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A SEMICLASSICAL APPROACH TO THE
KRAMERS-SMOLUCHOWSKI EQUATION*

LAURENT MICHELT AND MACIEJ ZWORSKI*

Abstract. We consider the Kramers—Smoluchowski equation at a low temperature regime and
show how semiclassical techniques developed for the study of the Witten Laplacian and Fokker—
Planck equation provide quantitative results. This equation comes from molecular dynamics and
temperature plays the role of a semiclassical paramater. The presentation is self-contained in the
one dimensional case, with pointers to the recent paper [L. Michel, About small eigenvalues of Witten
Laplacian, preprint, https://arxiv.org/abs/1702.01837, 2018] for results needed in higher dimensions.
One purpose of this note is to provide a simple introduction to semiclassical methods in this context.
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1. Introduction. The Kramers—Smoluchowski equation describes the time evo-
lution of the probability density of a particle undergoing a Brownian motion under
the influence of a chemical potential; see [1] for the background and references. Math-
ematical treatments in the low temperature regime have been provided by Peletier,
Savaré, and Veneroni [16] using I'-convergence, by Herrmann and Niethammer [11]
using Wasserstein gradient flows, and by Evans and Tabrizian [5].

The purpose of this note is to explain how precise quantitative results can be
obtained using semiclassical methods developed by, among others, Bovier, Gayrard,
Helffer, Hérau, Hitrik, Klein, Nier, and Sjostrand [2, 7, 8, 9, 10] for the study of
spectral asymptotics for Witten Laplacians [17] and for Fokker-Planck operators.
The semiclassical parameter h is the (low) temperature. This approach is much closer
in spirit to the heuristic arguments in the physics literature [6, 13] and the main
point is that the Kramers—Smoluchowski equation is the heat equation for the Witten
Laplacian acting on functions. Here we give a self-contained presentation of the one
dimensional case and explain how the recent paper by the first author [15] can be
used to obtain results in higher dimensions.

Let ¢ : R — R be a smooth function. Consider the corresponding Kramers—
Smoluchowski equation:

— . -2
Pjt=0 = PO,

where € € (0,1] denotes the temperature of the system and will be the small asymp-
totic parameter. Assume that there exists C' > 0 and a compact X C R¢ such that
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for all z € R%\ K, we have

1
(1.2) Oe(2)l = &, 103,,01 < Clogl?,  ¢(x) > Clal.
Suppose additionally that ¢ is a Morse function, that is, ¢ has isolated and non-
degenerate critical points. Then, thanks to the above assumptions the set U of critical
points of ¢ is finite. For p = 0,...,d, we denote by U®) the set of critical points of
index p. Denote

(1.3) o := inf (x)= inf @(m) and oy:= sup ¢(s).
zERC mcif(0) sey (1)

Thanks to (1.2), the sublevel set of o1 is decomposed in finitely many connected
components E1,..., En:

N
(1.4) {z e R, o(x) < o1} =| | Bn.

n=1

We assume that

(1.5) 1EnEf o) =9y Yn=1,...,N, and ¢(s)=0 VselUD,
x n

which corresponds to the situation where ¢ admits N wells of the same height. In
order to avoid heavy notation, we also assume that for n =1,..., N the minimum of
@ on E, is attained in a single point that we denote by m,,.

The associated Arrhenius number, S = o1 — g, governs the long time dynamics
of (1.1), which is made quantitative in Theorem 1. More general assumptions can be
made as will be clear from the proofs. We restrict ourselves to the case in which the
asymptotics are cleanest.

To state the simplest result let us assume that d = 1 and that the second derivative
of ¢ is constant on the sets () and Y™):

(1.6) @' (m)=p YmelU® and ¢"(s)=-v VseuUW

for some p,v > 0. The potential then looks like the one shown in Figure 1. We
introduce the matrix

1 -1 0 0 0
1 2 -1 0 ... 0

0 -1 2 -1 0 0

- 0 -1 2 0

-1 0

0o : .o -1 2 -1

0 0 ... ... ... 0 -1 1

with ¥ = \/pv. This matrix is positive semidefinite with a simple eigenvalue at 0.
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F1c. 1. A one dimensional potential with interesting Kramers—Smoluchowski dynamics.

THEOREM 1. Suppose that d =1 and ¢ satisfies (1.2), (1.5), and (1.6). Suppose
that

Nl

N
_ K — /62 . _ N
(18> Po = (271'62) <Zl ﬂn ]lEn +T6> e ¥ 5 l% ||T6||L°° = 0; ﬁ € R )

then the solution to (1.1) satisfies, uniformly for T > 0,

N
(1.9) P25/ 1, 2) = Y n(7)0m, (z), €0,
n=1
in the sense of distributions in x, where S = 01— and where a(T) = (a1, ..., an)(T)
solves
(1.10) Ora=—Apa, «a0) =24,

with Ay given by (1.7).

The above result is a generalization of Theorem 2.5 in [5] where the case of a
double-well is considered and estimates are uniform on compact time intervals only.
We remark that the equation considered in [5] also has an additional transverse vari-
able (varying slowly). A development of the methods presented in this note would
also allow having such variables. Since our goal is to explain general ideas in a simple
setting we do not address this issue here.

