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Abstract

Moment models with suitable closure can lead to accurate and computationally efficient
solvers for particle transport. Hence, we propose a new asymptotic preserving scheme for
the M1 model of linear transport that works uniformly for any Knudsen number. Our idea is
to apply the M1 closure at the numerical level to an existing asymptotic preserving scheme
for the corresponding kinetic equation, namely the Unified Gas Kinetic scheme (UGKS)
originally proposed in [29] and extended to linear transport in [25]. A second order extension
is suggested and validated. The generic nature of this method is also demonstrated in an
application to the M2 model. Several test cases show the performances of this new scheme
in both the M1 and M2 case.

Keywords: linear transport, UGKS, M1 closure, asymptotic preserving scheme, diffusion
limit

1. Introduction

Kinetic equations appear in many fields of study such as plasma physics, radiative transfer,
neutron transport and rarefied gas dynamics to model the dynamics of systems of particles.
As the particle distribution is described in the phase space over time, accurately solving these
equations is expensive in terms of computational power. Furthermore macroscopic models
correctly describe the system of particles as long as the Knudsen number (denoted by ¢)
remains low, which is defined as the ratio between the mean free path of the particles and a
macroscopic length. The associated equations are much less costly to solve but their physical
validity domain is limited. To describe transitional regimes and take into account kinetic
effects without solving the complete equation, moments models are developed.

These models aim to reduce the number of kinetic variables by closing a moment hierarchy
of the kinetic equation. Closing the system consists in giving an expression of the unknown
highest order moment as a function of the lower order ones. Such a relation can be provided
by assuming the shape of the particle distribution at the microscopic scale in terms of the
macroscopic variables. For example, the PN model rests on a Legendre series expansion of
the distribution function under the small anisotropy hypothesis. The corresponding closure
is linear, however the polynomial ansatz does not ensure the positivity of the distribution
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function [8]. In contrast, the MN model is based on the minimum entropy principle and
guarantees this property for the Boltzmann entropy. Moreover, the MN system is hyperbolic
and the flux limitation and entropy dissipation properties are ensured [23, 10, 1].

Besides the high dimensional context, without specific treatment, numerical schemes for
the kinetic equation or the moment model can be very expensive as they must resolve the
smallest microscopic scale in the domain which constrains the space discretization and the
time step for stability reasons. Furthermore, the limit scheme may not be consistent with
the macroscopic model as the Knudsen number tends to zero. Asymptotic-preserving (AP)
schemes have been developed to cope with this problem. Those schemes are consistent with
the limit model and uniformly stable with e. They were first studied for neutron transport
in [21, 20| and later in [15, 14]. In [16, 17|, AP schemes are obtained by decomposing
the distribution function around the equilibrium and similar ideas are employed in [4, 18,
22, 2, 5, 6]. Other approaches have been proposed in [11]| (well-balanced method) or [19]
(asymptotic-preserving projective integration scheme).

The Unified Gas Kinetic Scheme (UGKS) is an innovative AP scheme originally developed
by Xu and Huang in 2010 in the context of rarefied gas dynamics [29]|. Since then, it has
been further improved and the general ideas have been applied to complex gas flows [24] (see
[30] for other references). The UGKS was also extended to linear models with the diffusion
limit in |25, 27].

For moment models, asymptotic-preserving schemes are usually constructed indepen-
dently of the underlying kinetic equation. In most cases, a modification of the approximate
Riemann solver is introduced to obtain the correct asymptotic behavior [3, 7, 12].

The main objective of this paper is to demonstrate how the UGKS may be utilized
to develop a numerical scheme for the M1 moment model associated with a simple linear
transport kinetic equation. Our idea is to apply the M1 closure at the numerical level on the
numerical approximation (UGKS) of the linear kinetic equation. We prove that this scheme
accurately captures the diffusion regime. Moreover, we suggest a second order extension that
does not compromise the asymptotic-preserving property. Additionally, we show that the
method developed in the M1 case is generic and can be applied to other moment models. In
particular, a numerical scheme for the M2 moment model is given.

The outline of our article is as follows. First, in section 2 we briefly present the linear
kinetic equation and the corresponding M1 model as well as their fundamental properties.
Then, in section 3 the UGKS construction is summarized, the scheme for the M1 model is
presented, and the second order extension is proposed. Next in section 4, a numerical scheme
for the M2 moment model is also given. Finally, the schemes are validated in section 5.

2. The M1 closure for the linear transport

2.1. The linear transport equation

The linear transport equation is a kinetic equation that describes the evolution of the
particle number density ¢ as a function of time ¢, of space position r in & an open set of R3
and of velocity direction € in .#? the unit sphere in 3 dimension space:
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The number density represents the amount of particles in a given phase space volume at a
certain time. From a physical point of view, this equation expresses the time variation of the



number density through a collision operator in the absence of external forces. On the left-
hand side, the total derivative in time describes the particles advection at velocity c in the
direction €. On the right-hand side, the collision operator models the particles interactions
with the medium depending on the opacity o(r) and reflects the rate of change of the number
density. In this case, a linear relaxation operator is considered instead of the full non-linear
Boltzmann one. This operator acts as a relaxation term towards the equilibrium state, which
is the uniform velocity distribution. It preserves some basic fundamental properties such as
mass conservation and entropy dissipation.

