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by
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Abstract. — In this paper we explain how to attach to a family of p-adic representations
of a product of Galois groups an overconvergent family of multivariable (¢, T')-modules,
generalizing results from Pal-Zabradi and Carter-Kedlaya-Zabradi, using Colmez-Sen-Tate
descent. We also define rings of multivariable crystalline and semistable periods, and explain
how to recover this multivariable p-adic theory attached to a family of representations from
its multivariable (¢, I')-module. We also explain how our framework allows us to recover the
main results of Brinon-Chiarellotto-Mazzari on multivariable p-adic Galois representations.
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Introduction

Let p be a prime number and let K be a finite extension of Q,. Let Gk be the absolute
Galois group of K. The study of p-adic representations of Gy, that is finite dimensional
Q,-vector spaces, endowed with a continuous action of Gx, and more generally of families
of p-adic representations of G, classicaly relies on the rings of periods of p-adic Hodge
theory [Fon94] and on (¢, I')-modules [Fon90].

Recently, interest has risen around the study of p-adic representations of products of
Galois groups of p-adic fields, initiated by Zabradi [Zab18] and followed up by Zabradi
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and other authors [PZ21, CKZ21, BCM24]. Products of Galois groups naturally ap-
pear in the approach to geometric Langlands developed for GLs by Drinfeld [Dri80] and
extended to GL,, by L. Lafforgue [Laf97] and to other reductive groups by V. Lafforgue
[Laf14, Laf18], and the development of a multivariable p-adic Hodge theory appears to
be a necessary step in order to understand the p-adic representations of those products
of Galois groups.

In the work of Scholze and Weistein [Weil7, SW20], a product of Galois groups
Gk, X+ x Gk, of § p-adic fields, with 6 € N, can be understood as the fundamental group
of a diamond SpdK; x --- x SpdKj. It then makes sense to study p-adic representations
for this fundamental group, viewed as coefficients for the diamond SpdK; x - - - x SpdKj.

In this article, we develop an analogue of the framework of classical p-adic Hodge
theory and (¢, I')-modules in the multivariable setting, and prove various results which
are analogue to the classical ones, following and expanding upon the work of Carter,
Kedlaya, Pal and Zabradi [Zab18, PZ21, CKZ21] and of Brinon, Chiarellotto and
Mazzari [BCM24].

In what follows, A is a finite set of cardinality ¢, and for each o € A, K, is a finite
extension of Q,. We also let G A := [loca Gk, -

In the classical setting, that is when 0 = 1, Fontaine has constructed [Fon90] an
equivalence of categories V' +— D(V') between the category of p-adic representations of
Gr and the category of étale (¢, I')-modules, which are finite dimensional vector spaces
over a local field Bg of dimension 2, endowed with commuting semilinear actions of a
Frobenius ¢ and of the Galois group 'k of the cyclotomic extension K, of K. The
étaleness condition only depends on the (p-action.

In order to study p-adic representations of Gx, Fontaine has moreover introduced (see
[Fon94]) rings of p-adic periods Beys, Bs, and Bggr, which are topological Q,-algebras
endowed with an action of G and with additional structures, such that if B is any of
those rings and if V' is a p-adic representation of Gx, then Dg(V) := (B ®q, V)9 is a
BY%-module that inherits those additional structures and provides interesting invariants
attached to V. A p-adic representation V' is said to be admissible if V' ®q, B ~ B as
Gr-modules. The case where B = C,, had been previously studied by Tate [Tat67] and
Sen [Sen&0).

In [Zab18], Zabradi has constructed the analogue of Fontaine’s (p, I')-modules for the
multivariable case. Asin the classical setting, p-adic representations of Gx are classified by
étale (pa, 'k a)-modules over some ring Ea, where the ring Ea is equipped with § distinct
Frobenii and 'k A is the product of the Galois groups ', and (pa, 'k a)-modules are
defined as projective modules over £a, endowed with commuting semilinear actions of
I'k A and of each partial Frobenius. In contrast with what happens in the classical setting,
the étaleness condition also involves the Galois action in the multivariable setting.

In [BCM24], Brinon, Chiarellotto and Mazzari have defined Bag a, an analogue of the
ring C,, and of the ring of periods Bgr, which are the first step to constructing analogues
of all the rings of periods of classical p-adic Hodge theory.
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One key result in the classical setting is the overconvergence of p-adic representations,
proven in [CC98] by Cherbonnier and Colmez, which means that the (,I')-modules of
Fontaine over Bx are the extensions of scalars to B of (¢, I')-modules defined over a
smaller ring B}( which has an analytic interpretation as bounded Laurent series defined
over an annulus whose outer boundary is the unit circle. This result of overconvergence
is crucial to recover the p-adic Hodge theory attached to a representation V' from its
(p,T')-module [Ber02], using the Robba ring Biig’K as a bridge.

The theory can be extended to p-adic families: let S be a Q,-Banach algebra with
maximal spectrum X and such that for € X, S/m, is a finite extension of Q,. A family
of representations of Gx is a free S-module of finite rank endowed with a continuous
S-linear action of Gg.

The theorem of overconvergence of Cherbonnier and Colmez has been extended to
families [BCO8] thanks to the use of so-called “Colmez-Tate-Sen” conditions, and one
can once again relate the p-adic Hodge theory attached to a family of representations with
its overconvergent (i, ')-module [Bell5]. The functor V + DT(V) defined by Berger
and Colmez is however no longer an equivalence of categories.

The constructions of [Zab18, PZ21, CKZ21, BCM24] suggest that the right point
of view in order to define analogues of the classical rings appearing in p-adic Hodge theory
for products of Galois groups is to take the completed tensor product (which sometimes
means that we have to make a choice on what topology we put on our rings) of 4 copies
of the classical rings of p-adic Hodge theory, endowed with natural actions of Gk A and
of partial Frobenii ¢, (when they exist on the classical rings) each corresponding to the
action of the Frobenius on one copy of those rings.

Our first step is to construct various rings of periods relying on this formalism of
taking completed tensor products of § copies of classical rings of periods, some of which
were already defined this way in [Zab18, PZ21, CKZ21, BCM24], and prove that
some of them are actually isomorphic to some rings defined in a different fashion in one
of [Zab18, PZ21, CKZ21, BCM24|. In particular, we define a ring Bx o which is
isomorphic to the ring En of [Zab18, CKZ21], and an overconvergent subring Bk A

isomorphic to the ring 5’2 appearing in [PZ21, CKZ21]. This allows us to define the
same multivariable (¢, I')-modules over either of the rings /AV}( A Axa Ak A OF Ag A,
which are defined in §3, and to apply the results from those papers to ours rings. Just as in
the classical case, the ring Bg A does not have a nice analytic interpretation but the ring
Bk A does: it corresponds to bounded Laurent series over a d-dimensional polyannulus
whose outer boundary is the unit polycircle.

One consequence of this point of view when defining an analogue of some of the rings
appearing in the classical setting is that the Colmez-Tate-Sen conditions can be ap-
plied “factor by factor” and we are thus able to recover the multivariable Sen theory of
[BCM24] over the ring Cx := C,®q, - - - ®q, Cp, and generalize it to families admitting
a Galois stable integral lattice. In what follows, n denotes a d-uple of positive integers
(Na)aea and if L = (La)aea then Ly a = Lo, (pprer) ®q, - ®q, La, (Np"aé )-
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Theorem 0.1. — Let S be a Qp-Banach algebra, let T be an Og-representation of
dimension d of G a, and let V = S @p, T. Let L = (Ly,...,Ls) be such that for all
i € A, L;/K; is Galois extension and such that G a acts trivially on T/12p°. Then there
exists n(L) depending only on L such that for all n > n(L), (S@CA) ®g V' contains a
unique sub-(S ® L, A)-module DgeAH’E(V), free of rank d, such that:

1. DéeAn’ﬁ(V) is fized by Hyp A and stable by Gk a;

2. Dgfn’ﬁ(‘/) contains a basis over S ® L, n which is c-fired by I'p A, for some c € Rsg
(in the sense of [BCO8&, Proposition 3.3.1]);

3. the natural map (S®Ca) @@L, A Dgﬁn’ﬂ(V)%(S@)CA) ®gs V' is an isomorphism.

Moreover, we have S/m, ®g Dgfn’ﬁ(\/) ~ Dé;ﬁ(\/};)
Additionally we explain how to use the notion locally analytic vectors to recover this
multivariable Sen theory, both for Cx and for By A, following the ideas of [BC16].
The same approach of the Colmez-Tate-Sen axioms for completed tensor products
allows us to derive an overconvergence result for multivariable (¢, I')-modules, which
recovers the main results from [PZ21] and [CKZ21], and which once again also applies
to families of representations admitting a Galois stable integral lattice:
Theorem 0.2. — IfV is an S-family of representations of Gk a, free of dimension d,
admitting a Galois-stable integral lattice, and if s > s(V') (a set of integers depending
only on'V'), then:

1. DEA(V) is a projective S@QPBEA-module of rank d;

2. the map (S&q,BRA) ® Bhe DL (V)—=(S8q,BiA) ®s V is an isomorphism;
K, Bl K, K,

58q

3. ifx € X, the map S/m, ®g D}’{%A(V)%DEA(V;) is an isomorphism.

We explained above that unfortunately and in contrast with the classical setting, the
notion of étaleness involves the I'g a-action. Theorem 6.19 of [CKZ21] shows that this
condition can be relaxed by asking that the I'x a-action is “bounded” but the authors are
only able to prove it for (¢a, 'k a)-modules over A}Q A O Ag a. The Colmez-Sen-Tate
conditions allow us to descend multivariable (p,I')-modules over K}( A to multivariable
(p, T')-modules over A}(’ A while preserving this boundness condition, and this fact allows
us to show that their result is also true for (¢, I')-modules with coefficients in these larger
rings.

We then prove that the ring Bjy  defined in [BCM24] can also be defined within our
framework (so that their ring is isomorphic to the completed tensor product of ¢ copies
of the classical Bly). This allows us to prove that a representation is “multivariable
de Rham” if and only if its restriction at each factor Gg_ is de Rham (this result was
also proved in [Ked23] using different methods), and thus to give a positive answer
to the following question of Brinon Chiarellotto and Mazzari: if V' is a multivariable
representation such that its multivariable de Rham module Dgg A = (Bar,a ®q, V)gﬁ
if free of rank dimgq, V' over (BdR,A)gﬁvA, is V' admissible for Bqr a 7
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Finally, we give an analogue of the results of [Ber02] and [Bell5] for the classical
setting, defining multivariable crystalline and semistable representations, and explaining
how to recover the modules D¢ys A(V) and Dg (V) attached to a (family of) p-adic
representation(s) V' from the multivariable (¢, I")-module DIig A (V) attached to V' and
defined over the multivariable Robba ring BL& KA
Theorem 0.3. — Let V' be a representation EfQK over S admitting an invariant Og-

lattice. Then
Deysa(V) 2 (Dl o (V)[1/ta])"52,

rig, A
and
Dg,a(V) = (D;rog,A(V)[l/tADFK’A-
Acknowledgments. — The authors would like to thank Olivier Brinon and Bruno

Chiarellotto for their interest and for several fruitful discussions on the content of the
article.

1. Non archimedean functional analysis

This section is devoted to some lemmas and propositions related to completed (pro-

jective) tensor products. As we will interchange the viewpoint of normed modules (as
in [BGRB84]), topological vector spaces (as in [Sch02]), and adic rings (as in [Hub93]),
we firstly make sure that in our case the various notions of completed tensor product
coincide.
Remark 1.1. — Let V and W be Banach spaces over a nonarchimedean field IC. Then
the completed tensor product of [Sch02] is the same as the completed tensor product of
[BGRR&4], as the projective tensor product can be defined using the tensor seminorm,
see [Sch02, p. 103].

Let now n € N, and let R;,..., R, be topological rings over Z,, where the topology
in R; is defined by a principal ideal (r;), for r; € R; and i = 1,...,n. Suppose that R; is
separated for the r;-adic topology, for ¢ = 1,...,n. We can define a norm on R; setting,
for a; € R;, r =1, 2,

(1) laill g, =27,

where m is the biggest natural number such that a; € (r;)™. It is clear that the (r;)-adic
topology and the topology defined by the norm (1) on R; coincide. We assume that
p € (r;), for i =1,...,n. This implies that R; is a normed module over Z,, as

Ipallg, < [plz,llallg, ,

for a € R; (if we normalize the norm on Z, setting |p|z,= 1).
Proposition 1.2. — The topology induced by the tensor seminorm on Ry ®z, ...®z, R,

P
coincides with the (rq,...,r,)-adic topology.
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Proof. — Suppose ||al| Frdzy - ®2, B < ¢, for ¢ a nonzero rational number. Thus since the
. . . . . 1 n
tensor seminorm is discrete a can be written as a finite sum >, ; aj Qgz, ... Qgz, aj, for
a; € Ry, ..., d} € Ry, such that j € J that satisfies
|
a; o |as <c
H IRy IR, — 7

for every j € J. But this clearly implies a € (rq,...,r,) ™01} Conversely
suppose that a € (ry,...,r,)™, for m € N. Then a can be written as a = i"™b, for

i € (ry,...,7,)™ and thus it is clear that [lal|z o o p <27 0
D pin

In particular the Proposition above implies that the completion of Ry ®z, - - - ®z, R,

for the tensor seminorm coincides with its (rq, ..., r,)-adic completion.