A higher dimensional version of Theorem 1 is given in Theorem 3 in section 3.
In this higher dimensional setting, the matrix Ay becomes a graph Laplacian for a
graph obtained by taking minima as vertices and saddle points as edges. The same
graph Laplacian was used by Landim, Misturini, and Tsunoda [14] in the context of
a discrete model of the Kramers—Smoluchowski equation.

Using the methods of [5] and [2], Theorem 3 was also proved by Seo—Tabrizian
[12], but as the other previous papers, without uniformity in time (that is, with
convergence uniform for ¢ € [0,77).

Here, Theorem 1 is a consequence of a more precise asymptotic formula given in
Theorem 2 formulated using the Witten Laplacian. Provided that certain topological
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assumptions are satisfied (see [15, sections 1.1 and 1.2]) an analogue of Theorem 1 in
higher dimensions is immediate; see section 3 for geometrically interesting examples.

The need for the new results of [15] comes from the fact that in the papers
on the low-lying eigenvalues of the Witten Laplacian [2, 7, 8, 9, 10], the authors
make assumptions on the relative positions of minima and of saddle points. These
assumptions mean that the Arrhenius numbers are distinct and hence potentials for
which the Kramers—Smoluchowski dynamics (1.9) is interesting are excluded. With
this motivation the general case was studied in [15], and to explain how the results of
that paper can be used in higher dimensions, we give a self-contained presentation in
dimension one.

We remark that we need specially prepared initial data (1.8) to obtain results
valid for all times. Also, E,,’s in the statement can be replaced by any interval in F,,
containing the minimum. Theorem 2 also shows that a weaker result is valid for any
L? data: suppose that py € L? := L2(6W(1)/62dx) and that

s (gt [ o

Then, uniformly for 7 > 0,

(1.11) Pt ) (27T62)Z

5 1 —te? 2)/e2
Ire()llp ey < Ce2 +e2e pollrz,  LE = LA(R, e/ da),

2SI g, (2)e ™ 4 re(t,x),

Mz

n=1

where a solves (1.10). The proof of (1.11) is given at the end of section 2.6.

2. Dimension one. In this section we assume that the dimension is equal to
d = 1, which allows us to present self-contained proofs which indicate the strategy for
higher dimension.

Ordering the sets E, such that m; < my < --- < my, it follows that for all
n=1,....,N—1, E,NE,;; = {s,} is a maximum, and we assume additionally that
there exists p,,, v > 0 such that forn=1,..., Nand k=1,...,N — 1,

(2.1) ¢"(my,) =p, and ¢"(s;) = —v4.

Using this notation we define a symmetric N x N matrix: Ao = (a;5)1<i,j<n, Where
(with the convention that vy = vy = 0)

1

1 1 4 L 11 .
(2.2) ag =n piWi, v, @i = -1 wipipt,, 1<i<N -1,

and a; i+, = 0, for £ > 1, a;; = aj;. The matrix Ay is symmetric positive and the
eigenvalue 0 has multiplicity 1. When pu;’s and v;’s are all equal, our matrix takes
the particularly simple form (1.7).

First, observe that we can assume without loss of generality that ¢y = 0. Define
the operator appearing on the right-hand side of (1.1) by

P:=0,(0y + € 20,9)

and denote
h = 262
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Then, considering e=#/"

as a multiplication operator,
P=0,0(0, +2h10,0) =0, 0 2/" 09, 0 /"

and
e?MoPoe /M= _h72A,, A, :=—h2A 40,0 — hAg.

Hence, p is a solution of (1.1) if u(t,z) := e?®)/"p(h%t, x) is a solution of
(2.3) Ou = —Apu, U= = Up = poe?’".

In order to state our result for this equation, we denote

(2.4) V(@) = cu(R)h 3 N, (z)e” PP)@/M yp =1 N,

where ¢, (h) is a normalization constant such that |1, ||z = 1. The method of steepest
descent shows that

(2.5) cn(h) ~ ch,khk, Cno = (un/w)% VYn=1,...,N.
k=0

We then define a map ¥ : RY — L2 by

N
(2.6) V(B) = Buthn VB=(B1,....0n) ERY.
n=1

The following theorem describes the dynamic of the above equation when i — 0.

THEOREM 2. There exists C > 0 and hg > 0 such that for all € RN and all
0 < h < hg, we have

(2.7) le™t 2 W(B) — W(e " AB)| 12 < Ce™ TR |G| VE >0,

where vy, = he™25/" S = o1 — ¢, and A = A(h) is a real symmetric positive matriz
having a classical expansion A ~ Y22 o h* Ay with Ag given by (2.2). In addition,

(2.8) le™* 22w (B) — w(e A0 B)||2 < Chl]
uniformly with respect to t > 0.

We first present the following.

Theorem 2 implies Theorem 1. First, recall that we assume here u, = u for all
n=1,...,Nand vy =v forall k =1,...,N — 1. Suppose that p is the solution to
(1.1) with pg as in Theorem 1. Then u(t,z) := e¥@/"p(h?t, z) is a solution of (2.3),
that is u(t) = e *Aeug with

1 N
Ug = p06¢/252 — (#) 2 (Z ﬂn HE” +T'€> e—(,@/252
n=1

- (%) (i Bn 1, —H“h) e #/h,

Since, ¢, (h) = (u/7)% + O(h), it follows that

(2.9)

[N

ug = (p/Th)TU(B) + 7, T = (O(h%) ¥ h-%rh) e—elh.