In a small opacity medium, the particles are advected on the microscopic scale without
colliding; this is the free transport regime. In that case, the number density is constant along
the trajectories. Besides the collision mechanism predominates and a global macroscopic
diffusion behavior emerges when the opacity is high.

To study the diffusion regime and for computational purposes, it is convenient to work
with the non-dimensional equation. In order to obtain this equation, several non-dimensional
variables are introduced: ¢ = ¢/¢*, t' =t/7,r' =r/L, o' = 0/c* where T is a characteristic
time, L a characteristic length and ¢* a characteristic opacity homogeneous to the inverse of
a length \. This physical parameter represents the mean free path of a particle, that is, the
average distance covered by a particle without a collision. Two non-dimensional numbers are
introduced: the Knudsen number e which is the ratio between the mean free path and the
macroscopic length and 7 which is the ratio between the macroscopic velocity and c:

A L7
A

€= (2)
By omitting the prime symbol, the kinetic equation can be rewritten as a function of these

quantities:
1

o
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In this article, we assume that the number density only depends on the slab axis variable
z. In that case, the average of ¢(t,r,(2,,-, ), denoted by f(t,z,v) (where v = €,), satisfies
the following one-dimensional equation:

&f+%&f=vw—f% (4)

where v(x) = ‘76(;7”) is the collision frequency and p is the distribution function density: p =
(fy = % f_ll f(-,-,v)dv. Integrating this kinetic equation over the velocity variable allows to

get the macroscopic mass conservation equation:

€dp + 0, =0, (5)
where j = (vf) is the flux density.

2.2. Asymptotic regimes

As the Knudsen number € tends to zero, the collision mechanism predominates at the
microscopic scale and, as a consequence, the distribution function tends to its own density
(at the first order in €). On the macroscopic scale, a global diffusion behavior emerges. To
observe this phenomenon, the observation scale needs to coincide with the collision one, which



implies 7 = €. In that case, a Hilbert expansion of the distribution function can be used to
demonstrate that the density satisfies a diffusion equation at the first order in e:

Oyp = 0, (KOLp) + O(€), (6)

where the diffusion coefficient is x(x) = 30% Conversely, in the free transport regime, €

tends to infinity while 1 remains constant. In that case, the limit equation is the usual linear
advection equation without a source term:

noyf +vd,f = 0. (7)
The particles are advected at their own speed v/n without interacting with the medium.

2.3. Entropy

Due to the collision process, the particles tend to locally reach the equilibrium distribution
(which is the uniform distribution) in a characteristic time 7 = “°. From a physical point of
view, a small perturbation out of that state leads to an increase of the physical entropy in
the domain before returning to equilibrium. Mathematically, this irreversible process can be
characterized by the local entropy inequality:

n0c (9(f)) + 0 (vg(f)) <0, (8)

where ¢ is any convex function. In a closed system, with suitable boundary conditions, the
corresponding mathematical entropy J(t) = [, (9(f(t,,-))) dz is non-increasing;

dst

<o, (9)

Numerical schemes for the kinetic equation should preserve this property which is a good
indication of the system evolution.

2.4. The M1 moment closure

In a general context, solving kinetic equations is expensive due to the high dimensionality
of the problem. In several physical applications, assumptions can be made on the shape of
the distribution function. Thus, reduced models in velocity can be developed to lower the
problem dimension and as a consequence the computational cost. A general procedure for
elaborating such a model is to establish a moment hierarchy of the kinetic equation and then
to choose a specific ansatz for the distribution function to close the resulting system.

The simplest hierarchy which enables the restoration of an angular anisotropy is obtained
by integrating equation (4) against the vector m(v) = (1 U)T with respect to the velocity
variable:

0,U + 0,F(U) = vS(U), (10)

where U = (p j)T is the vector of conservative variables, F(U) = % (j q)T is the flux

vector where ¢ = (v2f) and S(U) = (O —j)T is the source term. The first equation is
the mass conservation equation (5). For any hierarchy, the integration process introduces
a last unknown flux (in this case ¢) which can not be expressed, a priori, as a function
of the previous moments. The M1 closure relies on an entropic argument to enforce the
distribution function shape and to compute this flux as a function of the density and of the
velocity u = j/p. Linked to this closure is the notion of moments realizability:
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Definition 2.1 (Moment realizability). A moment vector U is realizable if there exists a
non-negative distribution function f such that (mf) = U.

Proposition 2.1. Let U = (p j)T and uw = j/p. The moment vector is realizable if and
only if p >0 and |u] < 1, or U = 0.

Proof. 1f U is realizable then p = (f) > 0. If p = 0, then f = 0 and hence j = 0. If p > 0,
then || < ([v[f) < (f) = p since |v] <1, and hence |u| < 1. The converse statement can be
proven by setting f = f as defined in proposition 2.2. ]

Proposition 2.2 (M1 distribution function). Let U be a vector of realizable moments. If the
density 1s non-zero, then the distribution function f which minimizes the Boltzmann entropy

functional h(f) = (fIn f — f) under the constraint <mf> =U is

r _ Am(v) _ B Bv 11
flo) = v = p—fe (1)
where A = (04 B)T 18 the vector of entropic variables and o = In (psinﬁhﬁ). The anisotropic

variable B is implicitly defined through the relation u = 2(f) where z(3) = coth f — 71 is
an invertible odd function in [—1, 1], continuously extendable at 8 = 0.