P

Proposition 1.3. — Let K be a finite extension of Q,. If Uy—U; and Vo—V; are
injective continuous maps of K-Fréchet spaces, then the induced map Uy® xVo—U1 @k Vi
15 injective.

Proof. — This follows from [Eme04, Proposition 1.1.26] (note that Fréchet spaces are
Hausdorff and complete locally convex topological vector spaces by definition, and they
are bornological by [Sch02, Proposition 8.2]). O

In this article we will need to take group invariants of iterated completed tensor prod-
ucts. To do so we mainly rely on the following lemmas.
Lemma 1.4. — Let K be a finite extension of Q. Let A = limerA; and A’ = limje s A
be Fréchet spaces, where A; and A’ are Banach spaces over K for each i € N and for
each 7 € N. Suppose that there is a topological group & acting on A, that stabilizes each
A;, and for which the diagram defining lim;cr A; is &-equivariant. Assume that the action
is continous and K -linear. Then

(AR AN® = A°RK A’
Proof. — By [Eme04, Proposition 1.1.29] we have
A@KA, = hngllm]eJAZ@i)KA;
Choosing a basis B; of A; for each j € J we obtain an isomorphism
A; gBj @i/EIjK

for each j € J (this can be done by [Sch02, Proposition 10.1]). These isomorphisms
induce a G-equivariant isomorphism

AB A =g lime limje D A;
using [BGR84], Proposition 2.1.7.8.. Thus we obtain
(AR A)® 25 (limje lim;e J@Ai)“5 = limye/lim;e J@A?.
But this implies the claim. O
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The lemma above implies the following corollary
Corollary 1.5. — With the hypotheses of Lemma 1./, let n € N, and let A; =
limj, ez, A;,, with A;, Banach spaces over K, for j; € J; and i = 1,...,n. Let &, be

a topological group acting K-linearly and continously on A;, for i = 1,...,n. Suppose
moreover that for i = 1,...,n the diagram defining A; = lim;,c;,A;, is &;-equivariant.
Then

(A1®K e @KAn)leX"'X@" i A?IQA?K o @)KAS"

Proof. — The claim follows using Lemma 1.4 inductively, as

and Aﬁ" is a closed subspace of A;, (so in particular it is a Banach space over K'), which
implies that AP’ is Fréchet over K. ]

Remark 1.6. — The claim of Corollary 1.4 holds also if A; is a strict equivariant
union of Fréchet spaces over K (satisfying the hypotheses of Lemma 1.4), see [Van24,
Subsection 1.12.2]). In what follows we assume that the LF spaces we consider are of this
type, unless stated otherwise.

Let K be a finite extension of Q,, and let M be a normed module over K. We define
the unit ball of M as the submodule of elements of norm less or equal to 1. We denote it
Lemma 1.7. — Let A be a Banach space over K and let Oy be its unit ball. Let M be
a normed module over K, with unit ball Oyr. The the unit ball of AQx M is Ox®@p, O
Proof. — We know that choosing a basis B of A, we have an isometric isomorphism
A~pg @ielK. We remark that the unit ball of @ZEIK is ®iEIOK'

We have ARy M =g @ZEIM, whose unit ball is @iGIOM’ But

692'610]‘4 =5 @iGIOK®OK O,
by [BGR&4, Proposition 2.1.7.8], and this gives us the claim. ]

Lemma 1.8. — Let A be a K-Banach space and let M be a normed module over K,
endowed with an isometric K-linear action of a topological group &. Then

(OAQA?OKOM)@ = 0,4@01(@%}

Proof. — Since the action of & is isometric then it preserves the unit ball, so the claim
makes sense. Using the same strategy as in the proof of Lemma 1.4, it is easy to see that

<A®KM>® = A®KM®7
but then taking the unit balls of these spaces we get the claim. O

Arguing similarly as in the proof of Corollary 1.5 we obtain the following
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Corollary 1.9. — Let n € N, and let A; be a Banach space over K, fori=1,...,n.
And let &; be a topological group acting isometrically, K -linearly and continously on A;,
fori=1,....,n. Then

(OA1®K . @KoAn)®1x...x6n ~ Ofi@]{ o ®KOAZ~

Let S be a Q,-Banach algebra. A family of p-adic representations of Gg A is a free
S-module of finite type, endowed with a continuous linear action of Gx A. We will assume
that our families admit a Galois-stable integral subring, i.e. that there exists a free Og-
module 7" such that V' = S ®z, T. As in the one-variable case, if S = FE is a field, this
condition is always satisfied:

Lemma 1.10. — IfV is an E-representation of dimension d, then there exists a free
Og-module T of dimension d, stable by Gk A such that V = E ®o, T = T[1/p].

Proof. — This is the same proof as the one of [BC08, Lemm. 2.3.1], replacing G by
Ok A ]

We also recall the following, which is a slight variant of an étale descent result and
proposition 2.2.1 of [BCO08]:

Let now B be a Q,-Banach algebra, endowed with a continuous action of a finite group
G. Let B® denote the ring B endowed with trivial G-action. We assume that:

1. the B%-module B is free of finite rank and faithfully flat;

2. we have B ®@pe B* >~ ®,c6B" - ¢, (where ege5, = Sne, and g(ep,) = egn).
In this case, the following result holds.
Proposition 1.11. — If S is a Qp-Banach algebra, endowed with a trivial G-action,
and if M is a finitely generated free S@QPB—module, endowed with a semilinear action of

G, then:

1. M€ is a finitely generated projective S@QPBG-module;
2. the map (S@qu) Ds8q, B MCE—M is an isomorphism.
P

Proof. — Let mg = ﬁ Ygec g € B[G]. If N is a B[G]-module, we get a decomposition
N = 1gN @ ker g, and N¢ = 7o N. In particular, M = M% @ ker ¢ and thus M is
a direct factor of the free module M and thus is projective. For item 2 the proof is the
same as in [BCO8, Prop. 2.2.1]. O

2. Locally analytic vectors

We now recall some of the theory of locally and pro-analytic vectors, following the
presentation of Emerton in [Eme04] and of Berger in [Ber16].

Let G be a p-adic Lie group, and let W be a Q,-Banach representation of G. Let H be
an open subgroup of G such that there exist coordinates ¢, --,cq : H — Z, giving rise
to an analytic bijection ¢ : H — Zg. We say that w € W is an H-analytic vector if there
exists a sequence {wy }, na such that wyx — 0 in W (for the cofinite filter) and such that
g(w) = Xyena c(g)kwy for all g € H. We let W0 be the space of H-analytic vectors.
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This space injects into C**(H, W), the space of all analytic functions f : H — W. Note
that C**(H, W) is a Banach space equipped with its usual Banach norm, so that we can
endow WH=2" with the induced norm, that we will denote by ||-||z. With this definition,
we have ||w|| = supygenal|wk|| and (WH=2 ||.]| ) is a Banach space.

The space C**(H, W) is endowed by an action of H x H x H, given by

((91,92,93) - [)(9) = 91 - f(93 ' 993)

and one can recover W~ as the closed subspace of C*"(H, W) of its Ay »(H)-invariants,
where Ay, : H — H x H x H denotes the map g — (g,9,1) (we refer the reader to
[Eme04, §3.3] for more details).

We say that a vector w of W is locally analytic if there exists an open subgroup H
as above such that w € W= Let W' be the space of such vectors, so that W' =
Uy WH= where H runs through a fundamental system of open subgroup neighborhoods
of G. The space W' is naturally endowed with the inductive limit topology, so that it is
an LB space.

Lemma 2.1. — If W is a ring such that ||xy||< ||z||-||y|| for z,y € W, then
1. WH=a s q ring, and ||xy||g< ||2||a-||y||x if 2,y € WHn;
2. ifw € WX N W8, then 1/w € W2, In particular, if W is a field, then W' is also
a field.

Proof. — See [BC16, Lemm. 2.5]. O

It is often useful to choose a specific fundamental system of open neighborhoods of G:
let Gy be a compact open subgroup of G which is p-valued and saturated (see [Sch11,
§26 and 27| for the definition and proof of existence), with coordinates c, and set G,, =
Gr" = {gp" 1g € Go} for n € N. We say that such a system (G,)nen is a system of
coordinates for G.

The normalization is such that for w € W% 3" we can write

g(w) = > clg) w

keNd

for g € G, and {wy by cna With p" e — 0, and the Banach norm is given by
|wla, -an= Slip’|kawkH'

It is easy to check if w € W then |w|g,,—an< |W|G,.1—an for m > n and |w|a,,—an=
|w| for m > n (see [BC16, Lemm. 2.4]).

In the case where G = 'k is the Galois group of the cyclotomic extension K. /K,
the map log Xcyar : ' — Z, induces isomorphisms I', ~ p"Z, for n > 0, where
I, = Gal(Ko /K (p1n)), so that the groups I';, form such a fundamental system of open
neighborhoods of I'x for n big enough.

Let W be a Fréchet space whose topology is defined by a sequence {p; },., of seminorms.
Let W; be the Hausdorff completion of W at p;, so that W = @ W;. The space W' can

1>1
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be defined, but as stated in [Ber16] and explained in §7 of [Poy22]|, this space is too
small in general for what we are interested in, and so we give the following definition,
following [Ber16, Def. 2.3]:
Definition 2.2. — lf W = gn W; is a Fréchet representation of G, then we say that a
1>1

vector w € W is pro-analytic if its image m;(w) in W; is locally analytic for all i. We let
WP denote the set of all pro-analytic vectors of WW.

We extend the definition of W' and WP? for LB and LF spaces respectively in the
obvious way.
Proposition 2.3. — Let G be a p-adic Lie group, let B be a Banach G-ring and let
W be a free B-module of finite rank, equipped with a compatible G-action. If the B-
module W has a basis wy,...,wg in which g — Mat(g) is a globally analytic function
G — GLd(B) C Md(B>, then

1. WhH—an — @?21 B~ if H is a subgroup of G;

2. Wi = EB?:l B - w;.
Let G be a p-adic Lie group, let B be a Fréchet G-ring and let W be a free B-module

of finite rank, equipped with a compatible G-action. If the B-module W has a basis
wy, ..., wq in which g — Mat(g) is a pro-analytic function G — GL4(B) C My(B), then

d
pa Pa .
WP = @@ B™ - w;.
=1

Proof. — The part for Banach ring is proven in [BC16, Prop. 2.3] and the one for
Fréchet rings is proven in [Ber16, Prop. 2.4]. ]

For a € A, let G, be a p-adic Lie group. Let G = [[,ca Go. This is also a p-adic Lie
group, and if (Gy.n)acanen are systems of coordinates of G, v € A, it is easy to see that
the subgroups of G defined by (G,, = [Toea Gan)nen form a system of coordinates of G.
Lemma 2.4. — For a € A, let G, be a p-adic Lie group. Let G = [[oen Go, and let
(Gan)acaneN be systems of coordinates of Go, a0 € A. We have

C(G, Q) = B C*™ Gy Qp)-

Proof. — Suppose that ¢, : G, — Zga are analytic bijections, for « € A and n € N.

These induce analytic bijections ¢ : Gy, — Zot "% for n € N. We have then that

~a EA ~aEA do,
By C(Gam, Q) ~ @, C™ (28, Q,)
~acA
~ @q, Qp(zf, ..., xq)
:Qp<x§”,...,xg;,...,x'f‘,...,xgja>

= 0 (2, Q)
~ C*"(Gy, Qp).
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Corollary 2.5. — For a € A, let G, be a p-adic Lie group, and let B, be a Banach
(or LB, or Fréchet, or LF) space, endowed with a continuous Q,-linear action of G, @,
Let G =1loen Go and let B = @aQiABa, where the action of G, on the tensor product is

trivial on Bg if o # 3. We have

BGn—an _ @giA(Ba)Ga,n—an7

BG-la _ @aQiA<Ba)Ga—1a7
and
BEP = @57 (Ba) S P
Proof. — By lemma 2.4, we have
an SOEA Han
C (Grm Qp) = ®Q€p C (Ga,na Qp)

Since B = (C*(G,, Q,)®q, B)“" where the action on the tensor product is diagonal
and the action on C*"(G,, Q,) is given by the A; s-action, we obtain that

—an SAEA Han pa~ n
BGn ~ (®Qi C (Ga,nan))®QpB)G .