KRAMERS-SMOLUCHOWSKI EQUATION 5367

Since h=2e~?/" = @1 (1), we have 7, — 0 in L' when h — 0. Hence, it follows from
(2.8) that

p(h?t,z) = e_“’(“:)/hu(tm) = g~ P@)/he—thy ((u/wh)% (8) + fh)
= e PO (/mh) (e B) e, + Opa(R))
With the new time variable s = tvy,, we obtain
(2.10) p(she?S/M gy = e=#@)/h ((,u/ﬂ'h)illl(efsAoﬁ) e e 4+ O (h))

and denoting a(s) = e~*493, we get

e PO (ufmh) ¥ W (e 0 B) = u/w% DI 2 ca(h)xn(x)e 2N,

an

On the other hand, b~ 2 x,, (z)e~2¢(®)/h (w/u)%ém:mn, as h — 0, in the sense of
distributions. Since, ¢,(h) = (/)% + O(h), it follows that

N
(2.11) e=®/M(p/nh) T T(e 40 B) — Y an(t)domm,

n=1
when h — 0. Moreover, since e~**¢ is bounded by 1 on L?, then
1 _ _ 1
Ih=zem#/Me™ e (rpe™ /M) || 11 < |lrall = W™ Te™#/M |72 < Cllrall
and recalling that r, — 0 in L°°, we see that
(2.12) e #@/M (et By 4 Opa(h)) — 0

in the sense of distributions. Inserting (2.11) and (2.12) into (2.10) and recalling that
h = 2€2, we obtain (1.9). 0

2.1. Witten Laplacian in dimension one. The Witten Laplacian is partic-
ularly simple in dimension one but one can already observe features which play a
crucial role in general study. For more information, we refer to [4, section 11.1] and
[7].

We first consider A, acting on CZ°(R) and recall a supersymmetric structure
which is the starting point of our analysis:

(2.13) A, =d5od,

with d, = e=?/" o hd, o e?/" = hd, + 0, and dy, = —h0y + 0, = —d_,,. From this
square structure, it is clear that A, is nonnegative and that we can use the Friedrichs
extension to define a self-adjoint operator A, with domain denoted D(A,,). Moreover,
it follows from (1.2) that there exists cg, hg > 0 such that for 0 < h < hyg,

(2.14) Tess(Ay) C [co, +00).

Therefore, o(A,) N [0,cy) consists of eigenvalues of finite multiplicity and with no
accumulation points except possibly cg.

The following proposition gives a preliminary description of the low-lying eigen-
values.
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PROPOSITION 1. There exist €g, hg > 0 such that for any h € (0, ho], Ax, has
exactly N eigenvalues 0 < Ali < /\5'E s < )\ﬁ in the interval [0, eqh]. Moreover, for
any € > 0 there exists C' such that

(2.15) ME(h) < Ce(5=9)/h,

where S = o1 — @g.

Remark. The proof applies to any ¢ which satisfies the first two inequalities in
(1.2). If one assumes additionally that ¢(x) > C|z| for || large, then e=#/" € D(A,,).
Since d(e~#/") = 0, it follows that A = 0.

Proof. This is proved in [4, Theorem 11.1] with h3 in place of egh. The proof
applies in any dimension and we present it in that greater generality for ¢ satisfying

1

> 2
= Cv |am

|0p ()| w2, Pl < Clopl.

The fact that there exists at least N eigenvalues in the interval [0, Ce=(5=¢)/%]
is a direct consequence of the existence of N linearly independent quasi-modes; see
Lemma 2 and (2.31).

To show that N is the exact number of eigenvalues in [0, egh), it suffices to find
a N dimensional vector space V and €o > 0 such that the operator A, is bounded
from below by egh on V*; see, for instance, [18, Theorem C.15].

To find V' we introduce a family of harmonic oscillators associated to minima
m € U9 and obtained by replacing ¢ by its harmonic approximation in the expression
for Ay:

Hp = —h2A + |¢" (m)(z — m)|> = hAp(m), mcU.

The spectrum of this operator is known explicitly (see [7, sect 2.1]) with the simple
eigenvalue 0 at the bottom. We denote by ey, the normalized eigenfunction, Hy, ey =
0. The other eigenvalues of Hy, are bounded from below by coh for some cq > 0.

Let y € C°(R%[0,1]) be equal to 1 near 0 and satisfy (1 — x2)2z € C®(R%). We
define xm(z) = x((x — m)/vMh), where M > 0 will be chosen later. For h small
enough, the functions x, have disjoint supports and hence the function x., defined
by 1 —x% = Y o meu©® X2, is smooth. We define the N dimensional vector space

V = span {xmem, m € U0},
The proof is completed if we show that there exist €g, hg > 0 such that
(2.16) (Apu,u) > eoh|jul|® Yu e VEND(A,), Vh €|, hg).

To establish (2.16) we use the following localization formula, the verification of which
is left to the reader (see [4, Theorem 3.2]):

o= Z XmkooXm—h2 Z |me\2.

meU(Ou{co} meU(Ou{co}

A

Since, Vxm = O((Mh)~2), this implies, for u € D(A,), that

(217)  (Bpuu) = (ApXoott Xoot) + Y {ApXmit, xmtt) + O(RMul]?).
mEZ/[(O)
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On the support of o we have |Vo|? — hAp > (1 — O(h))|Ve|? > ¢ Mh for some
c1 > 0, and hence

(2.18) (A pXoolls Xoott) = Merh||xooul|*.