Proof. The M1 distribution function f satisfies the following constrained minimisation prob-
lem:

A

f = argmin (fIn f — f). (12)
fes
where . = {f € L*([—1,1],R,) such that (mf) = U}. The method of Lagrangian multi-
pliers allows to show that:

fv) = etm), (13)
where A € R? is the Lagrangian multiplier vector. It can be implicitly expressed as a function
of the conservative variable vector U:

eO{

— sinh 8
U= (me*™) = | . ' N E (14)
E sinh 8 <coth b — E)
Thus, the M1 distribution function can be rewritten in terms of p and /S and the relation
between the anisotropic variable and the velocity appears. O]

Imposing the shape of the distribution function allows to close the system:

Proposition 2.3 (M1 closure). The third moment q of the M1 distribution function f is:

q:<v2f>:p(1—29>. (15)
g

System (10) closed with relation (15) is the M1 model of the linear transport. We can
notice that as the velocity tends to zero, ¢ tends to p/3 which is nothing but the usual
P1 closure. In the particular case of a zero density, the closing procedure is not applicable

because the velocity and hence § are not well defined anymore. But the continuity of i at
f =0 allows to set f = 0 and therefore ¢ = 0.

The following results hold on this model (see [10]).
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Proposition 2.4 (System structure). System (10)-(15) is hyperbolic (the Jacobian matriz
of the system is diagonalizable and its eigenvalues are real) and ensures the moments realiz-
ability.

Proposition 2.5 (Diffusion limit). The density p satisfies the diffusion equation (6) at first
order in €.

The validity domain of this model is directly linked to the quality of the distribution
function projection on the set of M1 functions. As long as the distribution functions are
close to this set, the model remains accurate. Two different types of distributions are well
represented: the ones close to the equilibrium and the ones where the velocity is high. As
soon as the distribution functions are far from the set of representable functions, this model
becomes irrelevant.

3. A UGKS based numerical scheme for the M1 model

Developing a numerical scheme for the M1 hyperbolic system presents challenges for
asymptotic preserving considerations. At first sight, a standard Riemann solver may appear
suitable. However, without special treatment of the source term, it would not correctly
capture the correct diffusion limit as the Knudsen number tends to zero.

Several solvers rely on specific numerical fluxes designed to correctly capture the diffusion
limit. For example in [3, 7|, the HLL approximate Riemann solver is modified by introducing
a third stationary wave and by adjusting the nonlinear wave speed. As multiple choices
are eligible to recover the correct asymptotic behavior, a particular attention is paid to the
convergence speed to the diffusion regime as the Knudsen number tends to 0.

An alternate and general procedure is to rely on a robust scheme for the kinetic equation.
In this section an adaptation of the Unified Gas Kinetic Scheme (UGKS) for this model is
explained.

3.1. UGKS

Since our new scheme is based on the UGKS, the solver construction for linear models
with diffusion limit is adapted from [25] and summarized below.

3.1.1. A finite volume formulation
Let [2i—1/2, Ziy1/2] be a control volume of size Az and [t,,t,41] be a time interval of size
At. We define the averages of the density and distribution function on cell ¢ at time ¢,

oL [ p<tn,x>>
(mv)) Y / (f(tn,x,w o

and the macroscopic and microscopic numerical fluxes across the interface x;y1 /2
( q)i+1/2 ) _ 1 b1 (<Uf(t7 xi+1/27 U>>) dt
Git1/2(v) nAt J, vf(t, Tiviy2,v)

The finite volume formulations of both the kinetic equation and the macroscopic conservation
law are obtained by integrating equations (4)-(5) over the control volume and over the time



interval. These formulations emphasize the evolution of the volume averages through the cell

interface fluxes between the two instants:
n+1

pi - — P 1

AL + A_x(q)i+1/2 —®;_y/9) =0, (16a)
fin+1 B fzn 1 n n

AL + E(¢i+1/2 — Gi1y2) = vi(pit — fI). (16b)

An implicit approximation of the collision term is chosen to obtain an asymptotically stable
scheme. Developing a finite volume scheme for equation (4) involves giving a consistent
and conservative approximation of the microscopic numerical flux ¢/, and therefore of the
macroscopic one ®; /5 = <gbi+1 /2>. At this stage, the velocity variable v is kept continuous
and omitted.

3.1.2. A characteristic based approach

The main idea of UGKS is to rely on the integral representation of the kinetic equation
solution (given by the method of characteristics) to elaborate the numerical flux. This way,
the collision term is naturally taken into account. In case of constant opacity (4) is equivalent
to:

d
T (e”tf(t, T+ %t, v)) =ve'lp(t,x + %t) (17)

Assuming the opacity variations are negligible at the scale of a cell and of a time step, we
consider this expression as an approximation around each cell. Relation (17) is then evaluated
at the interface z;;,/» and integrated between two given times, ¢, and ¢ > ¢,, which gives

f(t,xip1/2,v) = €7Vi+1/2(t7t”)f(tm Tiy1/2 — g(t —tn),v)
n
¢ v (18)
+ Vi+1/2/ e vir29) p(s, Tit1/2 — —(t — s))ds,
tn n

where V112 = 0iq1)2 /ne is the collision frequency at the interface. The total number of
particles at the interface can be separated into two categories ; advected and scattered par-
ticles. Depending of the collision frequency, some particles do not interact with others and
are simply transported from the foot of the characteristic z;41/2 — %(t — t,,) to the interface.
Other particles have a certain probability of colliding once at some time s such ast > s > ¢,
and acquiring the specific v velocity at x;11/2 — %(t — 5). All of these particles are then
transported to the interface.

