h−n∗ log(S(h,λ)Aeh} −n∗ log( 1h ) )eAexp(Ah^{−n∗} log 1 h ) ≤ 1 S(h, λ) exp(−Ah^{−n∗} log 1 h )eAexp(Ah^{−n∗} log 1 h ) ≤ eA S(h, λ) , since h^{−n∗} > 1 and log(S(h, λ)Ae^{hn∗ log( 1h )} ) > 0.

2) On [λ − 5ω(λ, h), λ + 5ω(λ, h)] − iS(h, λ), we deduce from (3.3), (3.5) and (3.8) the estimate |G(z, h, λ)| ≤ e^{σS(h,λ)} e S(h, λ) ≤ e^{C+1} S(h, λ) . 3) On λ ± 5ω(λ, h) + i[−S(h, λ), S(h, λ)h^{−2n∗−δ} ], from the estimates (3.2) and (3.7) we get |G(z, h, λ)| ≤ sup x∈^∗[−S(h,λ),S(h,λ)h^{−2n∗−δ} ] (e^{−xσ})e^{−h−2n∗−2δ} Aexp(Ah^{−n∗} log 1 h ), ≤ e^{S(h,λ)σ}e^{−h−n∗−δ} ≤ e^C e^{−h−n∗−δ} ≤ e^C S(h, λ) . Finally, |G(z, h, λ)| ≤^C_{S(h,λ)} on ∂Ω(h, λ), and hence the same is true on Ω(h, λ). Taking z ∈ Ω̃(h, λ) and using (3.6) and (3.8), we obtain |G(z, h, λ)| ≥ 1 2 |F (z, h, λ)| inf x∈[−S(h,λ),S(h,λ)] (e^{−xσ}) ≥ 1 2 |F (z, h, λ)|e^{−σS(h,λ)} ≥ 1 2 |F (z, h, λ)|e^{−C} ≥ C^′ 2 |F (z, h, λ)|.

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 9

By a minoration and a majoration of G, we deduce the result.

Proof of Proposition 3.2: We apply the above lemma to F (z, h) = R_χ(z, h) := χR(z, h)χ with n^∗ = n+1. By construction F (., h, λ) is holomorphic in each Ω(h, λ), λ ∈ [λ_0 −ϵ, λ_0 +ϵ]. Moreover, it is well-known that R_χ(z, h) satisfies R_χ(z, h) ≤^1_{|Im(z)|} in the lower half-plane. Hence, it suffices to check (3.2). For potentials satisfying assumption ii) of Theorem 1.1 we use the following. Lemma 3.4 ( Tang-Zworski [17]). Let U be a compact neighbourhood of λ_0 in Re(z) > 0, and let g(h) << 1. Then there exists C > 0 such that for h << 1 we have ‖ R_χ(z, h) ‖≤ Ce^{Ch−n log 1g(h)} , for z ∈ U \ ⋃ ξ∈Res(H(h)) B(ξ, g(h)). (3.9)

Set g(h) =^{d(h)}_2 =^1_2 inf{d(h, λ), λ ∈ [λ_0 − ϵ, λ_0 + ϵ]}, and observe that for h << 1, we have

Ω(h, λ) ⋂ ⋃ ξ∈Res(H(h)) B(ξ, g(h)) = ∅.

Then we have ‖ R_χ(z, h) ‖≤ Ce^{Ch−n log 2d(h)} , ∀z ∈ Ω(h, λ). Recall that there exists C > 0 such that d(h) ≥ Ce^{−Ch−1} . Therefore from ‖ R_χ(z, h) ‖≤ Ce^{Ch−n log 2d(h)} and d(h) ≥ Ce^{−Ch−1} we deduce ‖ R_χ(z, h) ‖≤ Ce^{Ch−n−1} ≤ Ce^{Ch−n∗ log 1h} , ∀z ∈ Ω(h, λ). Consequently, we can apply Lemma 3.3, to obtain ‖ R_χ(z, h) ‖≤ C S(h, λ) , ∀z ∈ Ω̃(h, λ). In particular, for λ ∈ [λ_0 − ϵ, λ_0 + ϵ] and β ∈ [−S(h, λ), S(h, λ)h^{−n∗−δ}], we have ‖ R_χ(λ ± iβ, h) ‖≤ C S(h,λ) . In this inequality, taking the limit β → 0, we obtain immediately ‖ R_χ(λ ± i0, h) ‖≤ C S(h, λ) , ∀λ ∈ [λ_0 − ϵ, λ_0 + ϵ]. (3.10)

An integration of this estimate yields ∫_{λ0 +ϵ} λ_0 −ϵ ‖ R_χ(λ ± i0, h) ‖ dλ ≤ ∫_{λ0 +ϵ} λ_0 −ϵ C S(h, λ) dλ ≤ ∫_{λ0 +ϵ} λ_0−ϵ Ch^{−3n∗−3δ} d(h, λ) dλ, ≤ Ch^{−3n∗−3δ} ∑ ξ∈K ∫_{λ0 +ϵ} λ_0 −ϵ 1 |λ − ξ| + h^{−1}dλ,

where K = Res(H(h)) ⋂ ( [λ_0 − 2ϵ, λ_0 + 2ϵ] + i[−ϵ^2, ϵ^2] ) . Next note that K is a finite set and card(K) = O((^{λ0}_h )^n). Moreover, for ξ = α + iβ ∈ K and

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 10

ϵ^2 > β > 0 close to 0, we have ∫_{λ0 +ϵ} λ_0 −ϵ 1 |λ − ξ| dλ = ∫_{λ0+ϵ} λ_0−ϵ 1 √ (λ − α)^2 + β^2 dλ = ∫^λ0^{+ϵ−α}_β λ0 −ϵ−α β 1 √ 1 + λ^2 dλ

≤ ∫ 3ϵ_β −3ϵ β 1 √ 1 + λ^2 dλ = 2 (∫_1 0 1 √ 1 + λ^2 dλ + ∫ 3ϵ_β 1 1 √ 1 + λ^2 dλ )

≤ 2 + 2log( 3ϵ β ) ≤ 3 log( 3ϵ β ). On the other hand, for ξ ∈ K we have |Im(ξ)| ≥ Ae^{−Ah−1} . Then ∫_{λ0 +ϵ} λ_0 −ϵ 1 |λ − ξ| dλ ≤ log( 3ϵ A e^{Ah−1} ) ≤ Ch^{−1}, which implies ∫_{λ0 +ϵ} λ_0 −ϵ ‖ R_χ(λ ± i0, h) ‖ dλ ≤ Ch^{−3n∗−3δ} ( λ_0 h )_n (h^{−1} + h^{−1}) ≤ Ch^{−4n−3δ−4} and the proof is complete.

From Propositions 3.1 and 3.2, we deduce for ϵ small enough, the estimate ∫_{λ0 +ϵ} λ_0 −ϵ ‖ R(λ + i0) ‖_{α,−α} dλ = O(h^{−ñ}). (3.11) Now we can prove the following.

Lemma 3.5 Assume the hypotheses of Theorem 1.1 fulfilled. Let ω_± ∈ A^0_∞ be such that supp(ω_±) ⊂ Γ_±(R, d, σ_±). Then for α > 1 and ϵ > 0 small enough we have the following assertions:

i) ∫_{λ0+ϵ} λ_0−ϵ ‖ R(λ ± i0)ω_±(x, hD_x) ‖_{−α+δ,−α} dλ = O(h^{−1}), ∀δ > 1. ii) If σ_+ > σ_−, then ∫_{λ0 +ϵ} λ_0−ϵ ‖ ω_∓(x, hD_x)R(λ ± i0)ω_±(x, hD_x) ‖_{−α,α} dλ = O(h^∞). iii) If ω ∈ A^0_∞ and supp(ω) ⊂ {|x| <^9_{10} R}, then ∫_{λ0 +ϵ} λ_0 −ϵ ‖ ω(x, hD_x)R(λ ± i0)ω_±(x, hD_x) ‖_{−α,α} dλ = O(h^∞). Proof: We treat ω_+ only, since the analysis of ω_− is completely similar. We use the construction of Robert and Tamura [12] for an approximation of R(λ + i0)ω_+(x, hD_x). Denote U(t, h) = e^{−ih−1tH(h)}ω_+(x, hD_x).