On the other hand, near any m € U, |Vo(z)|? = |¢”(m)(z—m)|?+O(|z—m|?) and
¢ (z) = ¢”’(m) + O(|x — m]|). Since on the support of x;, we have |x — m| </ Mh,
it follows that

(2.19) (ApXmls Xmt) = (HimXamtt, Xmt) + O((Mh)?).

We now assume that u € D(A,) is orthogonal to Xmem for all m. Then xmu is
orthogonal to ep,. Since the spectral gap of Hy, is bounded from below by coh, (2.19)
shows that

(2.20) (A Xl Xmtt) > cohl|xmu|® + O((MB)? ||u)?) ¥Ym e U,
Combining this with (2.17), (2.18), and (2.20) gives

(Apuu) > coh D" lxmull* + OBM ™ ull?) + O((Mh)? |Jul|?)
meU(u{oco}

> cohl|ull* + O(hM " ul]*) + O((Mh)? [[ul®).

Taking M large enough completes the proof of (2.16). a0

We denote by E(©) the subspace spanned by eigenfunctions of these low-lying
eigenvalues and by

(2.21) O = gy oy (A)

the spectral projection onto E(®). This projector is expressed by the standard contour
integral
1

(2.22) no = _— (z — A,) ldz.
271 J5B(0,5¢0h)

In our analysis, we will also need the operator A_,, noting that in dimension one
A_, is the Witten Laplacian on 1-forms. Since —¢ has exactly N — 1 minima (given
by the N — 1 maxima of ¢), it follows from Proposition 1 that there exists €1 > 0 such
that A_, has N — 1 eigenvalues in [0,e;h] and that these eigenvalues are actually
exponentially small. Observe that because of the condition ¢(x) > Clz| at infinity,
the function /" is not square integrable. Consequently, unlike in the case of A, we
cannot conclude that the lowest eigenvalue is equal to 0.

We denote by E() the subspace spanned by eigenfunctions of these low-lying
eigenfunctions of A_, and by (") the corresponding projector onto E(1),

(2.23) 0 =, (A-).

Similarly to (2.22), we have

1
(2.24) nt =

= — (z— A_,) tdz,
270 J5B(0,5¢1 1) v

for any 0 < 0 < 1.
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2.2. Supersymmetry. The key point in the analysis is the following intertwin-
ing relations which follows directly from (2.13):

(2.25) A_yo0dy,=dy0A,
and its adjoint relation
(2.26) dyoA_yp=A,0dg.

From these relations we deduce that d,(E™) c E® and d(E®™) ¢ E©®. Indeed,
suppose that A,u = Au, with u # 0 and A € [0,¢0h]. Then, we see from (2.25) that

A_ (dyu) = dy(Apu) = Adyu.

Therefore, either d,u is null and obviously belongs to EW or d,u # 0 and hence d,u
is an eigenvector of A_,, associated with A € [0,e0h]. This proves the first statement.
The inclusion d(E™M) c E(© is obtained by similar arguments.

By definition, the operator A, maps E© into itself and we can consider its
restriction to E(®). From the above discussion we also know that d¢(E(0)) c EM
and d:;(E(l)) c EO, Hence we consider £ = (d@)‘E(o)_}E(m and £* = (d;)‘E<1)_>E<o>.
When restricted to E(©), the structure equation (2.13) becomes

(2.27) M=L"L with M :=Aylpo, L:= (dw)‘E(o)_,E(l).

2.3. Quasi-modes for A,. Let §y = inf{diam(E,),n = 1,...,N} and let
€ > 0 be small with respect to dg. For all n = 1,..., N, let x, be smooth cut-off
functions such that

0<xn<1
(2.28) supp(xn) C {z € En, p(x) < 01 — €},
xn=1on {z € E,, p(x) <oy — 2},

where € > 0 will be chosen small (in particular, much smaller than Jp in (2.32)).
Consider now the family of approximated eigenfunctions defined by

(2.29) FO () = h™Een(h)xn(@)e @M | fO 2 = 1,

where ¢, (h) = ¢ (my,) i7" 14+O(h). We introduce the projection of these quasi-modes
onto the eigenspace space E(©):

(2.30) gT(LO) — H(O)fT(LO)'
LEMMA 2. The approxzimate eigenfunctions defined by (2.29) satisfy
(fO,fOy =5, . V¥nom=1,...,N

and
déﬂf'r(zO) _ OL2 (e—(S—e)/h)7 grglO) _ f'r(zO) _ OL2 (e—(S_e/)/h)
for any € > e.

Proof. The first statement is a direct consequence of the support properties of
the cut-off functions x,, and the choice of the normalizing constant. To see the second
estimate, recall that d@e’“”/h = 0. Hence

dy [ () = hic, ()X, (z)e™?@/h,
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Moreover, thanks to (2.28), there exists ¢ > 0 such that for € > 0 small enough we
have ¢(x) > S — e for « € supp(x},). Combining these two facts gives estimates on

d 1.