Using the fact that G, = [[4ea Ga,n and lemma 1.4 successively for each of the G, ,,, we
obtain that BE»—an = ®%iA(Ba)Gav”*an. The result for locally analytic vectors follows
by taking the inductive limit over n, and the result for pro-analytic vectors follows by
taking the projective limit over the Hausdorff completions defining the Fréchet (or LF)

topology. O]

3. Classical and multivariable rings of periods

3.1. Classical rings of periods and cyclotomic (¢, I')-modules. — Let p be a
prime and let k£ be a perfect field of characteristic p. Let F' = W (k)[1/p] the field of
fractions of its ring of integers Op = W (k). This is a complete discrete valuation field
of characteristic 0 for the p-adic valuation v,, with residue field k. We let K be a finite
totally ramified extension of F. We fix K an algebraic closure of K and we let C' denote
the p-adic completion of K. Let v, denote the p-adic valuation on C' normalized so that
vp(p) = 1. We let Fy = F(uy~) be the cyclotomic extension of F. If L is a finite
extension of F', we let, for n > 1, L,, = L(p,n) be the extension of L generated by the
p"-th roots of unity, and let Lo, = U,>1 L(fpn) = L - Fixs be the cyclotomic extension of
L. We let H, = Gal(K /L) and T';, = Gal(L.,/L). Recall that the cyclotomic character
Xeyel : 91, — Z; factors through I';, and identifies it with an open subset of Z;.

Let C" = I&H C' denote the tilt of C' and let O% = 1&11 O¢ be the tilt of Og as defined

r—xP r—axP

in [Sch12]. Recall that the ring O is the ring of integers of C” for the valuation vg

(MW1n the case of Fréchet or LF spaces, we also assume that the B, satisfy the same assumptions as in
Lemma 1.4 and Remark 1.6.
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induced by v on C”, and that C” is an algebraically closed complete field of characteristic p
endowed with a continuous action of Gx coming from the one on C. We let A+ = W(0%)
(which is also classically denoted by Ajuf).

Recall that there is a surjective Gx-equivariant ring homomorphism

0 : AA/+—>OC

given by 0(X >0 P"2k]) = Siso pkx,go). The kernel of 6 is principal, generated by & =

[p] — p where p = (p,p'/?,...) € O%. This map extends to a surjective Gx-equivariant
ring homomorphism 6 : W(OZ)[1/p]—C. Recall that BJ; is defined as the completion
for the ker(#)-adic topology of W (O2)[1/p]. The power series defining log[e] converges in
Bl to an element ¢ that generates the maximal ideal ker(6 : Blz — C) of By, so that
Bar = Bz [1/t]. Note that the action of Gr on t is given by g(t) = Xeya(g) - t.

We choose a sequence £ € O, of compatible p"-th roots of unity (with ) # 1). Let
U=¢c—1€ 0% andlet Ep := k(@) C C°. Let E = E}* be the separable closure of E
inside C”. The field E is left invariant by the action of Hr so that we have a morphism
Hp — Gal(E/Er). By [Win83, Thm. 3.2.2], it is actually an isomorphism. We also
let Ex = Efx_ Note that I'x acts on Eg, and that the action of Gr on @ is given by
g(w) = (1 +a)Xevald) — 1,

Let A = W(C”") and let u = [¢] —1 € A*. Let Ap be the p-adic completion of Op((w))
inside A. This is a discrete valuation ring with residue field Ep. Since

ou)=(1+u)?—1 and g(u) = (1 +u)>9 —1if g € Gp,

the ring Ay and its field of fractions Br := Ag[1/p] are both stable by ¢ and Gr. We
let B = A[1/p]. If L is a finite extension of F', we let B, = B and Ap = Afr,
For 7 > 0, we define B the subset of overconvergent elements of “radius” r of B, by

B — {q; = n;mp”[xn} such that kll}l_il_loo vg(Tk) + pp_le = —l—oo}

and we let Bf = Ur=o B! be the subset of all overconvergent elements of B.
Let BL" be the subset of By given by

B}’T = {Z a;ut, a; € F such that the a; are bounded and Z,Limoo vp(a;) + i prl = +oo} ,
i€Z

and note that B = By N B

Let Bl, = U,-,BL. By §2 of [Mat95], this is a Henselian field, and its residue ring
is still Ep. Since B% is Henselian, if L is a finite extension of F', there exists a finite
unramified extension B /BY inside B, of degree f = [Lo : Fi] and whose residue field
is E;. Therefore, there exists r(K) > 0 and elements z,...,2; in BI"™ such that
Bl = @/ BL* ., for all s > r(L). We let B, be the p-adic completion of B} and we
let A be its ring of integers for the p-adic valuation. One can show that By, is a subfield
of B stable under the action of ¢ and I'x (see for example [Col08, Prop. 6.1]). Let
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A be the p-adic completion of Uy p Ay, taken over all the finite extensions L/Q,. Let
B = A[1/p]. Note that A is a complete discrete valuation ring whose field of fractions is
B and with residue field E. Once again, both A and B are stable by ¢ and Gr. Moreover,
we have A« = Ax and Bx = B, so that Ay is a complete discrete valuation ring
with residue field Ex and fraction field By = Ag[1/p]. If L is a finite extension of K,
then By /By is an unramified extension of degree [Lo, : K] and if L/K is Galois then
so is By /By, and we have the following isomorphisms: Gal(Bj/Bg) = Gal(B/Bg) =
Gal(EL/EK) = Gal(LOO/KOO) = HK/HL
For r > 0, we define a valuation V'(-,7) on B+[ ] by setting

Lop(a))

V(z,r) = inf(k+ b=

keZ pr
for v = Sis_ooP®zr]. If I is a closed subinterval of [0;+oc[, we let V(z,I) =
inf,e; V(x,7). We then define the ring B as the completion of B*[1/[u]] for the valua-
tion V (-, 1) if 0 ¢ I, and as the completion of B* for V( Nif I = [O r]. We will write
BTT for BI»tl and BJr for B0+l We also define B = U,>o ]§ . We also let ALY

rig
be the ring of integers of Brlg for the valuation V (-, r).

We define A+ by

Alr = {x => p'lz,) € A such that V(z,r) >0 and 11m UE(JZ]C) + 7k: > 0}
p—

n>0

We let p(r) = p 1/” and we let A0l — ATr[1/[7]]. We also let AlY = (ATm)Hrx —
AxNAP and AY ()] — (AN Hr — A A2 We also define Al™ = A N AT,
Al = ANAY and A(O’p(’“)] = AN A2 All of these rings are complete for the
valuation V' (-, r).

Let I be a subinterval of |1, +o0o[ or such that 0 € I. Let f(Y) = YczarY” be a
power series with aj € F and such that v,(ay) +k/p — 400 when |k|— +o0 for all p € I.
The series f(u) converges in B and we let B denote the set of all f(7) with f as above.
It is a subring of ]~31

We also write Bilg & for B>l Tt is a subring of BU7*! for all s > r and note that the
set of all f(u) € ng » such that the sequence (ay)gez is bounded is exactly the ring BL'.
Let BY F= 74>>0B which we call the Robba ring over F'.

For n > 0 we let 7, := p"~1(p —1).

If L is a finite extension of F' and if r(L) < min(l), we let B! be the completion of
B for V(-, 1), so that BL = &/ BL - z;.

We actually have a better description of the rings Brlg K in general:

Proposition 3.1. — Let L be a finite extension of F' and let e, = [Loo : Frol-

1. There exists uy, € ATL’T(L) whose image modulo p is a uniformizer of Er and such
that, for v > r(L), every element x € B} can be written as & = Y jcq arub,
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where a, € F' = W (k)[1/p] N Loo, and the power series Y ez axT* is bounded on
{p~Verr <|T|< 1}.
2. Let H%(T) be the set of power series Y pez arT* where ap € F' and such that, for

all p € [y 1], kgriloo|ak|pk =0 and let o, = p~Y/°t". Then the map H (T) — BL’;L

sending f to f(ur) is an isomorphism.

Proof. — The first item is proved in [Col08, Prop. 7.5] and the second one in [Col08,
Prop. 7.6]. Be careful that the notations for the rings and the normalizations of the
valuations used in Colmez’s paper are a bit different than ours. n

Definition 3.2. — A (¢,'k)-module D on A (resp. Bg) is an A g-module of finite
rank (resp. a finite dimensional B g-vector space) endowed with semilinear actions of I'
and ¢ that commute with each other.

It is said to be étale if 1® ¢ : *D — D is an isomorphism (resp. if there exists a basis
of D such that Mat(¢) € GL4(AKk)).

If V is a p-adic representation of G, we set
D(V) = (B ®q, V)Hx,

Note that D(V') is a (p, ' )-module. Moreover, if V' is a p-adic representation of G, then
D(V) is étale and (B ®p, D(V))?=! is canonically isomorphic to V' (see [Fon90, Prop.
1.2.6]). The functors V + D(V) and D — (B ®g, D)¥=! then induce an equivalence
of tannakian categories between p-adic representations of G and étale (¢, I'x)-modules
over By.
The following theorem is the main result of [CC98] and shows that every étale (¢, ' )-
module is the base change to B of an overconvergent module:
Theorem 83.3. — If D is an étale (p, 'k )-module, then the set of free Sub—B}(—modules
of finite type stable by ¢ and I’ admits a bigger element DT and one has D = BK®BIK Df.
In particular, if V' is a p-adic representation of Gx, then there exists an étale (¢, ' )-
module over Bl which we will denote by Df(V) and such that D(V) = Bg R D(V).

We let DI, (V) = B, ©gi DI(V).
3.2. Multivariable setting and first multivariable constructions. — Let A be a
finite set, and let ¢ denote its cardinal. For each @ € A, we fix a finite extension K, of
F. We define QK,A = HaEA QKQ, HK,A = HaEA HKQ and FK,A = HaEA FKQ.

For o € A, we let Gi , denote the image of Gk, by the group homomorphism ¢, :
Ok, —Uk A mapping g to the element whose component of index « is g and whose other
components are 1. We define groups Hg , and 'k, in the same fashion. We let xa
denote the A-cyclotomic character of Gk A with values in (Z;)5 by xXa = [Taca Xeya- It
factors through I'x A and identifies it with an open subgroup of (Z;)‘;.

Our goal is to generalize the construction of classical rings of p-adic periods in order
to study p-adic representations of Gg a, following and expanding upon [Zab18, PZ21,
BCM24, CKZ21]. In those papers except the last one, the fields K, are taken to be
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the same, but we see no reason to restrict ourselves to this setting, and thus will work
with this level of generality.

The main way to construct rings of p-adic periods for products of Galois groups is to
take some completion of the tensor product of § copies of the classical rings of periods
one wishes to consider. One tricky question is which ring our tensor products have to be
taken over.

In [PZ21] the fields K, are all equal to Q, so that the authors are taking the tensor
products over either Q,, or Z, (depending on the situation). In [BCM24] the fields K|,
are all equal to the same K which is a finite extension of Q,, with residue field k, and the
tensor products are taken over either W (k) or W (k)[1/p|, which simplify the cohomology
computations (over taking the tensor products over either Z, or Q,). However, this
means that the multivariable rings of periods they construct depend on k, and thus one
would get different rings of de Rham periods depending on the fields K, we chose.

Because of this, we make the choice here to do everything over Q, (or Z,) so that the
construction of the rings of multivariable crystalline, semi-stable and de Rham periods
will not depend on our choice of the K,s. Moreover, it extends naturally to our setting
where we allow ourselves to consider distinct fields K, for &« € A. Note that this was also
the point of view in [CKZ21] in order to generalize the results of [Zab18] and [PZ21]
for finite extensions of Q,.

In particular, this means that our rings O¢, and Bj{Ph A Will correspond to the par-
ticular case k = F,, of [BCM24], so that we can apply their results and proofs because
the constructions and definitions we’re using here are specializations of theirs, by only
considering tensor product over Z, (resp. Q,) instead of the more general W (k) (resp.
Wk /).

If (La)aca is a set of subfields of C such that L, D K,, we let Op, be the p-adic
completion of the tensor product ®%§A0La and we let Ly = O, [1/p]. In order to
simplify the notations, in the case where all the L, are equal to C, we write O¢, and Ca
respectively for Or, and L.

Note that O¢, and Ca are naturally endowed with an action of Gx A, and that Ca
comes equipped with the p-adic valuation v, coming from the one on C.

