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ABSTRACT. We study the operator associated to a random walk on R¢ en-
dowed with a probability measure. We give a precise description of the spec-
trum of the operator near 1 and use it to estimate the total variation distance
between the iterated kernel and its stationary measure. Our study contains
the case of Gaussian densities on R%.

1. INTRODUCTION

Let p € C1(R?) be a strictly positive bounded function such that du = p(z)dz
is a probability measure. Let h > 0 be a small parameter and Bp(z) be the ball
of radius h and center x. We consider the natural random walk associated to the
density p with step h: if the walk is in x at time n, then the position y at time
n + 1 is determined by chosing y € R? uniformly with respect to the measure

p(y)
1.1 th(z,dy) = ——F— 1, d
The associated random-walk operator is defined by
1
1.2 bexzi/ fladu(z").
(12) @ = 5 o, 66

for any continuous function f, and the kernel of T}, is tp(z,dy). This is clearly a
Markov kernel. Introduce the measure

PRIy

i
where Zj, is chosen so that dvj, is a probability on R%. Then, the operator T}, is self-
adjoint on L?(M,dv;,) and the measure dvy, is stationnary for the kernel ¢, (x, dy)
(this means that T} (dvy,) = dvy, where T} is the transpose operator of T}, acting
on Borel measures).

The aim of this article is to describe the spectrum ot T}, and to adress the problem
of convergence of the iterated operator to the stationary measure. Such problems
have been investigated in compact cases in [2], [7] and [3], and the link between the
spectrum of T}, and the Laplacian (with Neumann boundary condition in [2] and
[3]) was etablished. In this paper we investigate the case of such operators on the
whole Euclidian space. The main difference with the previous works comes from
the lack of compactness due to the fact that R? is unbounded. We will make the
following assumptions on p:
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Case 1: tempered density. A density p € C'(R?) is said tempered if there exists
a constant C' > 0 such that for all 2 € R?

(1.3) |dp(z)| < Cp(x)

We shall say that it is smooth tempered of exponential type if p is smooth and if
there are some positive numbers (Cy)qene, R > 0, k9 > 0, such that

(1.4) Vlz| = R, |07 p(x)] < Cap(z)
and, if A := — Z?:l 831, is the positive Laplacian,
(1.5) Viz| > R, —Ap(x) > kop(z).

Densities verifying these assumptions can be easily constructed. For instance, if p
is a smooth non vanishing function such that there exists a, 3 > 0 such that for
any |z| > R we have p(x) = Be~I*|  then the above assumptions are satisfied with
ko = a?. For densities satisfying (1.4), (1.5), we will define

(1.6) = lim inf 22
R—cc|z|>R  p(x)

The second type of densities we shall consider is the following

Case 2: Gaussian density. We assume that p(x) = Be=2lel” for some o, 3 > 0
such that [;, p(z)dz = 1.

It can be shown that that if p satisfies (1.3) or is Gaussian, there exists a constant
C > 0 and hg > 0 such that

(1.7) Vo € RY, Vh €]0, hol, u(By(x)) > Chp(x).
Let us set mp(x) = p(Bp(z)) and define the functions
1 .
(18)  anl@) = ap@) @) Gale) = [ s
Qd J)z|<1

where ag := Vol(Bga(0,1)). Notice that Gy is a real valued function bounded above
by 1 and below by some M > —1, then define

(1.9) Ap = Rliémoo ‘jlusza,%(x), M = grelﬁ%r% Gq(&) > —1.
We will show that A, =1 — ﬁfﬂ + O(h*) with & defined in (1.6).
In order to describe the eigenvalues of T}, let us also introduce the operator
(1.10) L,=A+V(z)
with V(z) = %. Observe that the essential spectrum of this operator is

[k, +00[. Moreover, we have the following factorisation:

d
(1.11) L,=> 3L
j=1
e, , . .
where {; = —0,, + ljp. This shows that L, is non-negative on L?(R?). Moreover,

since £;u = 0 iff u is proportional to p, then 0 is a simple eigenvalue associated to
the eigenfunction p € L' N L> C L2.
We first prove the following result in the tempered case



SPECTRAL ANALYSIS OF RANDOM WALK OPERATORS ON EUCLIDIAN SPACE 3

Theorem 1.1. Suppose that p is tempered in the sense of (1.3), then:

(i) the essential spectrum of Ty, on L?(R?, dvy,) is contained in [Ap M, Ay where M
and Ay, are defined in (1.9). If in addition Ap = limyy|— e aj(2), then oess(Th) =
[AnM, Ap).

(i) If (1.4) and (1.5) hold, then Ap =1— th-i-O(h‘*) with k defined in (1.6),
and for all a €]0, 1] there exist C > 0,hg > 0 such that, if 0 = pg < 1 < po < ... <
px denote the L*(R%,dz) eigenvalues of L, in [0,ak] counted with multiplicities,
and if 1 = M(h) > A1(h) > ... > Ag(h) denote the k largest eigenvalues of Ty, on
L2(R™, dvy,) counted with multiplicities, then for all h €]0, ho] and any j =1,...,k,

1
1- mukiﬂ — Ai(h)| < CR*.

Observe that if p is only tempered, the statement (i) shows that the essential
spectrum can be the whole interval [M, 1]: for instance, take a density p such that
p(z) = |z|~™ in {|z| > R} for some R > 0 and m > d, then it is easy to check that
mp(x)/p(x) — 1 as |z| — oo and therefore A;, = 1 in this case.

Notice also that there are examples of smooth densities of exponential type p
such that the discrete spectrum of L, below its continuous spectrum is non-empty.
Indeed, take for instance p = e~ 7*(®) where 7 > 0 and «(x) is smooth, equal to |z|
for |z| > 1 and «(0) = 0, then

P.oi=72L, =7 A+ |Va|* + 7' Ac

is a 77! semi-classical elliptic differential operator with semi-classical principal sym-

bol p(x, &) = |£]2 + |[Val? (see [8, 5, 4] for the theory of semi-classical pseudodiffer-
ential operators). Since |Va| = 1in |z] > 1 and Aa = 0 in |z| > 1, the essential
spectrum of P; is [1,00), then we can apply Theorem 9.6 of [4] and the fact that
Vol{(z,€) € R*; p(z,£) € [0, 5]} > 0 (since a(0) = 0) to conclude that, if 7 > 0 is
large enough, there exist C7¢ eigenvalues of P: in [0, 5] for some C > 0.