We now prove the estimate on g(o) fT(LO) . We first observe that

A S = i SO = W en (B (e ™) = B en(B) (s + 200X, )7/
and the same argument as before shows that
(2.31) Ay f) = Opa(em 579/,

From (2.22) and Cauchy formula, it follows that

1 1
(0) _ £(0) — 17(0) £(0) _ 2 CANLFO g, - 2 [ 1400
In fn f n 27Ti L(z LP) fn dz 27TZ'[YZ n dZ

= L (z — Aw)_lz_lAwf,(lO)dz

21 5

with v = 9B(0,0¢0h),0 < § < 1. Since A, is selfadjoint and o(Ay,) N [0, e0h] C
[0,e= /"], we have for o > 0 small enough that

[(z = A) M = O(r7H),

uniformly for z € 7. Using (2.31), we get H(zwa)*lz*lAwféo) | = O(h=2e=(5=9/h),
and, after integration, Hg(o) f,iO)H = O(hle=(8=9/h) = O(e=(5=<)/1) for any
€ >e |

2.4. Quasi-modes for A_,. Since, ¢ and —¢ share similar properties, the
construction of the preceding section produces quasi-modes for A_,. Eventually, we
will need only quasi-modes localized near the maxima s;. Hence, let 8, € C°(R; [0, 1])
satisfy

@) swptic fo-sl<hh t=ton {lo-si< Pl

We take € in the definition (2.28) small enough then for all k =1,..., N — 1, we have
(2.33) HkX;f = X;c,-i— and ekX;c-‘rl = X;H—l,—a

where xj,+ are the smooth functions defined by

_J oxw(x)  ifw=my, o xe(@)ifz < mg,
(@) = { 1 if & < my, Xe, () = { 1 if > my,.

Moreover, we also have 60, = 0 for all k ## [. The family of quasi-modes associated
to these cut-off functions is given by

(2.34) F (@) = hddy ROy ()@@= D) =1,

where di(h) = |¢" (s)| 37~ % +O(h) is the normalizing constant. Again, we introduce
the projection of these quasi-modes onto the eigenspace E(1):

(2.35) g () =TI Y.
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LEMMA 3. There exists a > 0 independent of € such that the following hold true:
(F, 1Yy = 6y VhI=1,...,N 1,

d;flgl) = O (e_a/h)’ glil) _ f]il) = Op2 (e—a/h)-
Proof. The proof follows the same lines as the proof of Lemma 2. 0

2.5. Computation of the operator L. In this section we represent £ in a
suitable basis. For that we first observe that the bases (géo)) and (g,gl)) are quasi-

orthonormal. Indeed, thanks to Lemmas 2 and 3, we have
(9, 95)) = bnm + O(e™") Yn,m=1,...,N

and
(98, 98) = Ba + O VR I=1,... N -1

for some o > 0. We then obtain orthonormal bases of E(®) and EM:

(0)

Gram-—Schmidt process
(90 )1<n<n ()

el
1
o

(2.36) tsns i

Gram—Schmidt process (

(9;&1))1§k5N71 ))1§n§N71~

It follows frqm the approximate orthonormality above that the change of basis matrix
P; from (g5) to (eY) satisfies
(2.37) Py =1+ 0(e /M

for j = 0,1. To describe the matrix of £ in the bases (e%o)) and (eg)), we introduce
a N —1 x N matrix L = ({;;) defined by

(2.38) &'j = <f¢(1), d(pf](O)>'

We claim that the matrices L and L are very close. To see that we give a precise
expansion of L.

~ LeEmMA 4. The matriz L defined by (2.38) is given by L= (h/m)2e S/ L, where
L admits a classical expansion L ~ E?;OhkLk with

—vipd  vipg 0 0 . 0
L1 11
0 —vipy vyps 0 e 0
(2.39) Ly = : ’ :
0
11 11
0 0 e 0 —Vp ilp1 Vp_ifin

Proof. From (2.29) and (2.34), we have

Uy = (f,do £17) = h™ 3 d;(h)e; (h) / 0;(2)e#=/1q, (y;(z)e#)/M)da
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Moreover, since supp §; Nsupp x; = @ except for j = i or j = i + 1, it follows from
(2.33) that

(240) /RGZ(CE)X;(ZL’)CZIE = 5i,j /RX;,_i_(.’ﬂ)dZE + §i+1,j /RX;_(CE)CZZL’ = 751',]' —+ 5i+1,j'

On the other hand, we recall that d;(h) and c¢;(h) both have a classical expansion.
Together with the above equality, this shows that L has the required form and it
remains to prove the formula giving Ly. To that end we observe that

di(R)e; (h) =72 ((|¢" (si)|e" (my)) T + O(h)) = pfv! 7™ % + O(h)
in the notation of (2.1). Combining this with (2.40) we obtain
lij = him=2e M lv I (=6, 5 + 6541, + O(h)

which gives (2.39). d

LEMMA 5. Let L be the matriz of L in the basis obtained in (2.36). There exists
o >0 such that L = L+ O(e=S+)/h) “where L is defined by (2.38) and is described
im Lemma 4.

Proof. Tt follows from (2.37) that
(241) L= (I + O(e_a/h))i(j 4 (t)(e—oz/h))7

where L = (£; ;) with £;; = (g(1)7d¢g§0)). Moreover, (2.25) implies that [TMd, =

de(O). Using this identity and the fact that II1(?), TI()) are orthogonal projections, we
have

<gi(1)’d<pg§0)> = (1),d¢H(0)f(0)> _ <gl(1)7H(1)d@fJ(0)> — <g£1),d¢f;0)>

i J
1 0 1 1 0
= (0 do i) + (g = £ d o 1),
But from Lemmas 2 and 3 and the Cauchy—Schwarz inequality, we get

‘<gl(1) _ fi(1)7ds0fj(0)>| < Ce—(a—i—S—e')/h.