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 11

Then there exist ω_N (x, hD_x) ∈ A^{−N}_∞ , U_N (t, h) ∈ L(L^2_{−α+δ} , L^2_{−α}) and R_N (t, h) ∈ L(L^2_{−α+δ}, L^2_α) such that U(t, h) = U_N (t, h) + h^N e^{−ih−1tH(h)}ω_N (x, hD_x) + ih^{−1} ∫_t 0 e^{−ih−1(t−s)H(h)}R_N (s, h)ds, with ∀δ > 1, ‖ U_N (t, h) ‖_{−α+δ,−α}= O(< t >^{−δ}), (3.12) ∀δ > 1, ‖ R_N (t, h) ‖_{−α+δ,α}= O(h^N < t >^{−δ}), (3.13) ω_N (x, hD_x) ∈ A^{−N}_∞ uniformly with respect to h. (3.14) Hence R(λ + i0)ω_+(x, hD_x) = ih^{−1} ∫_{+∞} 0 e^{ih−1 tλ}U(t, h)dt = 3∑ k=1 Q_k(λ, h), (3.15) where Q_1 = ih^{−1} ∫_{+∞} 0 e^{ih−1 tλ}U_N (t, h)dt, Q_2 = h^N R(λ + i0)ω_N (x, hD_x), Q_3 = ih^{−1} ∫_{+∞} 0 R(λ + i0)e^{ih−1sλ}R_N (s, h)ds. Proof of i). By using (3.15), we get ∫_{λ0+ϵ} λ_0 −ϵ ‖R(λ + i0)ω_+(x, hD_x)‖_{−α+δ,−α}dλ ≤ 3∑ k=1 ∫_{λ0 +ϵ} λ_0 −ϵ ‖Q_k(λ, h)‖_{−α+δ,−α}dλ. As δ > 1, we have ∫_{λ0 +ϵ} λ_0−ϵ ‖ Q_1 ‖_{−α+δ,−α} dλ ≤ h^{−1} ∫_{λ0 +ϵ} λ_0 −ϵ ∫_{+∞} 0 ‖ U_N (t, h) ‖_{−α+δ,−α} dtdλ ≤ Ch^{−1} ∫_{λ0+ϵ} λ_0−ϵ ∫_{+∞} 0 < t >^{−δ} dtdλ ≤ 2C^′ϵh^{−1}. Therefore, ∫_{λ0 +ϵ} λ_0 −ϵ ‖ Q_1(λ, h) ‖_{−α+δ,−α} dλ = O(h^{−1}). Moreover, ω_N ∈ A_{−N} , and then for N ≥ 2α − δ we have ‖ ω_N (x, hD_x)) ‖_{−α+δ,α}≤ C. Choosing N ≥ max(2α − δ, ñ − 1), we obtain ∫_{λ0+ϵ} λ_0−ϵ ‖ Q_2 ‖_{−α+δ,−α} dλ ≤ h^N ∫_{λ0 +ϵ} λ_0 −ϵ ‖ R(λ + i0) ‖_{α,−α}‖ ω_N (x, hD_x)) ‖_{−α+δ,α} dλ ≤ Ch^N ∫_{λ0+ϵ} λ_0−ϵ ‖ R(λ + i0) ‖_{α,−α} dλ ≤ Ch^{N−ñ} ≤ Ch^{−1} and this yields ∫_{λ0 +ϵ} λ_0 −ϵ ‖ Q_2(λ, h) ‖_{−α+δ,−α} dλ = O(h^{−1}).

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 12

Finally, we have ∫_{λ0 +ϵ} λ_0 −ϵ ‖ Q_3(λ, h) ‖_{−α+δ,−α} dλ ≤ h^{−1} ∫_{λ0 +ϵ} λ_0 −ϵ ∫_{+∞} 0 ‖ R(λ + i0) ‖_{α,−α}‖ R_N (s, h) ‖_{−α+δ,−α} dsdλ ≤ Ch^{−1} ∫_{+∞} 0 h^N < s >^{−δ} ds ∫_{λ0+ϵ} λ_0 −ϵ ‖ R(λ + i0) ‖_{α,−α} dλ ≤ Ch^{N−ñ−1}. Assuming N ≥ ñ, we obtain ∫_{λ0+ϵ} λ_0−ϵ ‖ Q_3(λ, h) ‖_{−α+δ,−α} dλ = O(h^{−1}) and the proof of i) is complete. Proof of ii): We estimate ∫_{λ0 +ϵ} λ_0 −ϵ ‖ ω_−(x, hD_x)R(λ + i0)ω_+(x, hD_x) ‖_{−α,α} dλ ≤ 3∑ k=1 ∫_{λ0 +ϵ} λ_0−ϵ ‖ω_−(x, hD_x)Q_k(λ, h)‖_{−α+δ,−α}dλ.

First of all we have ω_−(x, hD_x)Q_2 = h^N ω_−(x, hD_x)R(λ + i0)ω_N (x, hD_x). Consequently, ∫_{λ0 +ϵ} λ_0 −ϵ ‖ ω_−(x, hD_x)Q_2 ‖_{−α,α} dλ ≤ h^N ∫_{λ0 +ϵ} λ_0 −ϵ ‖ ω_−(x, hD_x)R(λ + i0) ‖_{α+δ,α}‖ ω_N (x, hD_x) ‖_{−α,α+δ} dλ ≤ h^N ∫_{λ0 +ϵ} λ_0 −ϵ ‖ R(λ − i0)ω^∗_−(x, hD_x) ‖_{−α,−α−δ}‖ ω_N (x, hD_x) ‖_{−α,α+δ} dλ. Assuming N ≥ 2α + δ, we get ‖ ω_N (x, hD_x) ‖_{−α,α+δ}= O(1) and ∫_{λ0 +ϵ} λ_0 −ϵ ‖ ω_−(x, hD_x)Q_2 ‖_{−α,α} dλ ≤ Ch^N ∫_{λ0 +ϵ} λ_0 −ϵ ‖ R(λ − i0)ω^∗_−(x, hD_x) ‖_{−α,−α−δ} dλ. (3.16)

Moreover, from ω^∗_− ∼ ∑ α h^{|α|} α! ∂^α_ξ D^α_x ω_− we deduce ω^∗_− = ω̃_{−l} + ω_{−l}, with supp(ω̃_{−l}) ⊂ supp(ω_−) and h^{−l}ω_{−l} ∈ A_{−l} uniformly with respect to h. Therefore ‖ R(λ − i0)ω^∗_−(x, hD_x) ‖_{−α,−α−δ} ≤ ‖ R(λ − i0)ω̃_{−l}(x, hD_x) ‖_{−α,−α−δ} + ‖ R(λ − i0)ω_{−l}(x, hD_x) ‖_{−α,−α−δ} . According to i), for any l large enough, we get ∫_{λ0 +ϵ} λ_0 −ϵ ‖ R(λ − i0)ω̃_{−l}(x, hD_x) ‖_{−α,−α−δ} dλ ≤ Ch^{−1}. (3.17) Moreover, ∫_{λ0 +ϵ} λ_0 −ϵ ‖ R(λ − i0)ω_{−l}(x, hD_x) ‖_{−α,−α−δ} dλ ≤ ∫_{λ0+ϵ} λ_0−ϵ ‖ R(λ − i0) ‖_{α+δ,−α−δ} dλ ‖ ω_{−l}(x, hD_x) ‖_{−α,α+δ} ≤ Ch^{−ñ} ‖ ω_{−l}(x, hD_x) ‖_{−α,α+δ} .

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 13

For l ≥ 2α + δ we have ‖ ω_{−l}(x, hD_x) ‖_{−α,α+δ}≤ Ch^l. Next we suppose also that l ≥ ñ − 1, to conclude ∫_{λ0 +ϵ} λ_0 −ϵ ‖ R(λ − i0)ω_{−l}(x, hD_x) ‖_{−α,−α−δ} dλ = O(h^{−1}). (3.18) From (3.17) and (3.18) we deduce ∫_{λ0 +ϵ} λ_0−ϵ ‖ R(λ − i0)ω^∗_−(x, hD_x) ‖_{−α,−α−δ} dλ = O(h^{−1}). (3.19) Combining (3.19) and (3.16), we have ∫_{λ0 +ϵ} λ_0 −ϵ ‖ ω_−(x, hD_x)Q_2(λ, h) ‖_{−α,−α−δ} dλ = O(h^{N−1}). (3.20) Now we will study ‖ ω_−(x, hD_x)Q_3 ‖_{−α,α}. First we have ∫_{λ0 +ϵ} λ_0 −ϵ ‖ ω_−(x, hD_x)Q_3 ‖_{−α,α} dλ ≤ h^{−1} ∫_{λ0+ϵ} λ_0−ϵ ∫_∞ 0 ‖ ω_−(x, hD_x)R(λ + i0)R_N (t, h) ‖_{−α,α} dtdλ ≤ h^{−1} ∫_{λ0+ϵ} λ_0−ϵ ‖ R(λ − i0)ω^∗_−(x, hD_x) ‖_{−α,−α−δ} dλ ∫_∞ 0 ‖ R_N (t, h) ‖_{−α,α+δ} dt. According to (3.13) and (3.19), we obtain ∫_{λ0+ϵ} λ_0 −ϵ ‖ ω_−(x, hD_x)Q_3 ‖_{−α,α} dλ ≤ h^{−1}Ch^{−1} ∫_∞ 0 h^N < t >^{−δ} dt, and for δ > 1 we get ∫_{λ0 +ϵ} λ_0 −ϵ ‖ ω_−(x, hD_x)Q_3 ‖_{−α,α} dλ = O(h^{N−2}). (3.21) Finally, consider the estimate of ‖ ω_−(x, hD_x)Q_1(λ, h) ‖_{−α,α}. We have ∫_{λ0 +ϵ} λ_0 −ϵ ‖ ω_−(x, hD_x)Q_1(λ, h) ‖_{−α,α} dλ ≤ Ch^{−1} ∫_{λ0+ϵ} λ_0−ϵ ‖ ∫_{+∞} 0 e^{ih−1tλ}ω_−(x, hD_x)U_N (t, h)dt ‖_{−α,α} dλ ≤ Ch^{−1} ∫_{λ0+ϵ} λ_0−ϵ ∫_{+∞} 0 ‖ ω_−(x, hD_x)U_N (t, h) ‖_{−α,α} dtdλ ≤ 2ϵCh^{−1} ∫_{+∞} 0 ‖ ω_−(x, hD_x)U_N (t, h) ‖_{−α,α} dt. From the result of Robert and Tamura [12], Lemma 2.1, we know that ∫_{+∞} 0 ‖ ω_−(x, hD_x)U_N (t, h) ‖_{−α,α} dt = O(h^∞) which yields ∫_{λ0+ϵ} λ_0−ϵ ‖ ω_−(x, hD_x)Q_1 ‖_{−α,α} dλ = O(h^∞). (3.22) Finally, using (3.20), (3.21) and (3.22), we obtain ∫_{λ0 +ϵ} λ_0 −ϵ ‖ ω_−(x, hD_x)R(λ + i0)ω_+(x, hD_x) ‖_{−α,α} dλ = O(h^{N−2}).