We also emphasize that the result in Theorem 1.1 is used in a fundamental way
in the recent paper [1] to analyze random walks on surface with hyperbolic cusps.

If instead p is Gaussian, then L, = A+4a?|z|? —2da and its spectrum is discrete

o(L,) = 4aN and the eigenfunctions associated to 4ak have the form Hy, (z)e~20lel’
for some explicit polynomial Hy. We then have

Theorem 1.2. Suppose that p is Gaussian, then the operator Ty, is compact and
if 0= po < p1 < pz < ... < piy... denote the L*(R% dz) eigenvalues of L, and
1=Xo(h) > A1(h) > ... Xx(h) > ... those of Ty, then for K >0 fized, there exists
C > 0 and hg > 0 such that for all h €]0, ho] and any k =1,..., K,

(1.12) 1 urh?® = A\ (h)| < Ch*.

1
2(d+2)
Moreover, there exists 6o > 0 such that for any A € [0,0¢], the number N(\ k) of
eigenvalues of Ty, in [1 — A, 1] satisfies
(1.13) N(\h) < C(1+Ah2)4,
In the last section of this paper, we also give some consequences on the conver-

gence of the kernel of T} to the stationary measure dvy, as n — oo. In particular
we show that, contrary to the compact setting [7], the convergence in L norm
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fails, essentially due to the non-compactness of the space.

These theorems, will be proved by using microlocal analysis. We refer to the
books, [4], [5] and [8] for standard results in this theory. The organisation of the
paper is the following. In the next section we study the essential spectrum of T} on
L?(R%, dvy). In section 3, we collect some a priori estimates (regularity and decay)
on the eigenfunctions of T},. Following the strategy of [7], we use these estimates
in section 4 to prove the above theorems. In last section, we adress the problem of
total variation estimates: we show that the convergence to stationarity can not be
uniform with respect to the starting point. Considering the case where the starting
point = belongs to a ball of radius 7 we prove total variation bounds in term of the
spectral gap and 7.

2. ESSENTIAL SPECTRUM

We start by studying the essential spectrum of T} in the tempered and Gaussian
cases. From the definition of dvy, it is easy to see that there exists some constant
c1,co > 0 such that c;h? < Z;, < coh?. Let us define the operator Q : L2(R?, dx) —
L?(R?, dvy,) by

(2.1) Qf (@) =

which is unitary, and let T}, defined by T}, = Q*T, so that
T f(x) = an(x)Th(anf)
with a, defined in (1.8) and (with ag = Vol(Bga(0,1)))
o)
f(y)dy.
aah? Jiz—yi<n

Using the semiclassical Fourier transform it is easy to see that

Th = Gd(th), with Gd(f) = i/ eiZEdZ'
|z]<1

(2.2) Thy(z) =

Qq

This function depends only on |£], it is clearly real valued and —1 < M < G4(§) <1
for all € if M is defined in (1.9). Moreover, G4 tends to zero at infinity and G4(¢) =1
if and if only £ = 0.

Let us first prove (1.7) assuming (1.3): we have by assumption on p that for all
z,y € R? with |z —y| < h

—Ch sup p(z) < p(z) —p(y) <Ch sup p(z)
zE€Bp(x) zEBp(x)

and therefore if Ch < 1

(L=Ch) sup p(z) <p(z) < sup p(2)
zEBp(x) 2€ By (x)

which implies

pla) (1~ 1f}éh) < ply) < pl) (1 + lf}é‘h>
and thus (1.7).

The function ay, is then bounded and Ay of (1.9) is well defined. We first prove
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Proposition 2.1. Suppose that p is tempered in the sense of (1.3), then Gess(Th) C
[M Ap, Ap]. If moreover Ay = lim|) oo a?(x), then the inclusion above is an equal-

ity.
Proof. Let R > 0, then the operator T}, can be written under the form
T = ppsr Th Do p + Dre o)< ron Th Wi« g + oy« Th Dp<)o|< Ron

since T}, increases support by a set of diameter at most h. The kernels of the last
two operators in the right hand side is in L?(R? x R, dx ® dzr), and thus these
operators are compact. We thus deduce that the essential spectrum of T), is given
by that of St = Njzi>r T 12> g- Since SE = bET,b with b = 12> g an(x) and
since T'j, is a bounded self-adjoint operator satisfying

M| fl[i2 < (Tnf. frzs [ Tafllez < Ifllz2

and ap(xr) > 0 we deduce easily that oess(SF) C [-MAR, AF] where A =
SUP|4|>R an(r)?. Tt then suffices to take the limit as R — oo. Now if in addi-
tion a? (x) has a limit Aj, when |z| — oo, we can write

(2.3) Th = AhTh + eh(a:)Thah(x) + AETheh(x)

with ep(z) := ap(z) — A,% converging to 0 as |z| — oo. In particular, using that
|Ga(§)] — 0 when || — oo, we deduce that the last two operators in (2.3) are
compact on L2. Since, T} is a function of the Euclidean Laplacian (or radial
Fourier multiplier) the spectrum of T, on L?(R%,dx) is absolutely continuous and
consists of [M, 1], which is the range of G4(£). This achieves the proof since the
essential spectrum of fh is that of A,T), by (2.3). O

We also describe the asymptotic behaviour of Ap:

Lemma 2.2. If p satisfies (1.4) and (1.5), then the following asymptotic holds as
h—0
K
Ap=1———h?24+0(r?
h 2d+2) T ()
—Ap(z)
p(x)

where k = liminf;|_
Proof. If p is tempered, we expand myp(x) = p(Bp(x)) with respect to A and use

assumption (1.4):

mp(x) = hd/ p(x + hz)dz

1
= aqhp(z) + §hd+2 Z@mi(?rjp(:c) /| - zizidz + O(h*py)
07 2l<

_Da
2d

with |ps(z)] < p(z) and By = f\z\<1 |z|2dz. Using the definition of ay, it follows
from Lemma 3.2 below that

= agh’p(x) 2 Ap(z) + O(h4py)

(2.4) ap(r) = 14+ h%y4 Ap'?g) +O(h%)
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with v¢ = 25—; =
from (1.6) that

2(#2) and the O(h*) is uniform in x € R%. Hence, it follows

A
A =limsupaj(z) = 1+ ygh? l‘im inf plz) + O(h%)

and the proof is complete. O
_ _ 1 —A
Remark 2.3. In the tempered case, the operator yqL, = W(A + Tp) has
essential spectrum contained in [Q(T'fm), 00). If in addition k = lim ;| .o _TA”, then
the essential spectrum is exactly oess(L,) = [m, o0) by Theorem 13.9 of [6].