Since « is independent of €', which can be chosen as small as we want, it follows that
there exists o/ > 0 such that ; ; = /; ; + O(e~(5T)/"). Combining this estimate,
(2.41), and the fact that ¢; ; = O(e™%/"), we get the announced result. d

It is now easy to describe M as a matrix.

LEMMA 6. Let M be the matriz representation of M in the basis (eg])). Then
M = he™?5/h A,

where A is symmetric positive with a classical expansion A ~ > "7, h* Ay, with Ay
given by (2.2).

Proof. By definition, M = L*L and it follows from Lemmas 4 and 5 that
L*L = (L+ O(e” 5t/ M) (L + O(e”5+e/M)) = he25/M(L*L + O(e~*/™)).

Then, A := h™'e*/"L*L is clearly positive and admits a classical expansion since L
does. Moreover, the leading term of this expansion is LjLo and a simple computation
shows that L§Lo = Ag, where Ay is given by (2.2). d
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Remark. Innocent as this lemma might seem, the supersymmetric structure—that
is writing —A,| g using d,, is very useful here.

LEMMA 7. Denote by pi(h) < --- < ux(h) the eigenvalues of A(h). Then,

po(h) =0 and px(h) = py +O(h) Yk > 2,

where 0 = pf < pd < p§ < - < 4l denote the eigenvalues of Ag. Moreover,
a normalized eigenvector associated to pd is &0 = N_%(l, ..., 1) and there exists a
normalized vector £(h) € ker(A(h)), such that

(2.42) &(h) =& + O(h).

Proof. Many of the statements of this lemma are immediate consequences of
Lemma 6. We emphasize the fact that 0 belongs to o(A) since 0 € o(A,). The
fact that £ is in the kernel of Ay is a simple computation. Eventually, for any
¢ € ker(A(h)), we have

§— (&, 60)é0 = 1([Yz_1£dz — L(AO - z)‘lgdz> — 1[1(140 — ) Ageds

2 2im

where 7 is a small path around 0 in C. Since Ao = O(h) we obtain (2.42). ad

2.6. Proof of Theorem 2. Let u be a solution of (2.3) with uo = ¥(8), |8 <1
(see (2.4), (2.6), and (2.29) for definitions of ¢, ¥, and 7O respectively). Then,

U= e_tAV’H(O)uO + e_tAV’ﬁ(O)uo

2.43 _ _
& = e MOy 4 e 2Oy, T© =1 -1,

Since g, —x» is supported near {s,_i,s,}, then v, — ,SO) = Op2(e*/") for all
n=1,...,N, and it follows that

N
ug = iig + Op2(e”"), g := Zﬂn (),
n=1

Then, using Lemma 2 and (2.37), we get ug = tio+Op2(e~*/") with g := Zgzl el
where eﬁ{” is the orthonormal basis of E(©) given by (2.36). Since H(O)eglo) = 65?) and
ﬁ<0)e$?) = 0, we have

u(t) = e Mg + Op2(e” /).
If M is the matrix of the operator M in the basis (e%o)), then

N
u(t) = 3 (e M B)ue® + Opa(e/M),

n=1

Going back from e%o) to 1, as above, we see that

N
(244)  ult) = (7 MB)uthn + Opa(e” /M) = WM B) + Opa(eM),

and the proof of (2.7) (main statement in Theorem 2) is complete. We now prove
(2.8). Since the linear map ¢ : C¥ — L?(dx) is bounded uniformly with respect to
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h, and thanks to (2.7), the proof reduces to showing (after time rescaling) that there
exists C' > 0 such that for all 8 € RV,

(2.45) lem™ —e ™| < Ch Vr>0.

Since, by Lemma 7, A and Ay both have 0 as a simple eigenvalue with the approximate
eigenvector given by (1,...,1), we see that for any norm on C%,

—TA _ ef'er| < |€7TAO|{(1,A..71)}L ‘I _ ef'rO(h)|Z2_)€2 +Ch
< Ce="rh+ Ch = O(h),

le

which is exactly (2.45). d
We now prove one of the consequences of Theorem 2.

Proof of (1.11). We have seen in the preceding proof that e$?> —tp = Ope2 (6_0/62)7
and since ) ,
[ = (p/2m€*)7 U, €= #/2 || 12 = O(),
it follows that TI(Duy = 1(8) + O(e?|lug||z2) with 3 € CN given by

/En po(w)dz.

e

Bn = (#)i/ uo(x)ew(m)/zfzdx ()
E

Applying 2 (second part of Theorem 2) with h = 2¢? gives

N

(2.46) e R TI0qy = Z(e—tv;LAOB) (52

n=1

)411E e=?/2 4 Opa(e?)||uol| 2.

On the other hand, Proposition 1 shows that
(2.47) e~ e (I =TT Yug = Opa2 (e /) ||ug)| 2.
Since p(h%t) = e=%/Mu(t), (2.46) and (2.47) yield

(2.48) p(262e5/< 7 (€774 8), (55T 1, e /< + 1 (1)

Mz

n=1

with
s/

re() = 2 (04 ") 4 Opa(e >)||po||Lg,,.

By Cauchy-Schwarz it follows that ||r(7)||,: < C(e2 + e—cre”’ )||p0||L2 . O

3. A higher dimensional example. The same principles apply when the wells
may have different heights and in higher dimensions. In both cases there are inter-
esting combinatorial and topological (when d > 1) complications, and we refer to [15,
sections 1.1 and 1.2] for a presentation and references. To illustrate this we give a
higher dimensional result in a simplified setting.