In order to evaluate the numerical flux from relation (18), distribution function and
density reconstructions in space and time need to be introduced. Appropriate choices are
mandatory to preserve the asymptotics and achieve second order convergence in space. The
reconstructions are:

p(t,z) = Piv1j2 T 5510?“/2@ — Tip12) iz <xipip (192)
’ P12t 5§P?+1/2(95 — Tiy1y2) x> i) ’
Fltwra,v) = {10 F 0l m) S E S T (19b)
Tt fi (e —xi) i r > @i

where 02%p!" | /o are the left and right finite differences slopes:

3 7 Vel 7
n Pivi/2 — Pi n Pit1 = Piy1)2

0f Plitje = T Az Op 1 je = T Az (20)



and the interface density p;,;/s is:
Pi+1/2 = <fin1v>0 + f£11v<0> = /)?Jr + pi- (21)

The choice for that density turns out to be not that important. For example the mean value
% may be appropriate. However, from a physical point a view, using the half densities
on each side seems to be equally relevant in order to consider the real distribution of the
density near the interface and to ensure the BGK compatibility condition at ¢t = ¢,, in (18):

(p— 1)t it1/2) = 0.

The distribution function slopes need to be limited to ensure the decrease of the total
variation. Let ¢ be a TVD slope limiter (for example the van Leer limiter is given by

Y(z,y) = (sgn(x) + sgn(y))M ). Then the slope is given by:

|z|+]y|
n n n n
FAIIE FA PRl
Axr 7 Ax

To evaluate the numerical flux ¢;1/2, the reconstructed quantities are employed in (18) before
time integration. It should be noted that in the diffusion limit, the foot of the character-
istics might be arbitrarily far from the interface. However, due to the collision mechanism,
the particles are constrained near the interface (as shown by the exponential term in (18)).
Therefore, it is legitimate to neglect the influence of remote particles by extending the re-
constructions validity domain. Finally, the microscopic numerical flux takes the following
form

Git12(v) =Ait1/2v (fin(ﬂlwo + fﬁr(f)lmo)
+Bi+1/2v2(5xfin1v>0 + 5:1: i7fl,-11U<0) (23)
+Cit1/2V0 12
+Di1/20* (05 i1 j2Los0 + 05 P12 Luco),

and the macroscopic one is

D10 =Ait1)2 <vfin(+)l’v>0 + Ufﬁ;)lv<0>

+Bit1y2 (V?0, [T Luso + 070, 11 Lu<o) (24)
Di+1/2 n n
+ 3AL (Pi+1 Pi);
where fin(i) = fl+ %693];". The integration coefficients A; 12, Bit1/2, Ciy1/2 and Diiq/o
are interface values of functions
—1(1—¢v
A(Atv n, ¢, U) = _g7 (25&)
n w
1 1—e®
B(At,n,e,0) = i (ew + ‘ ) : (25b)
on w
1 1—e®
C(At,n,e,0) = — (1 + ¢ ) , (25¢)
n w
—1le 1—ev
D(At,n,e,0) = ——(1+4+¢e"+2 , (25d)
on w
at o412 = % and where w = —vAt.



3.1.3. Asymptotic behaviour and stability

We examine the asymptotic preserving property of the scheme in both the diffusion and
free transport regimes. The opacity ¢ is assumed bounded in the asymptotic analysis. The
numerical fluxes behavior is entirely determined by the integration coefficients limits. In the
diffusion limit, the constraint = € is enforced, the following limits hold:

1 -1
A(At, e e,0) — 0, B(At,e,e,0) — 0, C(At,e,e,0) ~ —, D(At e €,0) — —.
e—0 e—0 e—0 € e—0 O
As a consequence, the limit macroscopic flux is:
—1 Pl —p
DQiv172 — + 5 (26)

=0 301172 Az

which is the usual second order flux for the diffusion equation. The correct diffusion coefficient
k(z) = %(x) is recovered. In the free transport regime, obtained with constant 7 and large
¢, we have the following limits:

1 —At
A(At7 mn, €, 0-) H—o>o 57 B(At7 n, €, U) H—o>o 2_7727 C(Ata n, €, J) H—o>o 07 D(At7 1, €, U) H—o>o 0.
The limit microscopic flux is:
U () n(-) v .
¢z‘+1/2 €_>—0>o E(fz 1v>0 + fi+1 1v<0) - AtQ_ng((szfi 1v>0 + 5xfi+11v<0)7 (27)

which is a second order in space and time flux for the free transport equation. Even if we are
not able to mathematically prove that this scheme is uniformly stable in some sense under a
CFL condition, it is observed that the following heuristic condition is sufficient (see [25]):

At < ganQ + nAzx. (28)

3.2. UGKS-M1
3.2.1. An entropic closure of the UGKS

The natural idea behind this new scheme is to apply the UGKS to the M1 distribution
function (f) reconstructed from the moments (p?, 7). Then, the macroscopic variables at
time t,11 are the moments of (f"**). This process is globally represented in figure 1. From
another point of view, this procedure can be seen as a systematic projection of the distribution
function in the M1 set at each time step in UGKS. This new scheme then appears as a M1
moment closure of UGKS.