Now for the Gaussian case
Proposition 2.4. If p is Gaussian, then Ty, is a compact operator.

Proof. The symbol G4(¢) of T, is decaying to 0 as [§| — 0, a standard argument
shows that if lim|,| o an(x) — 0, then Thay is compact on L?. We write

mh(x) / —2hx.z—h?|z|?
2.5 = e dz
(2:3) hip(x) l2<1

and by bounding below this integral by a dz integral on a conic region —z.x >
|z|.]x| /2, we see that it converges to co when |z| — oo, which proves the claim. O

Remark 2.5. In the Gaussian case, the operator L, = A + 4a?|z|? — 2da has
compact resolvent and discrete spectrum.

Notational convention: For the following sections, all the tempered densities we
shall consider will be smooth tempered densities of exponential type (ie. satisfying
(1.4) and (1.5)), and therefore we will abuse notation and just call them tempered.

3. SPECTRAL ANALYSIS OF T},

We recall here some notations. Let a = a(x,&; h) be an h-dependent family of
C*(R?) function and m(z, £) be an order function as in [4]. We say that a belongs
to the symbol class S(m) if there exists some hg > 0 and constants Cy g such that
for any a, 3 € N¢, any 0 < h < hg

10507 a(w, & h)| < Cagm(x, §)
For any a € S(m), we define Opy,(a) by

1 i(z—y).€

Op(0)(2) = s [ 7 ala. o) )y
The standard theory of such operators is developped in [4], [5], [8].

3.1. Preliminary estimates. Let us start by some estimates on the symbols of
the operator T}, which will be useful to study its eigenfunctions.

Lemma 3.1. The function G4(§) belongs to S((f)fmax(l’dz;l)).

Proof. Suppose first that d > 2. It is clear that the function G4 is smooth.
When [¢] > 1, one has

1 .
D2Ga(E) = — / (i) e ds.
Qd J|z|<1
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Let x € C§°(Bga(0,1)) be a radial cut-off equal to 1 on Bra(0,1). Then the
non-stationary phase theorem shows that

/ x(2)27e%dz = O(le| )
l2l<1

On the other hand,
1
I, = / (1 — x(2))2 e dz = / (1 — x)(r)rd-1+18l (/ e"‘”gwﬂdw)dr
l2]<1 1 Sd-1

For any r > % the phase w — w& has only two stationary points: these points are
non-degenerate so that the stationary phase theorem implies I, = O(|¢ |f%) In

the case d = 1, the computation is simpler since G4(§) = Bmgﬁ We leave it to the
reader. g

We will also need the following result on the function ay,.

Lemma 3.2. The function ay, is smooth and the following hold true:

o if p is tempered, then

(3.1) Va € N4, 3C, > 0, Vh €]0,1], [0%an(z)] < Coh?
and there exists C' > 0 such that
1 h?  —Ap
3.2 vz € R? -1- < Ch*
(3:2) ve ’|a%(m) 2(d+2) p <
e if p is Gaussian, then
(3.3) Vo e N, 3C, > 0, Vh €]0,1], [0%an(x)| < Co bl
and
(3.4)
_ 1 (4a?|z|? — 2da)
VM > 0,3Cy >0, V|| < Mh™! —1——— k% < Opyla|*n?
30 >0, Vi "la?(z) 2(d+2) < a7,
1
(3.5) 3C,R > 0,Y|z| > R, —— > max(1 + Ch?z|?, Cellol)
ay(z)
Proof. Tt follows from (1.8) that ay(z) = F o gp(z) with F(z) = 2~/2 and
gn(z) = a:;;fi(pz()m)' Following the arguments of the proof of Lemma 2.2, we have
when p is tempered (using le|<1 zidz = le|<1 zizjzrdz = 0)

h?  Ap h*
gp(z)=1— ——— + / x,2)dz
n(@) 2(d+2) p  agp(z) |z\<1p4( )
(3.6)
_1_h72&+h47‘ (x)
T 2d+2) p 4

where py(x, 2) is a function which satisfies for all a € N%:
105 pa(2, 2)| < Capl(z)

uniformly with respect to z € R%, |z| < 1 and r4(7) has all its derivatives uniformly
bounded on R¢. In particular, for any o € N4\ {0}, 02gy(x) = O(h?). Hence, for
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h > 0 small enough, Fad di Bruno formula combined with (3.6) shows that ay, is a
smooth bounded function such that

(3.7) Va € N4\ {0}, 0% (x) = O(h?).

This shows that aj, enjoys estimate (3.1) while (3.2) is a direct consequence of (3.6).

Suppose now that p(z) is Gaussian. It follows from (2.5) that

1
gn(r) = —
Qd J|z|<1

_ _p21.2
e 2hx.z—h*|z| dz

Hence, there exists co > 0 such that for all z € R?, h €]0,1], gi(x) > co. Moreover,
for all & € N? we have

1
S gn(z) = Oéd/| 1(—2hz)0‘6_2’”"””_’12|Z|2dz
z|<

so that there exists C, > 0 such that
(3.8) Vh €]0,1], Vo € RY, [0%gn(x)| < Coh!|gp(z)]

Using again Faa di Bruno formula, we get easily that aj is a smooth function such
that for any o € N¢,

o —lr alB‘gh X
(3.9) O%ap(z) = Z Cixign() 12| HI)HBG’Tﬁ(;x?
TEIl o J€ J

where 11}, denotes the set of all partitions of {1,...,]al}, |7| denotes the number

of blocks in the partition m and | B| denotes the cardinal of B, and C|,| is an explicit
constant depending on |7|. Combining this formula with estimate (3.8), we get

(3.10)  [0%an(@)| < Y Cialgn(@)| 2TV M per gy (2)]1 B! < Clay, () |21
7T€H|a‘

which proves (3.3).