Since 0% /(p) =~ (Oc/(p))®> where the tensor product is taken over F, and since the
Frobenius map on O¢/(p) is surjective, the Z,-algebra O¢, is perfectoid and we can
define its tilt ObCA by

Ok, = lim Oc, = {(a,2,...) € OF, : (2l — 2},
x—xP
This is a perfect F,-algebra endowed with an action of G A coming from the one on O¢,
and it is complete for the valuation coming from the one on O¢, .
Let (Og)®2 = OF @, -+ @, O where the copies of OF are indexed by A. For
a € A, we let

ﬁa:1®Fp"'®Fp1®Fp]3®Fp1®Fp"'®Fp1



16 LEO POYETON, PIETRO VANNI

where p is the factor of index «a;, and let

o =1®F, - Qp, 1 QF,cQF, 1 QF, - OF, L.

We let I denote the ideal of (02)®A generated by {Pa taca.
Proposition 3.4. — The ring ((’)bc)‘g’A is I5-adically separated, and we have a nat-
ural injective morphism of k-algebras (Obc)®A—>(’)bCA which induces an isomorphism
(0g)®2 /I ~ O, . Moreover, O, is isomorphic to the Is-adic completion of (Og)®2.
Proof. — This is [BCM24, Lemma 4.2 and Proposition 4.3]. O

We still denote by p, and e, the images of those elements wvia the embedding
(01)74-0p,.

For o € A, we let ¢, denote the Frobenius map of index o on (0%)®4, defined on pure
tensors by

9a(T1 ®F, - ®F, T5) = T1 ®F, - - OF, Ta—1 OF, Th OF, Tat1 OF, - - OF, Ts

and extended by k-linearity on (O%)®2. Proposition 3.4 shows that this extends naturally
to a map @, : (’)bCA—>ObCA. We let ¢ = ¢4, 0+ 0@, On O"CA. We have that ¢ :
(02)®2—(0%)%A is equal to x — 2P on pure tensors, so that it is equal to the usual
absolute Frobenius on (0%)®4 and thus its image in O%A also is the absolute Frobenius.

We let Ajpra = W(ObcA)- For a € A, we let £, = [pa)] — p € Ainr.a (so this is equal
to —¢, in the notations of [BCM24]), w, = [ea] = 1 € Ajpsra and w, = —F2 By

Pa (@a)
functoriality of Witt vectors, the maps ¢, on O%A give rise to maps that we still denote

by o : Ainga—>Ains A, and we also let ¢ = ¢p,, 0+ - 0¢,, (Which also corresponds to the
usual Frobenius on Witt vectors). Also by functoriality of Witt vectors, the Op-algebra
Ain A is endowed by an action of Gg a.

The map Oa : Ainga—Oc, defined by (>0 prlry]) = > k>0 pkx,(co) is a surjective
Gk a-equivariant morphism of Opg-algebras, and induces a surjective Gx a-equivariant
morphism of F-algebras Oa : Ajuea[l/p]—=Ca.

The ideal ker(6a) of Ajura is generated by {&,}aea (this is [BCM24, Corollary 4.4])
and also by {ws }aea (one checks that &, /w, is invertible in Ajf ).

Note that our definition of Aj is not exactly the same as the one given in §4 of
[BCM24], as they define Aj¢a as the completion of W(O%A) for the (p, ker(fa))-adic
topology. The following lemma shows that W((’)bCA) is already complete for this topology,
so that their definition and ours coincide, and so that we can use the results they prove
about Ajusa directly.

Lemma 3.5. — The ring Ajnra = W(Op,) is (p, ker(04))-adically complete.

Proof. — First note that since ker(6,) is generated by {£.}aca, we have (p,ker(0a)) =
(P, [Pa])aca- In order to simplify the notations, let us write J = ([Pa])aca, so that the
ideals p"W (0%, ) + J™ form a basis of open neighborhood of 0 for the (p,ker(6))-adic
topology.

We have to prove that, if (z,) is a Cauchy sequence in W(Og,) for the ker(6)-adic
topology, it converges in W(ObCA). Let us write z, = 3,50 0™ [Tn,m]. Let m > 1. Since
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J induces the I5-adic topology on (chA modulo p, the sequence (., )n>1 is Cauchy for
the I;-adic topology, and thus converges in O, . to an element w,, as it is [-adically
complete. Now if we let = 3,50 p™[2n], the sequence (x,) converges to x for the
(p, J)-adic topology, and so we are done. ]

Proposition 3.6. — We have a natural isomorphism between Ay Ao and the p-adic
completion of the (w1, - -, w;s)-completion of At Rz, A+ ®z, - Oz, A+,

Proof. — Let A denote the p-adic completion of the (wy, - - -, ws)-completion of At ®z,
A+ Rz, - Pz, A*. By definition, A is p-adically complete, and A/pA is equal to the
(7, - - -, @s)-completion of OF, ®F, O X, - - - ®r, O, which is isomorphic to O, by
Proposition 3.4. By the universal property of Witt vectors, we get that A ~ W(ObCA). O

3.3. Multivariable rings and (¢,[')-modules. — For r = (r4)aea a set of nonnega-
tive real numbers indexed by A, we let AT’*A = ®%€AAT S A}{A = <}§>%€AAT Jo ARE =
Aae Afre and ATT = ®%€AAT”"O‘ to be the completions of the tensor product, where
the factors with supscripts r, of the tensor product are endowed with the valuation
Up, = V(-,74) defined in §3.1. We let v, denote the resulting valuation on those com-
pleted tensor products.

Once again, those rings are naturally endowed with an action of Gx A, and for each
a € A, we have a map ¢, induced by the map

1 ®z, - Qz, 1z, o ®z,1Qz, - Oz, 1

P

from those rings corresponding to r to the rings corresponding to r’ where 7’ has the same
components as r for § # «, and r, = prq.

If I =Tlnen Lo is a product of subintervals of [0, +oc[, we let BA = ®%€AB[‘N BA

B Ble, Bf = &4 "Bl and By, = &g Bl

If r = (ra)aca and s = (sa)aeA are two sets of nonnegative real numbers indexed by
A, we say that r < s if for all « € A, we have r, < s,. We also write r > 0 when r, > 0
for each a € A.

If I =Tlaen lo is such that all the I,s are of the form [r,, +00[, we write BiZ . BT

rig,A» “rig,A>

Eil’é KA and BL’; K. for BLA, BLA, ]~3£ a and BL 7. Trespectively.
We let BngA = Ur>0 BrlgA? BLgA = U’V‘>O BrlgA7 BIig,K,A = U’/‘>0 BrngA and

BIig,K,A = Ur>o BL;K,A
Lemma 3.7. — Let I =] en Lo. We have

(BIA)HK = Eé( Ao
and if for all o« € A, r(K,) < min(l,), then

(BA)HK = %{ A

Proof. — This is lemma 1.4. O
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Our definitions of multivariable rings involve completing the (projective) tensor prod-
ucts of rings endowed with a norm, and it may not be completely clear in some cases
that the seminorms induced on the noncompleted tensor products are actually norms. It
may also not be clear that the injections for classical rings give rise to injections for the
completed tensor products. The following results show that this is actually the case for
the rings we consider:

Lemma 3.8. — If J = [laea Jo C L = [loen Lo then the inclusion Bl ¢ B’ (resp.
Ble C B, resp. Big, C Bjz,, resp. Bjz, C Bj2) gives rise to an inclusion BL c B
(resp. BY C BX, resp. EéA C E%A, resp. B%,A C B%(,A)'

Proof. — This is a direct consequence of proposition 1.3. n

Lemma 3.9. — Let I = [loea lo. Then the topology on ®%§A]~3[°‘ induced by the
valuations V (-, 1,) is separated.
Proof. — This follows from [Sch02, Proposition 17.4 ii.].

[

Lemma 3.10. — Let r = (ra)aca and let I = [[oea I be such that for all o € A,
o € Io. Then the injections Atre 5Bl induce an injective map XR£—>]~3£ which is
bounded by 1.

Proof. — First note that because of lemma 3.8, it suffices to prove the result in the case
where I, = [ra,rq] for all @ € A, and we thus assume now that this is the case. The
rings KT’TQ, Ale and B'* are flat Z,-algebras (because torsion free) so that the injections
Atre 5 Ale Bl give rise to injections

®%EAAT,TQ_> ®%€A AIO‘—> ®%€A BIQ _ ®%€A]~3Lx‘
p p p p

Because of the definition of the topology on the tensor product, and because the valuations
V' (-, 1,) contain the valuations v,_, the induced maps on the tensor products are bounded
by 1. Since the topology on ®%§A]§Ia is separated by lemma 3.9, so is the one on
RYEA AT

We therefore get map Kkﬁ—ﬂ?ﬁ which is bounded by 1, and it remains to see that it
is injective. Let us write A for ®%§AK”“ endowed with the topology induced by the
valuations v,,, and B = A[l/p] = A ®z, Q, equipped with the topology induced by this
tensor product. By Proposition 4 of [BGR84, §2.1.7], we have an isometric isomorphism
B ~ A@)ZPQP so that A—B is injective. To conclude, it suffices to go back to the
definition of B to notice that B ~ BL by using once again Proposition 4 of [BGR&84,
§2.1.7] since the completion of At"[1/p] for v, is exactly B, O

Our aim is now calculating the invariants for the actions of Hx A on Kkz and AL’Z. We
firstly need to establish some lemmas.
Lemma 3.11. — The topology induced by V(-,r) on AN coincides with the [&)-adic
topology (see also [Por24, p. 6]).
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Proof. — 1t is clear that the V(-,r)-topology coincides with the ([@], p)-adic topology.
The claim follows from the fact that [z] divides p™ in AT, if m € N is such that
v /[al,r) > 0. n

Lemma 3.12. — Let A be a ring endowed with the I-adic topology, for I a finitely
generated ideal of A. Let a be an element of a such that a is reqular in A and in A. Then
the ideal generated by a is closed in A for the I-adic topology.
Proof. — The ideal generated by a in A is a rank one free module over A, so that the
map aA — (aA) is surjective (by [Sta24, Lemma 0315]) and injective since A has no
a-torsion. We conclude by using item (2) of [Sta24, Lemma 0ARZ] which shows that
(ad) is closed in A. O
Lemma 3.13. — We have that

(:&/JZK)HK = ,A/TKJ:A’
and

(Al = AlZ

Given these lemmas we can finally calculate the invariants.

Proof. — We only prove the statement for KL’K, as the proof for AL’£ is the same. We
start by showing that

(Al @y .. G Alres)iin — Aty | @y (Alres)ix
We notice that
Aty .. Gy Al
= limyen (AP /([@0)™) @zjpinz - - @zjpimz (A7 /([@a,])™)
= limyen (AT /([@a,)™) Rz ypinz - - - Rzypimz (A1 [([GFay_,])") Dz, AT,

where [,,, is an integer such that [z5,]™ divides p= in At" for o« € A and m € N (cfr.
the proof of Lemma 3.11).

Since, for v € A, (AT /([@,])™ is a discrete, p-torsion Z,-module, it is isomorphic to
a direct sum ®;esZ/p'Z, for j < l,,, by [Kap18], Theorem 22. Thus it suffices to show
that

(Z/p"Z) @7, (AT70) 1 = ((Z/p"2) B, A7) K,
for m € N, but this follows from the fact that p™ is a regular element invariant by Hg in
A7 and that the ideal generated by p™ is closed in At7es for the [&,,]-adic topology

by Lemma 3.12,
so that

(Z/me)®szT’m ~ KT’Té/pm,
Applying this method inductively we can conclude.


https://stacks.math.columbia.edu/tag/0315
https://stacks.math.columbia.edu/tag/0ARZ
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Lemma 3.14. — Let 1 = (Ta)aca and s = (Sq)aca be two sets of nonnegative real
numbers indexed by A such that r < s. The natural injective map ATme—s Ao (resp.
A};ZQ%AJ}’(‘:”‘, resp. ATre—Alse regp. K}Za —>K}fj ) induces an injective map AL’E—>AL’§
(resp. fAVE’f’A—ngA, resp. ARE—ARE resp. K%A%KEA}

Proof. — We will just prove that statement for the map AA/L’K—;A/L’? For the other maps
the proof is analogous.

First note that if for & € A we let I, := [rq, So) and J, := [Sq, Sa), We have an injection
bounded by 1: AR ¢ BL, and an injection of Q,-Banach spaces BL ¢ BZ by lemmas
3.10, 3.9, and 3.8. To prove the statement, it remains to see that the image of KL’E by
this composite map is contained in (the image in BZ of) KJE.