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 14

As N can be chosen arbitrary large, ii) is proved. The proof of iii) is identical, and we leave it to the reader.

Take χ(., R) ∈ C^∞_0 (R^n ) such that 0 ≤ χ ≤ 1, χ = 1 for |x| ≤ R and χ = 0 for |x| ≥ R + 1, and set χ_a(x) = χ(x, 20R_0), χ_b(x) = χ(x, 10R_0).

From Lemma 3.5, as in [12], we deduce the following.

Lemma 3.6 Assume the hypothesis of Theorem 1.1 fulfilled. Then for α >^n_2 close to^n_2 , we have the following assertions:

i) ∫_{λ0 +ϵ} λ_0 −ϵ ‖ K^∗_{+a}(h)R(λ + i0)K_{+b}(h) ‖_{−α,α} dλ = O(h^{N2} ), ii) ∫_{λ0 +ϵ} λ_0 −ϵ ‖ K^∗_{+a}(h)R(λ + i0)(1 − χ_b)K_{−b}(h) ‖_{−α,α} dλ = O(h^{N2} ), iii) ∫_{λ0 +ϵ} λ_0 −ϵ ‖ ((1 − χ_a)K_{+a})^∗(h)R(λ + i0)χ_bK_{−b}(h) ‖_{−α,α} dλ = O(h^{N2} ).

Denote Φ_+(x) = Φ_+(x, √ 2λθ) and Φ_−(x) = Φ_−(x, √ 2λω), hence ∫_{λ0+ϵ} λ_0−ϵ |f(θ, ω, λ, h) − c_1(λ, h)G_0(θ, ω, λ, h)|dλ = O(h^{N3} ) (3.23) with G_0(θ, ω, λ, h) = ⟨R(λ + i0)g_{−b}e^{ih−1Φ−} , g_{+a}e^{ih−1Φ+} ⟩ (3.24) c_1(λ, h) = 2π(2λ)^{(n−3)/4}(2πh)^{−(n+1)/2}e^{−i (n−3)π4} (3.25) and g_{−b} = e^{ih−1Φ−} [χ_b, H_0(h)] ( b_−(., √ 2λω)e^{ih−1 Φ−} ) , (3.26)

g_{−a} = e^{ih−1Φ+} [χ_a, H_0(h)] ( a_+(., √ 2λθ)e^{ih−1 Φ+} ) . (3.27)

4 Short time localization.

4.1 First localization.

We start with the well-known formula R(λ + i0) = ih^{−1} ∫_T 0 e^{ih−1 tλ}e^{−ih−1 tH(h)}dt + e^{ih−1 T λ}R(λ + i0)e^{−ih−1T H(h)}. (4.1) Our goal is to show that the remainder e^{ih−1T λ}R(λ + i0)e^{−ih−1T H(h)}is bounded by O(h^∞). To do this, we will prove that for T > 0 large enough, we have ∫_{λ0 +ϵ} λ_0 −ϵ ⟨R(λ + i0)e^{−ih−1T H(h)}g_{−b}e^{ih−1 Φ−} , g_{+a}e^{ih−1Φ+} ⟩dλ = O(h^N ). (4.2) The proof is based on an judicious application of Egorov’s lemma. For this purpose we need to study the Hamiltonian flow Φ_t(x, η) = (q(t, x, η), p(t, x, η)) associated to H(x, ξ) =^1_2 |ξ|^2 + V (x).

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 15

Lemma 4.1 Take d > 1, σ ≥ 0 and assume [λ_0 − ϵ, λ_0 + ϵ] ⊂]^{d−2}_2 ,^{d2}_2 [. Then there exists R_0 > 0 such that ∀R > R_0, ∀(x, η) ∈ Γ_+(R, d, σ), 1 2 |η|^2 + V (x) ∈ [λ_0 − ϵ, λ_0 + ϵ] =⇒ ∀t > 0, Φ_t(x, η) ∈ Γ_+(R, d, 0).

Proof: Denoting ϕ_t(x, ξ) = (q(t), p(t)) and following Lemma 1 in [1], we get { (|q|^2)^′ = 2⟨q, ∂_ξH(q, p)⟩, ⟨q, ∂_ξ H(q, p)⟩^′ = {H, ⟨x, ∂_ξ H⟩}(q, p). (4.3)

Then ⟨q, ∂_ξH(q, p)⟩^′ = 2λ + ({H, ⟨x, ∂_ξ H⟩}(q, p) − 2H(q, p)). Set μ = ϵλ. A simple calculation yields {H, ⟨x, ∂_ξ H⟩}(x, ξ) − 2H(x, ξ)) = −⟨x, ∇_xV (x)⟩ − V (x), hence there exists R_0 > 0 such that ∀|x| > R > R_0, ∀ξ ∈ R^n |{H, ⟨x, ∂_ξ H⟩}(x, ξ) − 2H(x, ξ))| < 2μ. Chose (x, η) ∈ Γ_+(R, d, σ) and R > R_0 such that H(x, η) = λ and denote by [T_m, T_M ] the maximal interval containing 0 such that for t ∈ [T_m, T_M ] we have |{H, ⟨x, ∂_ξ H⟩}(q(t, x, η), p(t, x, η)) − 2H(q(t, x, η), p(t, x, η)))| < 2μ. For |x| > R we have T_M > 0 and ⟨q, ∂_ξH(q, p)⟩^′ ≥ 2(λ − μ), ∀t ∈ [0, T_M ]. Thus ⟨q, ∂_ξ H(q, p)⟩ ≥ ⟨x, η⟩ + 2(λ − μ)t, ∀t ∈ [0, T_M ]. (4.4) Integrating once more, we obtain ∀t ∈ [0, T_M ], |q(t)|^2 ≥ |x|^2 + 2⟨x, η⟩t + 2(λ − μ)t^2 ≥ |x|^2 + 2σ|η||x|t + 2(λ − μ)t^2 ≥ |x|^2 + 2(λ − μ)t^2 From the last inequality we deduce T_M = +∞ and hence |q(t, x, η)|^2 ≥ |x|^2 + 2(λ − μ)t^2, ∀t > 0. In particular, we get |q(t, x, η)| > R, ∀t > 0. As a direct consequence of (4.4), we obtain ∀t > 0, ⟨q(t), p(t)⟩ ≥ σ|x||η| + 2(λ − μ)t > 0, and this yields cos(q(t), p(t)) > 0, for t > 0. By the equality 1 2 |p(t)|^2 + V (q(t)) = λ ∈ [λ_0 − ϵ, λ_0 + ϵ] ⊂] d^{−2} 2 , d^2 2 [, ∀t > 0, combined with |V (x)| ≤ C < x >^{−1} and |q(t)| ≥ R > R_0, R_0 large enough, we get |p(t)| ∈]d^{−1}, d[, ∀t > 0.

From the argument of the above proof we get the following.

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 16

Corollary 4.1 Let 0 < σ < 1 and ϵ > 0. Then there exists R_1 > 0 such that for t > 0 and (x, η) ∈ Γ_+(R_1, d, −σ) ∩ H^{−1}([λ_0 − ϵ, λ_0 + ϵ]), we have |q(t, x, η)|^2 ≥ |x|^2 − σ|x||η|t + 2(λ_0 − 2ϵ)t^2. Proof: As in the above lemma, choose R_0 so that |{H, ⟨x, ∂_ξ H⟩}(x, ξ) − 2H(x, ξ))| < 2ϵ, ∀|x| > R_0, ∀ξ ∈ R^n . Next choose R > R_0 and set R_1 = NR, μ = ϵ. Then we can find N large enough such that {_1

N^2 < 1 − σ 2, |x| ≥ NR_0 =⇒ |V (x)| ≤ ϵ. (4.5)

For (x, η) ∈ Γ_+(R_1, d, −σ) ∩ H^{−1}([λ_0 − ϵ, λ_0 + ϵ]), let [T_m, T_M ] be the maximal interval containing 0 such that |{H, ⟨x, ∂_ξ H⟩}(q(t, x, η), p(t, x, η)) − 2H(q(t, x, η), p(t, x, η)))| < 2ϵ. In the same way as in Lemma 4.1, we have ∀t ∈ [0, T_M ], |q(t, x, η)|^2 ≥ |x|^2 + 2⟨x, η⟩t + 2(λ − μ)t^2 ≥ |x|^2 − 2σ|x||η|t + 2(λ − ϵ)t^2. Then |q(t, x, η)| ≥ R, ∀t ∈ [0, T_M ]. Indeed, Δ = 4σ^2|x|^2|η|^2 − 8(λ − ϵ)(|x|^2 − R^2) = 8|x|^2 ( 1 2 |η|^2σ^2 − (λ − ϵ)(1 −

R^2 |x|^2 ) ) . From |x| ≥ NR we deduce |V (x)| ≤ ϵ, and this implies^1_2 |η|^2 ≤ λ + ϵ. Hence Δ ≤ 8|x|^2 ( (λ + ϵ)σ^2 − (λ − ϵ)(1 − 1 N^2 ) )

≤ 8|x|^2 ( λ(σ^2 − 1 + 1 N^2

) + ϵ(σ^2 + 1 − 1 N^2 ) ) . As σ^2 − 1 +^1_{N 2} < 0, we have Δ ≤ 8|x|^2 ( (λ_0 − ϵ)(σ^2 + 1 − 1 N^2

) + ϵ(σ^2 − 1 + 1 N^2 ) ) < 0 for ϵ > 0 small enough and we conclude that T_M = +∞. Otherwise, |q(T_M )| ≥ R > R_0, and this leads to the existence of δ > 0 such that ∀t ∈ [0, T_M + δ], |{H, ⟨x, ∂_ξ H⟩}(q(t, x, η), p(t, x, η)) − 2H(q(t, x, η), p(t, x, η)))| < 2ϵ which contradicts the definition of T_M . The proof is complete.

