ABOUT SMALL EIGENVALUES OF WITTEN LAPLACIAN
LAURENT MICHEL

ABSTRACT. We study the low lying eigenvalues of the semiclassical Witten Laplacian Ay
associated with a Morse function ¢. We consider the case where the sequence of Arrhenius
numbers S; < ... < S, associated with ¢ is degenerated, that is the preceding inequalities
are not necessarily strict.

CONTENTS

1. Introduction

1.1. Motivations

1.2. Heuristics on a simple example

2. Framework and results

2.1. Labelling of minima

2.2. Main result

2.3.  General strategy of the proof

3. Construction of adapted quasimodes
3.1.  Gathering minima by equivalence class
3.2.  Quasimodes for 0-forms

3.3.  Quasimodes for 1-forms

3.4. Projection onto the eigenspaces

4. Preliminary for singular values analysis
5. Computation of the approximated singular values
5.1. Injectivity of the matrix £«

5.2.  Graded structure of the matrices £
5.3. The spectrum of graded matrices

5.4. The singular values of £«

6. Proof of main theorem

7. Some particular cases and examples

7.1. The case p(a) =1

7.2. The case p(a) =2

7.3. Some examples

Appendix A. Some results in linear algebra
Appendix B. Link between R and the Generic Assumption
Appendix C. List of symbols

References
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1. INTRODUCTION

1.1. Motivations. Introduced in the early eighties by E. Witten to give an analytical
proof of Morse inequalities [21], Witten’s Laplacian appeared recently as the cornerstone
of many quantitative studies of metastability for kinetic equations (see e.g. [12, 8, 11, 5]).
One of the simplest examples of metastable dynamics is given by the movement of particle
evolving in an energy landscape ¢ and submitted to random forces. The position X; of
such a particle at time t satisfies the over-damped Langevin equation

(1.1) X, = -2Vo(X,) + V2hB,

where h stands for the temperature of the system and B, is a Brownian force.! Assuming
that the potential ¢ has several wells a particle starting from a local minimum of the
function ¢ can use the random force to jump over a saddle point and reach another energy
well. The famous Eyring-Kramers law describes the average time to escape from a well in
the regime of low temperature h — 0. In his pioneering work [14], Kramers predicted in the
simplified one dimensional setting that the average transition time 7,4 from a local minimum
m to the nearest saddle point s is exponentially large with respect to h=', 7, ~ ages/" and
he gave additionally formulae for the positive coefficient x, and the prefactor a4 in terms
of the second derivatives of ¢ in points m and s. Observe that when h — 0, this average
transition time becomes extremely large, which justifies the terminology of metastable
state given to the position m.

In practice, Eyring -Kramers law has very important applications in many domains of
science where the trajectory (1.1) is used to implement computational algorithms. In order
to compute some thermodynamical quantities

(12) E.(f) = [ F@)dn()

associated with a measure p and an observable f, one can introduce any random dynamics
X ergodic with respect to p and use Monte Carlo method to approximate E,(f) by the
long time average of f along any trajectory (see [17] for introduction to these questions).
In many situations one has du(z) = Z,e @)/ for some potential ¢ and the over-damped
Langevin dynamics (1.1) fulfills the necessary assumptions. The time needed by the process
X; to explore the whole space R¢ (which insures the validity of the above approximation),
is directly linked to the metastable properties discussed previously. Understanding this
metastable behavior is then of crucial interest if one needs to evaluate some stopping time
or accelerate the convergence for instance.

The first mathematical proof of Eyring-Kramers law in a general setting was obtained
recently by a potential theory approach [2] and next by semiclassical methods [8]. This
later approach and the link with the Witten Laplacian, can be understood easily by looking
at Langevin equation (1.1) at the macroscopic level. Indeed, the evolution of any statistical

IThis equation appears for instance in physics to describe the microscopic evolution of a charged gas
assuming the mass of the particles is negligible.
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distribution p(t,z) of particles is governed by the Kramers-Smoluchowski equation
(1.3) Oip —hAp-2div(pve) = 0.
Writing p = e~¢/"p, the above equation is equivalent to hd;p + Ayp = 0, where

Ay =-h*A+|VeP - hA¢

is the semiclassical Witten Laplacian associated to ¢. This operator is known to be non-
negative and under confining assumptions on the function ¢ it has a non-trivial kernel
corresponding to the global equilibrium of (1.3). As a consequence, the behavior of p when
t — oo is driven by the small eigenvalues of Ay. In particular, any state associated to a
small eigenvalue looks stable during very long times. These are the metastable states and
the inverses of the corresponding eigenvalues yield their lifetimes. In [8], Helffer-Klein-Nier
obtained a full description of the small eigenvalues of the Witten Laplacian in a quite
general setting. In terms of Kramers-Smoluchovski equation, their result implies that if
the initial probability distribution py belongs to L?(e?*/"dz), then the solution p of (1.3)
converges exponentially fast to the equilibrium probability distribution c¢;2e=2¢/" (where ¢,
is a normalizing factor)

1 _
(1.4) lp(t) - 2¢ 20/h |2 e2oimany < €M ol L2 (e2ormary-
h

Moreover, the rate of convergence A\, = hb(h)e=25/" is described by the Eyring-Kramers
law, that is:

- S is the biggest height a particle has to pass in order to reach the unique global
minimum.

- the prefactor b(h) has an asymptotic expansion with respect to the parameter h,
b(h) ~ ¥ bph* and its leading term is given by an explicit formula in terms of the
Hessian of ¢.

More precisely, the assumptions made in [8] imply that there exist a unique minimum m
and a unique saddle point s of ¢ such that S = ¢(s) — ¢(m). Then, the leading term of
b(h) is

Jn(s)] [ det Hes(@) ()
(1.5) 0 = T \ldetHess(gb)(s)

where p;(s) denotes the negative eigenvalue of Hess(¢)(s). In the case of a double well,
this formula is exactly the one predicted by Kramers in his paper [14]. Later on, the
method developed in [8] to compute the small eigenvalues of the Witten Laplacian was
successfully used on bounded domains [9], [16] and in the study of semiclassical random
walks [1].

However, the range of potential ¢ covered by these papers doesn’t include many cases
which are very important in practice. Roughly speaking, in [8], the author make an as-
sumption on the relative position of minima and saddle points that insures in fine that the
small eigenvalues are all of different size. Among the limitations of this assumption, the
potential ¢ may not have too much saddle points or minima at the same level.
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It turns out that in many physical applications, the energy landscape may not satisfy the
above assumption. In chemical physics, the energy potential of the reaction may have some
symmetries in numerous situations. This is for instance the case when looking at some
homogenous systems such as Lennard-Jones clusters (see [20] for example and discussions
on this topics).

The aim of this paper is to study the spectral properties of Ay in the case where ¢ is a
general Morse function without restriction on the relative position of its minima.

1.2. Heuristics on a simple example. A typical example we have in mind is the follow-
ing. Suppose that ¢ : R - R has ny minima all at the same level and n; saddle points all
at the same level (see Figure 1.1, where the x represent minima and the o local maxima).
Denote by S = ¢(s) — ¢(m) the difference of height between any minimum and any saddle
point. In order to simplify the situation assume also that the function Hess(¢)(z) has
eigenvalues +1 when x belongs to the set of minima and saddle points.

L
5 oo

FIGURE 1.1. Left: The sublevel set {¢ < o} (dashed region) associated to a

potential ¢ having a unique saddle value o. The x’s represent local minima,

the o’s, local maxima. Right: The graph associated to the potential on the
left.

Such an example doesn’t enter in the framework of [8], however it develops some very
interesting behavior. More precisely, in the very simplified case discussed in this section,
a consequence of Theorem 7.1 below is the following

Theorem 1.1. There exists €g > 0 and ho > 0 such that for all h €]0,ho], Ay has exactly
no eigenvalues \g, k =1,...,ng in the interval [0, eoh]. The lowest eigenvalue is Ay = 0 and
the other ones have the form

N = hby(R)e 257"

for all k = 2,...,n9. Moreover, the prefactors bp(h) have an classical expansion by(h) ~
Y20 hby; and the leading terms by are evactly the non zero eigenvalues of the graph
G whose vertices are the minima of ¢ and whose edges are the saddle points joining two
minima (see Figure 1.1).
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In terms of Kramers-Smoluchovski equation, this theorem exhibits some metastable
states whose lifetimes (given by the inverse of the above eigenvalues) are quantified by the
graph G. At the level of particle, these new rules of computation can be understood as
follows. Since all the minima are at the same level, the equilibrium state is equidistributed
among all the minima. Moreover, since all the saddle points are at the same level, an
ergodic trajectory of (1.1) will visit all the minima in the same time scale, by traveling
along the edges of the graph G. The same graph Laplacian was constructed by Landim et
al [15] in a discrete setting.

It could look surprising that the coefficients b, do not depend on the second derivative
of ¢ as in the usual case of Eyring-Kramers formula. This is actually due to the normal-
ization assumption made at the beginning of this section. In the case where the Hessian
is arbitrary, the above result is still available with a weighted graph instead of G. The
weights depend explicitly on the Hessian of ¢ (see Theorem 7.1).

. .
6 ¢

FIGURE 1.2. Left: The sublevel set {¢ < o} (dashed region) associated to a
potential ¢ having a unique saddle value o. The x’s represent local minima,
the o’s, local maxima. Right: The two hypergraphs associated to the
potential on the left (the missing vertex corresponds to the minimum A)

To go further and motivate the object introduced in the next section, let us discuss now
what happens if we modify slightly the potential ¢ in the following way. Suppose that
¢ is still like in Figure 1.1 excepted that we modify one of the minimal values (higher or
lower). In Figure 1.2, the modified minimum is denoted by A. Then, we can associate
to this potential the two hypergraphs corresponding to minima at the same level and
linked by a saddle value (see figure 1.2). If A is an absolute minimum, then equilibrium
distribution is concentrated in A and the prefactor by (h) will be given by the smallest non
zero eigenvalue of the two hypergraphs introduced above (roughly speaking this represents
the maximum time needed to reach A). In the contrary, if A is not a global minimum
anymore, the equilibrium state is uniformly distributed among all the minima excepted A.
In order to visit each site of the equilibrium state, an arbitrary particle will necessarily
pass through the point A. This heuristics explains why the computation of the prefactor
br(h) will involve a more complicated procedure describing the interaction between the
two hypergraphs via the well A.
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The main contribution of this paper is to describe quantitatively this phenomena.

2. FRAMEWORK AND RESULTS

Let X be either R? or a compact manifold of dimension d without boundary and let
¢ : X - R be a smooth Morse function. Consider the semiclassical Witten Laplacian
associated to ¢:

(2.1) Ay=-h2A+ Vo - hAg

where h €]0,1] denotes the semiclassical parameter.

If X is a compact manifold, the operator A, is selfadjoint with domain H?(X) and its
resolvent is compact. In the case X = R? we make the additional assumption that there
exist C' >0 and a compact K c R? such that for all x € R? \ K, one has

(2.2) V()| 2 5, [Hess(9(2))| < CI9OP, and o(r) 2 Clel

Then, A, is essentially selfadjoint on C°(R?) and thanks to (2.2), there exist ho > 0 and
¢o > 0 such that for all h €]0, hy], we have

Uess(Ad>) c [007 OO[

In both situations X compact or X =R9, it is well-known that A, is non-negative. Hence
0(Ay) c [0,00[ and it follows from the above remarks that o(Ay) n[0,co is made of
eigenvalues with no accumulation point excepted maybe c¢o. Moreover e ¢/" is clearly in
the kernel of A, and belongs to L2(R9) thanks to (2.2), so that the lowest eigenvalue of
Ay is clearly 0.

Since ¢ is a Morse function (and thanks to assumption (2.2) in the case X = R?), the
set U of critical points is finite. In the following, for p = 0,...,d, we will denote by Y ®)
the set of critical points of ¢ of index p. Hence, U is the set of minima and /(M) the set
of saddle points of ¢. Throughout the paper, we will denote n; = /).

From the pioneer work by Witten [21], it is well-known that for small h, there is a
correspondance between the small eigenvalues of A, and the critical points of ¢. More
precisely, by standard localization arguments one can show that there exists ¢y > 0 such
that for A > 0 small enough, Ay has exactly ng eigenvalues in the interval [0,eph] that
we denote 0 = Ay < Ay < ... < \y,,. This result is easily proved in [4] with eyh replaced by
h3/2. The proof with eyh can be found in [10], Prop. 1.7 (see also Prop. 1 of [18] for a
self-contained proof). Moreover, these eigenvalues are actually exponentially small, that
is live in an interval [0,e~¢/"] for some C' > 0 (see [7] for a proof). From a topological
point of view, these informations (together with the equivalent estimates for the Witten

Laplacian Aff ) acting on p-forms) are sufficient to establish a correspondance between the

small eigenvalues of Aép ) and the critical points of ¢ of index p (this was the key point
in the Witten’s proof of Morse inequalities). However, for applications to the description
of metastable dynamics, it is important to get some accurate description of the A;’s. Our
main theorem will give some asymptotic of these eigenvalues for any Morse function ¢,
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without any assumption on the relative position of minimal and saddle values of ¢.

Before going further, let us introduce few notations that we use in this paper. For x5 € X
and r > 0, introduce the geodesic ball B(xg,7) = {x € X, d(x,x¢) <r}.

Throughout, we will say that s is a saddle point if it is a critical point of index 1.

Given a(h),b(h) > 0, two functions of the semiclassical parameter, we say that a(h)
b(h) if there exists some constant ¢;,c > 0 such that for all A > 0 small one has ¢;b(h) <
a(h) < cob(h). We say that a family of vectors (a(h))nejo,1] in a normed vector space V'
admits a classical expansion if there exists a sequence of vectors (a, )ney independent of h
and such that for all N € N, there exists some constants Cy > 0 such that

N
la(h) = 3" hhay |y < Oxh™*1, YA €]0,1].
n=0

We denote a(h) ~ Y02y h™ay,.

As we shall see later, we will have to analyze carefully some finite dimensional matrices
which are strongly related to the critical points of ¢. Given any subsets By, By of U, it
will be convenient to introduce the finite dimensional vector space .# (B;) of real valued
functions on B;. We shall then denote by .#(B;,B;) the vector space of linear operators

from Z(B;) into Z (Bs).

2.1. Labelling of minima. Let us now recall the general labelling of minima introduced
in [8] and generalized in [11]. The main ingredient is the notion of separating saddle point
which is defined as follows. Given a saddle point s of ¢, and r > 0 small enough, the set

{reB(s,r), o(z) <p(s)}

has exactly two connected components C;(s,r), j = 1,2. The following definition is taken
from [11], Definition 4.1.

Definition 2.1. We say that s € X is a separating saddle point (ssp) if it is a saddle
point and if C1(s,r) and Cy(s,r) are contained in two different connected components of
{reX, ¢(x) <p(s)}. We will denote by V(D) the set of ssp.

We say that o € R is a separating saddle value (ssv) if it is of the form o = ¢(s) with
se V). We denote X = (VD)) the set of ssv.

We say that E c X is a critical component if there exists o € ¥ such that E is a connected
component of {¢p < o} and if OEnNVD) £ @, We denote by € the set of critical components.

Let us now describe the labelling procedure of [11]. Since ¢ is a Morse function, it has
finitely many critical points and so X is finite. We denote g5 > 03 > ... > oy its elements
and for convenience we also introduce a fictive infinite saddle value o; = +00 and denote
Y =X u{oy}. Starting from oy, we will recursively associate to each o; a finite family of
local minima (m; ;); and a finite family of critical components (£; ;); (see Figure 2.1).