We let 3 = m’“iim Let (z,) be a sequence of elements of ®%SAKT’TQ, which con-

verges in Kkz for v,. If z,, = Z?{:l Tpi, With 2, ; = Qaea®nia, We have by definition
of the normed tensor product that for all i, v.(z,,;) < Bvs(z,,;) using the fact that
rv, < svg if r < s (this is checked directly from the definition of V(-,7)). Therefore,
v (z,) < Pug(z,) (as the sup is taken over every possible way to write z,, this way, and
since the map ®‘ZXSAAA/T“% ®%SA AT is injective because each of the rings involved is a
flat Z,-algebra, each way of writing z,, as such in ®%§AAA/T”’Q is a way to write x,, as such

in ®%5AKT’S“). This implies that the sequence (x,,) converges in Kl’é. O

Let @ = [loen @a. We let Al x 1= Ung AlEA[1/m], Ay = Uo AREA[L/@),
AL = Upog AR (1 /0], AL = Uyop A1 /0.

We now define Ag A (resp. KK,A resp. A resp. KA) to be the p-adic completion of
ATK, A (resp. XTK A resp. Ak resp. Al).

We let B&A = K&A[l/p] and Ba = KA[l/p]. As above, all these rings are naturally
endowed with commuting actions of Gg A and (¢4 )aca-
Lemma 38.15. — The rings A}’(%A,K%A, AR and AR are p-adically separated.
Proof. — The arguments are the same in all four cases. By construction, those rings are
separated for v,. If z is in any of those rings, x # 0, then v,(x) is bounded above. Since
v, (p™) = n, this implies that there exists N > 0 such that for n > N, p"™ does not divide
x (because by construction v, is > 0 on those completed tensor products). This finishes
the proof. O

Corollary 8.16. — Let r = (ry)aca. The natural injective map AT"e— A (resp.
ék’;" —>é}<a Tesp. Air‘l—ni resp. AJ}A’(;“—>A;£2) induce an injective map A2£—>AA (resp.
AEA%AK,A resp. ARF—A, resp. AEA%AK,A}

Proof. — This follows from Lemma 3.14. m

In [PZ21], Pal and Zabradi define multivariable overconvergent rings and multivariable

Robba rings as follows: first they define Ra := Upe,1)a R(AB’D as the ascending union of
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the rings of multivariable power series

R(AB’D = { Z a; X% a; € Q,, convergent on B(p’l)} ,
iezs

where X! = [[,ea X’ and the polyannulus B®Y for the tuple p = (pa)aca € (0,1)2

defined as

B®Y .— {X = (Xa)aea € C® such that p, < | Xolp< 1forall ae A}.

For each tuple 1 > ¢ > p, we can define the g-norm on R(p’ by |Sicza ;X ,=
sup;|as[p[laca oe.
Then they define
&L == {f € Ra,limsup|f|,< oo}
o—1

and
(’)}A ={f € Ra,limsup|f|,< 1}.
g—1

Note that their X, correspond to our w, and we won’t make a distinction in what
follows between the two, as the following result holds.
Lemma 3.17. — We have a natural isomorphism between Ra and Bl
Proof. — We have that

I‘lg QP?
-1
x x Y x

=li n )
T T N QT

R = limneNQp<p )Y/ (zy — 1).

Thus

R<m’1>@Qp..@QpR<ﬂsyl>:nmneNQp<m — T/ = Ve, - -QBQpr(m — T sys = 1)
But since ideals in Tate algebras are closed we get
-1 -1
RUDRg, ... 8q, R ~ lim,enQ,( —fll/n’ 1 —xi/n’ Y p—?l/n’ 1 —:E(i/n>
that is R(AB’I). From this the claim follows. O
Lemma 3.18. — We have a canonical isomorphism
(2) A A=

where S s the set

{f = > a; Xt : a; € Z,, f converges in Bl | f],< 1} )
i€ZA B

Proof. — The one variable case is [CC98, Proposition I1.2.1].

We prove the multivariable case using the universal property of the completed tensor

product (see [BGR&84, Proposition 2.1.7]). Note that we have a bounded map

Agp{ X AB’;A % S,
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given by
o: O an X ) i, X8 ) = > ag, . .a, X5
i is

i€ZA
Note that such a map is bounded because |a;, . . . a;, X*|,= i, X1y - - - @iy X312y Lot M
be a Banach module over Z, and let
T T P
AR < x AR S M
be a bounded multilinear map. Then ¢ factors uniquely through ¢ as ¢’ o o, where
VY a X Y ap(XT L XP).
iCZA icZA

note that v’ is well defined and bounded because, since ¥ is bounded, there exists a
constant C' € R such that

|asp (X7, X5

for each i € Z*. Thus we obtain (2). O

| < Clalg,|X] oy X5 = ClaiXY],,

Proposition 3.19. — Through the identification between Ra and BI@,&,A given by
Lemma 5.17, we have OEA = AJ{ip,A and Og, = Aq,,a-

Proof. — Proposition 3.1.2 of [PZ21] shows that the p-adic completion of O} L s iso-
morphic to Og, so that with our definition of Aq, Ao as the p-adic completion of Agw A

it suffices to prove that O‘ZA = Agm A-

Since we have an inclusion Agﬁp aC BL’;QP’ A for any r > 0 (this follows from Lemma

3.18), we obtain an injection (through the identification between Ra and BLg’& A)

AEjVA[l/w]%R(AB@’D. Moreover, we have v,(a;%') = v,(ai) + Saca tavr, (0s) so that
if z € AIQiA then |z],< 1 for p = (p~(@)),ca. Using the fact that ABQ,A C ATanA
for s > r by lemma 3.14, and using the fact that for any k > 0, limsup,_,,|e*|,= 1, we

obtain that if z € AJ{QP,A then its image in R is in O}A.

[t remains to see that any element of (’)I;A can be written as an element of Aiﬁ all/=]
for some r > 0. We fix an order on A, and for i € Z*, we let h(i) € ‘A denote
the smallest @ € A such that mingea ia = ipa). We also let j(i) = mingea io. Let
T € O;A,l‘ = Yieza a;wot. Recall that by lemma 3.1.1 of [PZ21], this implies that all
the a; belong to Z,.

By definition of (’)Z;A, if C' > 0 then there exists € > 0 such that for all p € (1 —¢,1)%,

we have z € R(ABD and |z|,< p©. Let p = (p)* € (1 —&,1)* and let r > 0 be such that

p=p Y. Since pe(l—e, 1)2, we have that for all i € Z2, v(a;) + Laea iar > —C.
We write x = 27 + Y ca Zo Where
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and
Ty = > a; oo
1€ZA i 20,h(i)=a
The fact that for all i € Z2, v(a;) + Yaeaiar > —C translates into the fact that
for all i € Z2, v(a;) + Xpeniar > —C. If i # 0, this translates into the fact that
v(a;) + j(i)(0r) > —C (since j(i) is negative in this case). In particular, if & is such
that vs.(wwke) > C then the ;'™ belong to ®%§AAB‘ZT for all i € Z». Moreover,

since = € R(Ag’l), this implies that the a;zo® go to zero for v, (and thus for vs,.) for the
cofinite filter. Therefore, 1 and each of the x, belong to w‘ﬁAgi%A, and thus we have

T € w_EABffA, which is what we wanted. O

In particular, this shows that all our definition are compatible with those of Pal and
Zabradi in [PZ21] when K = Q, and naturally extend to any K where each K, is a
finite extension of Q,. Moreover, it follows directly from proposition 3.19 and from the
definitions of the objects involved that our ring XTA contains the ring (’)gu\r defined in §3.2

A

of [PZ21].
Finally, in [CKZ21, §2.2], rings O¢,, O¢,, (’)‘Tg , and (’)I;A are constructed. The defi-
nitions of those rings differ from the ones of [PZ21], so we now prove that those rings

coincide respectively with our rings Ag A, A A, KJ}( A and Ak A (in particular, this state-
ment alongside proposition 3.19 shows that their rings and constructions do extend the
ones of [Zab18] and [PZ21]).

Proposition 3.20. — The rings @gA, Oc¢, s @LA and O;A defined in [CKZ21, §2.2]
coincide respectively with our rings Ag A, Ag,kaA and ATK’A.

Proof. — In [CKZ21, §2.2], Carter, Kedlaya and Zabradi show that their rings O , and
Og¢, satisfy the following:

A

O¢, = l'&l(KKQ1 /P Ak, )@z, @z,(Ax,, /P Ax,,)

and
OgA - @(AKﬂl /pmAKoq >®Zp T ®Zp (AK% /pmAKﬂa)

where the completed tensor products are taken for the (w,).ca-adic topology.

In order to prove that our ring A Kk.A (resp. Ag a) is isomorphic to their ring O¢ . (resp.
O¢, ), it suffices to prove that for m > 1 and r > ry, (K%A[l/w])/pm is isomorphic to
(KKal/meKal)@)zp - ®gz, (fAVKa(s /meK%) (the statement and the proof are the same
in the non tilde case). First note that for any m > 1 and for any r > %7 A1 /@] /pm ~
Ay /pm.

Let us prove first that (K%A[l /=o])/p™ is isomorphic to the I-adic completion of

(K}’{: /P @z, - Rz, K}’{Z‘Z /™), where I = (@, )aea- It suffices to prove that the ideal

generated by p™ is closed in KEA, which follows from Lemma 3.12.
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Let rq,...,7s such that for all « € A, r, > % (this is to ensure that [ZZ] iS a unit in

XT“) and let m > 1. By [BGR84, §2.1.7, Prop. 4], we have that the v,-completion of
(K}’(le /P Rz, - Pz, AA/}’(Z“(S /p™) is isomorphic to (K}g;l /P Rz, - ®ZPK1[.7{7;55 /p™), where
the completion is taken with respect to the induced valuations v, on AA/}(Z‘* /p™ (note that
we used that (K}(ijl /P @z, - Vg, K}’(Z‘Z /p™) =~ (X}{: ®z, - Oz, K%fé) /p™ using for
example [Qin06, Exercise 1.3, Chapter 1]).

Since localizations commute with quotients, it remains to check that the (w,)aea-
adic topology on ('A’}(Ql /PR ® K}gj{s /p™) coincides with the v,-topology, which is
straightforward as the denominators are bounded below.

For the rings @EA and O}A, we proceed as in the proof of Proposition 3.19: thanks to
the identification between Og, and A a, we check that the condition defining @EA in
[CKZ21, Notation 2.10] implies that if x € @}A, then it belongs to K}(’A (this is exactly
the same proof as in the proof of Proposition 3.19). For the converse, we check that an

element in /A/EA defined as a limit of elements of the tensor product AA/}T:II ®z, Oz

A;}:o;‘s that converges for v, defines an element of O¢ , with bounded p-norm in the sense
of [CKZ21, Notation 2.6] for some p > 0, and thus defines an element of @ij O

P

Remark 3.21. — Let C) be Oy A[1/75]. We have that A, is isomorphic to W (C’bA),
as they are strict p-rings with the same residue perfect algebra (see [Ked15, Theorem
1.1.8]). This is because
As/p= AL[1/w]/p~ 4.

In particular every element in A A can be written as a sum

Z [Cz] P,

iEN
where ¢; € O% (see also [CKZ21, p. 1337]). Note that if |-|" is the norm on C%, if |¢;|” is
bounded in 7, then

iEN

Moreover we have that if o is the Frobenius on C% satisfies |o(+)|'= (|-]")? by definition.

Following [Zab18] and [CKZ21]|, we make the following definition:

Definition 3.22. — Let A be any of AK,A,A;CA,XK,A,AAJ}(’A and B = A[1/p].

A (pa, Tk a)-module D on A (resp. B) is a finitely presented A-module endowed with
semilinear actions of I'k A and (¢, )aca that commute with one another.

It is said to be étale if the maps 1®z, ¢, : @D — D are isomorphisms for o € A (resp.
if it is of the form Dy[1/p] for some projective finitely generated étale (p, 'k a)-module
Dy over A).

Remark 3.23. — Contrary to what happens in the classical setting, the étaleness con-
dition in the multivariable setting is also related to the Ik a-action. Thanks to [CKZ21,
Theorem 6.19] (and Remark 6.20 of ibid), this condition can be relaxed by asking that
the action of 'k A is bounded, in the sense that the action of I'k o carries Dg in the
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previous definition into p~" Dy for some nonnegative integer m, when A is either Ag a
or Ak A

The following is [CKZ21, Thm. 6.15 and 6.16] in the case where the K, are all equal,
and Theorem 8.2 and 8.3 of ibid. when the K|, are any finite extensions of Q,:
Theorem 3.24. — The category of continuous representations of Gx Ao on finite free
Z,-modules (resp. dimensional Q,-vector spaces) is equivalent to the category of pro-
jective étale (oa, Ik .a)-modules over each of the rings AK’A,ATKA,AA/K,A,X}{A (resp.