A . UGKS
(0, 3f) ——— fI'(v) = eAim(v) =2 fin+1<v)
U (m(v)-)
GKS‘M]
(pnﬂ jnﬂ)

Figure 1: Structure of the UGKS-M1 scheme

Taking the first two moments of the microscopic scheme (16b) provides a finite volume

formulation for the vector of discrete conservative variable U} = (p? jg‘)T:

9



uMtt—ur 1
S A (B — Bi) = uS(UFY, (29)

. T
where ®;,,/9 = <m(v)¢i+1/2(v)> = (CDfH/Q CI>§+1/2> . Then, this macroscopic flux vector

is computed by integrating the microscopic UGKS flux (23) with f* = f". First, we define
the fluxes without the second order term in (19b) (the distribution function reconstruction
is constant per cell):

rn Fn— Diy1/2 n n
(I)fﬂ/z = Ait1)9 <UfZ Tlyso + vfio 1v<0> + ﬁ(ﬂiﬂ -0, (30a)
j rn rn O’L 1/2 n
(I)gﬂ/Q = Ai+1/2 <U2fi 150+ szi+11v<0> + %/pi—&-l/? (30b)
where (o, 8;) are the entropic variables associated with U?" as defined in proposition 2.2:
Bi Ji
[& Z— n— R — -1 g
p’L Sinh/Bi’ /81 z (p?)7

where 27! is the inverse function of z() = coth 8 — 3~!. The anisotropic factor 3; can be
numerically computed using the Newton method. By nature, this new scheme is asymptotic
preserving. Indeed, by performing the same analysis as with UGKS, we can notice that the
first macroscopic flux (30a) tends to the correct diffusion flux (26) in the corresponding limit.

Three numerical difficulties appear:

e The exact value of the integrals of the form <vi f 1U§0> should be programmed in a

developed form (see Appendix A) with e” in factor to avoid an accumulation of round-
off error at low velocities.

e Below a certain 8 (or u) threshold, the same integrals <vi f 1U§0> should be set to the
correct limit, which is pf' (v'1,<o).

e For low densities, u}' = I may not be well-defined anymore. Below a certain density

threshold, we set ff = 0 and therefore §; = 0 to correctly compute the flux in this
limit.

3.2.2. Definition and realizability of the scheme

A question addressed here is the definition of the scheme (29)-(30). It is clear that U*!
can be computed only if fZ” can be defined in every cell. This requires the moment vector
U? to be realizable. The scheme can only be iterated only if that property holds for every
time step. In other words, we should prove that: (U?) is realizable implies that (U}*!) is
realizable as well. Such a scheme is said to be realizable and this property could be obtained
with the following simple argument (see [9]). Our scheme can be written in the form

Uit = (mfh), (31)

where f/"*! is obtained with one time step of UGKS initialized with ﬁ” Then, U™ is
realizable if /™! is non-negative. Consequently, the realizability of the scheme can be reduced
to the question of the positivity of UGKS, at least with initial data given by a M1 distribution.
The proof of this property is not fully completed at the moment. However, from a practical
point of view the reliability of the scheme seems to be ensured for smooth enough initial and
boundary data and under the cfl-like condition (28).

10



3.2.8. Second order in space

In the previous part we dropped the linear part of the distribution function reconstruction
n (19b). This term is problematic as the integrals of the form <v25x f 1v§0> cannot be ana-
lytically expressed as a function of the entropic variables due to the non-linearity introduced
by the slope limiter. To achieve a second order convergence rate in space, a different recon-

struction of the distribution function is used as proposed in [29] for the Boltzmann equation
of rarefied gas dynamics. First, the vector of conservative variables is reconstructed:

(32)

Un( ) Un + 6Un($ — il?l) if x < Tit1/2
Ui+1 + (SUZ-Jrl (ZE — xi+1) if ¢ > Tit1/2 ’

where the finite difference slope is 6U} = =(U%; — UP)é(r;), ¢ is a slope limiter and r; =

. T ~
(p e J‘i_”‘?) is the local slope defined component-wise. Then, we expand f(U?(x)) =

Pi+1—pPi Ji+1—7¢
exp (A(U7(x)) - m) in Taylor series (for example when x < ;41/2):

5 af .
F(ULe) = (U2 + S (U7) 002 e — ) )
= f(UN) + JA(UN ' mf(U?) - 5U (2 — xy),
where the Jacobian matrix JA (U) is
JA(U)=Jy(A)' = (m®@mexp(A-m)) ",
u
_ pT_l <1 —23 —U) ‘ (34)
1—2— —u? —u 1
5
Then, the M1 distribution function reconstruction is:
Flt,2,0) = f + 0, f(UM) (2 — ;) 1 x<x+1/2’ (35)
i1+ 0 f( )@ —zi) x>z

where the slope is 8, f(U?) = J5(U?)6U" - mf(U?). Finally, the second order fluxes are:

@fﬂ/g = A¢+1/2 <Ufin+1v>0 + Ufﬁzlu<o> + Bit1/2 <U25zf(UzT’L) v>0 T U %5 f( z—l—l) v<0>

SAJ] _pz>7

(36a)

(I)Hl/g 1+1/2 112 loso0+ UQfﬂ_llu<o> + Bz’+1/2 <Ug5xf(U?) v>0 TV 5 f( z—i—l) v<0>