- Let Xy, ={z e X, ¢(z) <0y =00} = X. We let m;; be any global minimum of ¢
(not necessarily unique) and E;; = X.
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Eiq

My mi ma1

Fi1GURE 2.1. Labelling procedure

- Next we consider X, = {z € X, ¢(z) < 02}. This is the union of its finitely many
connected components. Exactly one of these components contains m;; and the
other components are denoted by Fs1,..., Es n,. In each component Fj ;, we pick
up a point my ; which is a global minimum of ¢z, ..

- Suppose now that the families (my;); and (Ej;); have been constructed until
rank k =i—1. The set X,, = {z € X,¢(x) < 0;} has again finitely many connected
components and we label F; ;, 7 =1,...,N; those of these components that do not
contain any my; with £ <¢. In each E;; we pick up a point m, ; which is a global
minimum of @, ;. Observe that for all 7 > 2, the components E; ; are all critical.

We run the procedure until all the minima have been labelled.

Remark 2.2. The above labelling satisfies the following property. For any o; € ¥ and
any connected component A; of {¢ < o;}, there exists a unique (k,1) such that k < i and
myg; € Az

Proof. Let us start with the existence part of the result. If A; is one of the E; ; for some
7, then take k = ¢ and [ = j. Otherwise, this means that in the labelling procedure, A;
already contained a minimum m;y; with k <.

Let us prove the uniqueness part. Assume that my;, my € A; with k <k’ <. Then
A;n Ey #+ @ and since A; is a connected component of {¢ < 0;} with o; < oy it follows
that A; ¢ Ey . Since my,; € A;, it follows that my,; € Ej; which is impossible unless
(k1) = (k' 1"). O

Using the above labelling, Hérau-Hitrik-Sjostrand made some significative progress in
[11] (in the more general situation of Kramers-Fokker-Planck operators, but this ap-
plies to Witten Laplacian). First, they showed in Theorem 7.1 that the exponentially
small eigenvalues (Am(h))measo of Ay (indexed by the sequence of local minima) sat-
isfy Am(h) x he 25m)/h for the sequence of Arrhenius numbers (S(m)), 0 defined by
S(m; ;) = 0;— f(m; ;) with the above notations. However, their method does not permit to
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prove that A=Ay (h)e25(m/h admits a limit when h — 0. In order to compute the asymp-
totic expansion of the eigenvalues Ay, (h), they need to make some additional assumption
on the interaction between minima and saddle points (see Assumption 5.1 in [11]). This
hypothesis, which is a generalization of the one made in [8], can be formulated as follows
with the notations of the preceding section:

Generic Assumption: Forallv=1,... N, 5=1,..., N;, the following hold true:

i) m;; is the unique global minimum of the application ¢y, ..

ii) if £ is a connected component of {¢ < o;} such that En V1) # @, there exists a
unique s € YV such that ¢(s) = sup p(En VD). In particular, ¢~ (] - o0, ¢(s)[)nE
is the union of exactly two different connected components.

Throughout the paper, we denote by (GA) this assumption.

Under this assumption, there exists a bijection between U(® and V() u{s;} where s, is a
fictive saddle point associated to o = oo and for which by convention ¢(s;) = co. Using this
one to one correspondence, the authors exhibit some labelling #(®) = {m;,...,m,,} and
VW U{s;}={s1,...,8,,} such that the small eigenvalues \;(h) are of the form hb;(h)e=25/"
with S; = ¢(s;) — ¢(m;). Moreover, they prove that the b;(h) have a classical expansion
and compute the leading term of this expansion (see Theorem 5.10 in [11]).

As it is stated above, (GA) is not exactly Assumption 5.1 stated in [11]. Indeed, it is
supposed in [11] that ii) holds true only for E being a critical component. However, as
indicated by the anonymous referee, we can easily construct some function ¢ satisfying
this assumption, for which there is no bijection between U(® and V(). To see this, first
consider in dimension 1 a potential ¢ with 4 minima m;, j =1,...,4 and 3 saddle points
s;, 7 =1,...,3 such that my < s; <mgy < sy <mg < s3 <my and such that ¢(my) < ¢(my) <
d(me) = ¢(mg3) and @(s1) = ¢(s2) < P(s3). Since the component of {¢ < ¢(s3)} containing
my is not critical, this function satisfies Assumption 5.1 in [11]. It doesn’t satisfy (GA)
as stated above. In higher dimension, one can easily generalize this construction to obtain
potentials satisfying Assumption 5.1 in [11], with a fixed number of minima and an arbitrary
large number of separating saddle points (think for instance to many saddle points between
the well containing m; and the well containing ms). This shows that Assumption 5.1 is
not sufficient to insure a bijection between minima and separating saddle points.

Let us emphasize that the above remark doesn’t affect the rest of the work done in [11],
where we can easily use the above corrected version of Assumption 5.1 .

Let us observe that the Generic Assumption allows some degeneracy in the sequence
(S;), that is there may exists j such that S; = S;,1. However, (GA) remains restrictive for
the following reasons:

- It permits only potentials ¢ for which 4 and V() u {s;} have the same cardinal.

- The eventual degenerate heights are associated to weakly interacting eigenstates in
the following sense. Assume for instance that S; = S, for some j =1,...,n9 -1
and modify slightly the function ¢ near the minimum m;. Then the coefficients b,
is modified whereas the classical expansion of b;,; remains unchanged.
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Figures 2.3, 2.4 below present some examples of potentials where (GA) is not satisfied.
These examples as well as an example in higher dimension are discussed in detail in section
7.3.

In the present paper, we obtain an asymptotic expansion for the \;(h) for general Morse
functions ¢ without any additional assumptions on the relative position of minima and
Ssp’s.

2.2. Main result. In order to state our main result, we introduce few notations that will
be used throughout the paper. First, using the above labelling, we define o : U(®) - ¥ by
o(m;;) =0; and S: U -]0,+00] by S(m) = o(m) — p(m). We let S = S(U®), then
with the notations of the preceding section, we have

(2.3) S={o;—¢p(m;;),i=1,...,N,j=1,... N;}.

In all the paper, we denote by m = m; ; the (non necessarily unique) absolute minimum
of ¢ that was chosen at the first step of the labelling procedure, and we let

(24) U® = U~ {m}.

Using again the above labelling, we can associate a critical component to any local mini-
mum. More precisely, we define

(2.5) E:U® - ¢ u{X)}

by E(m, ;) = E; ;. Observe that by definition, this application is injective. Using this map,
we can associate to each minimum m € U a boundary set given by I'(m) = OF(m).
Thanks to the fact that ¢ is a smooth Morse function, for any m € Y(?, the set ['(m) is
a finite union of compact sub-manifold of X of dimension d — 1 with conic singularities at
the saddle points. For our construction of quasimodes, we also need to introduce the set

(2.6) H(m) = {m’ e E(m) n U, ¢(m’) = ¢(m)}.

Given m € Q(O), one has o(m) = g; for some i > 2. Moreover, since 0;_1 > 0;, there exists a
unique connected component of {¢ < g;_1} that contains m (observe that this component
is not necessarily critical). We denote that component by E_(m), and by

(2.7) E_: U9 -5 Q(X)

the corresponding application, where (X)) is the collection of connected open subsets
of X. Thanks to Remark 2.2, we know that for any m € Q(O), there exists a unique
m’ € E_(m)nU© denoted by m(m), such that o(m’) > o(m). In particular,

(2.8) vm eU”, ¢(a(m)) < ¢(m),

and we denote by E(m) the connected component of {¢ < o(m)} containing r(m). It
holds additionally £(m) c E_(m) and we can easily see that F(m) is always a critical
component. Throughout, we denote by

(2.9) E:UY ¢
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and
(2.10) i YO - y©

the corresponding applications. The fact that the inequality in (2.8) is large or strict plays
an important role in our analysis.

Definition 2.3. Let m € Y9, We say that m is of type I if ¢(t(m)) < ¢(m). If
o(m(m)) = ¢(m), we say that m is of type II. We will denote

UOT = (me U m is of type I}

U = fm e Y m is of type I}
We have clearly the following disjoint union U = U©OL Y (O-I1

Example 2.4. Let us compute the preceding object in the case of the potential ¢ represented
wmn Figure 2.1. The results are presented in Figure 2.2.

o Let us start with the object associated to oy. By definition, E\(mm) = E(mgg) =
E(mgg,) = By, where Es is the connected component of {¢ < o2} that contains m; . Then
we have M(my ;) =m(mys) = m(my3) =m; ;.

Since p(my 1) = ¢p(my ;) < p(ma3) < ¢(Mys), then moy is of type II, whereas my o and
my 3 are of type I.

e Consider now the level 05. One has E_(mg,) = E_(msy) = FE, and E_(mss) =
E_(msy) = Ey3. Therefore, E(mg,) = E(mgyy) = Es where Es is the connected component
of {¢ < o3} that contains my 1. Similarly, one has E(l’l’l&g) = E’\(m374) = Eé where Eé is the
connected component of {¢ < o3} that contains mas. From this computations, it follows
that m(ms ;) = m(ms-) = my; and since p(my;) < ¢(ms;) = ¢(mso) it follows that
ms; and mso are both of type 1. On the other hand, m(m;s3) = m(ms4) =my 3 and since
d(my3) = p(my3) < p(mgyy4) it follows that mss is of type I and ms 4 of type I.

e Finally, E_(my,) = Es, E\(m471) = E, as represented on Figure 2.2 and m(my;) =
m; ;. Since p(my ;) = ¢(my ), it follows that my; is of type II.

The points of type II play an important role in our analysis. Given o € X, let 2, = quﬁa
with

(2.11) Q ={E(m),meo'(0)}
and ﬁg defined by QU =g if 0 = 0; and

(2.12) Qs ={E(m), me o (o) niY 011}
if ceX.

Definition 2.5. We define an equivalence relation R on U by mRm’ if and only if

Jwr, ... wr €Qy s.t. mewy, m' ewg and Vk=1,... K -1, 0, NWgs1 + &

(2.13) { oc(m)=oc(m’)=0
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FiGURrE 2.2. Computations of Example 2.4

Throughout the paper, we denote by Cl(m) the equivalence class of m for the relation
R. Observe that since m is the only minimum such that o(m) = oo, then Cl(m) = {m}.

Let us denote by (L{o(f]))aE 4 the equivalence classes of R with A a finite set. We have
evidently

(2.14) U = | |ul”.
aeA

We need also to consider the set A defined by A = A~ {a} where U{” = {m} is the
equivalence class of the absolute minimum chosen for ¢. Throughout, we will denote

Ga = HL{OEO). We will also use the following partition of U for any « € A:
(2.15) U =Y gy O O = (D gy 1T
Proposition 2.6. Let a € A. The applications o, E—, E and 1 are constant on Uéo).

Proof. For o, it is a direct consequence of the definition. Suppose now that m, m’ e (%
satisfy mRm’ and m # m’. Then, m and m’ belong to the same connected compo-
nent of {¢ < o(m)}. Hence, the uniqueness part in the definition of E_ shows that
E_(m) = E_(m’). Since E_(m) = F_(m’), then the identity m(m) = m(m’) follows
directly from the definition of r1. This implies automatically E(m) = E(m’). i

Thanks to the above proposition, given a € A, we will denote respectively o (), E_(), E(a)
and m(a) instead of o(m), E_(m), E(m), m(m) for some m € U
Definition 2.7. We say that
- ais of type I, if p(m(«)) < ¢(m) for all m e U
-« is of type II, if there exists m € U such that ¢(r(a)) = ¢(m).
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Recall that the height function S : U — R and the set of heights S = S(U®)) were
defined by (2.3) and above. For any « € A, we let

(2.16) So=SUM) and p(a)= i Sa
There exists some integers vf* <vy <...<wj , such that
Sa = {Sulaa s ’Sl’g(a)}

In the theorem below we sum up in a rather vague way the description of these eigenvalues
that we obtained in Sections 5 and 6.

Theorem 2.8. There exist ¢ >0 and some symmetric positive definite matrices M, a € A
such that counted with multiplicity, on has 0(Ay) = Ugea 0(M*)(1+ O(e=")) with

pla) N
o(M?) = U he o(M*7)
7=1

for some symmetric positive definite matrices M®J having a classical expansion with in-
vertible leading term given in Theorem 5.8.

Let us make a few comments on this theorem.
First, observe that since M*J has a classical expansion with invertible leading term
Mg then its eigenvalues (7, r=1,...,r®J have a classical expansion

c&f(h) ~ LG
k

with ¢ ' eigenvalue of the matrix Mg

Compared to previous results obtalned under the Generic Assumption, the main differ-
ence is that the prefactor Cf‘kj are more difficult to compute since they are obtained as
the eigenvalues of the matrices M*J. When (GA) is satisfied, the M®J are 1 x 1 matrices
whose spectrum is direct to obtain. In the general case, this is not true anymore and the
construction of the matrices M7 is more involved. In particular, it depends dramatically
on the number p(a) =45 ™). Observe that this number is also equal to the number of
different values taken by ¢ on the equivalence class Z/{éo).

If p(a) =1, the coefficients of M*J depend only on the couples (m,s) for which ¢(s) -
¢(m) = SV;. Excepted the fact that the different eigenvalues (&7, 7 =1,...,r® are linked
together, the situation is similar to that encountered in the generic case. Actually, we
prove in appendix that if (GA) is satisfied then Cl(m) is reduced to one point for any m,
and in particular p(«) =1 for all a.

In the case where p(a) > 2, the matrix is more difficult to compute. It comes from an
application of Schur complement’s method and it depends on some couples (m, s) for which
the height ¢(s) — ¢(m) is smaller than S,o. In other words, the lifetime of the metastable
state m is not entirely described by the helght that is needed to jump over in order to
reach the nearest lower energy position. It depends also on some interactions with some
higher energy states that are not present in the classical Eyring-Kramers formula. To our
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0y =00

Eay
a2

By Es» Ez
P(maz) //\ /\
d(ma) = ¢(maz)

ma 1 Mmoo

o(m)

myy=m

FIGURE 2.3. A potential with p(a) =1

d(ma3) /\
$(may) = () \// U

ma,1 ma,2

o()

myp=m

FIGURE 2.4. A potential with p(«a) =2

knowledge, this is is the first time that such a phenomena is exhibited.

Let us now compute p(«) on explicit examples. Let us fix n = 2 and consider the
potentials ¢ given respectively by Figures 2.3, 2.4. In both cases m(my;) = m(ms5) =
m(m;3) = m;; that we denote by m for short. Since ¢(m) < ¢(my ;) for all j, then there
is no point of type II, U1 = @ and hence Q,, = {Es1, Eao, Fa3}. Therefore, one can
compute easily the equivalence classes of R in both cases:

- in the case of Figure 2.3, we have 3 equivalence classes: ¢; = {mj 1}, co = {my;,mo5}
and ¢z = {mg3}. The potential ¢ is constant on each equivalence class, and hence
p(c1) =p(c2) =p(c3) = 1.

- in the case of Figure 2.4, we have 2 equivalence classes: ¢; = {mj 1}, co = {mo, ms >,
msy 3}. The potential ¢ takes two different values on ¢y: p(c2) = 2.

We will come back to these examples at the end of the paper and compute explicitly the
spectrum of Ay in both cases.
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o(ma3)

d(ma1 = d(mar) = d(mas) \ / U

Moy Mo myy =1

FIGURE 2.5. An example with points of type II

Let us finish this discussion by an example where U(O-11 + @. Consider the potential
given by Figure 2.5. In that case m(my;) = m(my-) = m(ms5) = m; ; that we denote by
m for short. Since ¢(m) = ¢p(my;) = ¢(Mys) < ¢(ma3), then my; and myy are of type
IT and my 3 is of type I. We still have Q9 = {E5, Ey 9, Fp 3} but contrary to the previous
case ﬁgz = {Eg} is non empty. It follows that Q,, = {EQJ,EQ,Q,EQ,S,EQ} and R admits
two equivalence classes: ¢; = {mj}, ¢ = {my;,my5,my3}. The potential ¢ takes two
different values on ¢y and hence p(cs) = 2.