BKA? BTK,A? BK,A; BTK,A)'

3.4. Multivariable crystalline and semistable rings. — Recall ([Fon94]) that
classically the ring A is defined as the p-adic completion of the divided power en-

velope of Aj,; with respect to ker(f) and then one defines B, := AZ ([1/p] and
Berys := B,.[1/t] (as t belongs to Berys). One could thus mimick this construction in the

multivariable setting, by taking the p-adic completion of the divided power envelope of
Ajnr A with respect to ker(6a). Here however we decide to follow our philosophy behind
the constructions of the various multivariable rings of periods we have defined. First, re-
call [Col98, §II1.2] that one can replace the classical ring B, by the ring B, = — Blomo]
and Beys by Buax := B, [1/t], which does not change anything for the study of p-adic
representations because of the fact that ¢(Buax) C Beys € Bax. One of the main rea-
son behind this change is that the topology on Bi,.x is much nicer than the one on B,y
(namely, as explain in section II1.2 of [Col98], the topology on B, _ induced by the one
on Beyys is not the natural topology on Bf ). Moreover, B, is a p-adic Banach space
and thus is completely adapted to our point of view and constructions. Recall also that
Muen@”(Bi.) = Muene™(Bf,.) = B, [Col98, §111.2].

max crys rig

We define

crys

Bmax NE Bmax®Qp ®Q Br—;ax

P

as the p-adic completion of the tensor product of § copies of B (note that this is the
same as taking the completed tensor product in the category of p-adic Banach spaces).
For a € A we let

ta =1®q, + ®q, 1 ®q,tRq, 1®q, "+ ®q, 1 € By ®q, ** ®q, Bpax

where ¢ is the factor of index «, and we stille denote by ¢, its image in Brfm, A- We let
tA - HOCEA ta E BI—;aX,A and we 1613 Bmax,A - B$&X7A[1/tA]'

Recall that we have defined Fréchet rings P’I{é A Eifé, K. and Bii’é kA, and LF rings

Rt Rt T
Brlg, Brlg KA and Brlg KA

Recall [Ber02 §2.4] that classically one defines rings Blog by Blog .= Bl’[Y] and BlOg

rig
by Blog .= B [Y], endowed with an action of Gx and of the Frobenius given by

(V) =Y + 1og<[9§§)

rlg[

) and p(Y) =pY
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using the fact that if z € O is such that v(2(® — 1) > 1 then the series

logla] := 37 (—1y- =L

n>1 n

converges in ]§;§g (cf proposition 2.23 of [Ber02]). Intuitively, one has to think of YV as
log[p], and this intuition can be made explicit as follows: if we fix the p-adic logarithm

by putting logp = 0, then the power series

log([p]) = 10g([?) - -y (1—[51/10)"

n>1

converges in Bl and so we get an injective map ¢, : EL’Q" [Y]—-Bji extending ¢, :

EI{Q”—)B?{R by t,(Y) = p~™log[p] (cf proposition 2.25 of [Ber02]).

Mimicking this construction, for a« € A we let Y, be a variable, and we define
Birog,A = BIig,K[YOé]OCEA
and

f _ nt
Blog,A,K - Brig,K[Yoc]aEA-

endowed with an action of G A and (¢a)aca given by

9(Pa
9(Ya) = Yo + log(| % | and gu(va) =Y,
. . (Pe) .
where the series defining log([£ Ei ] converges in B, .

Once again we have injective maps ¢, : EI&E’QA%BQFR’ A sending Y, to p~" log([pa]) for

a € A.

Finally, we also define ]f))ltg,A = EI&A[YQ]QGA, B;,A = B$aX7A[Ya]a€A and Bg A =
B all/tal.

For V' a p-adic representation of Gx A, we say that V' is crystalline if the map

(V ®q, Bmax,a) 22 @, Bimax.a = VEq, Bmax.a,
induced by the inclusion
(V ®q, Bmax,A)gﬁ‘A C V@Qmeax,A
is an isomorphism, and is semistable if the map
(V ®q, Baa)E2 @k, Boa — V®q,Bsta,
induced by the inclusion
(V ®q, Bsi,a)754 C VRq,By.a

is an isomorphism.
Note that we have the following result:
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Proposition 1. — The morphisms
Bl—gg AT Blog A

and
R+ +
Blog,A — Bst,A

induced by the inclusion factor by factor is a continous equivariant injection.
Proof. — This follows easily from Proposition 1.1.26 of [Eme04]. O

Let K be a finite extension over Q,, and let F' be its maximal unramified subextension.
Using Lemma 1.4 and the fact that
F = (Bf,)% C (By)% =F

rig

the following corollary is immediate.
Corollary 2. — We have

(BltgA)gi = (BSt A) Fl ®Qp : ®Qp Fé'

4. Multivariable Tate-Sen descent

4.1. The Tate-Sen formalism. — Let § > 1 be an integer, A = {1,...,d} and for
each i € A, G; is a profinite group, admitting a continuous character x; : G;—Z,; with
open image and kernel H;. If G} is an open subgroup of G;, and if H = G, N H;, then
we let Gy denote the normalizer of H] in G;. We also let T’ = Gu /H!, and we let
Cy denote the center of FH/ By [BCO08, Lemm. 3.1.1] Cy; is an open subgroup of FH/
We let ni(H]) denote the smallest integer n > 1 such that Xi(Cry) contains 1 + p”Zp,
which is therefore < +00. When A = {1}, we omit the subscript in the notations. We
let H = Hy x ... x Hs, and to avoid additional notations, we also denote by H; the
subgroup of H generated by the elements (idg,,...,h,...,idy,) where h € H; and the
other components are the identity of H;, 7 # j.

Let S be a Banach algebra over Q, and let A be an Og-algebra, equipped with a map
valy : A > RU {+0o0} satisfying the following conditions:

1. valy(z) = +o0 if and only if x = 0;

2. valy (zy) > valp(x) + valp(y);

3. valy(z —l—y) > inf(valy (), vala(y));

4. valy(p) >
Remark 4.1. — In [BCO8] the fourth item asks that vals(px) = valy(p) + vals(z) but
this is actually never used.

Following [BCO08, Def. 3.1.3|, we recall the classical Colmez-Tate-Sen conditions in
the case where A = {1}:

(CTS1) There exists ¢; > 0 such that for any open subgroups H' C H” of H, there
exists v € A7 such that valy(a) > —¢; and Sremw T(a) = 1.
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(CTS2) There exist ¢ > 0 and for each open subgroup H' of H an integer n(H') € N,
a nondecreasing sequence (A ,) of closed Og-subalgebras of A", and for n > n(H'), an
Og-linear application Ry, : Ay Ap,, satisfying:

1. if H' C H" then Ayr,, C Aps,, and the restriction of Ry, to AH" coincides with
RH”,n;

the maps Ry, are Ags p-linear, and Ry ,(x) =z if x € Agr p;

for all g € G, we have g(Apr ) = Agrrg-1.n, and g(Rur »(2)) = Rymrg-11(9());

if n > n(H'), and if z € A’ then valy (Ryr () > valy(z) — ¢

if 2 € A", then im Ry () = .

AR ORI

(CTS3) There exist ¢ > 0 and for any open subgroup G’ of G, an integer n(G) >
ny(H'), where H' = G'N H, such that if n > n(G"), if v € Ty is such that n(y) < n, then
~y—1is invertible on Xp,, = (1— Ry ) (A™) and we have valy ((7—1)""(z)) > valy(z)—cs
for x € Xy .

The following proposition, which is proposition 3.1.4 of [BCO08], is straightforward:
Proposition 4.2. — If A is a Z,-algebra satisfying the Colmez-Tate-Sen conditions,
and if S is a Banach algebra equipped with the trivial G-action, then 05®zp/~\ satisfies
the Colmez-Sen-Tate conditions with the same constants ci,co and c3.

We also recall the following lemma:

Lemma 4.8. — Let A be a Z,-algebra satisfying the Colmez-Tate-Sen conditions, with
constants ci,co and c3. Let H' be an open subgroup of H, n > n(H'), v € Ty such
that n(y) < n and B € GLg(A™). Assume that there exists Vi, Va € GLg(Agr ) with
valpa (Vi — 1) > ¢35 and valy (Vo — 1) > ¢3 such that v(B) = V1 BV,. Then B € GLg(Apr ).
Proof. — This is [BC08, Lemm. 3.2.5]. O

Theorem 4.4. — Let A a Z,-algebra satisfying the Colmez-Tate-Sen conditions, with

constants c1, co and c3. Let o +— U, be a continuous cocycle from G to GLy(A). If G’ is an

open normal subgroup of G such that U, —1 € pkMd(A), and valp (U, — 1) > ¢1 420+ 2¢3
for all o € G', and if H = G' N H, then there exists M € 1 + pkMd(/~\) such that
valp (M — 1) > ¢y + ¢3 and such that the cocycle o — V, = M~ *U,0(M) is trivial on H'
with values in GLq(Ap n(cry)-

Proof. — This is [BCO08, Prop. 3.2.6]. O

Note that this is meant to be applied to A representations: if T is a free continuous
/N\—representation of rank d of GG, and if § is a basis of T" over /NX, then the map g € G —
Matg(g) defines a continuous cocycle from G to GLg(A). Conversely, the data of such
a cocycle endows A with the structure of a free continuous /K—representation of rank d,
and cohomologous cocycles are exactly obtained by base change over /~X, which means
that isomorphism classes of free /N\—representations of rank d are in bijection with the

continuous cohomology set H(G, GL4(A)).
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Remark 4.5. — In [Por24, Section 4], Porat develops a variant of the Tate-Sen for-
malism for Tate rings, in which the prime p is replaced with a pseudouniformizer f, we
will be interested in defining a multivariable version of this method.

4.2. Multivariable Tate-Sen descent for Tate rings. — Let (A, A™) be a Tate ring,
with AT ring of definition and pseudouniformizer f. We assume that A" is f-adically
complete. Recall that f defines a valuation val, that induces the f-adic topology on A.
We will use the notations of the previous subsection. Moreover if (G.,)aea is a d-uple
of subgroups of G, we will write G’5 for the product x®€2G,. Moreover if H'x =
(HNG,)aea, we will write L'y o for the quotient G'A/H'A. We let C'ys A be the product
xaEAC’H&,A, that is the center of Iy A, as group center commutes with direct products.
Using [BCO08, Lemme 3.1.1] we obtain the following
Lemma 4.6. — The group Cy a is open in Ly .

Suppose A endowed with a continuous action of Gao. We have that the topology in A
is given by a valuation val, satisfying analogous conditions to the ones of the previous
subsection:

1. A is separated with respect to valy.

2. valp(xy) > valp(z) + vala(y), for any =,y € A.

3. valy(z + y) > inf(valy(x), val(y)) for any x,y € A.

4. valp(f) > 0 and valp(fz) = vala(f) + valp(z) if x € A.

We also assume that G a acts isometrically on A.