Let us now prove the estimates on aEQ = gp. The same computation as in the
tempered case remains valid if we assume that |hz.z| is bounded, which holds true
if h|x| is bounded. This shows (3.4). In order to prove (3.5), we observe that there
exist constants ¢, C' > 0 such that for all 0 < h < 1

(lh((E)_2 =a, 1/ / e 2hrz.0—h r 71d 1d7’d9
Sda-1 Jo<r<1

1
1-t¢
:agl/ / (1+4r2h2(m.¢9)2/ 6_2””4”'97( )dt)e_hQTZTd_ldrdH
sd-1 Jo<r<1 0 2

1 JR—
>1+4h2a)’ / 7‘2(37.9)2( / e_mm'eudt)e‘hzTQTd_ldrdG
Sd—1 .Jo<r<1 0 2

— ch?
ap(r)™? >1+ Ch?|z|* — ch?
for |z| > R with R > 0 large, the last inequality being proved by the same argument
as for Proposition 2.4. Enlarging R and modifying C' > 0 if necessary, this shows

the quadratic bound in (3.5). The exponential bound in (3.5) follows easily from
the inequality above, by bounding below the integral by an integral on a region
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{0.z/]x| < —(1 —€),r > 1— €} for some small € > 0. O

3.2. Regularity and decay of eigenfunctions. We are now in position to prove
the first estimates on the eigenfunctions of T.

Observe that for any 1/2 > ¢ > 0 small, there exists ss > 0 such that |G4(§)| <
1 — 26 when [£]? > s5.

Lemma 3.3. Let C > 0 and A\, € [1 — Ch?,1] be an eigenvalue of T}, (which can
belong to the essential spectrum) in the tempered case, and Ap, € [1 —6,1], 5 > 0
in the Gaussian case. Let e, € L*(RY,dx) satisfy Then = Anen, | en ||L2(Rd): 1.
Then ey, belongs to all Sobolev spaces and for all s € R

1—An\%
(3.11) I en llzreqmey= 0((1 + ) )
Moreover,
(3.12) I (1= x)(A*A)en || s ray= O(h™)

where x € C§°(R) is equal to 1 near 0 in the tempered case and x =1 on [—ss, S5
in the Gaussian case.

Proof. We use the some arguments similar to those used in [7], the difference is
that now we are working in R? instead of a compact manifold: let us write \, =
1—h2z, with 0 < 2, < K7q in the tempered case and 0 < z, < §h~2 in the gaussian
case; and start from (Th — Apep) = 0. Since Ty, = apThap it follows from Lemmas
3.1 and 3.2 that T}, is a semiclassical pseudodifferential operator on R% of order
m < —1. In particular, it maps L2(R%) into H'(R%) and || Ty |2 1= O(h™1).
Since e, = )\ihfheh and )y, is bounded from below, we deduce || e;, ||gn= O(h™1).
Iterating this argument, we finally get

(3.13) | en ||zs= O(h™%)

for any s > 0 (using interpolation for non integral s). Let us denote p,(x,&) the
symbol of T},. It follows from usual symbolic calculus and Lemma 3.2 that

(3.14) pr(x,€) = aj (2)Ga(€) + h™ru(z,€)

for some symbol rp, € S((§)~ ma"(l’%)) and with m = 3 if p is tempered and m = 2
if p is gaussian.

Suppose that p is smooth tempered and let x € C§°(R) be equal to 1 near 0.
Since |G4(§)] < 1 with G4(¢) — 0 as |[§] — o0 and G4(§) =1 <— €& =0, we
deduce that for any cut-off function x equal to 1 near 0, we have

(1= x(£)Ga(§) < (1 —€)(1 = x())
for some € > 0 depending on Y. Since A\, = 1+ O(h?) and aj, = 1 + O(h?), the
symbol

an(z, &) = (1 = X(€)(An — pa(,£))
is bounded from below by 5(1 — x(§)) for & > 0 small enough. Moreover it is, up
to a lower order symbol, equal to the symbol of (1 — x(h*A))(\, — T) and thus

by taking (1 — X) = 1 on the support of (1 — x), we can construct a parametrix Ly
with symbol ¢ (z,£) € S(1) such that

Li(1 = X(h*A)) (A = Ti) = (1 = x(h*A)) + h>Opy, (wy,)
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for some symbol wy, € S(1). This clearly shows that

(3.15) I (1= x(h*A))en [|L2= O(h>)
and by interpolation with (3.13) we get
(3.16) (1= X(R2A))en [l1r:= O(h).

It remains to show that x(h?A)ey, is bounded in H*. We have

(Opy,(pr) — 14 h%zp)e, = 0.
Let by (z,€) = pp(x,&) — 1+ h2zy,, then since zj, is bounded, we know from (3.14)
that
(3.17) bn(x,€) = ap(2)Ga(€) — 1+ hPrp(2,€)

for some rj, € S°(1). By Taylor expansion of G4(§) at & = 0, we see that there exists
a smooth function F' on R¥, strictly positive and such that 1 —Gy(€&) = |€2F(|¢)?).
Since a3 (z) = 1+ O(h?), we get

b (x,€) = —IEPPF (%) + h*7n(x, )
with 7, € S°(1). Combined with (3.15), this shows that for any x € C5°(R9)
R2AF(R2A)x(h?A,)en = Oz (h?).

Since F' is strictly positive on the support of x, we can construct a parametrix like
above and obtain that

| x(h*Ag)en [l2= O(1)
Iterating this process, it follows that the above bounds hold in all Sobolev spaces.

Consider now the case of a Gaussian density and let us prove (3.12). For x €

C§°(R) equal to 1 on [—ss,85] (and 0 < x < 1) we get
(1 =) (€*)Gal€) < (1 —28)(1 = x)(I€).