2.3. General strategy of the proof. Let us recall the general strategy followed in [8].
The starting point is to use the supersymmetric structure of the Witten Laplacian. For
0<k<n,let QF(X) = C(X,A*T*X) be the space of k-differential forms and denote
d: QF(X) - QF1(X) the exterior derivative and d* : QF(X) — QF1(X) its adjoint for
the natural pairing. The Witten complex associated to the function ¢ is defined by the
semiclassical weighted de Rham differentiation

dgp =e "o hdoe?™ = hd+ dg"
and its adjoint
sn =" ohd o = hd* + do”.
Then the semiclassical Witten Laplacian is defined on the forms of any degree by

(217) A¢ = d;,h o d¢7h + d¢7h o d;ﬁ,h'

When restricted to the space of p-forms we denote this operator by Aép ) (observe that
in the case p = 0, the above formula yields easily (2.1)). Then, we have the following
intertwining relation

(2.18) s AP = APV dy ),
and its analogous for the coderivative

* 1 *
(219) d¢,hA((Z5p+ ) = Ag(bp)d¢,h

For any p = 0,...,d, it follows from (2.2) that Ag’) (as an unbounded operator on L?)
is essentially self-adjoint on the space of compactly supported smooth forms. We still
denote by Aép ) its unique self-adjoint extension. Then Aép ) is non-negative and thanks to
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(2.2), there exists ¢y > 0 such that O'GSS(A((;))) c [co,+oo[ for any h > 0 small enough (in

the case where X is a compact manifold, Aff ) has actually compact resolvent). Moreover,
there exists €, > 0 such that for » > 0 small enough, it has exactly n, eigenvalues in the
interval [0, €,h] where n, denotes the number of critical points of index p of ¢. We shall

denote by E(®) the spectral subspace associated to these small eigenvalues of Aff ). Then
dim E® = n, and relations (2.18), (2.19) show that

(2.20) don(EP) c E®*D and d} ,(E®*)) c E®).

This shows in particular that d acts from E(©) into E(}) and we shall denote by £ this

operator. Similarly Afbo) acts on E(©) and we denote by M this operator. By (2.17), we
get

M=L"L.

The general strategy used in [8] (that we will follow in the present work), is to construct
appropriate bases of £ and E(M in which one can compute handily the singular values
of £. The main idea to construct such bases is to build accurate quasimodes for A, and
to project them on the spaces E). The construction of the quasimodes is performed
in Section 3. The quasimodes for 1-forms are the ones constructed in [10]. The main
properties of these quasimodes will be recalled in Section 3.3. Concerning the quasimodes
on O-forms, one can not use the ones constructed in [8] since many important properties
that are required for our analysis fail to be true in the present situation (for instance, the
quasi-orthogonality). In Section 3.2, we use the partition of (°) into equivalence classes of
R to construct a family of quasimodes on O-forms adapted to our setting. Each quasimode
will be associated to a minimum m € /(9.

In Section 4, we compute the matrix £ in the above basis. One arrives to a block diagonal
matrix diag(L*, a € A) whose singular values are the singular values of each block.

Section 5 is devoted to the computation of singular values of the above blocks. The
main difficulty is that given two minima m, m’ in the same equivalence class, one has
not necessarily S(m) = S(m’). For equivalence classes satisfying this property (that is
p(a) = 1), each block L of the matrix £ has a typical size e=3(®)/" and the situation could
be handled quite easily. But more complicated cases may arise where quasimodes yielding
different heights S(m) are interacting. In order to treat the full general case, we use Schur
complement method combined with an induction on p(«). Running the induction step
requires to exhibit a specific structure of the matrices under consideration (see Sections
5.1 and 5.2). In Section 5.3, we prove a general result for such matrices that we use to
conclude in Section 5.4.

In Section 6, we prove Theorem 2.8.

In a separate appendix, we collect several result in linear algebra. We also provide a list
of notations used in the paper.

Acknowledgement: The author would like to thank D. Le Peutrec for numerous dis-
cussions; in particular for pointing out a fondamental argument in the induction step of
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3. CONSTRUCTION OF ADAPTED QUASIMODES

3.1. Gathering minima by equivalence class. Let us start this section with a propo-
sition collecting some elementary facts about F, E_ and E.

Proposition 3.1. Let m,m’ e U0 such that m + m’. Then, we have the following

i) If o(m) = o(m’), then:

ia) E(m)n E(m’) =@

i.b) either E_(m)=FE_(m') or E.(m)nE_(m') =g

i.c) if E_(m) = E_(m’) then E(m) = E(m’) otherwise E(m)n E(m’) = @
ii) If o(m) > o(m'), then

ii.a) either E(m)n E(m’') =@ or E_(m’) c E(m)

ii.b) either E_(m)nE_(m') =@ or E_(m’) c E_(m)

Proof. Let m # m’ be two minima. Assume first that o(m) = o(m’) = 0. Since m # m’
and o~1(c0) = {m}, then one has necessarily m,m’ € V. In particular, E_(v), E(v),
v =m,m’ are well-defined. Moreover, £(m) and F(m’) being two connected components
of {¢ < o}, one has either F(m) = E(m’) or E(m)n E(m’) = @. Since m #+ m’ and E is
injective, then F(m)n E(m’) = @, which proves i.a).

Since F_(m) and E_(m’) are two connected component of the same set {¢ < 7} for some
7> o(m), then i.b) is obvious.

Suppose now that £_(m) = E_(m’). Since o(m) = o(m’) then m(m) = m(m’). More-
over, E(m) being the unique connected component of {¢ < o(m)} containing m(m), we
get E(m) = E(m’). If E_(m) and E_(m’) are disjoint, then E(m) and E(m’) are also
disjoint since E(m) c E_(m) and E(m’) c E_(m’). This completes the proof of i.c).

Let us now prove ii) and assume that o(m) > o(m’). Once again, since o~!(c0) = {m},
then m’ e YV, If E(m’) n E(m) # @, then E_(m’) n E(m) # @. Moreover, E_(m’) is a
connected component of {¢ < 7} for some 7 < o(m). Since E(m) is a connected component
of {p<o(m)}>{¢p <7}, then E_(m’) c E(m) which proves ii.a).

The point ii.b) is proved by similar arguments. ]

Let us now decompose the set of separating saddle points according to the equivalence
classes. Given a € A, introduce the closed set

(3.1) G)= U B(m)

and for any a € A let
(3.2) VI = {s e VD 4(s) = o ()} n G(a).
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For any a € A, let
(3.3) U =u” o {m(a)}
and define an application I', from L?CSO) into the closed subsets of X by

{ I,(m)=T(m) if me”

(3.4) T.(th(a)) = 9E(a).

where I is defined below (2.5).

Remark 3.2. Since E(m) ¢ E(1), then the application Ty is slightly different from the

application I defined in below (2.5). Observe also that for all m e Z:{C(yo), I'o(m) is the
boundary of the connected component of {¢ < ¢(s)} that contains m.

Lemma 3.3. The collection (Vo(él))aeA is a partition of V. Moreover, for all o € A and
se VM, there exists m;(s) € UL and my(s) € U such that

(3.5) sel,(my)NT,(my)

One can chose my, my in order that S(m;) < S(my) (that is ¢(my) > ¢(my)). Up to
permutation, the couple (my(s), my(s)) is unique.

Proof. Let s € V(| then ¢(s) € X and there exists k& > 2 such that ¢(s) = o;. By
definition, there exists two different connected components E;, Es of {¢ < o3} such that
s € E,nE,. From the existence part of Remark 2.2 there exist m,,; € Iy and my ;» € By with
I <1< k. Moreover, one has necessarily [ = k. Otherwise o(m;;) > o, and since EnE, + 2,
this would imply that my ; € E(m;;) which is impossible since [’ <. Hence we have [ = k.
Therefore E is equal to E(m,;) with m;; € Uéo), which proves that s € Vél). Moreover, FEs
is either of the form By = E(my ) with my ;€ U Gf I = k) or By = E(my;) (if I < k).
Setting m;(s) = m; € U and my(s) = my ; € U one has s ¢ Iy(m;)nT,(msy) and
since [ > I’ one has also ¢(my) > ¢(my).

Let us now prove that the union of the Vc(yl) for a € A is disjoint. Suppose that s €
v A Vél). Then o(a) = ¢(s) = o(8). Moreover, there exists m € " and m’ L{éo) such
that s € E(m) n E(m’). This proves that mRm’ and hence « = f5.

The uniqueness of (my, my) up to permutation is obvious. ]

Let us now introduce an extra partition that will be useful in the sequel.

Lemma 3.4. For all o € A there exists a partition Vél) = Vél)’b u Vél)’i such that the
following hold true:
i) for any s € YO m, (s) and my(s) belong to U,
ii) the set VO s non-empty and for all's € VO one has m; (s) € U, my(s) = m(«a)
and
sel,(my(s))nT(m(«x)).
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Proof. Define V" = {s e V&, my(s), ms(s) ¢ Z/lo(lo)}. Then ¢) is true by definition.
Moreover, defining Vél)’b = Vél) N Vél)’l, one has automatically the partition property and
it remains to prove ii).

Since « € A, the set E(a)n (Umeu(o)E(m)) is non-empty and contained in V{""®. This

proves that Vc(yl)’b is not empty. Suppose now that s € Vél)’b. It follows from Lemma 3.3
that my(s) € U and my(s) € 7" . But by definition of V$""?, my(s) can not belong to
U, which implies by definition that my(s) = m(«a). This completes the proof of ii). O

3.2. Quasimodes for 0O-forms. In this section we construct a family of quasimodes of
A((bo) associated to the minima of ¢. Each of these quasimodes will be of the form z —
W™ Ty (2)e~(@@-em)/h with some suitable cut-off functions ym associated to a minimum
m e U0,

Following [8], we can associate to each minimum m € %(9) a cut-off function y,, in the
following way. For m = m, we simply take y, = 1. For me i/ ©) we introduce some small
parameters €,€,0 > 0 with € < € and we define

(3.6) Ee,gﬁé(m):((E(m)\ U B(s,e))+B(0,€))U( U B(s,é))

seVMNI'(m) se(UMW\YM)AT (m)

Proposition 3.5. Let xm be any function in €°(Ec2z25(m)) such that xm = 1 on
E.:s(m). There exists €g > 0, 09 > 0 and C > 0 such that for all 0 < § < &y, all 0 < € < €y
and all 0 < € < €[4, the following hold true:
a) if z e supp(xm) and ¢(x) < o(m), then x € F(m)
b) there exists c. >0 such that for all x € supp(Vxm), we have
- either T ¢ Useparm) B(s; €) and

o(m) +ct < p(x) <o(m) +c,
- 0T T € Ugep(yr(m) B(8, €) and
[¢(x) —o(m)]| < Ce.

c) for all s e UD ~ (VD) AT (m)), one has dist(s,supp Vxm) > 0. If moreover s €
supp(Xm) then s € E(m) (in particular xm(s) =1).

d) suppose that m € LIC(YO), ae A and let s € V) nsupp(xm). Then, there exists € A
such that o(f) < o(a), s€ Vél) and Um,gu/go)E(m’) c{zreX, xm(z)=1}.

Proof. Observe that the construction of the cut-off functions x,, is slightly different to
that of the xj . in Proposition 4.2 in [8] (in particular because there can exist more than
one separating saddle point on 0F(m)).

Let 0; = min{|s - ¢/|, s,8' e UV s # s’} and §y = min{dist(s,['(m)), s € E(m) nUD}.
Let 0<d < %min(él, d2) and €y > 0 such that there exists C' > 0 such that for all 0 < € < ¢
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and all s € V()| one has
6(x) — 6(s)| < Ce, V€ B(s.c).

This is possible since ¢ is a smooth function. Then a) and b) above can be proved in a
similar way as in Proposition 4.2 in [8] and ¢) is a direct consequence of our choice of ¢.
Let us now prove d). By definition, if s € V) nsupp(xm), then s € E(m) (here
we use the condition 0 < € < ¢/4). Hence, there exists § # a such that s € Vél) and
one has additionally o(8) < o(«). By definition of the sets F(m), this implies that
um,euéo)E(m’) c E(m) \ Uyepmarm) B(s',€) for any € €]0, e[ with € > 0 small enough

independent of 9. This implies the results. O

We are now in position to define the quasimodes in a recursive way on the values of
o(a).

- We start with the quasimode associated to m. We set
(3.7) FO(2) = e(m, h) WA e@@)-é@)/h

where ¢(m, h) is a normalizing constant such that | fu |72 = 1. Due to the fact that

¢ may have several global minima, the function fg ) does not concentrate only on
m but on the reunion of all global minima. Hence the normalizing factor ¢(m, h)
is computed by adding the contributions coming from each of these minima via
quadratic approximation. More precisely, it follows from the Laplace method that
c(m, h) ~ Y72, h*v,(m) with the function 7o given by

(3.8) vo(m)2 =72 > | det Hess ¢(m’)|2

m’eH (m)
where by definition (2.6) one has
H(m) = {m’ e B(m) nU'?, ¢(m’) = ¢(m)}.

Eventually, observe that fg ) is an exact quasimode: Ay fg ) = 0.

- Suppose now that k € {2,..., K} and that the quasimodes f,g?) have been con-
structed for m ¢ UaleAva(a/)ggk_luéO), and let us define f,(,?) for m e U with
o(a) = o,. The form of the quasimode associated to m depends on the type
of m as introduced in Definition 2.3.

« If m is of type I, then we define the £\ as in [8] by

(3.9) FO (@) = c(m, h)h Wy ()G —e@)/h

where yp, is the cut-off function associated to m defined in Proposition 3.5
and c(m, h) is again a normalizing constant such that | ]2 = 1. As before,
we have to add all the contributions of minima in F(m) at the same height as

m. We get c¢(m, h) ~ 3520 hFye(m) with 40(m) given by (3.8).
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Let us now construct quasimodes associated to minima m of type II. We assume
here that U1 = & and we define

TN _ g OLIT {xr).

where for short, we denote m = m(«) and ¢!/ = Wé‘”’”.

Let us introduce an additional cut-off function around m that we define as fol-
lows. Recall that E(a) denotes the connected component of {z € E_(m), ¢(z) <
o(m)} that contains m. As before, we introduce some parameters €,€,6 > 0
with € < € and we define

E.:5(a)= ((E(a) \ U  B(s,e))+ B(O,?,)) U( U B(s,é))

(3.11)

(3.12)

(3.13)

seVNIE(a) seUW\VD)NIE(a)

Then, we let Y be any function in € (E.s:05(r)) such that Yz = 1 on
E\67g75(a). For m e L{C(YO)’H, we let Xm = Xm, With xm defined in Proposition 3.5.
We want to construct the quasimode as linear combination of the Yme #/", m €
HOM  In order to chose the coefficients, let us introduce F, = .% (Z:l\o(lo)’n) the

finite vector space of functions from A" into R. This space has dimension
¢l + 1 and is endowed with the usual euclidean structure

0.0)7, = Y 6(m)f'(m),
meld !
We denote by N the associated norm. Eventually, we define 8§ € F, by

cg(h)

where ¢(m, h) is the unique positive constant such that the function
Fon = c(m, )R 4 e O -0@)/h

satisfies | fm|z2 = 1 and ¢2(h) is defined by N(6) = 1. Let us now extend the

definition of the set H(m) in the following way. Given « € A and m ¢ ao
we define

R ~ ©
. (m) :{ H(m) if m e U,

(m’ € E(a) nUO, ¢(m’) = ()} if m e AT .