Before going further, we need to reformulate the assumption (H_{ω,λ0} ) with the following.

Lemma 4.2 The condition (H_{ω,λ0} ) is equivalent to the following assertion. There exist R > 0, ϵ > 0, and a neighbourhood W of ω in S^{n−1} such that ∀η ∈ R^n , ∀|x| > R, 1 2 |η|^2 + V (x) ∈ [λ_0 − ϵ, λ_0 + ϵ] and η |η| ∈ W imply lim_{t→±∞} |q(t, x, η)| = +∞. (4.6)

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 17

Proof: First assume (4.6) and fix an energy λ ∈ [λ_0 − ϵ, λ_0 + ϵ]. Let V be an open subset of S^{n−1} such that ω ∈ V ⋐ W and let ω^′ ∈ V and z ∈ R^n . By definition, there exists T_0 > 0 such that ∀t ≤ −T_0, p_∞(t, z, λ, ω^′) ∈ W. Then lim s→+∞ |q(s, q_∞(t, z, λ, ω^′), p_∞(t, z, λ, ω^′))| = +∞. As q(s, q_∞(t, z, λ, ω^′), p_∞(t, z, λ, ω^′)) = q_∞(t + s, z, λ, ω^′), we obtain lim t→+∞ |q_∞(t, z, λ, ω^′)| = +∞. Conversely, assume (H_{ω,λ0} ) satisfied and suppose there exists a sequence (x_n, ω_n) such that lim n→+∞ |x_n| = +∞, lim_{n→+∞} |ω_n| = ω, and ∀n ∈ N, q(., x_n , ω_n) remains bounded on R^+ .

According to Corollary 4.1, we can suppose that there exists σ > 0 such that (x_n, ω_n) ∈ Γ_−(R, d, −σ). Hence it suffices to show that ∀ϵ > 0, ∃R > 0, ∀(x_0, ξ_0) ∈ Γ_−(R, d, −σ), ∀t < 0, |p(t, x_0, ξ_0) − ξ_0| < ϵ. (4.7) Indeed, this implies that for n large enough and t < 0, we have |p(t, x_n, ω_n) − ω| < 2ϵ. Choosing ϵ small enough, we can assume that lim_{t→−∞} p(t, x_n, ω_n) = ω^′ ∈ W . Then (q, p)(., x_n, ω_n) = (q_∞, p_∞)(., z, ω^′), with ω^′ ∈ W . According to (4.6), we deduce lim_{t→+∞} |q(t, x_n, ω_n)| = +∞, which is a contradiction.

To establish (4.7) we observe that |p(t) − ξ_0| ≤ ∫_t 0 |∇_xV (q(s))|ds ≤ ∫_t 0 < q(s) >^{−1−ρ} ds. According to the proof of Lemma 4.1 (see section 4), we have q(s) ≥ x^2_0 + λs^2. Hence |p(t) − ξ_0| ≤ C ∫_{−∞} 0 (1 + x^2_0 + λs^2)^{− 1+ρ2} ds ≤ C< x_0 >^{−ρ} ≤ ϵ

for |x_0| > R large enough and the proof of Lemma 4.2 is complete.

Lemma 4.3 Assume (H_{ω,λ0} ) and choose λ_0 ∈]d^{−1}, d[. Then there exist R_0 > 0 large enough and [λ_0 − ϵ, λ_0 + ϵ] ⊂]d^{−1}, d[ such that for all R > 0 there exists T_0(R) > 0 satisfying ∀ 5R_0 < |x| < 6R_0, ∀λ ∈ [λ_0 − ϵ, λ_0 + ϵ], ∀η ∈ R^n , η |η| ∈ W and 1 2 |η|^2 + V (x) = λ =⇒ ∀t > T_0(R), Φ_t(x, η) ∈ Γ_+(R, d, 0).

Proof: From (H_{ω,λ0} ) we deduce the existence of R_0 > 0, ϵ > 0 and a neighbourhood W of ω in S^{n−1} such that ∀η ∈ R^n , ∀|x| > R_0, 1 2 |η|^2 + V (x) ∈ [λ_0 − ϵ, λ_0 + ϵ] and η |η| ∈ W =⇒ lim_{t→±∞} |q(t, x, η)| = +∞.

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 18

Therefore, ∀R_1 > 0, ∀x ∈ C(R_0), ∀ω^′ ∈ W, ∀λ ∈ [λ_0 − ϵ, λ_0 + ϵ], ∃T (x, ω^′) > 0 such that ∀t > T (x, ω^′) Φ_t(x, e(λ, x)ω^′) ∈ Γ_+(R_1, d, 0), where^1_2 e(λ, x)^2 + V (x) = λ and C(R_0) = {x ∈ R^n : 5R_0 < |x| < 6R_0}. By continuity with respect to the initial data, we get ∀R_1 > 0, ∀x ∈ C(R_0), ∀λ ∈ [λ_0 − ϵ, λ_0 + ϵ], ∀ω^′ ∈ W, ∃r(x, λ, ω^′) > 0, ∃T (x, λ, ω^′) > 0 such that ∀(y, λ^′, ω^{′′}) ∈ B((x, λ, ω^′), r(x, λ, ω^′)), Φ_{T (x)}(y, e(λ^′, y)ω^{′′})) ∈ Γ_+(R_1, d, 0). By using Lemma 4.1, we can choose R_1 > 0 so that ∀t > 0, ∀(x, η) ∈ Γ_+(R_1, d, 0), Φ_t(x, η) ∈ Γ_+(R_1, d, 0).

Hence ∀x ∈ C(R_0), ∀λ ∈ [λ_0 − ϵ, λ_0 + ϵ], ∀ω^′ ∈ W, ∃r(x, λ, ω^′) > 0, ∃T (x, λ, ω^′) > 0 such that ∀(y, λ^′, ω^{′′}) ∈ B((x, λ, ω^′), r(x, λ, ω^′)), ∀t > T (x, λ), Φ_t(y, e(λ^′, y)ω^{′′})) ∈ Γ_+(R_1, d, 0). The balls B((x, λ, ω^′), r(x, λ, ω^′)) recover the compact set C(R_0) × [λ_0 − ϵ, λ_0 + ϵ] × W , and we can find a finite recoverment

C(R_0) × [λ_0 − ϵ, λ_0 + ϵ] × W ⊂ q⋃ j=1 B((x_j , λ_j , ω^′_j ), r_j ).

We set T_0 = max_{j=1,...,q}(T (x_j )) and for R_1 > R we have

∀x ∈ C(R_0), ∀λ ∈ [λ_0 − ϵ, λ_0 + ϵ], ∀ω^′ ∈ W, ∀t > T_0, Φ_t(x, e(λ^′, x)ω^′)) ∈ Γ_+(R_1, d, 0) ⊂ Γ_+(R, d, 0) which completes the proof.

Now we are able to prove the following.

Proposition 4.1 There exist ϵ > 0 and T_0 > 0 such that ∀T > T_0, we have ∫_{λ0 +ϵ} λ_0−ϵ | | | | ⟨R(λ + i0)g_{−b}e^{ih−1Φ−} , g_{+a}e^{ih−1Φ+} ⟩ − ∫_T 0 e^{ih−1 tλ}F (t, θ, ω, h)dt | | | | dλ = O(h^N ),

with F (t, θ, ω, h) = ⟨e^{−ith−1 H(h)}g_{−b}e^{ih−1 Φ−} , g_{+a}e^{ih−1Φ+} ⟩. Proof: Set U = {(x, ξ) ∈ R^n × R^n , x ∈ C(R_0), |ξ| ∈ [λ_0 − ϵ, λ_0 + ϵ],^ξ_{|ξ|} ∈ W } and introduce ω ∈ C^∞_0 (R^n × R^n ) so that ω = 1 in U, and ω = 0 in the complementary of a neighbourhood V of U. Setting ω_b = χ_bω, we have ⟨R(λ + i0)g_{−b}e^{ih−1Φ−} , g_{+a}e^{ih−1 Φ+} ⟩ = ⟨R(λ + i0)ω_b(x, hD_x)g_{−b}e^{ih−1 Φ−} , g_{+a}e^{ih−1Φ+} ⟩ + ⟨R(λ + i0)(1 − ω_b)(x, hD_x)g_{−b}e^{ih−1Φ−} , g_{+a}e^{ih−1 Φ+} ⟩ = I(λ, h) + J(λ, h).