St
z+1/2 <

v>0 + f1+1 v<0>
(36h)

and where A
Jit = frx SRa g

The full expressions of the fluxes can be found in Appendix A.
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4. Extension to other moment closures

4.1. General Framework

The method described in this article to obtain a numerical scheme for the M1 model is
generic and can be easily applied to other moment models. Let m(v) € R*! be a vector
composed of the elements of any basis of Ry[X] (the set of polynomials of degree at most
d) and U = (mf) € R¥! be the corresponding moment vector of f. A moment model is
obtained by approximating f by some specific ansatz f (U) that realizes the same moments.
The resulting moment model takes the same form as equation (10):

9,U + 8,F(U) = vS(U), (37)

where F(U) = % <vmf(U)> is the flux vector and S(U) = (m) p — U is the source term.
The finite volume scheme can be obtained as outlined in section 3, resulting in:

urtt-ur 1
e g (®ene — Biy) = S(UFY, (39)
where the numerical flux ®;,,/, is
‘1’i+1/2 = <m¢z‘+1/2> ) (39)

where ¢; 11/ is the UGKS microscopic flux (23) in which the distribution function is set to

~

the chosen ansatz: f* = f(U?).

4.2. Application to M2
The M2 moment model is the next order (after M1) in the hierarchy of entropic moment
models (see [10, 13, 26] for more details) given by m(v) = (1 v UQ)T. The moment vector

is denoted by U = (p J q)T. Similar to M1, the closure ansatz is obtained by minimizing
the Boltzmann entropy to obtain

FU)(v) = ADmE) — v (10)

where A = (a 15} 7)T is the vector of entropic variables. The M2 moment model then reads

as in (37) with the source term S(U) = (0 —j £ — )T. This resulting M2 moment model
can be shown to be a hyperbolic system (see [10]).

The general framework presented before leads to the UGKS-M2 scheme (38), where after

some algebra the numerical flux ®;,,/, = (@f 1/2 <I>Z 1172 o7, /2> simplifies to

rn rn Dl 1/2  n n
(I)fH/g = Aiz1)2 <Ufi 150+ Ufi+1lv<0> + SZ; (ﬂ¢+1 -0}, (41a)
j rn rn Cl 1/2 p
‘I)ZH/Q = Ait1/2 <02fi oo+ U2fi+1111<0> + %/IOH—I/Q: (41b)
rn rn DZ 1/2 / n n
(I)?H/g = Aiy1)2 <U3fi 1,50+ U3fi+11v<0> + ﬁ(ﬁiﬂ — i) (41c)
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with the half moments

B g
eFPEL | £y + —) —-F, (—) v >0
p:t = <f1v%0> = Qil “ 2\/m 2\/m ) (42&)

e
[ F. <__ﬁ — AP (i\/m_ L) v <0

7] 2/l
Gt = <vf1v20> = 1:—7166“(616er —-1) - %pi, (42b)
= <02f1v20> _ %eailﬂv B %ji B %pi, (42¢)
Kt = <Ugf1v20> = j—i%ea(eﬂ“ —-1) - %qi + %pi, (42d)

and where F is the Dawson function and F_ is the scaled complementary error function (up
to a constant factor) defined for every real number x by

The parameters «, 3,7 in (42) are the components of the entropic variable A, which can be
computed by inverting the relation

U= (mf(n)). (43)

This inversion must be performed numerically and is rather delicate. First, we found that
for numerical reasons, it is relevant to write (43) as

s - p
e (VBT o) - em (VAT )
p= 1 et 2\/m 2\/W (44a)

2 7l -8 ( s ) g
eF N =V - = | -F A Vh-—=] 7<0
2v/hl 2yl
1 s
= e sinh § — 44
J 276 sinh 2707 (44b)
1 1
qg=—e*" cosh B — ﬁj — —p. (44c¢)
2y 2y 2y

One common method to solve (43) for A is the Newton method. However, we found it to be
insufficiently robust in many cases. Instead, note that (43) can be expressed as VJ(A) =0
where the functional J is J(A) = (exp (A - m)) — A - U. This shows that A can be computed
as the minimum of J on R®, which is achieved with a standard gradient descent algorithm
that turns out to be very robust. Note that similarly to the M1 model, the first entropic
variable a can be eliminated and replaced by the density in (44b)-(44c) using (44a).

Remark 4.1. The resulting UGKS-M2 scheme is not diagonally implicit due to the density

term in the source term of the third equation. Howewver, the density can be computed first

before updating q. Alternatively, the scheme can be made diagonally implicit by using the
30,2 1

Legendre basis m(v) = (1 v 3(v? — g))T to form the moment hierarchy.
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Remark 4.2. As vy tends to 0, the M2 distribution function tends to the M1 distribution
function. However, the density expressions (44a) and (42a) become singular in this limit. For
numerical robustness, it is necessary to use asymptotic expansions of the Dawson function
and of the scaled complementary error function to compute the moments in this limit (see

Appendiz B for details).

5. Numerical results

In this section, a numerical study of the scheme is presented. UGKS-M1 is compared
to an asymptotic preserving modified HLL scheme for the M1 model [3] and to the kinetic
solution given by the UGKS. UGKS-M2 is also tested and compared. We chose different test
cases to validate all the regimes and the convergence order. The simulation parameters are
summarized in table 1.

n € o(x) | f(t,0,v) | f(t,1,v) | p(0,x) u(0, z)
Convergence || 1 1 1 Periodic | Periodic | 0.5+ 0.25sin (27x) | 0.4
Transport 1 1 1 0 1,0 0 0
Intermediate || 107™' | 107 | 1 0 1,<0 0 0
Diffusion 10781078 |1 1,50 0 0 0

Table 1: Simulation parameters.