Since we have a;, < 1+ O(h?) and A\, > 1 — § for small A > 0, this shows that

— X)) A = pr(2,€)) = 5(1 — x)(|¢[?) for h small and (3.15), (3.16) are still
valid. Let us prove (3.11). By definition, we have Opy,(by)er = 0 with by (z,§) =
az(x)Ga(&) — My + hPrp(z,€) for some r, € S(1). Thanks to (3.10), we have
097y (x,€)| < Cylai(x)| for any « and |92 (a;, *rp(z,€))| < Cu. Using again the
structure of G4 and dividing by a%, it follows that
(3.18) R*AF(R*A)ey, = (1 — Aya;, *(z) + h20py,(74))en
for some symbol # € S(1). Taking the scalar product with x(h?A)?ej, and using
the fact that Op,,(71,) is bounded on L?, we get
(3.19)
(W AF(B*A)x(h* A)en, x(h*A)en) = (1= Anay,* (@)X (h* A)en, x(h* A)en) + O(h?)

= Ir(h) + Jr(h) + O(h?)
where
Ir(h) = (Yr(2)(1 = Anay * (2))x(h*A)en, x (h*A)en)
Tr(h) = (1 = Yr(@)(1 = Anag, (@) x(h*A)en, x(h* A)en)

with g (2) := 1, <g. Hence, it follows from (3.4) that Ir(h) = O(R*R?+1—\y).
On the other hand, setting R = (1 — A\y)/(h%€) with € > 0 small enough but
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independent of h, (3.5) gives that 1 — A\ya; *(z) < —A\Ch2|z|> + (1 — Ap) < 0 if
|z| > R, and hence Jr(h) < 0. Combined with the estimate on Ig, this shows that

(R2AF(R*A)x(h*A)en, x(h*A)er) = O(1 — \p).

Dividing by h? and using again the fact that F' > 0 we obtain [[Ax(h?A)ey| 2 =
O(1+ 1;;"1 ). Tterating this argument and using interpolation, we obtain the desired
estimates for any H?. O

In order to control the multiplicity of the eigenvalues as in [7], we need some
compactness of the family (ep,)s. Since R? is not bounded, the regularity of the
eigenfunctions is not sufficient, we need some decay property of the eigenfunctions
near infinity. For R > 0, let xg be a smooth function equal to 1 for |z| > R+ 1
and zero for |z| < R.

Lemma 3.4. Let us assume that p is tempered and let o €]0, 1[. Suppose that A\, €

[1-— ah2m, 1] and that e, € L*(R%, dx) satisfies Then, = Anep and llenl| L2 ey =

1. Let ¢ € C§°(R), then there exists R > 0 such that
I xr(2)(h*A)en [|12may= O(h?)

As a by-product, for any s € R, xren goes to 0 in H*(RY) when h goes to 0, for
any s > 0.

Proof. From the preceding Lemma, we know that
(AF(h*A) + Opy, (7)) (h*Ag)en = O(h).

for some 7, € S(1). On the other hand, this term can be made more precise : it
follows from Lemma 3.2 and equation (3.14) that

Oh) =( ~ AF(RA) ~ L3a(V(@)0p,(Gal€)) + Opy (Gal©)V (&) + 20 ) 6(hA)en
= — (AF(h*A) + 74V (z) — 2n)en + O(h?|len] | m2)
with Ay, = 1 — h2z;, and using (3.11), we obtain
(AF(R?A) + V(2) = 24) fn = O(h)

with fi := ¢(h*Ag)en, Zn = zn/va and F = F/ya. Let qn(x,€) := [£[*F(h€) +
V(z) — 2. Since F' > 0, it follows from assumption (1.5) that there exists R > 0
such that for any ¢ € R? and any |z| > R, we have q;(z,€) > (1 — a)k/2 if
1 —A\n < akh?/2(d+2). Hence we can build a parametrix for g, on the support of
xr and this shows that || xg/fn ||z2= O(h). Using interpolation and the fact that
(er) is bounded in H®, we obtain directly the same bounds in H*®. O

Lemma 3.5. Suppose that p is Gaussian. Let § > 0 and x € C§°(R) be equal to 1
on [—ss, ss5|, then there exists ho such that, for any k,s € N there exists Cis > 0

such that for all h < hy and any eigenfunction e, € L*(R?) of T, with etgenvalue
An € [1 —9,1], we have

(3.20) () x (R A)en| s may < Ch,slx(h* A)enl| s (ray
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Proof. Tt follows from (3.18) and (3.12) that
(3.21) (1 — Anay, % (z))x(h2A)e, = h20py, (rp) x(R2A) Aey,

for some 7, € S(1). Let R > 0 be sufficiently large so that a;, *(z) > 1 + Ch?|z|?
for |z| > R. Then, if Ay, =1 — h?zp, one has for |z| > R

(3.22) —1+4 Mpay, 2(x) > h2(Clz|? — 23) > C'R*(1 + |z]?)

for some C’ > 0 independent of h. We take ¢¥p € C§°(R?) be equal to 1 for
|z] > R+ 1 and 0 for |z| < R, then by (3.22) and (3.3), we deduce easily that
(2)2h2(—1 + Mpa;, ?) " *Yr € S(1) and therefore

(@)*Yr(@)x(B*A)en = Opy (Fr)x (h*A)Aey,
for some 7, € S(1). Therefore, for any s > 0, we have
(@) x(h*A)enll s ray < Clix(B*A)enl mo+2ra)
Iterating this argument k/2 times and using (3.11), we get (3.20). O

4. PROOF OF THEOREM 1.1 AND 1.2

4.1. Spectrum localisation. We work as in [7] and we only give a sketch of the
proof since it is rather similar. The main difference with the situation in [7] is
that we work on unbounded domains, so that Sobolev embedding do not provide
directly compactness. In both tempered and Gaussian case, we will use the following
observation: suppose that ¢ is a smooth function, then it follows from Lemma 3.2
and the expansion G4(&) =1 — y4/¢]2 + O(|¢|*) as |¢] — 0 that

1-1T,

(4.1) —5 P = Yalpp +h*Y

where [[9||z2ray = O(|[¢||g2re)) in the tempered case and |[¢||z2(B0,pn-1)) =
O(|l|lz[*@|l 3 (B(0,pn-141y)) for any h-independent M > 0 in the Gaussian case.
We start with the case of a tempered density and follow the strategy of [7].
Since T}, and Tj, are unitarily conjugated by Q : L*(R? dz) — L*(R? dvy,), the
eigenvalues of T}, on L2(R%, dvy,) (and their multiplicities) are exactly those of T,
on L?(RY, dzx).
First, assume that (L,—p)e = 0 for some p € [0, ) and e € H2(RY), || € || p2(4z)= 1.
Then, e is in fact in C*° and using (4.1) with ¢ = e, we get easily

1 —Th
o€ = Yake + Op2(h?).