Let A; be a Tate ring over Z,, with ring of definition /Kf , and pseudo-uniformizer f;,
such that §; divides p in A™, fori = 1,...,d. Suppose that A; is endowed with a continous
action of a profinite group G admitting a continous character y : G — Z,. Let S be an
affinoid algebra. We set /NXX g to be the completed tensor product

Os®2p<®zp1~x+)-
We set

hos = Maslg 5

and we endow it with the (3; ... Bs-adic topology. Note then that /N\Aﬁ is a Tate ring with
ring of definition /N\JAr ¢ and pseudo-uniformizer 3, ... ;. In this subsection we will denote
by val the valuation of /~\A,s- We remark that ]\Aﬂg is endowed with an action of Ga
induced by the action of G; on A; fori = 1,...,0. We have a continous map

OS — KZ73.
From now on we assume that 3, is invariant by H and that
R
(AA) A= AﬁlAa

where /N\i,A = /~\+&1®ZP . ®Zp/~\;}g- We moreover assume that /~\Z satisfies the Tate-Sen

conditions of [Por24, Subsection 4.1]. In particular for each subgroup H/, of H, there
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exist maps
St A= Ay
that are projections to some subalgebras Ay, , for o € A and n > n(G,). We let
+ + 3 S +
AE/AJL - AHz/qun@Zp U ®ZPAH1/1§7”7

and .
_ At
Atan = Malg 5
If we add the subscript S to one of this rings that means that we tensor by Og and
complete for the (f1,.. ., fBs)-adic topology for the +-rings, for the non + ones we do the
same thing to the + ring and we invert p.
Theorem 4.7. — Letcy,co,c3 > 0. Suppose that for eachi € A, A satisfies the Colmez-
Tate-Sen conditions for Tate rings (see [Por24, Subsection 4.1]) with constants ¢y, co and
cg for the action of Ga. Let o — U, be a continuous cocycle from Ga to GLd(]\X,S)~ If
G., is an open normal subgroup of G, for o € A such that U, —1 € (B .. .ﬁ)kMd(,/N\KS)
and val(U, — 1) > dc1 + (0 + 1)(ca + ¢3), for all o € G\, and if Hx = G'x N Hp, then
there exists M € GLg(Aas) such that val(M — 1) > ¢; 4 ¢35 and such that the cocycle
o = Vo = M~'U,0(M) is trivial on H and with values in GLa(Ag n(cr),s)-
Proof. — Since A; satisfies the Tate Sen conditions, for each open subgroup H! there
exists an o; in A such that valy(a;) > —c¢; and Sremym T(a) = 1Lfori=1,...,4.
Thus the element ap = o Rq, - .. ®q, ®s satisfies valy(aa) > —dc; and
> 1(a)=1
TEH/ /H,
Thus in particular the axiom (TS1) of [Por24, Subsection 4.1] is satisfied. This implies
that there exists M’ € GLd(]\AS), such that the cocycle o +— M/_lUUO‘(MI) is trivial on
H'\, and valy (M’ — 1) > (0 + 1)(co + ¢3). Note that _/N\A,S[l/ﬁd] is a complete Tate ring
with pseudouniformizer ;. Moreover we can extend the Tate traces

. AH.,
RH%W Ao — AH{X,n

to the completed tensor product A ', » that is again a complete Tate ring with pseudouni-
formizer 3. Then using [Por24, Proposition 4.8] we can find a matrix M” € GLy(An.s)
such that the cocycle o +— V, = M" 'U,o(M") is trivial on H, and with values in
GLd(OS@Zp/K}_}&I @Zp P @ZPAE/ (G/ ))
agsg,n ag
Note that M" is constructed as an infinite product
+oo

I] v

i=1
where the first factor is M; = (5 — 1)7'(1 — RHg,n(Ggé))(U&;), the second is My = (5 —

H™(1- RH(/Wn(G/%))(MflU%fyg(Ml)) and the others are constructed inductively like this.
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Thus since (75 — 1)~! sends 5% to 57, and f3; to f; fori=1,...,6 — 1, and RH:W”(G&(;)
sends ;% to 57, and §; to B; fori = 1,...,6 —1, we get that valy(M” —1) > 6(ca+c3).
We can proceed inductively in this way for each variable to find M as in the statement. [

Given this result we can prove the following proposition.
Proposition 4.8. — Let T be an Og-representation of dimension d of G, let V. =
S ®og T and let k be an integer such that valy(p*) > dcy + (§ + 1)(cy + ¢3). Let G
be an open normal subgroup of G acting trivially on T/p*T, let H' = G' N H and let
n > n(G'). Then /N\Xys ®og T contains a unique sub-Aj, n.g-module D}, (1), free of
rank d satisfying: o

1. Di’A@<T> is fized by H' and stable by G;

2. the natural map A ¢ ®,+ D, (1) — AL s ®og T is an isomorphism;
? H/ n = )

3. DE,A’n(T) admits a basis over A}},A n.g Which is c3-fized by G'/H'.

Proof. — The existence of D}},A () follows from the fact that the A+,7n7 g-module whose
basis is the one provided by the base change given by the matrix M of theorem 4.7 satisfies
those conditions. The fact that there is only one such sub-module is a consequence of a
repeated use of lemma [Por24, Proposition 4.9]. Indeed, assume that there are two such
submodules, with respective bases ey, ...,eq and €}, ...,¢e),. Let B € GLd(/N\JF) the matrix
of the ¢} in the basis ei,...,e4. Then B is invariant under the action of H’, and if W,
W’ denote respectively the matrices of a generator v of Hj in the bases ey,...,e; and
e, ..., ey We have val(WW — 1) > ¢3, val(W’ — 1) > ¢3 by construction, and moreover W
and W’ belong to GLq(Af, , ¢). We have W’ = B~'W~(B) so that we can apply Lemma
4.3. Which means that B has its coefficients in OS®Z,,A;F®ZP e @ZPAHSM. Applying the
same reasoning with generators of H;, for every ¢ € A shows that B € GLd(AE,m’ 5); SO
that the A+,’n7 g-modules generated respectively by ey,...,eqand €], ..., e are e?llfal. O

4.3. Multivariable Sen theory. — We now explain how to recover the results from
[BCM24, §3] as a consequence of the multivariable Colmez-Tate-Sen formalism. As
stated before, this formalism was already underlined in [BCM24] and allows us to extend
their results to families. In what follows, we let K = (K,)aea be J finite extensions
of Q,, and we let K, denote the cyclotomic extension of K, for « € A. We let
K = (Kaoo)aea and Kp o = ®%§AK&O@. We also write fAT.O = (@%jAOKam)[l/p],

and we have fAT.O = C’ZIK’A by [BCM24, Theorem. 3.3].

Recall the following proposition:
Proposition 4.9. — The ring A = C, = Oc,[1/p| satisfies the conditions (CTS1),
(CTS2) and (CTS3), with At = Loe = O~ [1/p], Ay = Ln = OL,[1/pl, Ry = Rim
and valy = vy, for any c; > 0,co > 0 and c3 > zﬁ'
Proof. — See [BCO08, Prop. 4.1.1]. O
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In what follows, we fix constants ¢; > 0,c5 > 0 and c3 > p% such that dc; + (6 +

1
1)(ca + c3) < v,(12p°).

Theorem 4.10. — Let S be a Q,-Banach algebra, let T be an Og-representation of
dimension d of G a, and let V = S @p, T. Let L = (Ly,...,Ls) be such that for all
i€ A, L;/K; is Galois and such that Gy o acts trivially on T/12p‘5, and let n > n(L).
Then (S®CA) ®s V' contains a unique sub-(S ® L, A)-module DQQE(V), free of rank d,
such that:

1. DgeAn’ﬁ(V) is fized by Hy A and stable by Gg a;
2. Dg;ﬁ(V) contains a basis over S @ L, o which is cs-fived by T'p a;

3. the natural map (S®Ca) Dser, o DéeAn’ﬂ(V)—>(S®CA) ®s V' is an isomorphism.
Moreover, we have S/m, ®g DLA’E(V) o~ Dgf‘n’ﬂ(%).

Sen
Proof. — This follows from Proposition 4.9 so that we can apply Proposition 4.8. The
last point follows from the Proposition applied to S/m, and the fact that the image of
S/m, ®g Dgfn’ﬁ(V) in (F, ® Ca) ®g, V, satisfies the three conditions of the theorem,

where E, = S/m,. O

In particular, we recover [BCM24, Theorem 3.19, Corollary 3.20 and 3.21] (after a
Galois descent argument as in [BCM24, Theorem 3.19]) and the Tate-Sen formalism
allows us to extend those to families of representations.

The multivariable Sen theory developed in [BCM24]|, just as in the classical case
([Sen80]), makes use of “K-finite vectors”: if W is a @—representation of 'k A, we
say that an element of W is K-finite if x lives in a Ka-submodule of finite type of W
which is stable by 'k o, and we let Wi denote the set of Ka-finite vectors of W. Note
that, by Proposition 3.22 of [BCM24], we have @ = KA o so0 that W can naturally
be viewed as a Ka «-submodule of .

If V is a p-adic representation of Gx A, we can define its Sen module by Dgep (V) :=
((Ca ®q, V)"2)i a5 in [BCM24, §3] by analogy with the classical case ([Sen80]).

Note that the notation of Dge, (V) is compatible with the definition of the module

Déﬁn’ﬂ(V) in theorem 4.10, since we have Dgen A(V) = (Looa @1y, Dg(fn’ﬂ(V))JL*’E’A/HAA

(the proof of [BCM24, Corollary 3.24] shows that Lo A ®p, , Dgﬁn’ﬂ(V) is the set of La-
finite vectors of (Ca ®q, V)24 as 'y a-representations, and the result follows by taking
the invariants by Hx a/Hp a by étale descent using Proposition 3.25 and Corollary 3.27
of ibid.).

We now explain how one can recover the Sen operators and Sen theory developed in
[BCM24, §3] in the spirit of [BC16], using locally analytic vectors.

/‘\FK7A71a
Lemma 4.11. — We have Koo n = Kooa
/\G—la /‘\Gn—la
Proof. — If G = T'g.a, then K a = Up>1 K , and Corollary 2.5 implies

——Gp-—la

directly that Ko A = Kan. O
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Proposition 4.12. — Let W be a free @—semilinear representation of 'k A of finite
type. Then W' ~ Wfin,
Proof. — This is the same proof as the one of [BC16, Thm. 3.2]. If z € W then
it lies in some finitely generated Ka-module stable by 'y o and therefore inside some
finite dimensional Q,-vector space endowed with a I'g a-action. By Cartan’s theorem
[Eme04, Prop. 3.6.10], this implies that z € W,

For the converse, by theorem 3.28 of [BCM24], there exists a basis ey, -- -, eq of Win
over Ka o which is also a basis of W over ?A,To- Then by Proposition 2.3, W =
@?:1(@)1%2‘ =0 Kneo - €i = Wi, u

If W is a locally-analytic representation of I'k a, the Lie algebra of I'x A naturally acts
on W, so that we get operators (V,)aca defined by:

y 71
1€T i -1 108 (Xeyar (7))

The operator V, is also equal to log~y for v € 'k, close enough to 1 (in the cyclotomic
case these are the generalized Sen operators of [BCM24, Subsection 3.30]).

We define the multivariable HT (Hodge-Tate) weights of V' as the elements (Ay)aca
such that Nyea ker(V, — Ay) is a nontrivial sub-K o a-module of Dgey A (V).

Vo=

4.4. Overconvergent families of multivariable (p,I')-modules. — We now ex-
plain how to attach to a family of representations a family of (pa, 'k A)-modules using
these multivariable Colmez-Sen-Tate conditions. When working over a base which is a
finite extension of Q,, these constructions coincide with the ones of [CKZ21] and of
[PZ21].

Proposition 4.13. — The rings A = AT [1/w] satisfy the conditions (CTS1), (CTS2)
and (CTS3) for any r > 1, with A" = AV [1/w], Ay, n = o (A" [1/@]), Ry, n =
Ry, and valy = v,, for any c; > 0,c2 > 0 and c3 > p%l.

Proof. — See [BCO08, Prop. 4.2.1]. O

If V is a (family of) representation(s) of Gx A, admitting a Galois-stable integral lattice
T such that V = S ®p, T, and if (L,)aea is such that for all i € A, L;/K; is Galois and
such that Gy A acts trivially on 7/12p°, we let s(V) = (max(ru(r.,), $(La/Ka)))aca, and
up to increasing the s(V'),, we can assume that there exists n(V') = (n(V)a)aca such that
S(V) = (Ta(v)a)aca- If s > s(V), we let DE’?A(T) = ((OS®ZPAZ§) ®gz, T)"=4 which is by
lemma 3.13 an Og@)szTL’fA—module, which is endowed with an action of I'y o. For n > 0,
we let DEA@(T) = gp‘ﬂ(DZPA%(T)) which is an OS(EAQZPAEA@ = SD_E(OS@szZA%)-
module.

For s > s(V), we let DEA(T) = (DEA(T))QK’A/QA‘A and D?{%A(V) = D}}%A(T)[l/]?]-
Proposition 4.14. — Let S be a QpiBanach algebra, let T be an Og-representation of
dimension d of Gg A and let V = S ®p, T. Let L = (L4, ..., Ls) be such that for all
i € A, L;/K; is Galois and such that Gy a acts trivially on T/12p°, and let n > n(L).
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Then ((’)5@1&2@) ®og T admits a unique sub—(’)s(}@Az%@—module DZ*X@(T) free of rank
d, fized by Hp A, stable by Gk A, having a basis cs-fized by I'p o and such that:
(OsBAL) @, - 1m0 DyR (1) = (Os@AL) ®oy T.

e L,An

Proof. — This is Proposition 4.8 which we can use thanks to Theorem 4.7 and Proposition
4.13. 0

If V is an S-family of representations of G A admitting a Galois-stable integral lattice
T, we let

8 S 8 n t.ro
D2 (V) == ((S8q,B]A) B 58, B2 PN (D LA pry (V) 52,
1—77‘ T?T
Theorem 4.15. — If V is an S-family of representations of Gk a, free of dimension d,
admitting a Galois-stable integral lattice, and if s > s(V'), then:

1. DEA(V) s a projective S@QPBEA—module of rank d;
2. the map <S®Qp]§TﬁA) ® fs DEA(V)—)(SQA@QPBEA) ®s V' is an isomorphism;

S®qpBi A
3. if x € X, the map S/m, ®g DEA(V)%DEA(V;) is an isomorphism.
Proof. — The proof is the same as the one of [BCO08, Théoreme 4.2.9]: Proposi-

tion 4.14 implies that DEA(V) is free of rank d over S@QPBEA and that the map
(S®Qp]§k§> D s5q, B DTL’§A(V)—>(S®QPI§£’§) ®g V is an isomorphism. Proposition 1.11
p LA =

then implies the first two points of the Theorem. For the last point, the same argument
as in [BCO08, Théoreme 4.2.9] can be followed verbatim. O

It is clear by construction that after tensoring the modules over either OS@A@szL, A

(before taking the invariants by Hg a) or Os@)z,}Ak A (after having taken the invariants
by Hy) what we obtain are étale (pa, Tp.a)- or (pa, Tk, )-modules, as the ¢, act trivially
onT.