Observe that if a is of type II, since E(1(a)) is larger than E(a), then
H(m(«a)) and H,((m(«)) may be different. From the preceding definition, it

follows that for all m € 7.7, ¢(m, h) admits a classical expansion ¢(m, h) =

>k hEyi(m) with
Yo(m)2 =% > |detHess H(m')| z.

m’eH, (m)
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Therefore, we can compute the constant ¢§(h), and we get

cg(h) = W’%( > > |det Hess ¢(m’)|’%)_% +O(h).

veldOH m'eHq (v)

Here the index « is used to indicate that the function is associated to Z/IC(YO)’H.

Lemma 3.6. There exist some functions 07, ... ,9;‘,, € F., such that the following hold true:

i) {605,7=0,...,¢"} is an orthonormal basis of F,

e}
ii) the functions 05 admit a classical expansion

« Of,k‘
05 = > hke ;
k>0
and for all 7 > 1, the leading terms 6;"0 are orthogonal to the function Hg’o(m) =

g (0)
Yo(m)

Proof. First observe that 6§ admits a classical expansion 0§ ~ 3.0 h76y 7 with 65°(m) =

%. Since (05°)* is a ¢! dimensional subspace of F,, it admits an orthonormal basis

(9?,0) independent of h. Then the function 9~Ja defined by
0 := 650 - (65°, 65)05

form a basis of (65)*. Moreover, the éja admit a classical expansion and since (QN?’O, 0s) =
O(h) for any j, they satisfy

(09,07) = 6,6 + O(h?).
Defining the (05) as the Graam-Schmidt orthonormalization of the (5;1), we get the an-
nounced result. o

Y11

Observe that since has ¢! elements, the functions 6¢, ... ,62‘, ; can also be indexed

by UM using any arbitrary bijection. We end up with a family of functions (an)meum),u
and for convenience we will also denote 6% = 65. Then, we define the ¢! quasimodes
associated to the m € Z/IL(YO)’H by

(3.14) MG =kt Y 0% (m")e(m', h) L ()o@
T

where the normalization factor ¢(m’, h) is defined above and insures that
le(m’, R)h~ e ()P0 1y = 1,

Before going further and as a preparation for the final analysis we would like to write
the quasimode given by (3.9) and (3.14) in the same fashion. For this purpose, we define

v by
(3.15) A0 = O 11
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with the convention that 7" = @ it U = & (observe that a is equal to the set U
defined in 3.3 if and only if """ # @). Then, we define 02 (m’) for any m € U m' e
in the following way:

-ifme Uéo)’lf and m’ € Z;{\C(MO)’H, we keep the above definition.
- otherwise, we set

(3.16) 62 (m') = Sy -

Then formula (3.9) and (3.14) can be summarized in

(3.17) O@)=n5 Y 62 (m)e(m', h) fo (z)e@m-o@)/n
m’eﬁéo)

with 75" and 6 as above.

Definition 3.7. For any a € A, let us denote by T € ///(Uéo),ﬁéo)) the matriz given by
T = (0m(m))) 7 © ma©

Let us remark that if all points of L{éo) are of type I, then .7¢ is just the g, x ¢, identity

matrix, whereas if U 2 it is a (¢a + 1) x g, matrix. Observe also that the partitions

uc‘f’) = L{éo)’f uUéO)’II and Z:I\,io) = L{éo)’l uZ;l\,iO)’H induce decompositions of the corresponding
vector spaces

(3.18) FU) = 7 U o F UM
and
(3.19) FZ(AV) = 7 U0y o F (T,

From the above construction, one deduces that in a suitable basis the matrix .7 is block
diagonal with Id on the upper-left corner and a certain orthogonal matrix in the lower-
right corner. More precisely, there exists an orthogonal matrix 7% € .# (Z/IO(CO)’H,Z’/{\O(CO)’H)
such that for any f = 7+ f17 with f7 e Z@U"") and f17 e Z U™, one has

(3.20) 7 f(m) = f(m) + (7 f'7)(m).
Moreover, the matrix .7 is just the matrix (Opa(m’)) .11, 0.0 Whose coefficients
are given by Lemma 3.6. In particular, Ran. 7 = (Rfg)* where 62 is defined by (3.11).

For any m € U let us introduce the set F(m) defined as follows. If m = m, let
Fm)=X. fmed 7=y O nf ! let F(m) = E(m) and if m e YO = (O 114011
let
(3.21) F(m) = ( U E(m’)) U E(m)

a1

where « is such that m e {”. Observe that we always have E (m) c F(m).

Proposition 3.8. Let m,m’ € YD) be such that m + m’. The following hold true
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i) if mRm’ then
i.a) if m or m’ is of type I, then F(m)n F(m’) c V1),
i.b) if m and m’ are both of type II, then F(m) = F(m').
ii) If m’ ¢ Cl(m), then
ii.a) if o(m) =o(m’), then F(m)n F(m') = @.
ii.b) if o(m) > o(m’), then either F(m)n F(m') =@ or F(m’) c F'(m)

Proof. Let mRm’ with m # m’. As in the proof of Proposition 3.1, one has necessarily
m, m’ # m. Assume first that m is of type I. Then F(m) = E(m). If m’ is also of type I,
then F(m’) = E(m’). Moreover since m # m’, it follows from i.a) of Proposition 3.1 that
E(m)n E(m’) = @. Therefore, F/(m)n F(m') is either empty or is reduced to a union of
saddle points which are separating by definition. If m’ is of type II, the same proof works.
This completes the proof of i.a).

Suppose now that m and m’ are both of type II. Since mRm’, it follows that E(m) =
E(m’) and hence F(m) = F(m’) which shows i.b).

Suppose now that m’ ¢ Cl(m). Consider first the case where o(m) = o(m’). Then, one
has necessarily F'(m) n F(m’) = @ otherwise we would have mRm'.

Suppose now that o(m) > o(m’) and that F(m)nF(m’) #+ @. If m = m, then F(m) = X
and the conclusion is obvious. Suppose now that m € Y ) and consider first the case where
m and m’ are of type I. Then F(m) = F(m) and F(m’) = E(m’) and since o(m) > o(m’)
it follows that F(m)nFE(m’) # @. Hence ii.a) of Proposition 3.1 shows that £_(m’) c E(m)
which yields F(m') ¢ E(m) = F(m). If m is of type I and m’ of type II, then one has
E(m)n E # @ with either £ = F(m”) for some m” € Cl(m’) or E = E(m’). As before,
E(m) contains the connected component of {¢ < o(m)} that contains £ and the same
proof works.

Let us now suppose that m is of type IT and m’ is of type I. Then E(m’) n E # @ with
either £ = E(m”) for some m” € Cl(m) or £ = E(m). In both cases one sees easily that
E_(m’) c E which proves the result.

The case where both m and m’ are of type II is left to the reader. |

Let us now give some informations on the support of the quasimodes. For m € Y O et
us introduce the set

(3.22) Fes(m)=((F(m)~ U B(s,e))+B(0,8|U U B(s,d)
seV()NIF (m) se(UM\VM)NIF (m)
If m is of type I, it is clear that Fi;s(m) = E.;s(m) and if m is of type II, one has
Fgg’g(m) = E\gg’(;(a) @] ( Um’eb{éo)’n Eeygylg(m))
From the above construction one deduces the following proposition.

Proposition 3.9. There ezists €y, 09 > 0 such that for all0 < 6 < §g and all0 < € < €/4 < g /4,
the following hold true:
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i) for any m, m’ e Y(©)
Fm)nF(m')=g = F.;s(m)NF.;5(m') =&
i) for any a e A and m € UL, one has supp(fr(,(,))) C Fioz05(m) and
Vs e D\ (VD noF(m)), dof =0 in B(s,5).
Proof. Observe that

F. 9z25(m) c F(m) + B(0,2max(0,¢€))

Since F'(m) and F(m’) are compact, the first point of the proposition immediately fol-
lows. The second point of the proposition is a direct consequence of ¢) of Proposition 3.5. O

Recall that the functions £, m e 4(® depend on e, ¢, § via the definition of the cut-off
function y,,. This family is quasi-orthonormal in the following sense.

Proposition 3.10. There exists €y, g, 3 > 0 such that for all 0 < § < g, 0 < € < €/4 < €/4
and all m,m’ e U, one has

(D FOY = 5 + OB,

Proof. Throughout the proof, we assume that 0 < § < §y and 0 < € < €/4 < ¢/4 as in
Proposition 3.5 and we decrease €q, d if necessary.

Let m, m’ be two minima.

e Consider first the case where mRm’. If m = m, one has necessarily m’ = m and hence
( 1(1(1)), fl(r?,)) = | fI(I?)HQ = 1 by construction. Consider now the case where m,m’ # m and
suppose first that m or m’ is of type I. If m = m’, the definition of ¢(m,h) shows that
| fmll = 1. If m # m’, it follows from ii) of Proposition 3.9 that fé?) and fr(l?,) are supported
in F, 9z 05(m) and F, oz 25(m’) respectively. Moreover, thanks to i) of Proposition 3.8, one
has F(m) n F(m’) ¢ V) ndF(m). Hence, one can chose ¢, sufficiently small, so that
F, 9z95(m) N F, 9z95(m’) = @. Therefore, supp(fr(,?)) N supp(flg?,)) = @ and hence f{ and
fl(r?,) are orthogonal.

Suppose now that m and m’ are both of type II. Then, we can write

D@ =h S O(n)e(v1, h) oy () mEm)-6)/n

Vléa(go)

d ~ m(m))-¢(x
fr(l?,)(x):h‘z > O (v2)c(va, h) X,y () PR =0@N/R,

VQEZ;/:&O)

Since for vy # 11, Xy, and X,, have again disjoint support for €y, dy > 0 small enough, we get

RS =0 S b D D [ [ (@) Peemm)oeingy
X

veld”
= <0m7 0m’)_7-'a = 5m,m’

This shows in particular that | 2] 2 =1 for all m e ¢©).
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e Suppose now, that m’ ¢ Cl(m) (in particular m # m’). If o(m’) = o(m) then
F(m) n F(m') = @ thanks to ii.a) of Proposition 3.8 and i) of Proposition 3.9 implies
that Fioz05(m) N Fi oz 05(m’) = @. Then, the first part of ii) of Proposition 3.9 proves that

) and fr(r?,) are orthogonal.

Consider now the case where o(m) # o(m’), let say o(m) > o(m’). From ii.b) of
Proposition 3.8, we know that either F(m’) is disjoint from F(m) or F(m’) ¢ F(m). In the
first case, we get immediately ( I(I? ), fff)) =0 by the same argument as before. Suppose we
are in the second situation, that is F(m’) ¢ F'(m). By definition, we have ¢(m) < ¢(m’),
and by taking €, dp > 0 small enough we can insure that F, oz 25(m’) c F016725725(m).

Suppose first that ¢(m) < ¢(m’). A priori we don’t know if m, m’ are of type I or II.
However, since F oz 25(m’) c ﬁ'€725725(m), then

G = [ @ @)
Fe 2¢,26(m’)
and
-~ iy m)-— xX
(3.23) PV e sy = E(m1, BB (@R =0/

where the constant ¢(m, i) is uniformly bounded with respect to h. This is clear if m is of
type L. If m is of type II and let say m € Z/{(E{O), then F'(m’) c F'(m) implies that there exists
v et such that F(m’) ¢ E(v) (or E(v)). Then the general formula (3.14) shows (3.23).

Moreover, by construction, there exists a cut-off function v € ?fcw(ﬁ’e7gg725(m)) independent
of h such that infg,,, ¢ = ¢(m’) and

129 ()] < b/ (z)e(PomD=d@))/h
and it follows that

O, 1Oy < on-s f () M)+ (m) 20N h g, < O =2 (m) o (m)

Since ¢(m’) > ¢(m), this proves the result.

It remains to study the case where ¢(m) = ¢(m’). Let a,a’ € A be such that m e %"
and m’ € L{(i(,]). From the above assumption, one has also o(m) > o(m’) and F(m’) ¢ F'(m).
Since o(m) > o(m’) and ¢(m) = ¢(m’) then fr(r?,) is necessarily of type II. It has the form
(3.14) and since F 9z 25(m’) c ﬁ;ygagd(l’l’l), then (3.23) still holds true. Hence, we get

(3.24) (FO FDy = &(m, )bz Y Hm,(y)c(%h)[XV(:L-)GQW(@*(ﬁ(m))/hdx'

yeﬁg’))’n



ABOUT SMALL EIGENVALUES OF WITTEN LAPLACIAN 27

On the other hand, by a standard argument based on Laplace method, we know that there
exist >0 and £ > 0 such that for all v € Z:l\c(y?)’n, one has

h4e(v, h) f 0 (2) 2O gy — - de(n ) Y / (26N gy O (e
v'eH (v) B(v',r)
= h_%c(]j’ h) f |>A<V(I)|2€2(¢(x)_¢(m))/hdl' + O(G_ﬂ/h)
B 1
~ (v, h)

+O(ePM)

Plugging this in (3.24), we get
1

(f) fa) = emih) Y O (1) = + O
Veﬁ(o)’ll C(Vv )

(3.25) ( ) o

c¢(m, h ’

== 2 02 O(e P

CS‘ (h) ( » Yo )fa/ + (6 )
Since 6y, is orthogonal to 93' by construction, the first term of the right hand side above
vanishes and we get (£, flgf,)) = O(eP/"). This completes the proof. i

We end up this section by giving some exponential estimate of the action of dyj on the
quasimodes.

Lemma 3.11. There exists C' >0 such that for all € >0 small enough, we have
d¢>,hf1(r(1)) — O(ef(S(m)fce)/h)
for all m e YO,

Proof. The result is classical, but since the quasimodes fr(,?) are slightly different from
the usual ones, we have to check the estimates. Let m € /(9 and let us compute d, fr(r? ),

If m = m, then d¢7hf1(1?) =0 and there is nothing to do.
Suppose now that m # m. From (3.17), one has

dpnfS (@) = h5 S O (m’)e(m’, h)V {p ()20 /R

m’ eﬁ,io)

All terms of the above sum corresponding to m € U are O(e~(S(m)-CA/k thanks to b)
of Proposition 3.5. The only new term is the one corresponding to m(m). Since Yy €
Ce(FEc9:25) and is equal to 1 on E,;s, we have again

¢(x) - ¢(m) = ¢(z) - ¢(m) > S(m) - Ce
on supp(Vxm) and the proof is complete. |
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3.3. Quasimodes for 1-forms. This section is devoted to the quasimodes associated to
low lying eigenvalues of AW The construction of these quasimodes was done in [10] and
we refer to that paper for all the proofs. Here, we just describe the main properties of
these functions. In this section ws denotes a small neighbourhood of s € /() that may be
chosen as small as needed independently of ¢, fixed in previous sections.

Given any saddle point s € Y, and any appropriate open neighborhood wg of s, let
P4 ¢ denote the operator A((;) restricted to wg with Dirichlet boundary conditions. Let usg

denote a normalized fundamental state of Pys. The quasimodes fs(l) are then defined by

(3.26) V(@) = o vsus| s(@)us (),

where 15 is a well-chosen Cg° localization function supported in ws and equal to 1 near s
and g¢ = £1 will be fixed later. By taking wg sufficiently small, we can insure that the fs(l)
have disjoint supports, and thanks to ¢) of Proposition 3.5, we can also shrink wg in order

that
(3.27) Vs e U D VD vm e U@ (s e supp(Xm) = Xm = 1 on wy).

Observe that this choice of w, depends on dy but not on €. From this construction, we
immediately deduce that

(3.28) AR ) I

and hence the family {f{", s et} is a free family of 1-forms. From [7] Proposition 5.2.6,
one knows that the eigenvalues of P, s are exponentially small. Using Agmon estimates, it
follows that there exists 8 > 0 independent of € such that

(3.29) AP D = 0.