Since Tj, is self-adjoint, this shows that dist(y4u, o(Ay)) = O(h?) with

1—Ty
Ah = h2 s
and that there exist Cy > 0,C; > 0,hg > 0 such that for all 0 < A < hg and
w € o(L,)N[0, k—Cyh?), the number of eigenvalues of Ay, in [yau—Coh?, Yapu+Coh?]
is bounded below by the multiplicity of pu.

Conversely, consider an eigenfunction e, of A, corresponding to an eigenvalue
zn, € [0,74k), then using Lemma (3.3), we get

znen = Apep, = 'ydeeh + OL2 (hz)
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This shows that all the eigenvalues of A; are at distance at most Ch? of ‘the
spectrum of y4L,. Let us now consider an orthonormal set of eigenfunctions e}, of
Ay, associated to the eigenvalues zfl contained in [ygu — Coh?, vap + Coh?] for some
p € o(L,) N [0,ak], where with Cp,Cy are the constants given above. Let R > 0
be fixed as in Lemma 3.4. From Lemmas 3.4 and 3.3 , each eigenfunction can be
decomposed as A ‘ ‘
el =uy +vj
with u{L bounded in any H*® and supported in B(0, R)and vfl converging to 0 in H*®
when h goes to 0. Since H®(B(0, R)) is compactly embedded in H? for s larger
than 2, we can assume (extracting a subsequence if necessary) that the e{b converge
to some f7 in H?(R? dx) and zib converges to /vq. Hence, the (f7); provide an
orthonormal family of eigenfunctions of L, associated to the eigenvalue p. This
shows that the number of eigenvalues of Ay, in [ygu — Coh?, vap + Coh?] is exactly
the multplicity of u as an eigenvalue of L,, and achieves the proof of Theorem 1.1.
Notice in particular that our proof does not rule out the possibility of an infinite
sequence of eigenvalues z; for A} converging to the bottom of the essential spec-
trum x.

Assume now that p is Gaussian and start with (L, — p)e = 0 with ||e||z2 = 1. It
follows from (4.1) that

Ape = Ugjcn-1 YaLlpe + Ljgsn-1 Ape + h*
with ¢ supported in B(0, Mh™') and [|¢||2 = O(||(z)*e|| ga(p(o,pmn-141)))- Since
e = p(z)e=®=" for some polynomial p, then [[¢||;2 is bounded uniformly with

respect to h. The same argument and 1j>p,-1 Ap = g >p-1 Ap Ljz>p-1-p shows
that || Ljyj>p-1 Anell2 = O(h~2e=°""*). This implies that

Ape = yape + Oz (h?)
Like in the tempered case, it follows that dist(yqu,o(Ar)) = O(h?) and that for
any given L > 0 there exists Cy > 0,hg > 0 such that for all 0 < A < hg and all
p € o(L,) with u < L, the number of eigenvalues of Ay, in [yap — Coh?, yap+ Coh?|
is bounded by the multiplicity of u.

Conversely, suppose now that Tje;, = (1 — h2y4zp)en for some e, € L?(RY) such
that || en ||z2=1 and 25, € [0, L], L > 0 being fixed. From Lemmas 3.3 and 3.5, we
know that

znen = Apen, = Lpeh + Op2 (hQ),
this shows that the distance of the eigenvalues of Ay, (less than L) to o(L,) is of
order O(h?).

To get the equality between the multiplicities, we work as in the tempered case
and consider an orthonormal family of eigenfunctions 8;1 of Ay associated to the
eigenvalues zfl contained in [y — Coh?, vap + Coh?]. Tt follows from Lemmas 3.4
and 3.5 that 4 .

e; =) + O(h™)
with ] := x(h?A)e] bounded uniformly with respect to h in (z)~*H*(R?) for
any k,s > 0. Then the family (ui)h>0 is compact in H2(RY) and extracting a
subsequence if necessary, we can then assume that both u{b and e{b converge to some
f7 in H? and z;, converges to z € [0, L]. We split uiL into wh(x)ui +(1- wh(x))uib
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where ¢, is smooth, supported in |z| < 1/h and equal to 1 in |z < 1/2h. In
particular we have that |[(1 — ¥p)u,||gs = O(h°°). On the other hand, it follows
from (4.1) that

zf;ei = Ahei = Ah(lbhuib) + O(h™)
= YaLp(nuf,) + O(R?[[(x) * nf | 4) + O(h™)
=yaL,(e}) + O(h*||(z) e} ||z2) + O(h>)
when = valp(eh) + O(R2|ej | 12) + O(h™)
where we used Lemma 3.5 in the last line. Making h — 0, we show that (f7); is an

orthonormal family of eigenfunctions of L, associated to the eigenvalue z = 1/74.
This achieves the proof of (1.12).

4.2. The weyl estimate. It remains to prove the Weyl estimate on the number
of eigenvalues in the Gaussian density case. Fix § > 0 small, then for 7 > 0, let us
define the operator on R4

Pr=1(*(VA/T) + X (V22 /7))

where x € C*°((0,00)) is a positive increasing function which satisfies x(x) = « for
x<1—4¢and x(z) =1 for z > 1. Clearly P; is a self-adjoint bounded operator on
L?(R%) with norm less or equal to 27 and since for any function f € L? such that f
is supported in || > 7 or f is supported in |¢| > 7, one has (P, f, f) > || f]32, the
essential spectrum is contained in the interval [r,27]. Let 1L,/ = 1+ 9)(Pr) be
the orthogonal spectral projector, it is then finite rank by what we just said. For
J in the range of 1 —IL; /5, we shall prove that there is € > 0, C' > 0 independent
of 7, h such that for 7 < eh™2

(42) (Tnf, ) < (1= CTh)|| [z
Notice that if (1 — Iz )f = f, we have (P, f, f) > 37| f||3. and thus

(4.3) (VAP + I (V]2 /m) £ = %Hfll2~

We first assume that ||x(v/[z[>/7)f||* > 1||f||?, then using that T}, has L? — L?
norm bounded by 1 we deduce

(anThanf, f) = (Thanfranf) < llanf]|.