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 19

Clearly, (1 − ω_b)(x, hD_x)g_{−b}e^{ih−1 Φ−} = ∑ |α|≤M h^{|α|}(1 − ω_b)^{(α)}(x, ∇_xΦ_−)g_α(x) + R_M (x),

with supp(g_α) ⊂ supp(g_{−b}), and |R_M (x)| ≤ h^M < x >^{−M} . On the one hand, without a loss of generality, we can assume |x| ≥ R_0 =⇒ ∀λ ∈ [λ_0 − ϵ, λ_0 + ϵ], ∇_xΦ_− |∇_xΦ_−| ∈ W. Then ∀x ∈ C(R_0), (x, ∇_xΦ_−) ∈ U. On the other hand, we have supp(g_{−b}) ⊂ C(R_0), and consequently (1 − ω)^{(α)}(x, ∇_xΦ_−(x))g_α(x) = 0, ∀α. Moreover, for M large enough, we have ‖ R_M ‖_α= O(h^M ) uniformly with respect to λ. Hence ∫_{λ0 +ϵ} λ_0 −ϵ |J(λ, h)|dλ = ∫_{λ0 +ϵ} λ_0 −ϵ |⟨R(λ + i0)(1 − ω_b)(x, hD_x)g_{−b}e^{ih−1Φ−} , g_{+a}e^{ih−1 Φ+} ⟩|dλ = ∫_{λ0 +ϵ} λ_0 −ϵ |⟨R(λ + i0)R_M , g_{+a}e^{ih−1 Φ+} ⟩|dλ ≤ ‖R_M ‖_α‖g_{+a}‖_α ∫_{λ0 +ϵ} λ_0 −ϵ ‖R(λ + i0)‖_{α,−α}dλ ≤ Ch^{M−ñ}.

As we can take M as large as we wish, we obtain ∫_{λ0 +ϵ} λ_0 −ϵ |J(λ, h)|dλ = O(h^∞). It remains to estimate I(λ, h). For this purpose we write I(λ, h) = ∫_T 0 e^{ih−1 tλ}⟨e^{−ih−1 tH(h)}ω_b(x, hD_x)g_{−b}e^{ih−1Φ−} , g_{+a}e^{ih−1 Φ+} ⟩dt + ⟨e^{−ih−1 T λ}R(λ + i0)e^{−ih−1T H(h)}ω_b(x, hD_x)g_{−b}e^{ih−1Φ−} , g_{+a}e^{ih−1 Φ+} ⟩ = I_1(λ, T, h) + I_2(λ, T, h). From the estimate |(1 − ω_b)(x, hD_x)(g_{−b}e^{ih−1Φ−} )| ≤ C_M h^M < x >^{−M} for every M, we deduce I_1(λ, T, h) = ∫_T 0 e^{ih−1 tλ}⟨e^{−ih−1 tH(h)}g_{−b}e^{ih−1 Φ−} , g_{+a}e^{ih−1Φ+} ⟩dt + O(h^∞), where O(h^∞) is independent of λ in any compact set. Therefore, ∫_{λ0 +ϵ} λ_0 −ϵ | | | |I1(λ, T, h) − ∫_T 0 e^{ih−1 tλ}⟨e^{−ih−1 tH(h)}g_{−b}e^{ih−1Φ−} , g_{+a}e^{ih−1 Φ+} ⟩dt | | | | dλ = O(h^∞)

and it suffices to show that ∫_{λ0 +ϵ} λ_0 −ϵ |I_2(λ, T, h)|dλ = O(h^N ). Let β ∈ C^∞ be such that β(x, ξ) = { 1 in Γ_+(R, d, 0), 0 in Γ_+(R, d, −σ)^c

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 20

and write I_2(λ, T, h) = ⟨e^{−ih−1 T λ}R(λ + i0)β(x, hD_x)e^{−ih−1 T H(h)}ω_b(x, hD_x)g_{−b}e^{ih−1Φ−} , g_{+a}e^{ih−1Φ+} ⟩ + ⟨e^{−ih−1 T λ}R(λ + i0)(1 − β)(x, hD_x)e^{−ih−1T H(h)}ω_b(x, hD_x)g_{−b}e^{ih−1 Φ−} , g_{+a}e^{ih−1Φ+} ⟩ = I_{+2}(λ, T, h) + I_{−2}(λ, T, h). Taking R ≥ 20R_0 + 1, we deduce from Lemma 3.5 that ∫_{λ0 +ϵ} λ_0 −ϵ ‖ χ_aR(λ + i0)β(x, hD_x) ‖_{−α,α} dλ = O(h^∞). Moreover, applying Lemma B.1, we deduce ‖ e^{−ih−1T H(h)}ω_b(x, hD_x)(g_{−b}e^{ih−1 Φ−} ) ‖_L2_α = O(1) uniformly in λ. Hence ∫_{λ0 +ϵ} λ_0 −ϵ |I_{+2}(λ, T, h)| dλ = ∫_{λ0 +ϵ} λ_0 −ϵ |⟨e^{−ih−1tλ}R(λ + i0)β(x, hD_x)e^{−ih−1tH(h)}ω_b(x, hD_x)g_{−b}e^{ih−1Φ−} , g_{+a}e^{ih−1Φ+} ⟩|dλ ≤ ∫_{λ0 +ϵ} λ_0 −ϵ ‖ χ_aR(λ + i0)β(x, hD_x) ‖_{−α,α} dλ × sup λ∈[λ_0 −ϵ,λ_0+ϵ] ‖e^{−ih−1T H(h)}ω_b(x, hD_x)(g_{−b}e^{ih−1 Φ−} )‖_L2_α × ‖g_{+a}e^{ih−1Φ+} ‖_L2_α ≤ C_N h^N , ∀N. Therefore it remains to estimate I_{−2}(λ, T, h). Recall that we have the estimate ∫_{λ0 +ϵ} λ_0 −ϵ ‖ R(λ + i0)‖_{α,−α}dλ = O(h^{−ñ}). Moreover, ∫_{λ0 +ϵ} λ_0 −ϵ |I_{−2}(λ)| dλ ≤ ∫_{λ0 +ϵ} λ_0 −ϵ ‖R(λ + i0)‖_{α,−α}‖g_{+a}‖_L2_α ‖(1 − β)(x, hD_x)e^{−ih−1T H(h)}ω_b(x, hD_x)‖_{−α,α}‖g_{−b}‖_L2_{−α} dλ ≤ C‖(1 − β)(x, hD_x)e^{−ih−1T H(h)}ω_b(x, hD_x)‖_{−α,α} ∫_{λ0 +ϵ} λ_0 −ϵ ‖ R(λ + i0)‖_{α,−α}dλ ≤ Ch^{−ñ}‖(1 − β)(x, hD_x)e^{−ih−1T H(h)}ω_b(x, hD_x)‖_{−α,α} and it suffices to show that ‖ (1 − β)(x, hD_x)e^{−ih−1T H(h)}ω_b(x, hD_x) ‖_{−α,α}= O(h^∞). (4.8) By the construction of ω and from Lemma 4.3 we deduce the existence of T_0 > 0 such that ∀T > T_0, ∀(x, ξ) ∈ supp(ω_b), Φ_T (x, ξ) ∈ Γ_+(R, d, 0). Then ∀T > T_0, ∀(x, ξ) ∈ supp(ω_b), β(Φ_T (x, ξ)) = 1, and for T > T_0, Lemma B.2 implies (4.8).

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 21

From the above proposition we obtain ∫_{λ0 +ϵ} λ_0−ϵ | | | | G_0(θ, ω, λ, h) − ih^{−1} ∫_{T0} 0 e^{ih−1tλ}F (t, θ, ω, h)dt | | | | dλ = O(h^∞) with F (t, θ, ω, h) = ⟨e^{ih−1tH(h)}g_{−b}e^{ih−1Φ−} , g_{+a}e^{ih−1Φ+} ⟩. 4.2 Second localization.

In this subsection we follow exactly the same construction as that of [12]. Introduce Z_j (λ) = {z ∈ Λ_ω : |z − z_j (λ)| < ϵ}, 1 ≤ j ≤ l, for ϵ > 0 small enough, and set Y_j = {y ∈ supp(g_{−b}) : y = q_∞(s, z_j (λ), λ, ω), s < 0, λ ∈ [λ_0 − ϵ, λ_0 + ϵ]}, where z_j (λ) = z_j (λ, θ) is given by Propostion A.1. For R_0 large enough, one can find S_1 > S_0 >> 1 such that Y_j ⊂ Π_{−j} = {y : y = q_∞(s, z, λ, ω), −S_1 < s < −S_0, λ ∈ [λ_0 − ϵ, λ_0 + ϵ], z ∈ Z_j (λ)}. Put Σ_− = {x ∈ R^n : cos(x, ω) < −σ_4} and Σ_+ = {x ∈ R^n : |x| ≥ R_1 and cos(x, θ) > −σ_2} with R_1 > 0. For R_1 large enough independent of R_0,and for y ∈ Σ_− and x ∈ Σ_+ we have lim t→−∞ p(t, y, ∇_xΦ_−(y)) = √ 2λω and lim_{t→+∞} p(t, x, ∇_xΦ_+(x)) = √ 2λθ. Hence from Hamilton-Jacobi theory we conclude that the set

E = {y ∈ Σ_−|∃t ∈ R such that q(t, y, ∇_xΦ_−(y)) = x ∈ Σ_+ and p(t, y, ∇_xΦ_−(y)) = ∇_xΦ_+(x)}

is included in l⋃ j=1 {q_∞(s, z_j , λ, ω), s ≤ S^′_0} for some S^′_0 ∈ R. Set

F = {y ∈ supp(g_{−b})|∃t ∈ R such that q(t, y, ∇_xΦ_−(y)) = x ∈ supp(g_{+a}) and p(t, y, ∇_xΦ_−(y)) = ∇_xΦ_+(x)}. As l⋃ j=1 {q_∞(s, z_j , λ, ω), −S_0 ≤ s ≤ S^′_0} is a compact set, and F ⊂ E ∩ supp(g_{−b}) ⊂ E ∩ {|x| ≥ 5R_0}, choosing R_0 large enough, we obtain F ⊂ l⋃ j=1 {q_∞(s, z_j (λ), λ, ω), s < −S_0}.