Combined with the spectral theorem, this proves that the n; eigenvalues of A((;) in [0,€h]

are actually O(e=#/") (see [7] Proposition 5.2.5, for details).
Furthermore, Theorem 2.5 of [10] implies that these quasimodes have a WKB writing

(330) S(l)(x) = 50h_%¢s(l’)bgl)(x, h)€—¢+,s(x)/h’

where bgl)(x,h) is a 1-form having a semiclassical asymptotic, and ¢, s is the phase gen-
erating the outgoing manifold of [¢|? - [V,¢(x)?> at (s,0) (see [6] chapter 3 for details on
such constructions). In particular, the phase function ¢, s satisfies the eikonal equation
|Voss|? = Va2 and ¢, s(x) X |z —s|? near s (the notation X was defined in the paragraph
before section 2.1). For other properties of ¢, s we refer to [10].

3.4. Projection onto the eigenspaces. The next step in our analysis is to project the
preceding quasimodes onto the generalized eigenspaces associated to exponentially small
eigenvalues. Recall that we have built in the preceding section quasimodes fl(l?), m € (0
with good orthogonality properties. To each of these quasimode we will associate a function
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in £ the eigenspace associated to o(h) eigenvalues. For this, we first define the spectral
projector

1
(3.31) o - L(Z - ADY g,

where v = 9B(0,6h) and €y > 0 is such that o(A,) N [0,2¢0h] c [0,e~C/*]. From the fact
that A;O) is selfadjoint, we get that
o= 1.

We now introduce the projection of the quasimodes constructed above, el = 1O ( f,(f )).
We have the following

Lemma 3.12. The system (efro,))meu(o) is free and spans E(). Besides, there exists 3 > 0
independent of €y such that for all 0 < € < €/4 < €g/4, one has
e = W+ 0™y and (el €)= e + O(I").

for all m,m’ e Y.

Proof. The argument is very classical. We recall it for reader’s convenience. One has
1 _ _
o) - £ = (MO 15D = [ (- AD) T =) e
1 0)\—1 -1 A (0) £(0
_ Q—M/;(z—Aé)) AL 0 de
Since (z - Afbo))‘l =0O(h™!) on v, it follows from Lemma 3.11 that G O(BIm) for

some 3 > 0. This proves the first point. Combining this information with Proposition 3.10
we get immediately the second point. O

(3.32)

We can do a similar study for Afbl), for which we know that the n; eigenvalues lying in

[0, 61h] are actually O(e='/). To the family of quasimodes (f")4q0), We now associate
a family of functions in E(), the eigenspace associated to eigenvalues of A((;) in [0, e h].

Thanks to the spectral properties of the selfadjoint operator A((;), its spectral projector
onto E(M) is given by

(3.33) 1 = if(z—A;”)-ldz,

211 o

where v = 0B(0,e1h) with €; defined above. In the sequel, we denote el = H(l)(fs(l)).
The family (egl))s satisfies the following estimates

Lemma 3.13. The system (eél))seua) is free and spans E(V). Besides, we have

e = (o), and (), el)) = 0y + O ).

SI

with 3’ >0 independent of €.
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Proof. Using the orthonormality of the fj(l) and (3.29), the proof is the same as that of
Lemma 3.12. O

4. PRELIMINARY FOR SINGULAR VALUES ANALYSIS

This section is a preparation to the study of the singular values of the operator £ : E(0) —
E®M defined below (2.20). We simplify the forthcoming study by several reductions and
changes of basis. Let us denote by L™ the ny x nyg matrix given by
(4.1) L= (e dypnelD), ¥s etd ™D m ey ®
with e{", el defined in the preceding section. Since (e0) and (e{") are almost orthonor-
mal bases (thanks to Lemma 3.12 and 3.13), this matrix is close to the matrix of the
operator L in these bases. We first work on the matrix L.

Recall that m denotes the absolute minimum of ¢ associated to the connected component

E(m) = X. Since A;O)em =0, the non zero singular values of L™ are exactly the singular
values of the reduced matrix £ defined by LI = L7, for all s e UM m e Y9 with
U =Y~ {m}.

Lemma 4.1. There exists 5" >0 such that for e > 0 sufficiently small, one has
A (r&m, dqs,hfr(r?)) + O (Stm+a/hy
for alls e meyYy®.

Proof. The trick to get the good error estimate above is now well-known (see for instance
proof of Prop. 5.8 in [11]) but we recall the proof for reader’s convenience. Let s € /(1) m €

U then thanks to (2.18) we have
(e, dgnetn’) = (e, dpnlI® fi2)) = (e TV dyp fi) = (e donfin)
= (S dopfi) + (el = FED dy D)
But from Lemma 3.11, 3.13 and Cauchy-Schwarz inequality one gets
|(€§1) _ fs(l), d¢,hfr(1(1))>| < Qe (B'+8(m)-Ce)/h
Since (' is independent of €, one can conclude by taking e small enough and g” = ’/2. O
Let us denote L£%% € .4 (U UM)) the matrix defined by
(4.2) Lo = (f9 dyy ), s etV m e Y.

Of course, the first column of this matrix is identically zero and it is more interesting to
consider the matrix £ ¢ .2 (U, UD) defined by

(4.3) £ = (f dy 15, ¥s et D, m e U™,
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As we shall see later, the singular values of £™" and L% are exponentially close and it
is natural to study the matrix £%%%'. For s e YW \ VO and m € YV, thanks to ii) of

Proposition 3.9 one has dy fr(f ) - 0 near s, and hence

(4.4) (9, dgn ) = 0.

Therefore, the singular values of £0%% are equal to the singular values of the reduced

matrix £060" ¢ .4/ (U, VD) defined by
(4.5) Lok = (£ dyn fD), vs e VD m e Y.

In order to study this matrix, we need to introduce a new enumeration of critical points.
Let us start with few abstract notations. Assume that (Z,<) and (J,<) are two totally
ordered sets and let A = (a;j)iez,jes be the associated matrix (with 4,7 enumerated in
increasing order). Assume that we have partitions Pz, Ps of Z and J respectively

P_’[ = (1-17. .. ;INI) and Pj = (jl, .. -;jNJ)-

Assume that each partition admits a total order < (that is we can compare the subsets Z;).
Then we get a total order < on Z (resp. J) by using the associated lexicographical order:

i<y iff (3Z,<Zs, i€Z, and jeZy) or (IZ,,i,j €L, and i < 7).
Hence, there exists a unique « : (Z,<) — (Z,<) which is strictly increasing (and hence
bijective). Similarly, there is a unique §: (J,<) = (J,<) which is strictly increasing. We
denote by Ap, p, the matrix (aa(;)g(j))iezjes- This matrix is obtained from A by inter-
twining the basis vector, hence it has exactly the same singular values.

Let us go back to the matrix £%%.". Consider the partitions of U(*) and Y1) given by
PO = U, ae A} and PV = (V) BeA}.
At this stage of our analysis, we do not need any specific choice of order on these partitions.
We just endow A with any total order and for all o, 8 € A we choose any arbitrary total
order on " and Vél). This gives an order on the above partitions and we denote by

L = (L) 4 pea the matrix L% associated to these partitions. Observe here that each

LB is itself a matrix £8P = (.,Zg‘f‘,’f)sevél)meuéo).

Lemma 4.2. For all a + 3, L8 =0.

Proof. Let o; 3 € A such that  # 8 and let m ¢ 4" and s Vél). If () = o(B) then
a # [ implies that s ¢ F'(m). Shrinking if necessary (by taking €y, dy > 0 small enough) the
support of fr(r? ) and fs(l), it follows that these functions have disjoint supports so that their
scalar product vanishes.

If o(a) # o(f), then by construction d¢7hf,g?) is supported near {¢ = ()} whereas elM

is supported near {¢ = o(5)}. Since this two sets are disjoints we get ( S(l),dd,,he,(ﬁ)) =0
and the proof is complete. O
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From this lemma we deduce that the matrix . admits a block-diagonal structure
(4.6) Z =diag(L*, ac A)
with £ = £~ Recall from Definition 3.7, that for any a € A, the matrix 7 €
(UL, T is given by T = (62, (m’))
result on .£.

Lemma 4.3. We have L% = 2%T where the matriz L% = (ﬁs o )s,m’ € AU VY s
given by

7 OOR We have the following factorization

o = (. d hgm,) Vs e VI m’ e iV
with g (z) = h—%c(mf, h)Xm,(;g)eﬂm’)w(x)/h.
Proof. Let se V" me Z/{(O). From equation (3.17), one has

(FED dgnfi)y =075 Y O (m)e(m', h)(fS7, hd S () (@m=0CDI)
m EL{(O)

~(0),11

Moreover, the function ¢ being constant on U, ', we can replace ¢(m) by ¢(m’) in the

above 1dent1ty and it follows that
(A donfiay = 3 O )£, dongly)
m’eﬁéo)

which is exactly the result to be proved. O

One of the crucial points of our analysis is to compute the coefficient @g m- Givenm e Z’/I\O(CO),
we define

(4.7) ho(m)=( Y |detHess¢(m)| %)

m’eH, (m)

[SIE

with H,(m) defined in (3.12). One has clearly hg(m) = m1y(m) with 4o given by (3.13).
Moreover, in the case where H(m) = {m}, one has h,(m) = |det Hess ¢(m)|1. Given

s € V() we denote by 5\1(8) the unique negative eigenvalue of Hess ¢(s). In order to keep
uniform notations, we also extend the definition (4.7) to saddle points by

he(s) =|det Hess o(s)|1.
Eventually, we introduce the diagonal matrix Q¢ € .# (Z:I\éo),ﬁéo)) defined by
(4.8) Qo f(m) = e/ f(m), ym e i

with S(m) = o(a) - ¢(m). For m e UL, one has of course o(a) = o(m) and hence
S(m) = S(m) but this fails to be true for m = m(«). We then define the rescaled matrix
Zo = (ley) € A (U VEP) by

7o - oo
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le.
(4.9) o =eSmhe s e YD m e 4.
Going back to the matrix Z%, one has
g = DT
and using the fact that 7 f(m) = f(m) for any f supported on U one gets
(4.10) L= LT

with Qo € 2 (U, U™) defined by Qo f(m) = e5™/2 f(m). The following lemma gives
an asymptotic expansion of the matrix £*. We recall that m;(s), my(s) were defined in
Lemma 3.3

Lemma 4.4. Let v € A and s € Vc(yl), me Z:{\C(YO). The following hold true:
i) if m ¢ {m;(s), my(s)}, then ngm =0.
ii) the coefficients ng admits a classical expansion ng ~ h2 Y0 hkég“,’; Moreover,
one can chose 9 = £1 in (3.26) in order that the leading terms satisfy

(1) fom = w-%|i1<s>|%—hﬁ‘ls(>8))

s,mj (s)

and in the case where my(s) € Z;{\C(VO),

o 113 oy s o (ma(s))
(4.12) 0= (s)p
ma(s) ' he(s)

In particular, if my(s) € ZZ&O), one has
pa,0 pa,0

€S7m1(s) _ es,mg(s)
(4.13) h¢(m1(s)) - h¢(m2(s))

for all s € V(gl).

Proof. Suppose first that m # m;(s),ms(s). Then, supp(d¢7hgf,?)) = supp(dxXm) is

contained in a small neighborhood w of I'(m). Since m # m;(s), my(s) it follows from
Lemma 3.3 that s ¢ w and hence Egm =0 which proves 7).

Let us now compute the coefficients fg ., for m € {m;(s), my(s)} n v (observe that
this set may be reduced to m;(s)). We compute these coefficients in the case where
my(s) € ZZ§0). If it is not the case, the only non-zero coefficient is gs7ml(s) that is computed
in the same way. Recall from (3.30), that the quasimodes on 1-forms are given by

D = eoh g ()b (2, h)e drs N,

Summing up the construction of [8] section 4.2, there exists an open neighborhood V; of s
on which one can find a system of local Morse coordinates (y,z) € R x R! in which s is
the origin and such that the following properties hold true:
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(1) in the above coordinate system one has
1,- d .
6= 0(s) + SV + 30 (9)2)
j:
and

b= 5 (- N+ 2 A(5)2)

,,,,,

(2) the amplitude bél)(x, h) admits a classical expansion
(4.14) bV ~ 3 Rruwg
k=0

with
41| det Hess o(s)|1
d

T4

(4.15) wspo = (-1) dy on {z=0}

(3) one can chose the orientation of the y axis so that
E(m;(s))nVsc{y<0}nVsand E(my(s))nVic{y>0}nV.
Moreover, the cut-off function y,, can be constructed so that
(4) in V5 the functions Xp;, j = 1,2 depend only on the variable y,
and one can shrink wg in order that
(5) supp(fs(l)) is contained in V.

Observe that the only minor (but important) difference with [8] is the property (2), saying
that each x,,,j = 1,2 is supported in one of the two different half plane {y s 0}. Let us

now compute the first coefficient in the asymptotic expansion of g’;f{j Using the above
properties, Proposition 3.5 and following the computations of [8] section 6 we get

(¢ = (D dy i) =
K2 c(m, h)e(s, h) [( ) e~ (@ @)ré@)=pm)/h(gr (1) + O(h))dy Adza A ... Adzg
B(s,e
+ O, (e~ (9E)-o(m)rec)/hy
with 1
detH 1
e(s, ) = ep(~1yt1 At Hes o)
T4
Using the local form of ¢ and ¢,, we get

Fm = B em, W)e(s, )OO [ O (5) + Oy A 1
) B(s,e

+O(h) = go(-1)" 7 hy(s) + O(R)

+ @e(e—(¢(5)—¢(m)+ce)/h)
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with g_(2) = 2?22 S\J(S)ZJQ Since Xm depends only on y and g- > cv? on 2| > v, the
integration domain B(s,€) can be replaced by a smaller one Wy = {|y| < €, [2|e < v}

modulo exponentially small error terms. Using also the identity S(m) = ¢(s) - ¢(m), we
get

g(slm - ]g(h)e_‘é(m)/h + Oe(e—(é‘(m)we)/h)
with
I(h) = hl—%c(m7 h)e(s, h) / e_gf(z)/h(f(;n(y) +O(h))dyndzo A...Adzg
Ws

The integral in the right hand side can be easily computed by mean of Stoke formula and
Laplace method. We get

L(R) = k5 e(m, h)e(s, B)([Rm]e. + O(h)) /| L Oz ndzg

d-1

IAa(s) ... Aa(s)]2 )

Combining this with the expression of ¢(m, h) and e(s, h), we obtain

- e(m, )e(s, h)([Xm], + O(0))(

: ()
It = 201" R 2 (s) P52
’ he(s)
We now remark that with our choice of X, one has [Xm, |¢. = -1 and [Xm, ¢ = 1. Taking
g0 = (-1)4, we get immediately the formula of 7). i

5. COMPUTATION OF THE APPROXIMATED SINGULAR VALUES

From Lemma A.2, we know that the singular values of a block-diagonal matrix are given
by the singular values of each block. Hence, in view of the results of the preceding section,
we study the matrices Z“. The first step in the analysis is to prove that £ is injective
excepted for a = a.

5.1. Injectivity of the matrix .Z*. We first compute the kernel of the matrix Rz

Lemma 5.1. Let a € A, then
- if a is of type I (that is Z/{C(yo)fi: @), then 220 is injective
- if « is of type II, then Ker(Z*0) =Ry where & € Rie ~ F,, is defined by
§o(m) = hy(m)™
for all m e Zl\éo).
Proof. Suppose first that « is of type II. Let z € %, = f(ﬁéo)) be such that £z = 0,
then

(5.1) S 0000, =0, Vs e VY,

meld”
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From ¢) of Lemma 4.4 it follows that

pa0 _ _ga,()
s,ml(s)xml(s) - s,mg(s)l’mQ(S)’

Vs e Vc(yl).