The spatial domain 2 = [0, 1] is discretized with 200 points and the velocity space with
50 points (for the UGKS). Two types of boundary conditions are considered: the Dirich-
let condition where the distribution function is enforced at the boundary and the periodic
condition.

Test n°1: Relaxation of a sinusoid in a infinite domain..

Firstly, a regular initial condition is considered with a sinusoidal density distribution and
a uniform velocity. The periodic boundary conditions are equivalent to the transport of the
sinusoid in an infinite domain. In figure 2, we observe that the density is mostly advected to
the right. Moreover, the amplitude of the sine wave is reduced by 15% due to the diffusion
involved by the relaxation towards the equilibrium. From a numerical point of view, we
notice that UGKS-M1 solution has less diffusion than the HLL one. This phenomenon is
a consequence of the choice of the waves speeds in the approximate Riemann solver. A
standard choice is to use the extreme values of the Jacobian eigenvalues. However since the
M1 moment closure is not analytical (for the Boltzmann entropy), we have chosen to bound
those values. This choice induces numerical diffusion.

For this test case and with the first and second order version of UGKS-M1, we plot in
figure 3 the L? norm of the density error p — pa, against the step size. The reference solution
p is computed on a grid that is small enough to assume that the error in relation to the exact
solution is negligible in the analysis. The Van Leer limiter is used [28]. A linear regression
allows to compute the convergence order of both schemes. The linear reconstruction with
slope limiter leads to a significantly higher order of 1.85 on this test case.

Test n°2: Transport regime with Dirichlet boundary conditions.

In this test case, we consider a null density initial condition. On both sides of the domain,
a uniform half distribution function is enforced at the kinetic level for entering particles. For
the UGKS and therefore UGKS-M1, the numerical flux at the boundary is obtained by
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modifying the distribution function representation at the boundary by setting (for example
at the left boundary):

fr(t,v) ifv>0
£t 2 0) = e—'/w(t—t:)f(tn, T1/2 — %(t —tn),v) . (45)
+V1/2/t e’”l/Q(t’S)p(s,xI/g — %(t —s))ds nes
Thus, the microscopic flux is:
P12 = %fL1v>0 + (Aujpv i + Chyovpln + Dijav?07 p s 1u<0) Luco, (46)
where the interface density is artificially set to py/2 = —% to ensure a good asymptotic

behavior [25]. For the HLL scheme, a ghost cell is used to implement Marshak boundary
conditions:

n __
0=

<fL1v>0 + J?1n1v<o>
<UfL1u>0 + Uffblv<0>

In figure 4, the density in the domain is represented at different times. Both M1 solutions are
almost indistinguishable. Before ¢ = 0.4, we can notice that HLL is still slightly more diffusive
than UGKS-M1 especially near the boundary and the front of the wave. The distribution
function becomes isotropic over time, and the density reaches a stationary regular state. In
that limit, the two computed densities tend to be identical.

The UGKS solution is significantly different from both M1 solutions. This is due to the
fact that in the transport regime, the M1 model is highly inaccurate as compared to the
underlying kinetic equation. Indeed, the distribution functions are highly out of equilibrium,
thus the projections on the M1 set are inaccurate. For example at the right boundary,
the density is systematically lower at all times because the projection of the half distribution
function at the boundary leads to the creation of positive velocity particles. As a consequence,
fewer particles enter the domain. The isotropization process alleviates this problem over time.

(47)

Test n°3: Intermediate regime with Dirichlet boundary conditions.

In figure 5, we can notice that at a lower Knudsen number, both M1 solutions are much
closer to the solution of the kinetic equation. In intermediate regimes the M1 model is much
more relevant as the distribution functions are rapidly close to the equilibrium. UGKS-M1 is
almost indistinguishable from the UGKS except at ¢ = 0.1 where the amplitude is 2% lower
close to the boundary. The HLL solution has again more numerical diffusion; before reaching
the stationary state a significant gap can be observed in the whole domain.

Test n°j: Diffusion regime with Dirichlet boundary conditions.
In the diffusion regime, the solutions are identical as all schemes degenerate in the same
way (as shown in figure 6).

Test n°5: UGKS-M2.

In test case n°3, the results emphasized that the M1 model is highly inaccurate in the
transport regime. The M2 moment model allows to increase the order of the hierarchy and
consequently expands the set of representable distribution functions. Thus, this model should
be able to recover more kinetic effects. In figure 7, the solution of the M2 moment model
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(given by UGKS-M2) is compared to the M1 solution and to the kinetic one in the transport
regime. Overall, a significant improvement in the results can be noticed compared to the M1
solutions. At the boundary, the gap between the kinetic solution is much less pronounced as
the enforced distribution function is better represented. In the domain, the density is also
closer to the kinetic one, especially at times ¢t = 0.1 and ¢t = 0.4 when the distribution is
highly out of equilibrium. Although the solution is better, the M2 model is still not sufficient
to perfectly solve this kinetic case.