Moreover, F is bounded and for S_1 large enough we deduce F ⊂ l⋃ j=1 {q_∞(s, z_j (λ), λ, ω), −S_1 < s < −S_0}.

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 22

Next we can find π_{−j} ∈ C^∞_0 (Π_{−j} ), such that 0 ≤ π_{−j} ≤ 1, and π_{−j} = 1 in Y_j . From the discussion above we see that for ϵ > 0 small enough, the compact sets:

K_{λ0} = {Φ_t(x, ∇_xΦ_−(x, √ 2λω)), x ∈ supp(g_{−b}) ∩ supp(1 − ∑ j π_{−j} ), t ∈ [0, T_0], λ ∈ [λ_0 − ϵ, λ_0 + ϵ]} and F_{λ0} = {(x, ∇_xΦ_+(x, √ 2λθ)), x ∈ supp(g_{+a})} are disjoint. Then Lemma B.2, gives the estimate ∫_{λ0 +ϵ} λ_0 −ϵ | | | | | G_0(θ, ω, λ, h) − ih^{−1} l∑ j=1 ∫_{T0} 0 e^{ih−1 tλ}F_{−j} (t, θ, ω, h)dt | | | | | dλ = O(h^∞)

with F_{−j} (t, θ, ω, h) = ⟨e^{ih−1 tH(h)}π_{−j} g_{−b}e^{ih−1Φ−} , g_{+a}e^{ih−1 Φ+} ⟩. Similarly, we define X_j = {x ∈ supp(g_{+a}) : x = q(t, y, ∇_xΦ_−(y)), y ∈ Y_j , t > 0, λ ∈ [λ_0 − ϵ, λ_0 + ϵ]} and there exists T_0 > T_1 >> 1 such that

X_j ⊂ Π_{+j} = {x : x = q(t, y, ∇_xΦ_+(y)), y ∈ Π_{−j} , T_1 < t < T_0, λ ∈ [λ_0 − ϵ, λ_0 + ϵ]}.

Thus we may construct π_{+j} ∈ C^∞_0 (Π_{+j} ), such that 0 ≤ π_{+j} ≤ 1 and π_{+j} = 1 in X_j . Repeating the above argument, we obtain ∫_{λ0 +ϵ} λ_0 −ϵ | | | | | G_0(θ, ω, λ, h) − ih^{−1} l∑ j=1 ∫_{T0} 0 e^{ih−1 tλ}F_j (t, θ, ω, h)dt | | | | | dλ = O(h^∞)

with F_j (t, θ, ω, h) = ⟨e^{ih−1tH(h)}π_{−j} g_{−b}e^{ih−1 Φ−} , π_{+j} g_{+a}e^{ih−1Φ+} ⟩. 4.3 Approximation of the unitary group e^{ih−1tH(h)}.

For our analysis we need an approximation for ψ_j (t, x, h) = e^{ih−1tH(h)}π_{−j} g_{−b}e^{ih−1 Φ−} , x ∈ Π_{+j} , T_1 < t < T_0. For the reader’s convenience, we recall some results proved in [12].

Lemma 4.4 The point x = q(t, y, ∇_xΦ_−(y)) ∈ Π_{+j} , with y ∈ Π_{−j} , is non-focal, that is D(t, y) = det( ∂ ∂y q(t, y, ∇_xΦ_−(y))) ≠ 0, T_1 < t < T_0.

Using (3.26), we can write g_{−b} in the form g_{−b}(x, λ, h) = ihg_{0b}(x, λ) + h^2g_b(x, λ, h), where g_{0b}(x, λ) = ⟨∇_xΦ_−(x, √ 2λω), ∇χ_b(x)⟩b_{−0}(x, √ 2λω), and supp(g_b) ⊂ supp(χ_b). (4.9) Similarly, (3.27) yields g_{+a}(x, λ, h) = ihg_{0a}(x, λ) + h^2g_a(x, λ, h)

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 23

with

g_{0a}(x, λ) = ⟨∇_xΦ_+(x, √ 2λθ), ∇χ_a(x)⟩a_{+0}(x, √ 2λθ), and supp(g_a) ⊂ supp(χ_a). (4.10) From Lemma 4.4 we deduce the following representation of ψ_j (t, x, λ, h), T_1 < t < T_0, x ∈ Π_{+j} which is uniform with respect to λ ∈ [λ_0 − ϵ, λ_0 + ϵ] ( cf. [10], sect.12) : ψ_j (t, x, λ, h) = e^{ih−1 Sj (t,y,λ)−iμj π2} |D(t, y)|^{− 12} ihπ_{−j} (y)g_{0b}(y, λ) + O(h), (4.11) for x = q(t, y, ∇_xΦ_−(y)), y ∈ Π_{−j} . Here S_j is the action along the trajectory joining the points x and y, that is S_j (t, y, λ) = Φ_−(y, √ 2λω) + ∫_t 0 ( 1 2 |p(τ, y, ∇_xΦ_−)|^2 − V (q(τ, y, ∇_xΦ_−)) ) dτ, (4.12)

and μ_j ∈ Z is the Maslov index of this trajectory.

Notice that μ_j is locally constant, so for ϵ > 0 small enough, μ_j is independent of λ ∈ [λ_0 −ϵ, λ_0 + ϵ]. We insert (4.11) into the expression of F_j , and after a change of variables x = q(t, y, ∇_xΦ_−) → y, we get F_j (t, θ, ω, λ, h) = h^2 ∫ e^{ih−1 ϕj (t,y)−iμj π2} M_j (t, y)|D(t, y)|^{12} dy + O(h^3), (4.13) where ϕ_j (t, y, λ) = S_j (t, y, λ) − Φ_+(q(t, y, ∇_xΦ_−), √ 2λθ) and M_j (t, y, λ) = π_{−j} (y)g_{0b}(y, λ)π_{+j} (q(t, y, ∇_xΦ_−))g_{0a}(q(t, y, ∇_xΦ_−), λ). Thus the proof of the theorem is reduced to the study on the asymptotic behavior of the integral L_j (t, θ, ω, λ, h) = h^2 ∫ e^{ih−1ϕj (t,y)−iμj π2} M_j (t, y)|D(t, y)|^{12} dy. 5 Stationary phase method.

We will study the asymptotics of the integral N_j (θ, ω, λ, h) = ∫_{T0} T_1 e^{ih−1 tλ}L_j (t, θ, ω, λ, h)dt, 1 ≤ j ≤ l. The direction θ is regular for (λ_0, ω), so for every λ ∈ [λ_0 − ϵ, λ_0 + ϵ] we can make a change of variables (z, s) ∈ Z_j ×] − S_1, −S_0[−→ y = q_∞(s, z, λ, ω) ∈ Π_{−j} . We obtain N_j = h^2 ∫_{T0} T_1 ∫_{−S0} −S_1 e^{ih−1tλ−iμj π2} I_j (t, s, θ, ω, λ, h)dsdt, with I_j (t, s, θ, ω, λ, h) = ∫ e^{ih−1Φj (t,s,z)}f_j (t, s, z)|D_∞(t + s, z)|^{12} |D_∞(s, z)|^{12} dz, Φ_j (t, s, z, λ) = S_j (t, q_∞(s, z, λ, ω), λ) − Φ_+(q_∞(t + s, z, λ, ω), √ 2λθ), f_j (t, s, z, λ) = π_{−j} (q_∞(s, z, λ, ω))g_{0b}(q_∞(s, z, λ, ω), λ)π_{+j} (q_∞(t + s, z, λ, ω))g_{0a}(q_∞(t + s, z, λ, ω), λ).

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 24

Now let us apply the stationary phase method to the integral I_j . As in [12], for (t, s, λ) fixed, the only stationary point of the phase Φ_j (t, s, λ, z) is z_j (λ). We refer to Theorem 7.7.6 in [7] for the stationary phase method for integral depending on parameters. We apply this theorem at each (z_j (λ_0), λ_0) and we use the following. Lemma 5.1 For every j = 1, . . . , N, we have

1) sgn(^{∂2Φj}_{∂z2} )(z_j (λ)) = n − 1,

2) |det(^{∂2 Φj}_{∂z2} )(z_j (λ))| = (2λ)^{n−22} σ̂_j (z_j (λ), λ)D_∞(t + s, z_j (λ))E_0(t, s),

where E_0(t, s) = exp (∫_∞ t+s Δ_xΦ_+(q_∞(τ, z_j (λ), λ, ω), √ 2λθ)dτ ) . Finally, we get ∫_{λ0 +ϵ} λ_0 −ϵ | | |Ij (t, s, θ, ω, λ, h) − c3(λ, h)e^{ih−1 (Sj −tλ)}χ0(t, s) | | | dλ = O(h), with ∫_{T0}

T_1 ∫_{−S0} −S_1 χ_0(t, s)dtds = −1, et c_3(λ, h) = (2λ)^{− n−34} (2πh)^{n−12} e^{i(n−1) π4}

and ∫_{λ0 +ϵ} λ_0 −ϵ | | |Nj (θ, ω, λ, h) − c2(λ, h)e^{ih−1 Sj −iμj π2} σ̂j (zj (λ), λ)^{− 12} | | | dλ = O(h), with c_2(λ, h) = −(2λ)^{− n−34} (2πh)^{n−12} h^2e^{i(n−1) π4} .