Suppose that ¢ : R? — R is a smooth Morse function satisfying (1.2) and denote
by YY) the finite sets of critical points of index 7, n; 1= |{D)|. We assume that
(1.5) holds and write S := o1 — p. In the notation of (1.4) we have ng = N and
we also assume that each FE,, contains exactly one minimum. Hence we can label the
components by the minima:

Vn=1,...,N, FlmeE, min p(z)=p(m),

xeE,
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o
80 ¢

F1G. 2. Left: The sublevel set {¢ < o1} (dashed region) associated to a potential ¢ (1.5). The
z’s represent local minima, the o’s, local mazrima. Right: The graph associated to the potential on
the left.

and we denote E(m) := E,,. Since ¢ is a Morse function,

vm,m' c U, m#m' — E(m)nE(m’) cuy,

3.1 _ _
(3.1) vseud, Imm e, se Em)nEm').

To simplify the presentation we make an additional assumption:
(3.2) vmm' cY?, m#m' = |E(m)N Em)| <1.

Under these assumptions, the set U(?) x U()) defines a graph G. The elements of ¢/(?)
are the vertices of G and elements of U are the edges of G: s € U is an edge
between m and m’ in U(?) if s € E(m) N E(m’'); see Figure 2 for an example.

The same graph has been constructed in [14] for a certain discrete model of the
Kramers—Smoluchowski equation.

We now introduce the discrete Laplace operator on G, Mg; see [3] for the back-
ground and results about Mg. If the degree d(m) is defined as the number of edges
at the vertex m, Mg is given by the matrix (Gm,m’)m m/eu®:

d(m)a m = m/a B B
(3.3) Gmm =4 —1, m#m’, E(m)NE(m’) #0,
0 otherwise.

Among basic properties of the matrix Mg, we recall the following:

e It has a square structure Mg = L*L, where L is the transpose of the incidence
matrix of any oriented version of the graph G. In particular, Mg is symmetric
positive.

e Thanks to (1.5) and [15, Proposition B.1], the graph G is connected.

e ( is a simple eigenvalue of M.

We make one more assumption, which is a higher dimensional analogue of the
hypothesis in Theorem 1: there exist u, v > 0 such that

dety”(m) =p Vm ey,

3.4 2
( ) ﬂ = —v Vs c M(l),
det "' (s)

where A1 (s) is the unique negative eigenvalue of ¢’ (s). Assumptions (3.2) and (3.4)
can be easily removed. Without (3.4) the graph G is replaced by a weighted graph
with a weight function depending explicitly of the values of ¢” at critical points.
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Removing (3.2) leads to multigraphs in which there may be several edges between
two vertices. This can also be handled easily.

Assumption (1.5), however, is more fundamental and removing it results in major
complications. We refer to [15] for results in that situation. Here we restrict ourselves
to making the following remark.

Remark. Under the assumption (1.5) the proof presented in the one dimensional
case applies with relatively simple modifications. The serious difference lies in the
description of E(), the eigenspace of A, on one-forms, in terms of exponentially
accurate quasi-modes (in one dimension it was easily done using Lemma 3). That
description is, however, provided by Helffer—Sjostrand in the selfcontained section 2.2
of [9]; see Theorem 2.5 there. The computation of (2.38) becomes more involved
and is based on the method of stationary phase;- see Helffer—Klein—Nier [8, Proof of
Proposition 6.4].

The analogue of Theorem 1 is as follows.

THEOREM 3. Suppose that ¢ satisfies (1.2), (1.5), (3.2), and (3.4). If

1 N
(385 = (5z) (Z B, g, +re> e/, dim i~ =0, BERY,
n=1

2me?

then the solution to (1.1) satisfies, uniformly for T > 0,

N
(3.6) p(26263/627, x) — Zan(T)(Sm"(Qi), e—0,
n=1
in the sense of distributions in x, where a(t) = (aq,...,a,)(T) solves
(3.7 O-a = —kMga, «0) =7,

with Mg is given by (3.3) and k = 7 p2v2 with p and v in (3.4).

We also have the analogue of (1.11) for any initial data.
As in the one dimensional case this theorem is a consequence of a more precise
theorem formulated using the localized states

(3.8) Un(2) = cp(R)h™ 4 g, (z)e~ (P20 @)/h,

where ¢, (h) is a normalization constant such that ||1,,||z2 = 1. We then define a map
U RY — L2(RY) by

N
(3.9) U(B) = Buthn VB=(B1,....Bn) €RY.

n=1
We have the following analogue of Theorem 2.
THEOREM 4. Suppose ¢ satisfies (1.2), (1.5), (3.2), and (3.4). There exists C > 0
and hg > 0 such that for all 3 € RN and all 0 < h < hg, we have
||€7tA‘P\If(6) _ \Ij(eftnuhAﬂ)HLz < Cefl/C'h’ t> 07

where v, = he 25/h k= W_luéué, and A = A(h) is a real symmetric positive
matriz having a classical expansion A ~ > 7o h*Ay and Ay = Mg with Mg the
Laplace matriz defined by (3.3).
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Fic. 3. A two dimensional potential which is a cyclic analogue of the potential shown in Figure
1: the corresponding matriz describing the Kramer—-Smoluchowski evolution is given by (3.10). It
should be compared to the matriz (1.7) for the potential in Figure 1. The corresponding cyclic graph
is shown on the right.