Moreover, since « is of type II, then my(s) € 4 for any s e V& and thanks to (4.13) we
get

(5.2) Ty (5)he (M01(8)) = Ty g (ma(s)), Vs e VY.

Now, we recall that for any s € VI, m;(s) and ms(s) are exactly the two minima such
that s = 'y, (m;) Ny (my). Therefore, we deduce from (5.2) that

vm,m’ e 7", (Fa(m) N To(m') # @ = hy(m)Tm = ho (M) 2.

By definition of the equivalence relation R, this implies that zmh,(m) is constant on ZZ&O),
which means exactly that x € R&.

Suppose now that « is of type I and let z € .F# (Z/IC(,D)) such that 2% = 0. As precedently,
one shows that there exists a constant ¢ such that for all m e Z/{éo), hs(m)zm = c. Recall
that the non-empty set VIV was defined in Lemma 3.4. Given Sp € Vél)’b, since my(s,) =
m(a) ¢ 4", one has 735, = 0 for any m # my (s;) and

20 ey =™ (s £ 0

Combined with (5.1) this shows that %, (s,) = 0 and hence ¢ = 0 which proves that
Ker(.Z0) = 0. o

Proposition 5.2. Let a € A, then the matrix Pa = PeFa qdmits a classical erpansion
209 5 Y. hi L and the matriz £*° is injective.

Proof. Thanks to Lemma 3.6 and 4.4 the matrices .Z® and ¢ admit some classical
expansions £ ~ hs S hiPoi and T ~ S hi Ted. Therefore, .Z* admits a classical
expansions £ ~ h2 > W L with L0 = a0 g0,

Let us now prove that L0 ig injective.

Suppose first that « is of type I. Then .7 = .70 = Id and the result follows immediately
from the first part of Lemma 5.1.

Suppose now that a is of type IT and let x € .Z(U©®) be such that Z£*0.70% = 0. We
decompose x = 21 + z!! with z* supported in Z{(®)*. Thanks to (3.20), one has

F°0%(m) = 2! (m) + (F*°27) (m)
with Fe0 : FZ(UOT) - F(UO-T) such that Ran 70 = (RAS)* where the function 62
is defined by (3.11). On the other hand, one has ker Z0 = R, and one can decompose
Eo = & + &1 with &1 = 029, The equation Zo0Fe0g = () implies that there exists A € R
such that 7% = \{, and hence Fo0gll = AL On the other hand, by construction,
Ran .70 = (¢I7)+. This implies that A = 0 and proves the result. o
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Corollary 5.3. For all a € A the matriz £ is injective.

Proof. This follows directly from the above proposition and the fact that
(5.3) g = PR = Feqe g = Fuge
with Q< defined below (4.10) which is invertible. o

5.2. Graded structure of the matrices -Z*. Throughout this section, we assume that
a € A is fixed. Recall that we defined S, = S(Z/{CEO)), p(a) = §S, and some integers
V< <V such that

Sa={Sue,. .., S }

p(a)
with the convention S,,f >0 > SV;“(Q)' In order to lighten the notation we will drop the
indices o and write from now p = p(«), v; = vt To the set of heights S,, we can associate
a natural partition
—~ P __
(5.4) U = || U
n=1
with 27503 ={m ¢ 1Y, p(m) = o(a) - Sy, }- We order this partition by deciding that
ZZ(Y(EH < 171503 On the other hand, we recall that £~ = Q> with £* = L*7*. Let
us compute the matrices .2 and Q® in the basis given by the above partition of .
With a slight abuse of notation we still denote by Z«, Q® the resulting matrices. Since
S(m) = o(a) - S, on L{(i?,z, it follows from (4.8) that in the above partition, the matrix
Qo writes

e_SVp/hIrp 0 0
0 e_S”Pfl/hIrp_l 0 - 0
(5.5) Q= : 0 DR :
0
0 -0 G_Syl/h-lrl
where the r; = ﬂﬁéoj) are such that r +...+7, = ﬂUéO). Factorizing by e »/" we get
Qo = e %w/M0e (1) with
I, 0 e e 0
A 0 ml,, 0 - 0
(5.6) Q¥(r)=| : 0 o :
: - .o 0
0 0 mrm...nl,
- “\p : _ e, ooy =Sy, (i) P
where 7 = (72,...,7,) € (R})? is defined by 7; = €762 ""»-G-0"" for any j = 2,...,p.

With these new notations, one deduces from (5.3), that Zo* 2 = he 2%w/" Me (1) with
(5.7) M (1) = Q2 (7)(h 1.2 Z*)Q (7).



38 L. MICHEL

It turns out that matrix such matrices can be described in a slightly more general setting
that is useful to compute their spectrum. We introduce this setting now. Throughout,
we denote by .#*(F) the set of symmetric positive definite matrix on a vector space F.
We will denote by . (E) the set of h-depending matrices M(h) € /*(FE) admitting a
classical expansion M (h) ~ ¥; b/ M; with My € &*(F). We will sometimes forget E' and
write for short ./, ..

,,,,,

of dimension r; > 0, let E = &, ,E; and let 7 = (12,...,7,) € (RY)P~L. Suppose that

.....

T M(71) is a smooth map from (R*)P~1 into the set of matrices M (F).
- We say that M(71) is an (&, 7)-graded matriz if there exists M’ € S *(E) indepen-
dent of T such that M(7) = Q(T)M'Q(1) with Q(7) € M (E) of the form (5.6),
that is Q = diag(e;(7)1.,, j=1,...,p) where e1(7) = 1 and €;(7) = (IT},_, ™) for all
i>2.
- We say that a family of (&,7)-graded matrices My(7), h €]0, ho] is classical if one
has Mp(7) = Q(T)M'(h)QA(T) for some matriz M'(h) € L1 (E).

Throughout, we denote by 4(&,7) the set of (&,71)-graded matrices and by 9. (&,7) the
set of classical (&, T)-graded matrices.

Let us remark that for p = 1, a graded matrix is simply a 7-independent symmetric
positive definite matrix.

Lemma 5.5. Suppose that My (1) is a classical (&,7)-graded family of matrices and that
p>2. Then one has

5:8) M= (i )

with

- J(h) € ZH(EY)
- Nu(7") € Gy (&', ") with ' = (73,...,7,) and &' = (E}) =2, p-
- By(7') e M (B, @), E;) satisfies

Bh(T,)* = (bQ(h)*7 7'3b3(h)*, T3T4b4(h)*, ey T3 prp(h)*)

with b;(h) : By - E; independent of T admitting a classical expansion.

Moreover, the matriz Np,(7") = Bp(7")J(h) ' Bi(7")* belongs to G (&', 1').

Proof. Assume that My (1) = Q(7)M’(h)Q2(7) with Q(7) of the form (5.6). First observe
that

L, 0
() :( 0 7Q(r") )
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with
I . 0 0
0 m=L,, 0 - 0
Q’(T’) _ 0 oo
: - 0
0 S VR Y /I Y

On the other hand, we can write
iy [ J(h) B'(R)*
with J(h),N'(h) € 7 and B’(h) admitting a classical expansion. Therefore,
J(h) T B'(h)*Q' (1)

Q' (7)B'(h) 72 (T")N'(h)QY (")
which has exactly the form (5.8) with B, (7") = Q' (7/)B’(h) and N (77) = Q' (7" )N (b)Y (7).
By construction, M,(7") belongs to ¥4.,(&’,7") and By (7') has the required form.

It remains to prove that Ry := Nu(7") = Bu(7")JJ(h)™'By(7')* belongs to 4. (&",1').
First observe that since J(h) is symmetric positive definite, this quantity is well-defined.
Moreover, one has by construction

R = V(TN (W)Y (') - Q' (7")B'(h)J(h) ' B'(h)*Q (1)
- (R (W)

with R/(h) = N'(h) —= B'(h)J(h)1B'(h)*. Since J(h) € £}, then J(h)™t e .} and R'(h)
admits a classical expansion R'(h) ~ ¥; /R, with

R =Jo - B Jy" (Bg)".
Moreover, since M’(h) € .7 then the matrix

I _ Jo (B(l))*

Mo ( By N
is symmetric definite positive. Hence, it follows directly from Lemma A.5 that R} € /*.
a

APMO7) - (

5.3. The spectrum of graded matrices. Using Lemma 5.5, we define an application
R:9Gy(8,7) > Gu(&,7') with 7/ = (73,...,7,) and " = &'_, E;, by

(5.9) R(Mn(7)) = Nu(7') = Bu(7")J () Bji (")

for any My (1) € 9.,(&, 7). Of course, the map R depends on & and 7, but we ommit this
dependance since the set on which R is acting will be obvious in the sequel. By a slight
abuse of notations we will denote R¥ = Ro...oR (k times). Obviously, R* acts from
G (&,7) into 4(&®, 7M) with £®) = @¥_, | E; and 7 = (7449,...,7,). In the same way,
we defined R, we can define a map J : 9,4(&,7) - L5 (E1) by T(Mu(7)) =My ifp=1
and J(Mp(7)) = J(h) for any M (7) having the form (5.8) if p > 2.
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n; = dimE; and let 7 = (7'2,..7..“:7'1,) e (Ry)P=L. Suppose that My (1) is classical (&,7)-
graded. There exists hg > 0 and 6 > 0 such that uniformly with respect to h €]0,hq] and
IT|eo < 0, one has

(5.10) o(My(7)) = |;|5j0(~7 o RITH(Mu(m)) (L + O(I7[%))

with €; = £;(7) gwen in Definition 5.4.

Remark 5.7. In the above theorem, the matriz J o RI"H(My(7)) is always independent of
the parameter T. Let us denote {\ <... <A} =0(T o RITY(My(7)). The identity (5.10)
means that there exists a,b> 0 independent of T, h such that

dﬂhﬁ»cékﬂmﬂ

and that for all j=1,...,p, My(7) has exactly n; eigenvalues ,u{ <...< /ﬂlj in €;[a,b] and
1, = €5(N, + O(I7[3,)).

Proof. We prove the theorem by induction on p. Throughout the proof the notation
O(.) is uniform with respect to the parameters h and 7. For p =1, M;,(7) = M}, € L1 (E)
is independent of 7 and JRO(M (7)) = TMy (1) = M), which proves the statement.

Suppose now that p > 2 and let My (7) € 4,(&, 7). We have

J(h)  7mBp(1T)*
W““)Z(EBMW)’@NMW))

with J(h), Bp(7") and N, (7') as in Lemma 5.5. In order to lighten the notation we will
drop the variable 7,7’ in the proof below. For A € C, let

J(h)-\ B
TgBh 7'22./\/‘}1—)\ ’

This is an holomorphic function, and since it is non trivial, its inverse is well defined
excepted for a finite number of values of A which are exactly the eigenvalues of M.
Moreover A € C — P(\)~! is meromorphic with poles in o(M},) and for any p in o(My,),
the rank of the residue of P(\)~! at pu is exactly the multiplicity of u as an eigenvalue.
Let us first prove that M;, admits at least n; eigenvalues of size 1. Let AL = AL(h),

(5.11) Pu>:A@—A=(

n =1,...,ny denote the increasing sequence of eigenvalues of the positive definite matrix
J(h). Since J(h) = Jo + O(h) with Jy € &+, then the A},(h) satisty AL(h) = A} o+ O(h)
with )\}L’O eigenvalue of Jy. In particular )‘:L,O >0 for all n=1,...,n; and hence there exists

c1,dy >0 and hg > 0 such that for h €]0,ho] and all n =1,...,ny, one has AL(h) € [c1,d;].
Let n e {1,...,ny} be fixed and consider D,, = D,,(h,72) = {z € C, |z = \}| < M72} for
some M > 0 that will be chosen large enough later and D, = {z € C, |z — \}| < 2M72}.
Observe that for h,7 > 0 small enough, the disks D,, are disjoint. By definition, one
has NV,(7") = O(1) and since N\, > ¢; > 0, this implies that for 75 > 0 small enough with
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respect to ¢ and A ENDn, the matrix 72N, (77) - A is invertible, and (72N, (7)) - A)"t = O(1).
Moreover, for A € D, \ D,,, J(h) = X is invertible and (J(h) = \)~' = O(752M~1). This
implies that for M > 0 large enough, J(h) - A — 3B} (13N}, = A) "1 By, is invertible with

(5.12)
(J() = A= 3Bi(FEN, = ) B) " = (J(h) = N) (1 = 72 Bi(rNG - ) Bu(T () - X))
= (J(h) =N (1+O(M™)).

Hence, the standard Schur complement procedure shows that for A € D, \ D,,, P(}) is
invertible with inverse £(\) given by

E(\ —rE(A\) B (12N5 = A)!
(5.13) g(A):( N —(A))lBhE()\) ( )Eo((A) =) )
with
B\ = (J(h) = A= Bi(TN. = 2) "By}
and

Eo(N) = (5N, = A) T+ 13 (13N, = ) ' BLE(A) By (T3N3, = A) 7
By the functional calculus and Cauchy formula, the number of eigenvalues of M, (counted
with multiplicity) in D, is equal to the rank of the projector
1
M=o [ €()ax
v Jop, )
Let us denote R,,(\) = ~7o(73Nh — \)"L By and RL,(\) =~ B} (72N, — M)~ , then

1 E(\) EQ)RL (V)
(5.14) I, = ﬂfa n( R,(ME(\) (72N, =N+ R,(M)E(VRL (M) )d/\

Since NV, = O(1), then 73N, — A is invertible in D,, and it follows that
LB B Y,
"7 2ir Jop, \ Ry (WE(\) R, (\)E\R!L(N)

that can be written

1 E(N) E(\
Hn:%v/éDnRTQ(A)( EE)\% EE)\; )Riz()\)dA

I 0
0 R,
Rs,. Therefore, rk(11,,) = rk(I1,) where

=1 E(\) E(N) (| B, E,
Hn—ﬁfapn(m» E(A))”‘(En E)

| ) L
En=%fa n(J(h)—)\—T%Bh(TQQNh—)\) 'By) dA.

with R, = ( ) Moreover, since R, is invertible and holomorphic in D,, then so is

with
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Since for M large enough independent of (h,7), the matrix (I -73B; (3N, —A) 1B (J(h) -
A)~1)~1 is holomorphic in D,, it follows from (5.12) that the rank of E, is exactly the
multiplicity of Al and hence the rank of I, is exactly the multiplicity of AL. This proves
that M), admits at least n, eigenvalues pj <... < pl in the interval [¢; - M7, dy + M7 ]
and that these eigenvalues satisfy

(5.15) pl = AL +0(73), Yn=1,... n;.
Let us now study the eigenvalues below 72. Throughout the proof, we denote ¢ = |7/|o.
Thanks to the last part of Lemma 5.5, the matrix Z,(7") := R(M (1)) = N, - By, J(h) 1 B;

is classical (&”,7")-graded. Hence, it follows from the induction hypothesis that uniformly
with respect to h, one has

(5.16) a(2n(1")) = QQU(J oRIHZ(T))) (1L + O(7'[5))

with &; = (H{:3 71)2 for j > 3 and &3 = 1. Moreover, by definition, one has Zj, = R(M (1)),
hence (5.16) rewrites