But from (3.4) and (3.5), we also have that there is € > 0, C' > 0 independent of
7, h such that if 7 < eh ™2,

ai(z) < 1—Ch?rx(y/|z|2/7)%

Thus we obtain by combining with (4.3)
(4.4) (anThanf, f) < (L= Ch*r/4)||f][7.
Assume now that (4.3) is not true, then since (1 — I, /o) f = f this implies that

(45) IXV/ADAI = ZIIAIP
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and we shall prove that (4.4) holds as well in that case. Using a? < 1+ Ch? for
some C > 0, let us write for f € L?

(anThanf, f) =(aiThf. f) + (an[Th, anlf, f)
<+ CPATnfllrz 1 £l + (an[Th, anlf, f).

Using the fact that T), = G4(hD,) is a semiclassical pseudo-differential operator
with symbol G4 € S(1) defined in (1.8) and the estimates |0%ay| = O(h) if |a| > 0 of
Lemma 3.2, we deduce from the composition law of semiclassical pseudo-differential
operators that [T}, an] = h20py, (c) where ¢, € S(1) is a uniformly bounded symbol
in h. Therefore by Calderén-Vaillancourt theorem, ||ap [T}, an]||z2 12 = O(h?) and
thus

(4.7) (an[Th, anlf, f) < CR?||f1I72

for some C' > 0 uniform in h and independent of 7. Now using Plancherel,
(T2F, ) = [oa G3(hE)| F(€)[2dE where Gy is defined in (1.8). Now since G4(&) — 0
as £ — oo and GZ(¢) < 1 — C¢[* for some C when ¢ is small, we directly ob-
tain that there is € > 0 independent of 7,h such that if 7 < eh™2, the bound
G%(h€) < 1—-Ch%rx(y/|€]?/7)%. Combined with (4.5), this implies that ||T}, f||z2 <
(1 — Ch27)||f]|r2 and thus, by combining this with (4.6) and (4.7), (4.4) holds if
T > 79 for some 79 > 0 independent of h and we have proved (4.2).

By the mini-max principle, one deduces from (4.2) that the number of eigenvalues
of Ty, in [1 — Ch?7,1] counted with multiplicites is bounded by the rank of I, /5.
Now, to prove the Weyl estimate (1.13), it remains to show that Rank(Il, /) =
O(7%). This is a rather standard result (see for instance [4, page 115] for a compa-
rable estimate), but we write some details

Let us consider /i := 1/4/7 as a semiclassical parameter. The operator P(h) :=
h?Pj-» is a h semi-classical operator with a symbol in the class S(1) given by
pr(r,€) = X2(|€]) + x(h|x]), more precisely P(h) is the Weyl quantization of the
symbol pp(z,£). Let f € C3°(R) be such that f(s) =1 for |s| < 1, f(s) = 0 for
|s| > 2 and 0 < f < 1. Consider the harmonic oscillator on RY, H = A + |z|? and
define the operator

(4.8) ¥ = f(h*H).

Then Hg is a non-negative self-adjoint operator, it is bounded by 1, it has finite
rank and rank(Ilf) = O(h~%). From the min-max principle, to prove a Weyl
estimate for P(h), it suffices to show that for all u € L?

(4.9) (P(h)u,u) + (T u,u) > c

for some ¢ > 0. First, we claim that the operator Hf can be written under the
form

(410) T = Opy(f(Rlal’ + |¢[%) + Rn, where |[Rullz.c2 = O(h).

Let © be a fixed compact subset of C whose intersection with R contains supp(f).
Then, it is easy to check that for all s € QN (C\ R)

1
W) =1+ hOpp(qn(z,§; 8))

for some symbol g (x,&;s) € S(1), satisfying for any «, 3
10200 qn(, )] < Ca plTm(s)| 2121191

(4.6)

(h2H — S)Oph(
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for some C, g uniform in h,s. Then this implies
A

h2|af? 4+ [€]* — s

but by the Calderon-Vaillancourt theorem and the spectral theorem for H, we

deduce that

(4.11) (R2H — s)~1 = Oph(

(1H — )7 = Opy ( ) = B H ~ 5)" Opy(an(z. & s))

1
| + AW,
R2|z|2 + |¢]2 — s) A

for some bounded operator W), on L? with norm O(A|Im(s)|~") for some N de-
pending only on the dimension d. It remains to apply Helffer-Sjostrand formula [4,
Th 8.1] with f € C§°(Q2) an almost analytic extension of f

1 o
f(R*H) = —/ Of(s)(h*H — s)"tds N ds
0w C
and we deduce directly (4.10) from (4.11). Observe that the symbol of P(h) + I}
satisfies that there exists C' > 0 such that
X2 () + X (Rlal) + f(B%]2]* + [€?) = C

for all 0 < i < hg. Therefore, by Gérding inequality, (4.9) is satisfied for some
¢ > 0, and using the min-max principle, this implies easily that the number of
eigenvalues of P(h) less or equal to C/2 is bounded above by rank(Il) = O(h~%),
and this conclude the proof of the Weyl estimate for T,.

5. CONVERGENCE TO STATIONARITY

In this section, we study the convergence of the iterated kernel 77 (z, dy) towards
its stationnary measure dv, when n goes to infinity. The measure dv, is associated
to the orthogonal projection Il 5 onto constant functions in L?(dvy,):

(1) o(h) = [ fw)am ()

The following proposition gives a convergence result in L? norm.

Proposition 5.1. Let a > 0 be fized. There exists C > 0 and hg > 0 such that for
all h €]0, ho] and all n € N, we have

—nh? min —Q)K
(5.2) | T3 = Ton || L2 (dun)— L2 (din) < Ce™ ™" minlu(=als),
Proof. This is a direct consequence of the spectral theorem and Theorems 1.1,

1.2. ]

Let us now introduce the total variation distance, which is much stronger than
the L? norm. If x4 and v are two probability measures on a set FE, their total
variation distance is defined by

| —vlry = sup [1u(A) —v(A)]

where the sup is taken over all measurable sets. Then, a standard computation
shows that

sup  [u(f) —v(f)|

I fllLoe =1

DN | =

Il —viry =
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The following theorem shows that the convegence in total variation distance can
not be uniform with respect to the starting point x. This has to be compared with
the results in the case of compact state space [2], [3] and [7] where the convergence
is uniform in z.