We conclude by one example [15, section 6.3] for which the graph G is elementary.
We assume that d = 2, ¢ has a maximum at = = 0, there are N minima, m,,, IV saddle
points, s,, and that (1.5) holds; see Figure 3. We assume also that
)\1 (Sn)
det ¢"(m,) = pu > 0, =-v <0,
@' (my) = p ()
where for s € UM, \{(s) > 0 > Ao(s) denote the two eigenvalues of ¢’ (s).
Then assumptions of Theorem 4 are satisfied. The graph G associated to ¢ is the
cyclic graph with NV vertices and the corresponding Laplacian is given by

2 -1 0 0 -1

1 2 -1 0 ... 0

0 -1 2 -1 0 0

0 -1 2 . . ...0

(3.10) Ag = CoL 0
-1 0

o - .. . - -1 92 -1

\»1 0 ... ... ... 0 -1 2

Acknowledgments. We would like to thank Craig Evans and Peyam Tabrizian
for introducing us to the Kramers—Smoluchowski equation, and Insuk Seo for inform-
ing us of reference [14].

REFERENCES

[1] N. BERGLUND, Kramers’ law: Validity, derivations and generalisations, Markov Process. Re-
lated Fields, 19 (2013), pp. 459-490.

[2] A. BOVIER, V. GAYRARD, AND M. KLEIN, Metastability in reversible diffusion processes. II.
Precise asymptotics for small eigenvalues, J. Eur. Math. Soc., 7 (2005), pp. 69-99.



D.

H.

A.
B. HELFFER, Semi-Classical Analysis for the Schridinger Operator and Applications, Lecture

M

T

M

M

KRAMERS-SMOLUCHOWSKI EQUATION 5379

M. CVETKOVIC, M. DoOB, AND H. SACHS, Spectra of Graphs, Spectra of graphs. Theory
and applications, 3rd ed., Johann Ambrosius Barth, Heidelberg, 1995.
Cycon, R. FROESE, W. KIRSCH, AND B. SIMON, Schrédinger Operators with Application
to Quantum Mechanics and Global Geometry, Springer Study ed., Texts Monogr. Phys.,
Springer-Verlag, Berlin, 1987.
C. EvAaNS AND P. TABRIZIAN, Asymptotics for scaled Kramers—Smoluchowski equations,
SIAM J. Math. Anal., 48 (2016), pp. 2944-2961, https://doi.org/10.1137/15M1047453.
EYRING, The activated complex in chemical reactions, J. Chem. Phys., (1935), pp. 107-115.

Notes in Math. 1336, Springer-Verlag, Berlin, 1988.

HELFFER, M. KLEIN, AND F. NIER, Quantitative analysis of metastability in reversible
diffusion processes via a Witten complex approach, Mat. Contemp., 26 (2004), pp. 41-85.
HELFFER AND J. SIOSTRAND, Puits multiples en mécanique semi-classique. IV. Etude du
compleze de Witten, Comm. Partial Differential Equations, 10 (1985), pp. 245-340.

. HERAU, M. HITRIK, AND J. SIOSTRAND, Tunnel effect and symmetries for Kramers-Fokker-

Planck type operators, J. Inst. Math. Jussieu, 10 (2011), pp. 567-634.

. HERRMANN AND B. NIETHAMMER, Kramers’ formula for chemical reactions in the context
of Wasserstein gradient flows, Commun. Math. Sci., 9 (2011), pp. 623-635, https://doi.
org/10.4310/CMS.2011.v9.n2.al5.

INSUK AND P. TABRIZIAN, Kramers—Smoluchowski equation for general potentials, preprint.
A. KRAMERS, Brownian motion in a field of force and the diffusion model of chemical
reactions, Physica, 7 (1940), pp. 284-304.

. LanpiMm, R. MISTURINI, AND K. TSUNODA, Metastability of reversible random walks

in potential fields, J. Stat. Phys., 160 (2015), pp. 1449-1482, https://doi.org/10.1007/
510955-015-1298-6.

. MICHEL, About small eigenvalues of Witten Laplacian, preprint, https://arxiv.org/abs/1702.

01837, 2018.
. A. PELETIER, G. SAVARE, AND M. VENERONI, Chemical reactions as I'-limit of diffusion,
SIAM Rev., 54 (2012), pp. 327-352, https://doi.org/10.1137/110858781.

. WITTEN, Supersymmetry and Morse theory, J. Differential Geom., 17 (1982), pp. 661-692.

. ZWORSKI, Semiclassical Analysis, Grad. Stud. Math. 138, American Mathematical Society,
Providence, RI, 2012.


https://doi.org/10.1137/15M1047453
https://doi.org/10.4310/CMS.2011.v9.n2.a15
https://doi.org/10.4310/CMS.2011.v9.n2.a15
https://doi.org/10.1007/s10955-015-1298-6
https://doi.org/10.1007/s10955-015-1298-6
https://arxiv.org/abs/1702.01837
https://arxiv.org/abs/1702.01837
https://doi.org/10.1137/110858781

	Introduction
	Dimension one
	Witten Laplacian in dimension one
	Supersymmetry
	Quasi-modes for 
	Quasi-modes for -
	 Computation of the operator L
	Proof of Theorem 2

	A higher dimensional example
	References