(5.17) o (2u(7")) = |i|2510(~7 o RIH My (7)) (1 +O(I7'[%))-

Since Mp,(7') € 94(&,7), then for all j=2,...,p the matrix J o R/"1(M,,(7)) belongs to
S(Ej). For j=2,....p, let A{(h) <... <\, (h) denote the eigenvalues of the symmetric
matrix J o R/ (My(7)). As above, this implies that there exists ¢;, d; > 0 and hg > 0 such
that for all h €]0,ho] the eigenvalues A, (h) satisfy A7, (h) € [c;,d;] for all n = 1,... n;.
Suppose now that j € {2,...,p} and n € {1,...,n;} are fixed and consider D’ = {z€C, |z~
;X < Mt2¢;} for some M > 0 to be chosen large enough and f);n ={z€C, |z-¢gN]| <
2Mt2%¢;}. As above, we introduce also the corresponding projector
1
I, = — f £(\)dA.
24w Japy )
Since Jy is invertible, we know that for A in E;n and h,t small enough, J(h)-\ is invertible
and once again the Schur complement formula permits to write the invert of P(\)
_ Eo(N) ~72(J(h) = A) ' By E())
(518) £N= ( B Bu(J(1) - A)! E(V)
with .
E(\) = (73N, - A= 72 By(J(h) - \) ' B;)
and
Ey(A) = (J(h) =)+ 73 (J(h) = A) ' By E(A)Bu(J(h) = A) 7"
Setting A = 72z, we get (using the relation e; = 73¢;)
2

T
I, = -2 / E(r32)d
J,n 8ﬁ3’n (7-22) z

2w
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with D!, = {2z € C, |z = &;N,| < Mt2£,}. Moreover, for |z — &;X,| = Mt2;, the matrix J(h) is
invertible with J(h)=! = O(1), hence we have

E(r32) =152(N), — 2 = By (J(h) - 7'222)_13;)_1
= TQ’Q(Zh -2+ 0(13]2])) ™
=752(2n - 2) " (I + O(7385] (21 - 2) 7))
Moreover, by definition of ﬁ;n and thanks to (5.16), one has dist(z,0(2)) > $Mt2; for
any z € 9D} . Hence ||(2), - z)7!| < 2(Mt?€;)~" and since ¢ > 7, it follows that
E(132) =15%(Zh - 2) Y (I + O(M™)).
Integrating along af);.m and working as above, we get

, 1 E(N) E(A
Hj,n= %-/(;D;n Rj?()\)( EE)‘; EE/\; )Rm()‘)d/\

R 0

with R3, = ( 0 I

). The same argument as above show that rk(I1,) = rk(E!) with

T2 1
E=if E2d=—f Z, — YT+ O(M-1))\d
Yy aD;yn (7—22) & 2um Joab ( h z) ( +O( )) i

/
7,

This shows again that the rank of EJ (and hence II}, ) is exactly the multiplicity of M.

Therefore, for any j = 2,...,p, M, admits n; eigenvalues py < ...pL in the interval
gjle; — Mt2,d; + Mt?] and that these eigenvalues satisfy

(5.19) = 25N+ O(r2)), Yn=1,...,n;.

Combining this estimate with (5.15) and using the fact the dim(£) = ¥_, r;, we obtain
the 4, are the only eigenvalues of M,,. This completes the proof. O

5.4. The singular values of Z“. Given m,m;,m, € /(9 and s € V), we denote

_1,9 1 h¢(m1) h¢(m2)

' — 2\ 2 m,m; — m,mo
(5200 ea(smmima) =7 () E (G b, — SO
and

15 oyt fe(my)
(521) Ul(s7 m7 ml) =T |)\1(S)| h¢(S) m,mj -

Let us define the matrix T® e .# (Z;I\L(YO), Vo((l)) by

a(s.m) <1 L2(smmi(s), my(s)) if my(s) e 7O
(5.22) T ( ) ) { Ul(sjm,ml(S)) if mQ(S) ¢Z;{\CEO)
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where the indexes m, s are enumerated according to the partitions of Section 5.2. Observe
that with this notation, the conclusion of Lemma 4.4 rephrases as .Z*9 = T. Moreover,
the above expression can be simplified according to the type of a. More precisely,

- if av is of type I, then my(s) € Z;{\éo) if and only if s € Vél)’i
- if v is of type II, then my(s) is always in 0.

Theorem 5.8. Let M = L** L. There exist ¢ >0 such that counted with multiplicity,
one has
PO opig,a .
o(M*)=| | he o (M) (1 + O(e~h)
j=1
where the matrices M7 have a classical expansion M3~y hkM,?’j whose leading term is
given by A A
Mg = JR7H(ZY)
where Z¢ = Qo F a0 axTa Fa00a helongs to G(&,7) with & = (ﬁ(ﬁo(fj)))jzlwp and T =

(v 52y =S (g1 )P

(7j)j=1,..p With 7j = € 7"P- =276

Proof. One has .

MO = Pur po h6—25p1/hMa

with Me given by (5.7):
M(T) = QO‘(T)*MQ"QO‘(T)
with Mo’ = (h‘lga’*ga). Of course, this matrix is symmetric positive and thanks to
Proposition 5.2, it admits a classical expansion
M~ EkjhkMg’

with /\73" = (La0) L0 = FadYaxYaFa0 ¢ o+  This shows that M belongs to
7%, Hence M is classical (&,7)-graded with & = (ﬁ(?;{\é?}))j:17._.,p and 7 = (79,...,7p),

S,

T; = -5 79-G-0)/" and the conclusion follows directly from Theorem 5.6. O

6. PROOF OF MAIN THEOREM

In this section we explain how one can deduce Theorem 2.8 from Theorem 5.8. As in
8], the general idea is to compare the singular values of the successive reduced matrix by
mean of Fan inequalities. As a preparation, we shall compare the matrices £ and L0k
defined in Section 3. First, observe that thanks to (4.4), (4.5), (4.10), one has

(6.1) L = g’ = g = g LTO

with _Z :+ F(VO) > FUWD) defined by fey = e, L = diag(L*a ¢ A), T =
diag( T, a e A) and Q = diag(Q*, a € A).

Lemma 6.1. There exists v >0 such that
L™ = (7 +0(e)2.
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Proof. First observe that thanks to Lemma 4.1, one has

(6.2) L = Lo LR
with R : . Z(U®) - .ZUWD) satisfying
(6.3) Rem = O(e- /M) ym ¢ y(©

for some v > 0. Using (6.1), we get

LY = FL2T0+RQ
with R = O(e™/h). Hence, we have to prove that there exists R : ZF(VD) - Z(UD)
such that R = R¥.7 and R = O(e~/"). From Proposition 5.2, we know that the matrix

W o= (.5,7 T )*.5!7 T is invertible with inverse uniformly bounded with respect to h. This
allows to define R := R#~1(£.7)*. Thanks to the above remarks, one has R = O(e™/")

and by construction s
RELT =RW W LT)LT =R
which completes the proof. O

We are now ready to prove Theorem 2.8. Until the end of this section, v, C > 0 denote
some constants independent on A that may change from line to line. We shall also denote
by SV (M) the singular values of any matrix M.

From Section 2.3, we know that the ny exponentially small eigenvalues of Afbo) are the
square of the singular values of the matrix £. Thanks to Lemmas 3.12 and 3.13, one has
L= 1d+0(e M) L7 (1d +O (e /"))

and it follows from Fan inequality (Lemma A.1) that
SV (L) =SV (L) (1+0(eM)).

Hence, we are reduced to compute the singular values of £7. Since the first column of L™
is the null vector, it follows that the non zero singular values of L™ are the singular values
of £~'. From Lemma 6.1, one knows that

(6.4) LY =( 7 +0(eM)2.
and since #* ¢ =1d this implies for i small enough
(6.5) ZL=(F +0(eM)

Using the fact that | _#| =|_#*|| =1, (6.4) and (6.5) combined with Lemma A.1 show that
SV(L™) = (1+0(e ) SV (ZL).
Combined with Theorem 5.8 this proves Theorem 2.8.
7. SOME PARTICULAR CASES AND EXAMPLES

In this section, we rephrase Theorem 5.8 in the particular situations p(a) = 1 and
p(a) =2.
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7.1. The case p(a) = 1. In this section we assume that p(«) = 1. Then, the set S, is

reduced to a singleton S, = {S,e }. Moreover, the points of Z/lo(f)) are either all of type I, or
all of type II.

7.1.1. The case where « is of type 1I. We first assume that « is of type II. Then all the
points m € U are of type II and Theorem 5.8 takes the following form

Theorem 7.1. Let o € A be such that p(«) = 1 and all the points of U are of type

II. Then the matrix £* has exactly q, = WS’) singular values counted with multiplicity,
Pau(h), p=1,...,q0. They have the following form

1 ~S,a/h
pap(h) = (o, (h)e ¥t
where Cop ~ Yoo B Capr 15 @ classical symbol such that the Cq 0, p=1,...,q4 are the non

zero singular values of the matriz T € ///(Z:I\éo), Vél)) given by
he(my(s)) . he(my(s))

ho(s) ™™ hy(s)

with my(s), my(s) defined in Lemma 5.3.

Tgm = 7T_%|5\1(S)|%( 5m7m2(s)>, Vs e Vél), me¢ Z;[\C(,O)

Observe that the description of the approximated small eigenvalues of A, in the above
theorem is very close in spirit to that obtained in non degenerate situations. Though,
the different eigenvalues p,, are linked one each other, the only minima involved in the
computation of the prefactor ¢, , are associated to the typical height S,e. In that sense,
we can say that the above formula is a generalized Eyring-Kramers formula.

As already mentioned in the introduction, the matrix T< enjoys a nice interpretation in
terms of graphs theory. In order to simplify, suppose that the function ¢ is such that the
coefficients of T« are either 1 or —1. Define a graph G, associated to the equivalence class
a in the following way. The vertices of the graph are the minima m ¢ ZZ§0) and the edges
are the saddle points s € Vc(yl). The two vertices associated to the edge s € Vél) are just
m; (s) and my(s). With this definition it turns out that the matrix Y is the transpose
of the incidence matrix of a certain oriented version of the graph ¢. As a consequence,
the [Ca.u0/* are the eigenvalues of the corresponding graph Laplacian Ag = (dm,m’) m ez
defined by

d(m) if m =m’
(7.1) dmm’ =1 —1if m# m’ and there is an edge between m and m’
0 otherwise

where the degree d(m) is the number of edges incident to the vertex m.

Figure 1.1 in the introduction presents an example of potential ¢ having one unique
saddle value ¢ and such that all local minima are absolute minima. We represent also in
Figure 1.1 the graph associated to the non trivial equivalence class (that is the one which
is not reduced to one element).
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In the case where the coefficients of T® are not necessarily equal to £1, the same inter-
pretation is available with weighted graphs. We refer to [3] for definitions and standard
results on graphs theory.

7.1.2. The case where « is of type I. In this section, we compute explicitly the singular
values of % when « is of type L.

Theorem 7.2. Let o € A be such that p(a) = 1 and all the points of U are of type

I. Then, the matriz £ has exactly q, = HZ/{S)) singular values counted with multiplicity.
These singular values p,,(h), p=1,...,qs have the following form

pau(h) = Gap(h)e 07"
where Cop ~ h2 Yoo W Capr has a classical expansion such that (. 0 are the g, singular
values of the matriz T given by
ho(mu(s)) ¢ ho(my(s)) o

Tsm: 7%5\ % m,m;(s) ~ m,ms (s
) Q | 1(S)| ( h¢(S) ;mi (s) h¢(S) ; 2())

if se V' and
145 ooyt he(mu(s))
Ts,m =7 2|\ (S) 2—(sm,ml s
A1 (s)] ho(s) (s)

. 1),b .
if s € ye. Moreover, these singular values are non zero.

As in the case of points of type II we can interpret the matrix Z0 in terms of graphs.
However, some saddle points are now associated to only one minimum. In terms of graph,
this leads to some edges having only one vertex which means that we are dealing with
hypergraphs.

7.2. The case p(«) = 2. In all this section we assume that p(a) = 2. Then ¢ takes two
different values p_ < ¢, on Z/{éo). One has S, = {Sye < Spa} with Spe = o(a) - ¢..

7.2.1. The case where « is of type II. The partition (5.4) takes the form 7Y = Z;l\o(loz uﬁéo_)
with L?ffj = {meU?, ¢(m) = ¢.}. Since « is of type II, then my(s) € 7S for all s. It is
then convenient to introduce the partition of y given by

(7.2) v =y oy

with Vélz = {s e V", my(s), my(s) ¢ ZZ&OJZ} and v§}2 = {s ¢ V", my(s), my(s) ¢ ﬁéo_)},
where the functions m;, ms are defined by Lemma 3.3. In the case s € V(Sz_, it follows from
the choice of Lemma 3.3 that m;(s) € Z;{\o(éoz and my(s) € 27{;02 We order the above partitions
by deciding Zz(xoz < Z:{\C(XO_) and V,;(Yli < C(Xlz_ < Vél_) Then, the matrix % := hae v lh Za has

the form
v 0

Y=\ b,. Tb_,

0 TQ



48 L. MICHEL

where 7 = eS¢ 75)/" and the matrices t,b,_,b_, admit a classical expansion whose prin-

cipal terms are given by the following formula
- for all s e Vo(}z and m € Z[:ioz one has 1, = va2(s, m, m;(s), my(s))
- for all s € VC(}E and m € Z:l\o(éo,) one has a ,, = vo(s,m,m;(s), my(s))
- for all s € V(Sz_, m € Z:{\C(Yoz and m’ € Z:{\C(YO_) one has (09_)sm = vi(s,m,m;(s)) and
(b(_)+)s,m’ = —Ul(S, mlv mQ(S))
with vy, vy given by (5.20), (5.21). By a standard block-matrix computation one has
TB* 724

(7.3) (@/a)*@az( J TE)

with J=t*1+0%_b,_, B-= bx_b_, and A=a*a+ b*,b_,. All these matrices admit a classical
expansion, A ~ Y, o h*A* B~ Y, oh*Bk J =Y, 0h*J*¥ and one has JO = (0+,0 + b b0_,
BO =010, and A° = a%+a + b2 b0, , where we use the notation (¢/)* = ¢i*.

Theorem 7.3. The matriv £ has exactly ¢o. = ﬂué?i) singular values A% ,(h), p =
1,...,qax counted with multiplicity which are of order hze 32" These singular values

have the following form
+ _ ot -S,a/h
)‘a,,u(h’) - Ca,,u,(h)e *

where (%, ~ h3 Yk hkCimk is a classical symbol such that (C} ,,)* are the qq. non-zero
eigenvalues of the matrices G* given by G* = J° and G- = A® — (B%)*(.J%)~1B°, where
A0, JO and BO are defined below (7.3).

Let us make a few comments on this theorem. First, observe that the prefactor ¢* = (% ,
obeys two different laws wether we are in the + or — case. In the + case, (* is determined
by the matrix J° which depends only on the minima m ¢ %" such that S(m) = S,,. In
that sense, the behavior of (* obeys law similar to the generalized Eyring-Kramers law of
Theorem 7.1. In the — case, the situation is different since the matrix G~ involves values of
¢ on all minima and not only those for which S(m) = S,,_. Hence the term (B°)*(.J0)-1 B0
in the definition of G- can be understood as a tunneling term between minima associate
to both heights.

This interpretation is confirmed by the following example. Suppose that ¢ has two
distinct minimal values and one saddle value. Figure 7.1 below represents such a potential.
The blue wells correspond to the absolute minimal value and the red one to the other
minimal value. All the saddle points are supposed to be at the same level. Then, the
matrices A° and JO can be viewed as the Laplacians of the hypergraphs built as follows.
First we consider the graph G associated to all the minima whose vertex are the minima
and edges are the saddle points between two minima (without distinction on the level of
the minima). The blue and red hypergraphs G, and G, are obtained by cutting the graph
G on edges between a blue and a red minimum. Eventually, the matrix B links blue and
red minima.
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FIGURE 7.1. Top: The sublevel set {¢ < o} associated to a potential ¢
having a unique saddle value and two minimal values. Bottom: The
associated hypergraphs.