In figure 8, UGKS-M2 is compared to UGKS-M1 and UGKS in the intermediate regime.
In this test case, the difference with the kinetic solution is almost indistinguishable. At the
first time ¢ = 0.1, it can be noted that the M2 solution is correct at the boundary unlike the
M1 solution.

UGKS-M2 has also been tested and compared in the diffusion regime and gives exactly
the same perfect results as M1 (see test case n°4) and are not shown here.

6. Conclusion

In this work, an asymptotic-preserving scheme based on the Unified Gas Kinetic Scheme
has been proposed for the M1 model of linear transport. This new method consists in perform-
ing a numerical moment closure in the UGKS fluxes using the M1 distribution function. It has
been demonstrated that this procedure allows to inherit the asymptotic-preserving property
of the UGKS and hence to recover correct numerical fluxes in the diffusion limit. Moreover, a
second-order extension that does not compromise the AP property has been suggested. Sev-
eral test cases have been chosen to validate and showcase the good behavior of the scheme in
all regimes. This method has also been compared with a HLL asymptotic-preserving scheme
and proved to be more accurate, especially in intermediate regimes. Furthermore, the generic
nature of this method has been demonstrated with an application to the M2 moment model.
Finally, this second scheme is tested and the advantages of this model as compared to the
M1 one are highlighted in a kinetic case.

Despite the rather simple physical context, this article proposes a general procedure to
obtain good asymptotic-preserving schemes for moment models. A work currently underway
focuses on ensuring the preservation of the admissible states under CFL-like conditons in
UGKS-M1. This property could be obtained by modifying the UGKS to ensure the positivity
of the distribution function at kinetic level and hence ensure that the M1 variables are
moments of a positive distribution function. Another relevant perspective would be to apply
this procedure on other moment models based on more relevant collision kernels in higher
dimension and on unstructured meshes. It would also be interesting to study non-linear
collision operators with this approach.
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Figure 2: Test n°1: mesh convergence study for UGKS-M1 and HLL. Density in the domain at time ¢ = 1.0.
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Figure 3: Test n°1: UGKS-M1 density error as a function of the step size.
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Figure 4: Test n°2: transport regime. Density in the domain at different times for UGKS and M1 (with
UGKS-M1 and HLL).
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Figure 5: Test n°3: intermediate regime. Density in the domain at different times for UGKS and M1 (with
UGKS-M1 and HLL).

20



UGKS ——
0.9 UGKS-M1 oo .
ot
t =0. —_— |
0.8 t= 8'(1)2
t=0.
0.7 t =2.00 .

0.6

=05
Q

0.4 0.5 0.6 0.7 0.8 0.9 1

T

Figure 6: Test n°4: diffusion regime. Density in the domain at different times for UGKS and M1 (with
UGKS-M1 and HLL).
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Figure 7: Test n°5: UGKS-M2. Density in the domain at different times for UGKS, UGKS-M1 and UGKS-
M2 in the transport regime.
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Figure 8: Test n°5: UGKS-M2. Density in the domain at different times for UGKS, UGKS-M1 and UGKS-
M2 in an intermediate regime.

22



Appendix A. UGKS-M1 fluxes

In developed form, the second order numerical fluxes of UGKS-M1 are

(I)f+1/2 = Ai+1/2 [<Ufin1v>o> + <U @+11v<0>]

+Ai+1/2% Ja(UMSUT . <<;)2f;;1vv>>oo>> — JA(U7, )00, - <U2 illj-lvv<<00>>

szinlv 0 v? Ain 1y<o
+ Bit1y2 |Ja(U7)0U; - - ] +Ja(Uf)0U, - 5 e
U finlv>0 v ﬁrllv<0
Di+1/2 n n
m(ﬂiﬂ =),
(A.la)
(I)ZH/Q = A7;+1/2 [<02fin1v>o> + <U 7,+11U<0>:|
A UQfZLl’U 0 7, 1) 0
+ Ai+1/2_x Ja(U})oU; - 37 ’ —Ja(U1)oU2, - e
2 0 fi' L0 v? i11u<o
'US.]EZ'n]-v 0 7 U 0
TN EURE U i EENIRT R i
0" [ Ly>0 i+11u<o
G £n rn
+ 51/2 |:<f1 1v>0> + <fi+11v<0>] .
(A.1b)

The half-moments of the M1 distribution function are expressed in developed form to reduce
the accumulation of round-off error at low j:

(1) =57 (< (1-3) +5):

o) =35 (4 (-5 %) %)
o) =5 (5 B w) )
(irte) =57 (< (-5 77+ 5) 7)
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Appendix B. Computation of the M2 density

As 2 f tends to infinity, the computation of the density (44a) and the half densities (42a)
of the M2 distribution function becomes numerically stiff. For example, in the case v < 0
and # > 0, the quantities inside the density expression are not bounded. We found that a
robust computation in this limit is to use the asymptotic expansions of the Dawson function
F, and of the scaled complementary error function F_:

1 "L (25 — D! 1 1 3
Forlargex, F+(m>:%<1+2W :% 1+@+@+ s (Bla)
]:

-1 2
For large =, F_(z) =5 (1 + Z (2j = D! ) + Vme" 1,<0. (B.1b)
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where n is the number of terms in the series. This number should be greater than 3 to
recover every M2 moments but not too large as the series expansions of both functions are
non convergent. Those same expansions can be used to formally recover the M1 moments
from the M2 ones.
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