Theorem 5.2. There exists C > 0 such that for any n € N, h €]0,1], 7 > 0 and
|z] > 7+ (n+ 1)h, we have

(5.3) T3 (z, dy) — dvn|rv =1 = Cp(7)

where p(T) = e=207(T=h) 4f p = Be=lel” s Gaussian and p(r) = f‘y|>7 p(y)3dy if p
is tempered. -

Proof. Let 7 > 0 and n € N. Consider the function

fr(@) = W7 oo (|2]) — Njo,-((J2])
-1+2 ]-1[7—,+oo[(|x )

For z € R? such that || > 7+ (n+1)h, thanks to finite speed propagation we have

(5.4)

(5.5) T fo(w) = 1.

On the other hand, we also have

Monf, = / Fdny) = ~1+2 / dvi(y)
(5.6) R ) ly|>T
=-1+— mu(y)p(y)dy

Zh Jy)>+
If p is tempered, then my,(y) < Ch?p(y) for some constant C' > 0. Hence, Iy j, f, <
—1 + Cp(r) with p(r) = fly\ZT p(y)?dy. Combined with (5.5), this shows the
anounced result in the tempered case.
Suppose now that p(z) = ﬂe“"'z‘z is Gaussian for some a, 8 > 0. Then my(y) <
Chieelvl’+2halyl for any h €]0,1]. Hence,

(5.7) Iy pfr <—1+C e‘2a(|y|2_h‘y|)dy < -1+ Cp(r)
lyl=7

with p(1) = e=2¢7(7=1)_ Using again (5.5), this shows the anounced result in the
Gaussian case. O

In the following theorem, g(h) = 1 — A1 (h) denotes the spectral gap of T}, whose
asymptotics is given in Theorems 1.1 and 1.2.

Theorem 5.3. There exists C > 0 and hg > 0 such that for any n € N, h €]0, hy],
7T>0,
(5.8) sup |77 (z, dy) — dvp||l7v < Cq(T, h)e~"9h)

lz|<T
where q(7, h) = ™31 if o = Be=ol2* s Gaussian and q(1,h) = h™ %2 SUP||<r ﬁ
if p is tempered.
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Proof. Assume that hg > 0 is such that the results of the previous section hold
true for h €]0, hg]. Observe that

1
sup |75 (2, dy) — dvn||rv = 3 sup sup  |T3'f(x) = Lo nf|
(59) |z|<T [2| <7 |[fllpoe =1

1 mn
= §||Th, — o nll oo (RY— Lo (|2 <7)

Suppose first that p is tempered and denote B, the ball of radius 7 centred in 0 and
I(7,h) = |T}" — Ho,pll oo (re)— £ (B,) - Then, denoting L?(dvy) for L3R4, dvy,),
(5.10)

(7 h) < | Thll 2 () — oo (B I TR ™2 = Honll L2 (i) — 22 (dv)
—(n—2)g(h)

Tl oo (R — L2 (dwn)
< 1Tl 2 (dun)— o= (B, )€

where we have used Proposition 5.1 and the fact that ||} || peord)—r2(ar,) = 1-
To estimate T, from L?(dvy) into L>™°(B,) we consider f € L?(dvy) such that
||f||L2(duh) =1. Then,

1 Z?
Thf(z —h —dy
705 (2) o )

=

IN

mp () n Ma(y)?
(5.11) Z% »
h PLY 1
= mp(z) (/m—y|<h mp(y) %)

Since p is tempered we have my(z) > Ch?p(z) for some C' > 0 and we deduce
from the above estimate that |T}, f(z)| < C/(h% p(z)). Taking the supremum over
x € B, we obtain the announced result in the tempered case.

Suppose now that p = ﬂe’amz is Gaussian. Since T}, is Markov and g(h) is
of order h?, we can assume n > h=2. For k € N let o(h) = 1_2’5(}07 where
1 = Xo(h) > A1(h) = Aa(h) > ... > Ag(h) denote the eigenvalues of Tj. Denote
also ey, the eigenvector associated to Agx(h) normalized in L?(dv,) and Il p =
(- €k,n) L2(dvy)€k,n the associated projector. We write the eigenvalues under the
form Ap(h) = 1 — h20y(h), then the spectral gap g(h) = h%o1(h). Let § > 0 and
decompose T}, = T},1 + T},2 with

(5.12) Thi= > (1 — W20k (h)) p,
o1 (h) <y (h)<(1-8)h=2

From the spectral theorem, we deduce that || Tﬁgl lz2—z2< C(1 —8)™. On the

other hand, for p gaussian, we have my(z) > Ch9p(z)e=2"*Il. Combining this
estimate with (5.11), we get

(5.13) | T [l 2 gty oo () < Ch™ 27 H3)
Since Ty, = ThT}?QQT;“ we can combine this with the L? estimate, to get
(5:14) | Ty (g roe () < Ch™ 27X (1= 8)" < g(r, h)e o™

since h™% (1 — 6)" < e~"9(") Hence, it remains to study Ty
Since dvy, is a probability, then

(5.15) || W, (o @ay—roo(B) < €ron Lo |l €n 21 (@) <I exn e (s,)
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From Lemma 3.3 ans Sobolev embedding, we know that || Q*ex 5 || oo (ra) < Cakg’h.
Hence,
(5.16)

Zp

1 d
11 oo (Rd) s [,00 < —)2 || OF o < Cop?
[ e Iz (RI)—Loo (B ) S S;P(mh(x)p(w)) | Q%exn Iz RHS CLOog g

ea‘r(‘r+3h)

Using this estimate we get immediatly
. d
(5.17) || Tiy |l o= (Rty— Lo (1) < Ce®TT T3 Z (1=h%ok(h) 02,
Ul(h)go'k(h)<(176)h72

Using the Weyl estimate (1.13) and the same argument as in [7], we get
(5.18)

” T}Zl ||L°°(R"')—»L°°(BT)S Cea‘r('r+3h)/ (1 +I)N€7nhzmdx < C«eaT(TJrSh)efnhr“‘al,h

O1,h

for some N > 0. This completes the proof in the Gaussian case. O
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