7.2.2. The case where « is of type I. In this section we assume that « is of type I. The
partition (5.4) takes the form ¢ = Z/lé?_) U Ll,i?z with

UL = fmetd” ) p(m) = .}

We order the two elements of L@C(YO) by deciding LIC(Y?JZ < u@?). In order to deal with the saddle

points, we introduce the partition 32(9) which is a mix of partitions used in Lemma 3.4
and Section 7.2.1:

v = Vﬁfﬁ,b uv oy Vc(ﬁ_ Ly p U VS}Z

with R
V,SZ,_ ={se i m; (s) € Uc(y(,)L my(s) € Z/IC(YO_)}
VI = {s e VI, m(s), ma(s) e U}

(7.4) V= {5 e VD" my(s) et

Vo(tlzz ={se V" mi(s), my(s) ¢ Z/IC(YO_)}
V= {se VP my(s) et}
Here the function m;, m, are defined by Lemma 3.3. One has the following

Theorem 7.4. Assume that p(a) = 2 and « is of type 1. The matriz £* has exactly

Qo+ = HUSL) singular values % ,(h), p=1,...,qa: counted with multiplicity which are of

_Sug/h

order hie . These singular values have the following form

N (h) = G (hye el
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01 =00

oy \ S1 82 S3

RIVARNAN!
o\

ma3

d(may) = p(my)

ma1 Mmoo

B(m)

mya

FIGURE 7.2. A potential with p(«) =1 for all «

where (%, ~ hiy, Rk 18 a classical symbol such that (C; ,o)? are the o . eigenvalues
(which are non zero) of the matrices G* given by G* = J° and G- = A° - (B%)*(J°)"1 B,
where A%, BY and J° are defined by
JO =00 b0 0 BO =970, A% = a%*a® + b0r b0,

with the matriz, a®,b0_, %, and (° defined by

- for all s € VO(}JZZ and m € Z/{O(Z,Oz one has 1, = To(s, m, my(s), my(s))

- for all s € V(Sz’b and m € Z/Io(l?z one has 13, = T1(s, m, my(s))

- for all s € VSE

- for alls e Vo(jz’b and m € Llé?_) one has a3, = T1(s,m,m;(s))

- for all s € Vc(y}l_, m € L{O(f? and m' € uff) one has (b9 )sm = Y1(s,m,m;(s)) and

(b(_)+)s7m’ = _Tl(sa mlv mQ(S))

7.3. Some examples.

; and me u@?) one has ag,,, = To(s,m,m;(s), my(s))

7.3.1. Computations in dimension one with p(«) = 1. Let us compute the small eigenvalues
of the potential ¢ represented in Figure 7.2.

As already noticed in the discussion below Theorem 2.8, there are exactly three equiva-
lence classes for R in that case: L{l(o) ={m,,}, UQ(O) ={my;, my,} and Uéo) ={my3}. Let us
denote by s; the saddle point between my; and my 5, sy the saddle point between m, 5 and
m; ; and s; the saddle point between m;; and my 3. Denote also Sy = ¢(s1) — ¢(my ;) =
#(s1) — ¢(myy) and Sz = ¢(s3) — ¢(ma3). Observe also that for all m € U one has
H(m) = {m}. Then the matrix £%* defined by (4.2), admits the following form

10 diy diy, O
Lbkw:(ﬁf 0 2, &, 0
™ \o 0o 0 &
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with the coefficients given by the following formula:
B = (16" (s0)¢" (man)| + O())e ", iy = ~(¢" (51)¢" (ma)[} + O(R))e 0"
B =0, a3y = (|6 (528" (ma2)| + O(R))e /", = (|6 (s3)8" (my)| 7 + O(R) e /"

The corresponding squares of singular values are then
h 1 h
Moo= 0. Xa= 2(16"(52)0" (ma)[E + O™/ and X5 = (45 + O(h))e 5"
T T

where p3 are the square of the singular values of the matrix

~2 _ a _b

(5 )
with @ = [¢"(s1)¢"(ma1)[T, b = |¢"(s1)¢" (mys)|7 and ¢ = |¢"(s2)¢" (my,)|7. It follows
that

~2 *""2_ a2 _ab
(D°)D _( -ab b +c? )

whose eigenvalues could be computed handily. For instance, if |¢(s)| = |¢”(m)| =1 for all
seldM and m e Y one has

~o\ 1 -1
2\* 12 _
oro-( 7)
whose eigenvalues are p5 = g + \/73
We would like to conclude this example by noticing that one has necessarily p3 # p;.

Indeed, if one computes the characteristic polynomial of the above matrix, one finds P(x) =
22 = (a® + b + ®)x + a®c? whose discriminant is given by

A=(a?>+b+c*)?-4a*c = ((a-c)* +b*)((a+c)? + V).
Since ¢ is a Morse function, one has b # 0 and hence A > 0.

7.3.2. Computations in dimension one with p(«) = 2. Suppose now that the potential ¢ is
as represented in Figure 2.4. As already noticed there are exactly two equivalence classes
for R in that case: Lll(o) ={m,,}, Z/{2(0) = {my;, my, my 3}, and again, one has H(m) = {m}
for all m e /(O . Let us denote by s; the saddle point between my ; and my 9, Sy the saddle
point between my o and my 3 and s3 the saddle point between my 3 and m; ;. Denote also
Sy = ¢(s1) — d(my) = ¢(s1) — ¢(mys) and S = ¢(s2) — ¢(my3). Then the matrix LoFw.”
admits the following form in the basis ( £ ,(1?2)11, 1&?2),2) and (f ), 5(21 ), fs(l1 ))

2,39

h 1 L 0 0
ﬁbkw/’ _ (_)26—53/17/ bl 0 bze_(‘s?_sd)/h
T 0 aje-(52=S)/h g e~(S2-5a)/h

with the leading terms of the coefficients given by the following formula:

0 = 0" (s3)0" (ma3)|T, 1) = [0 (82)0" (ma3)|T, B = |67 (52)¢" (my2)T
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and
af = |¢"(s1)¢" (m2,)|, a3 = ~[¢"(s1)¢" (myy)|d

In order to simplify the computation, assume that ¢”(m) =1 for all m e 4(®) and ¢"(s;) =
@"(s9) = 1. Denote 6 = |¢"'(s3)| and 7 = e~ (5253)/2 Then

Ak -0 0 0
Ebkw’":(—) e Sslh 1 0 7 |+0(h)].

g 0 7 -1
Hence, we can apply Theorem 7.4 with
a®=(1-1), 0=-0,02 =1,0°, =(01).

1
It follows that the singular values of order e=52/" are pi.(h) = (£)2e~52/h(\/AL +O(h)) with
A. eigenvalues of MO := A0 — (B9)*(J°)~1 B with

AO:( L) ),BO:(O 1), JO= 1462

1 -1
0_
M_(—l 2—1/)

€]0, 1[. The eigenvalues of this matrix are
_3-v, V(B -v)2-4(1-v)
C2 2

This can be seen as perturbations by the well of height S5 of the eigenvalues A, computed
in the previous example (obtained by taking v = 0 in the above formula).

Hence

1
1+62

with v =

A

7.3.3. Computations in higher dimension. Consider the case of potential ¢ having N > 3
minima my,...,my and one local maximum at the origin as presented in Figure 7.3.
Assume also that there are exactly N saddle points si,...,sy, all at the same height
¢(s;) = 02 and that the set {¢ < o2} has exactly N connected components Ei,..., Ey,
each E; containing the minimum m; and that for all j =1,..., N, {s;} = Ej N Ej+1 with
the convention Ey,; = Ey. Assume in addition that all the ¢(m;) are equal and denote
S = 09 — ¢(my). Then, Assumption H(1,2) is satisfied. Let us choose m; as the global
minimum associated to oy = co. Then all the other minima are associated to the saddle
value o,. It is clear that they all belong to the same equivalence class and that they are all
of type II. Moreover, for all m € /(9 \ {m;}, one has H(m) = {m}. Then, we can apply
Theorem 7.1 to get the spectrum of the Witten Laplacian associated to ¢. It follows that
the eigenvalues are given by \; =0 and foralln=2,..., N

(7.5) An(h) = by (R)e 23" (1 + O(e~/M))
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FIGURE 7.3. N wells in dimension two

where b, admit a classical expansion b, (h) ~ %Z,QO bnxh*. Moreover, one has b, = u2

where the u,, n=2,..., N are the non zero singular values of the matrix
Oélﬁl —Oégﬁl 0 0
0 asfBy  —azfBy 0O e 0
L= 0 0 04363 ces 0
0 0 OéN—lﬁN—l _OéNBN—l
—OélﬂN 0 0 OJNBN

where we denote a; = go”(mj)i and f3; = (—cp”(sj))i.
If one assumes additionally that «; and (; are independent of j, let say o; = o and

Bj = 3, then £ = afA with

1 -1 0 ... 0 0 \
0 1 -1 0 0
0 0 1 -1 0 0
d — ., . ... E
0
0 0 0 1 -1
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The singular values of & are the square roots of the eigenvalues of

2 -1 0 ... 0 -1
-1 2 -1 ... 0 O
Ao - O -1 2 -1 ... O
o o ... -1 2 -1
-1 0 0 0 -1 2
which are known to be v, = 2(1—008(2’%)), k=0,...,N—1. In particular, for all 2 < k < %,

v, has multiplicity 2 since vy, = vy_g.
Suppose now that the potential ¢ is invariant by rotation of angle 2%, then (7.5) still

holds true with b, (h) being the singular values of a matrix of the form "

( 1 -1 0 ... ... 0 O

o 1 -1 0 ... ... 0

0o 0 1 -1 0 0

o =0(h) DS :

0

0 0 0o 1 -1

-1 0 0 0 1

with 0(h) ~ ¥ .0 h*6x. Hence, the above computation is still available and it follows that
for 2<k <%, by(h) = by_(h). This permits to recover the results of [11], section 7.4.

APPENDIX A. SOME RESULTS IN LINEAR ALGEBRA

We collect here some helpful results of linear algebra.

Lemma A.1. (Fan inequalities) Let A, B be two matrices and denote by i, the singular
values of any matriz. Then

fin(AB) < || B 1 (A)
tin(AB) < | Al pn(B)

where |C| denotes the norm of C': RP — R? with R* endowed with (? norms.

Proof. See [19]. i

Lemma A.2. Let A = diag(A;,...,Ax) be a block diagonal matriz. Then the singular
values of A are the singular values of the A,, counted with multiplicities.

Proof. 1t is straightforward, since A*A = diag(Aj A1, ..., AyAN). ]

Lemma A.3. Let E, F be two finite dimensional vector spaces and A(h) : E - F be a
family of linear operators depending on a parameter h €]0,1]. Assume that A(h) admits a
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classical expansion A(h) ~ Y o0 h* Ay and that the matriz Ay has non zero singular values.
Then, for h >0 small enough the singular values p,(h) of A(h) admit a classical expansion
k=0

where the pl are the singular values of Ay.

Proof. Since the singular values of A(h) are the eigenvalues of A* A which is selfadjoint,
the result follows easily from Kato’s perturbation theory of analytic families of selfadjoint
operators ([13], chap 2, section 1) applied to the expansion of A*A in h powers cut at finite
rank. O

Lemma A.4. Let A be a px(q+1) matriz and T a (q+1)xq matriz. Assume that T*T =1d
and that ker A = Ran(T")*. Then the singular values of A are {0, z1, ..., 2,} where zq,...,2,
are the singular values of AT.

Proof. First observe that since ker A = Ran(T)*, then 0 is a singular value of multiplicity
one of A. Let us denote &, a unit vector such that ker A = R¢,. By definition, there exists

an orthonormal basis &, ..., &, of R? such that

(A.1) T*A*AT¢, = 20

for all £ =1,...,q. Let us denote ék = T&. Since T*T = Id, then gk is an orthonormal
family of Re*1. Moreover, since ker A = Ran(7")*, then = = {{,...,&,} is an orthonormal

basis of R*!. Moreover, for all k=1,...,¢q, it follows from (A.1) that
A& = |ATE[ = 2

This shows that the matrix A*A in the basis Z is exactly diag(0, 2%, ... ,22) and proves the

result. a

Lemma A.5. Let M be a real matriz. Assume that M is symmetric definite positive and
that it admits a block decomposition

J B*
M- ( 7B )
Then J and N - B*J~'B are symmetric definite positive.

Proof. This is quite standard, but we recall the proof for reader’s convenience. Of course
J and N — B*J-'B are symmetric. Moreover, since M is positive definite, then

(7.2} = (M), () eloP
for some ¢ > 0. This shows that J is definite positive. On the other hand, denoting

[ -J'B*
(o)



56 L. MICHEL

one has
* o J 0
& MQ_( 0 N-BJ'B* )
Since M is positive definite, this implies that N — BJ~1 B* is positive definite. O

APPENDIX B. LINK BETWEEN R AND THE GENERIC ASSUMPTION

Proposition B.1. Suppose that the Generic Assumption is satisfied, that is for all m e Y©)
one has the following:
i) ¢pm) has a unique point of minimum
ii) if E is a connected component of {¢ < o(m)} such that En V() =@, there exists a
unique s € V) such that ¢(s) = sup EnVD . In particular, En¢=1(] - o0, p(s)[) is
the union of exactly two different connected components.
Then for all m e U, Cl(m) is reduced to {m}.

Proof. If m = m there is nothing to prove. Suppose that m € U” and apply Assumption
ii) to E_(m). One has evidently V() n E_(m) # @ since it contains F(m) ¢ E_(m) and
E(m) is a critical component. Hence, F_(m) n {¢ < o(m)} has exactly two connected
components which are necessarily E(m) and E(m). Suppose now that m’Rm. Then
o(m’) = ¢(m) and hence m’ ¢ E(m). Therefore m’ € E(m) which implies m = m’. o

Remark B.2. There exists some functions ¢ such that Cl(m) = {m} for all m € U©®
and that do not satisfy the Generic Assumption. Take for instance ¢ : R - R with 2N + 1
minima and 2N saddle points such that

-IM; <SS <My <Sy<...<Moy <Sony <Mon41

- there exists o such that ¢(s;) =0 forall j=1,...,2N.

- there exists a < < o such that ¥j =1,...,N, ¢(mg;41) = 3, and Vj =1,...,N,

¢(m2j) = Q.

Then, Cl(m;) = {m;} for all j and since max{¢(s), s € R} = o is equal to ¢(s;) for all
j=1,...,2N, the ii) of (GA) is not satisfied.
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APPENDIX C. LIST OF SYMBOLS

We enumerate different notations used in the paper and give the first place they appear.

(1) .

Z,{(O)’L[(l) page 6 YO(ZO) <52)
Ua (3.3)
Ng, N1 page 6 T (3.4)

F(.) page 7 o“

i AR VOR Lemma 3.4
48 Definition 2.1 a” s Va

#,3,Y  Definition 2.1 ZA R (3.10)
S o above (2.3) 0 (m) (3.11)
S (2.3) H.(m) (3.12)
u® (2.4) u (3.15)

E (2.5) T Definition 3.7
['(m) below (2.5) LT (4.1)
H(m) (2.6) L' below (4.1)

E_ (2.7) LOkw (4.2)

E (2.9) Lokw! (4.3)

m (2.10) Lok (4.5)
UO YO)IT Definition 2.3 Z above Lemma 4.2
R Definition 2.5 z- (4.6)

U (2.14) 2 Lemma 4.3

A A below (2.14) hqs’(LH) (4.7)

Qo below (2.14) - (4.9)

U U below (2.14) Z (5.3)

Sa (2.16) S above Definition 5.4
p(a) (2.16) G(E,7),G(E,T) Definition 5.4

v below (2.16) Uy (5.20)

(5} (5.21)
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