This equality combined with (3.23) and (4.2), completes the proof of Theorem 1.1.

Acknowledgements: The author is very grateful to V.Petkov for directing this work and to V.Bruneau for helpful discussions.

Appendix.

A A regularity result.

The following Proposition, announced in Introduction, examines the properties of z ∈ Ξ_{λ,θ} when λ and θ vary .

Proposition A.1 Let λ_0 > 0, and (ω, θ) ∈ S^{n−1} × S^{n−1}. Assume (H_{ω,λ0} ), and let θ be regular for (λ_0, ω). Then there exist a neighbourhood ]λ_0 − ϵ, λ_0 + ϵ[ of λ_0, a neighbourhood U of θ, and functions z^j ∈ C^∞(]λ_0 − ϵ, λ_0 + ϵ[×U , Λ_ω), j = 1, . . . , l such that we have:

1) ∀λ ∈]λ_0 − ϵ, λ_0 + ϵ[, ∀θ^′ ∈ U, θ^′ is regular for (λ, ω).

2) ∀j ∈ {1, . . . , d}, ∀λ ∈]λ_0 −ϵ, λ_0 +ϵ[, z^j (λ, .) is a diffeomorphism from U onto its image U_j (λ), and U_i(λ) ∩ U_j (λ) = ∅, for i ≠ j. 3) ∀θ^′ ∈ U, ∀λ ∈]λ_0 − ϵ, λ_0 + ϵ[, ∀z ∈ Λ_ω, ξ_∞(z, λ) = θ^′ ⇐⇒ ∃j ∈ {1, . . . , l}, z ∈ U_j (λ), and z = z^j (λ, θ^′) .

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 25

Proof: According to Remark 1.1, there exist z^0_1 , . . . , z^0_l such that ξ_∞(z^0_j , λ_0) = θ. Let Φ : R × Λ_ω −→ R × S^{n−1}, (λ, z) −→ (λ, ξ_∞(z, λ)), and let θ be regular for (λ_0, ω). Then ∀j ∈ {1, . . . , l}, the map D_{(λ0 ,z}0_{j )}Φ is invertible. From the local inversion theorem, we deduce that there exist ϵ > 0, an open neighbourhood U of θ in S^{n−1}, and disjoint open sets Ũ_j containing (λ_0, z^0_j ) such that ∀j ∈ {1, . . . , l}, Φ_{|Ũj} is a diffeomorphism from Ũ_j onto ]λ_0 − ϵ, λ_0 + ϵ[×U.

Denote π_x : R × Λ_ω −→ Λ_ω, the canonical projection and set U_j = π_x(Ũ_j ). Then for ϵ and U small enough, we can assume that ∀(λ, θ^′) ∈]λ_0 − ϵ, λ_0 + ϵ[×U, ξ_∞(z, λ) = θ^′ =⇒ z ∈ l⋃ j=1 U_j . Otherwise, there will exist some sequences (λ_k)_{k∈N},(θ_k)_{k∈N}, and (y_k)_{k∈N} such that λ_k ∈ R and lim_{k→+∞} λ_k = λ_0, θ_k ∈ S^{n−1} and lim_{k→+∞} θ_k = θ, y_k /∈ l⋃ j=1 U_j , ξ_∞(y_k, λ_k) = θ_k.

As in Remark 1.1, we conclude that (y_k)_{k∈N} is bounded. Consequently, we may suppose that (y_k) converges to y /∈ l⋃ j=1 U_j . This implies immediately ξ_∞(y, λ) = θ, with y /∈ {z^0_j , j = 1, . . . , l}, which is not possible.

This completes the proof of 3).

Set z_j = π_x ∘ Φ^{−1}_{|Ũj} . These functions are clearly C^∞, and for λ in ]λ_0 − ϵ, λ_0 + ϵ[, z_j (λ, .) is a diffeomorphism from U onto its image. For ϵ and U small enough, we can assume that ∀(λ, μ) ∈]λ_0 − ϵ, λ_0 + ϵ[^2, ∀(i, j) ∈ {1, . . . , l}^2 avec i ≠ j, z_i(λ, U) ∩ z_j (μ, U) = ∅ and this implies 2).

Take λ ∈]λ_0 − ϵ, λ_0 + ϵ[ and θ^′ ∈ U. Let z be such that ξ_∞(z, λ) = θ^′. Hence for ϵ and U small enough, z is close to one of the points z^0_j and, as σ̂(λ_0, z^0_j ) ≠ 0, by continuity we obtain σ̂(λ, z) ≠ 0, and θ^′ will be regular for (λ, ω).

B Egorov lemma for operators in weighted spaces.

For k and l in N, consider the weighted Sobolev spaces H^l_k(R^n ) = {f ∈ L^2(R^n )|∀α ∈ {0, . . . , l}, < x >^k ∂^α_x f ∈ L^2(R^n )}. Our aim is to study the action of the propagator e^{−ith−1 H(h)} associated to the self-adjoint operator H(h) = −^1_2 h^2δ + V (x) with domain H^2(R^n ). Denote by ‖.‖ the L^2 norm. We have the following.

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 26

Lemma B.1 Let f ∈ H^{l+k}_k (R^n ), l, k ∈ N. Then ∀t ∈ R, e^{−ith−1H(h)}f ∈ H^l_k(R^n ), and ∀α ∈ {0, . . . , l}, ‖< x >^k D^α_x e^{−ith−1 H(h)}f ‖≤ C < t >^k ∑ |β|≤|l|+k ‖< x >^k D^β_x f ‖ with C independent of h ∈ [0, 1].

Proof :We will proceed by an induction on k ∈ N.

1) The case k = 0 is a consequence of the fact that e^{−ith−1 H(h)} is an isometry on H^l(R^n ). 2) Assume the property true for k and let f be in some H^{l+k+1}_{k+1} , where l is in N^n . We have < x >^{k+1} D^l_xe^{−ith−1 H(h)}f = D^l_x < x >^{k+1} e^{−ith−1H(h)}f + [< x >^{k+1}, D^l_x]e^{−ith−1 H(h)}f = D^l_xe^{−ith−1 H(h)} < x >^{k+1} f + ihD^l_x ∫_t 0 e^{−ish−1 H(h)}[Δ, < x >^{k+1}]e^{i(s−t)h−1 H(h)}fds − ∑ 0≠β≤l ∂^β_x (< x >^{k+1})∂^{l−β}_x e^{−ith−1 H(h)}f. From the case k = 0 we know that ‖ D^l_xe^{−ith−1H(h)} < x >^{k+1} f ‖≤‖ D^l_x < x >^{k+1} f ‖≤ ∑ |β|≤|l|+k+1 ( α β ) ‖ ∂^β_x (< x >^{k+1})∂^{α−β}_x f‖ ≤ ∑ |β|≤|l|+k+1 C_{α,β} ‖< x >^{k+1−|β|} ∂^{α−β}_x f‖ ≤ C_{k+1} ∑ |β|≤|l|+k+1 ‖< x >^{k+1} ∂^β_x f‖ (B.1) Moreover, for |β| ≠ 0, we have |∂^β_x (< x >^{k+1})| ≤ C_β < x >^{k+1−|β|}≤ C_β < x >^k, and we obtain the following estimate ‖ ∑ 0≠β≤l ∂^β_x (< x >^{k+1})∂^{α−β}_x e^{−ith−1H(h)}f‖ ≤ ∑ 0≠β≤l C_β ‖ < x >^k ∂^{α−β}_x e^{−ith−1H(h)}f‖. By induction we deduce ‖ ∑ 0≠β≤l ∂^β_x (< x >^{k+1})∂^{l−β}_x e^{−ith−1H(h)}f‖ ≤ C_{k+1} ∑ 0≠β≤l ‖ < x >^k ∂^β_x f‖. (B.2)

To complete the proof, we need to estimate the term D^l_x ∫_t 0 e^{−ish−1H(h)}[Δ, < x >^{k+1}]e^{i(s−t)h−1H(h)}fds. Observe that [< x >^{k+1}, ∂^2_{xj} ] = −∂^2_{xj} (< x >^{k+1}) − 2∂_{xj} (< x >^{k+1})∂_{xj} . Thus, using |∂^2_{xj} (< x >^{k+1} )| ≤ C < x >^{k−1}, and |∂_{xj} (< x >^{k+1})| ≤ C < x >^k, we obtain ‖D^l_xe^{−ish−1 H(h)}[Δ, < x >^{k+1}]e^{i(s−t)h−1 H(h)}f‖ ≤ C‖∂^l_x < x >^{k−1} e^{i(s−t)h−1H(h)}f‖ + C sup_j ‖∂^l_x < x >^k ∂_{xj} e^{i(s−t)h−1 H(h)}f‖. We write once more ∂^l_x < x >^{k−1}= ∑ β≤l (_l β ) ∂^β_x (< x >^{k−1})∂^{l−β}_x and ∂^l_x < x >^k ∂_{xj} = ∑ β≤l (_l β ) ∂^β_x (< x >^k)∂^{l−β}_x ∂_{xj} .

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 27

As |∂^β_x (< x >^{k−1})| ≤ C < x >^{k−1−|β|}≤ C < x >^{k−1}, then, by induction, we may apply the hypothesis to the first term to get ‖∂^l_x < x >^{k−1} e^{i(s−t)h−1H(h)}f‖ ≤ C < s − t >^{k−1} ∑ |β|≤|l|+k−1 ‖< x >^{k−1} D^β_x f ‖ . (B.3)

Similarly, we have ‖∂^l_x < x >^k ∂_{xj} e^{i(s−t)h−1 H(h)}f‖ ≤ C < s − t >^k ∑ |β|≤|l|+k+1 ‖< x >^k D^β_x f ‖ . (B.4)

Summing (B.3) and (B.4), and integrating the sum, we deduce ‖D^l_x ∫_t 0 e^{−ish−1H(h)}[Δ, < x >^{k+1}]e^{i(s−t)h−1H(h)}fds‖ ≤ C < t >^{k+1} ∑ |β|≤|l|+k+1 ‖< x >^k D^β_x f ‖ . (B.5) Finally, using (B.1), (B.2) and (B.5), we obtain ‖< x >^{k+1} D^l_xe^{−ith−1 H(h)}f ‖≤ C < t >^{k+1} ∑ |β|≤|l|+k+1 ‖< x >^{k+1} D^β_x f ‖

and the proof of the lemma is complete.

Now we introduce a class of pseudo-differential operators A^m_u (R^n × R^n ) = {p ∈ C^∞(R^n × R^n ) : ∀α, β ∈ N^n , |∂^α_x ∂^β_ξ p(x, ξ)| ≤ C < x >^{m−|α|}< ξ >^{u−|β|}}. Remark that A^m_u is included in the Hormander’s class S^u_{1,0}, [7]. Then it is easy to prove the following propositions.

Proposition B.1 Let (m_1, m_2) and (u_1, u_2) be in N × N. Let a ∈ A^{m1}_{u1} and b ∈ A^{m2}_{u2} . Then a(x, hD_x) ∘ b(x, hD_x) = c(x, hD_x), with c ∈ A^{m1 +m2}_{u1 +u2} . Proposition B.2 Let m and u be in N and let p ∈ A^m_u . Then p(x, hD_x) : H^l_k → H^{l−m}_{k−u} is continuous.

After this preparation we are able to prove our weighted Egorov Lemma. Lemma B.2 Let w ∈ C^∞_0 (R^n × R^n ), and p ∈ A^m_u (R^n × R^n ), (m, u) ∈ R × R. Assume that for t ≥ 0, p(x, ξ) vanishes on Φ_t(supp(ω)). Then we have ∀α ∈ N^n , ‖ p(x, hD_x)e^{−ith−1 H(h)}ω(x, hD_x) ‖_{−α,α}= O(h^∞), where ‖ A ‖_{α,β} denotes the norm of operators A : L^2_α → L^2_β. Proof : Using Lemma B.1, we reduce the proof to the case α = 0. Indeed, ‖p(x, hD_x)e^{−ith−1 H(h)}ω(x, hD_x)‖_{−α,α} = ‖ < x >^α p(x, hD_x)e^{−ith−1 H(h)}ω(x, hD_x) < x >^α ‖,

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 28

where ‖.‖ = ‖.‖_{0,0} = ‖.‖_L2_{,L}2 On the other hand, < x >^α p(x, hD_x) = p̃(x, hD_x), with p̃ ∈ A^{m+α}_u and ω(x, hD_x) < x >^α= ω_N (x, hD_x) + h^N r_N (x, hD_x), where ω_N ∈ C^∞_0 (R^n × R^n ), and r_N ∈ A^{−N}_{−N} . For N large enough, we deduce from Lemma B.1 that ‖p̃(x, hD_x)e^{−ith−1 H(h)}r_N (x, hD_x)‖ = O(1). So in the following we can assume α = 0. We may also suppose that m, u ∈ N. From the calculus in part 11 of [4], we know that e^{−ith−1H(h)}ω(x, hD_x)e^{ith−1 H(h)} = ω_N (x, hD_x) + h^N R_{N,t} with supp(ω_N ) ⊂ Φ_t(supp(ω)) and R_{N,t} = ∫_t 0 e^{i(t−τ )h−1H(h)}r_N (x, hD_x)e^{−i(t−τ )h−1H(h)}dτ, where r_N ∈ A^{−N}_{−N} . Therefore ‖p(x, hD_x)e^{−ith−1 H(h)}ω(x, hD_x)‖ = ‖p(x, hD_x)e^{−ith−1H(h)}ω(x, hD_x)e^{−ith−1H(h)}‖ ≤ ‖p(x, hD_x)ω_N (x, hD_x)‖ + h^N ‖p(x, hD_x)R_{N,t}‖. The property supp(p) ∩ supp(ω_N ) = ∅, implies ‖p(x, hD_x)ω_N (x, hD_x)‖ = O(h^∞), and it remains to show that ‖p(x, hD_x)R_{N,t}‖ = O(1). Next we have ‖p(x, hD_x)e^{i(t−τ )h−1H(h)}r_N (x, hD_x)‖ ≤ ‖p(x, hD_x)‖_Hm_{u ,L}2 ‖e^{i(t−τ )h−1H(h)}‖_Hm+u_{u ,H}m_u ‖r_N (x, hD_x)‖_L2_{,H}m+u_u . As p ∈ A^m_u and r_N ∈ A^N_{−N} ,we get ‖p(x, hD_x)‖_Hm_{u ,L}2 = O(1) and ‖r_N (x, hD_x)‖_L2_{,H}m+u_u = O(1). Moreover, we deduce from Lemma B.1 the estimate ‖e^{i(t−τ )h−1H(h)}‖_Hm+u_{u ,Hmu} ≤ C < t − τ >^m. Combining the last estimates, we obtain ‖p(x, hD_x)e^{i(t−τ )h−1H(h)}r_N (x, hD_x)e^{−i(t−τ )h−1H(h)}‖ ≤ C < t − τ >^m and by integration we conclude that ‖R_{N,t}‖ = O(1). This completes the proof of Lemma B.2.

References

[1] V.Bruneau and V.Petkov, Semiclassical Resolvent Estimates for Trapping Perturbations, Commun. Math. Physics, 213 (2000), no.2, 413-432.

[2] N.Burq, Lower bounds for shape resonances width of long range Schrödinger operators, Preprint 2000.

[3] J.Derezinski and C.Gérard, Scattering Theory of Classical and Quantum N-Particle Systems, Springer , 1997.

[4] M.Dimassi and J.Sjöstrand, Spectral asymptotics in the semi-classical limit, London Mathematical Society, Lecture Note Series 268, Cambridge: Cambridge University Press, 1999.

L.MICHEL/Semiclassical asymptotic of the scattering amplitude 29

[5] C.Gérard and J.Sjöstrand, Semiclassical Resonances generated by a closed trajectory of hyperbolic type, Commun.Math.Phys. 108 (1987), 391-421.

[6] C.Gérard and J.Sjöstrand, Resonances en limite semi-classique et exposants de Lyapunov, Commun.Math.Phys. 116 (1988), 193-213.

[7] L.Hörmander, The Analysis of Linear Partial Differential Operators I, Springer-Verlag, 1983. [8] H.Isozaki and H.Kitada, Modified Wave operators with time-independent modifiers, J. Fac. Sci.

Univ. Tokyo, Sect. IA, Math. 32 (1985), 77-104.

[9] H.Isozaki and H.Kitada, Scattering matrices for two-body Schrödinger operators, Sci. Papers College Arts Sci. Univ. Tokyo, 35 (1985), 81-107.

[10] V.P. Maslov and M.V. Fedoriuk, Semi-classical Approximation in Quantum Mechanics, Reidel, 1981.

[11] M.Reed and B.Simon, Methods of modern mathematical physics, III, Scattering theory, Academic Press, 1979.

[12] D.Robert and H.Tamura, Asymptotic behavior of scattering amplitudes in semi-classical and low energy limits, Ann.Inst.Fourier, 39 (1989),455-192.

[13] D.Robert and H.Tamura, Semiclassical estimates for resolvents and asymptotics for total scattering cross-sections., Ann.Inst.Henri Poincaré, Physique Théorique, 46 (1987), 415-442.

[14] J.Sjöstrand. A trace formula and review of some estimates for resonances. In Microlocal Analysis and Spectral Theory, NATO ASI series C, Kluwer, 490, 377-437, 1997.

[15] J.Sjöstrand and M.Zworski, Complex scaling and the distribution of scattering poles, Journal of the A.M.S., 4 (1991), 729-769.

[16] P.Stefanov, Resonance Expansions and Rayleighs Waves, Math.Res.Lett., 8 (1-2), 2001,105- 124.

[17] S.H.Tang and M.Zworski, From quasi-modes to resonances, Math. Res. Lett., 5 (1998), 261- 272.

[18] Kenji Yajima, The quasi-classical limit of scattering amplitude: L^2 approach for short range potentials, Japan. J. Math., 13, No. 1, 1987, 77-126.