We now specialize our constructions to the case where S is a finite extension of Q,.
Using Lemma 1.10, any S-representation V' in this case can be written as V' = S ®o, T'
for some Galois-stable lattice 7" of V.

Proposition 4.16. — Let T be a free Z,-representation of Gg a. Let L = (L4, ..., Ls)
be such that for alli € A, L;/K; is Galois and such that Gy a acts trivially on T/12p°T,

and let n > n(L). Then DZ%@(T) = 9072((AZ£Q Xz, T)HL.a) js the unique sub—AZ%’ﬂ—
module, free of rank d of XZLO ®z, T satisfying the following:
1. DE%’Q(T) is fized by Hp A and stable by Gk a;

2. the natural map AA/ZLO ®  hro DTL’%TL(T)%KL’LO ®z, T is an isomorphism;
LAn T
3. the Azgvﬂ-module DZ&B(T) admits a basis in which if v € I'p A then the matric

W, of v in this basis satisfies v, (W, — 1) > c3.
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Proof. — This is similar to [BCO08, Proposition 4.2.3]: the existence of a unique such

sub—AZ*z’ﬁ—module follows directly from the application of our Colmez-Sen-Tate method,

using Proposition 4.14. It remains to see that this module is indeed DZ%@(T) =

1.7

P H(Ax " @z, T)E2).

As in the proof of [BCO8, Proposition 4.2.3], we are left to compare the module
obtained by our method with the one coming from Theorem 3.24 (which is one of the
main theorem of [CKZ21]). This is done in [BCO8&] using Lemma 4.2.2 of ibid. and
here we just need the analogue for our multivariable setting, which is given by [CKZ21,
Lemma 6.13]. O

In particular this implies that if s > 7, then DEA(T ) is free of rank d and the
natural map AR ® Ale, DEA ()AL ®g, T is an isomorphism.

By the unicity property in proposition 4.16, it follows that DTK’ AT) = U§2§(V)DEA(T),
where DE A(T) is defined by

S 3 ,S n T’L

is equal to the étale (pa, 'k a)-module over A}(’A attached to T' by Theorem 3.24.
In particular, this allows us to recover the constructions of [PZ21] and [CKZ21] of
overconvergent (¢a, 'k a)-modules attached to p-adic representations of G A. Moreover,
these constructions extend to families of representations. As in the classical case, the
functor V +— DT(V) is no longer an equivalence of categories between S-representations
of Gk A and étale (pa, 'k a)-modules over S@QFB}A if S is no longer a finite extension
of Q, (cf [BCO8, Remarque 4.2.10]). B

Finally, we are able to apply our constructions to generalize [CKZ21, Theorem 6.19]

(which does not seem to be easy using the methods developed in ibid as stated in their
Remark 6.20). Before doing so, we need several intermediate results, basically following
[Por24, §3] :
Lemma 4.17. — Let R be a commutative ring, endowed with a nonarchimedean val-
uation vg, and an invertible morphism ¢ : R—R such that vg(p(x)) = pvg(z). Let
X € GL4(R). Then for any c < S5 (vr(X) + vr(X™)), and for any Y € My(R), there
exist U,V € My(R) such that vg(V) > ¢ and

X)X -U=Y -V
Proof. — This is Lemma 3.3 of [Por24]. O

Lemma 4.18. — Let M be a free étale pa-module over K&A. Then there exists a
unique free étale pa-module M* over AT&A, contained in M such that the natural map

M @z Aga—M
KA T

is an isomorphim.
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Proof. — The idea is the same as for Proposition 3.4 of [Por24]: start with a basis of M,
and let X denote the matrix of the Frobenius pa = 4,0+ -0@q,. Write X = 3=, 5o p"[X,]
(which is possible because Agx A = W(C%) by Remark 3.21). We want to construct a
matrix U = ¥,50p"[Un] € GL4(Ag ) such that C' = U™ Xpa(U) € GLg(AL 5). Let
us take Uy = Id. Suppose now that Uy, - -, U,_; have been defined, and let us write

= S pf[U;]. We can write (U') ' Xoa(U') = 07 p[Ci] mod p"Mg(Ak.a), where
C’Z- depends only on Uy, - - -, U;, so that there exists Y € Md(AA/&A) such that

(U Xpa(U) = > p'[Ci] = p"Y.

satisfies that v,(C,,) is bounded below for all a € A.
It suffices to prove that the mod p equation

Up — Xooa(U)Xo P =YX, = Co Xt

can be solved in C% in both U, and C,,, with each v, (p"[C,]) bounded independantly of
n. But this is possible by Lemma 4.17, using the (w,, - - - @4, )-adic valuation on C4.

By induction, we obtain a matrix U = ,50p"[U,] € GL4(Ag.a) such that C' =
U Xpa(U) € GLd(KTKA), which is what we wanted.

To finish the proof, it remains to prove that the overconvergent module M obtained
is unique. This follows from the fact that if two such modules existed, then the base
change matrix V € GLd(fAVK,A) between the two, would satisfy a relation of the form
va(V) = A VB,, with A,, B, € GLd(K}(’A) for each @ € A. The same proof as in
[Por24, Prop. 3.5] shows that the coefficients of V' belong to @jc;‘i for each a € A
(following Notation 2.10 of [CKZ21]), and thus V € GLd(K}{7A). O

Proposition 4.19. — Let D be a (pa, 'k a)-module over B = A[l/p], where A is
either KTK’A, ATK’A, XK,A or Ag a. Assume that D satisfy the following:
1. The underlying oa-module of D is the base extension of an étale pa-module over
A.
2. The action of I'k A is bounded: for some finitely generated A-module Dy generating
D over B, the action of I'x A carries Dy into p~"Dyq for some m > 0.
Then D is an étale (oa, 'k ) over B.
Proof. — The case where A = A}(’,A or A = Ak a were treated by [CKZ21, Theorem
6.19], so it remains to prove the last two cases. We let M, = KA ®4 Dg and M =
Ba ®p D = M[1/p] (note that if A = K}(,A’ then we could just tensor by Al over
A directly and skip the next step). By assumption, the action of T’ Kk.a carries Dy into
p~ "Dy for some m > 0, so that it carries My into p~"* My, and M, is an étale KA—module.
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By lemma 4.18, there exists Mg C My a sub-pa-module over KTA of My which is
étale, and such that the action of I'k A carries Mg into p‘mMg (since it is given by a base
change matrix with coefficients in GLy(Ak A)). Now theorem 4.7 can be applied (because
of theorem 4.7 and proposition 4.13) and gives us an étale (pa, ' A)-module over ATL A
for some L = (L4 )aea such that the L,/K, are finite extensions, and which satisfy the
same boundness condition for the 'y o. Inverting p and taking the invariants by Hg, we
obtain a (pa, 'k )-module over BJ}(’ A satisfying the conditions of the Proposition, and we
can now apply [CKZ21, Theorem 6.19] to conclude. O

5. Multivariable de Rham representations

Recall that in [BCM24, §4], a ring A, a is defined, and that by Proposition 3.6, this
ring is isomorphic to the p-adic completion of the completion of A+ Rz, - Oz, A for
the (&ay, - -, &ay)-topology. Also recall that there is a map 0a @ Ajura—Oc, which is a
surjective G a-equivariant morphism of Qp-algebras 0a : Ajnsa—Ocy.

Lemma 5.1. — The ring A is isomorphic to the (p,ker(0a))-adic completion of
At @z, - ®g, At

Proof. — Let AX denote the (p,ker(fa))-adic completion of At Rz, - Qz, A*. Since
At ®z, -z, Atisa subring of Ay A, and since the latter is (p, ker(6))-adically com-
plete, we deduce that we have an injection AX C Ajra. The fact that AX is (p, ker(64))-
adically complete means that it is p-adically complete because (p) C (p, ker(6a)) is finitely
generated (see for example [Sta24, Tag 090T]. Therefore we have Af = lim (AX)/p",

and by construction the topology induced on (AX)/p" is the (p,ker(a)) = (p, [@a])aca-
adic topology, and thus the ([tw,])aea-adic topology. This means that A is the p-adic
completion of the ([@a])aca-completion of AT ®z ---®z A™, and we conclude by Propo-

sition 3.6. OJ

The ideal ker(6a) of Ajura is generated by {&,}aea (this is [BCM24, Corollary 4.4])
and also by {ws }aea (one checks that &, /w, is invertible in Ajf ).

As in [BCM24, §4], we define Bjy o as the ker(a)-adic completion of A a[1/p],
and we endow it with the so called canonical topology, which means that each quotient
B a/ker(0a)™ =~ Ainsa[1/p]/ker(6a)™ is endowed with the p-adic topology coming from
the one on Ajys A, giving the quotient a p-adic Banach space structure. This means that
BIR’ A equipped with the canonical topology is a Fréchet space. The following proposition
shows that we can replace the definition of Bjy 5 as in [BCM24] by one which is more
compatible with all our constructions so far:

Proposition 5.2. — We have an isomorphism of topological rings B:{RA a ®giAB:{R,
where each Bly is a copy of the classical ring of periods of Fontaine endowed with its
canonical topology which makes it a Fréchet space.
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Proof. — By definition, we have B:{RA = @n Ains a[1/p]/ker(6a)", and thus
Bir.a = Im((Aqra/ker(02)")[1/p]),

using the fact that localization and quotients commute. Since ker(fa) = (&a)aca, We
have that for every n > 1, ker(0a)" C (£%)aea C ker(6x)", so that

Bir.a = Mm((Aura/(€0)aea)[1/p])-

Moreover, the inclusions ker(6a)™ C (£%)aen C ker(0a)" imply that Ajura/(E%)aca is
the p-adic completion of (A*®z - -®z, A1) /() aeca by lemma 5.1. By [Qin06, Exercise
1.3, Chapter 1], we have an isomorphism

(AT @z, - @z, AN)/(E)aca ~ AT/E) @g, -+ @z, AT/
so that
Bipa = Im((A"/€, @z, -~ @z, AT /65 [1/p]),

n

where the completion is taken with respect to the p-adic topology. Now we just note that
lim((A*/2, @z, -+ B2, A7 /€2, [1/p) = Yim(AT/€, [1/P)@q, -+~ @a,AT/E5, [1/p)
by lemma 1.7, and that for all @ € A and n > 1, (BIg )a/ker(6,)" ~ A*/€"[1/p], so that
lim(A"/€,[1/p18a, - Do, AT /€, [1/0]) = €, Bl
in the category of Fréchet spaces. O]

We quickly recap some properties and definitions attached to the ring B§R7 As COming
from §4 of [BCM24]. We let ta := [loeata and we let Baga := Bz A[1/ta]. Since
Gr.a acts on ta by g(t) = xa(g) - ta, the action of Gk A on BIRA extends to an action
on Bgr,a. We endow Bgr a = hgn tg“BjRA with the injective limit topology. The ring
Bar A is endowed with a filtration indexed by Z and defined by

1j T =i 0t
Fi’Bggr. a lil?rrjltA Fil“Big a
where FiliB(TR A = ker(6a)". The filtration thus defined on Bgg a is decreasing, separated,
exhaustive, and stable by Galois. We let Byr a := grBar a-

If V is a p-adic representation of Gx a, we let Dar (V) := (Bar,a ®q, V)54, which
is a Ka-module, endowed with a filtration coming from the one on Bgr a. By Bgra-
linearity, the inclusion Dgg,a (V) C Bar,a ®q, V induces a Gk a, Bqr,a-linear map

adr,a(V) : Bar,a @k, Dar,a(V)—=Bar,a ®q, V-

We define similarly a map agr.a(V), where Dyt a(V) = (Bar,a ®q, V)54,
Proposition 5.3. — We have:

~ 8'Bara = EBEZ(”a)aeAGZAﬁza Na=r Cﬁt%;
— Bura ~ Calta, t3aca =~ @pezaCa(n) as Gg a-modules.
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Proof. — See [BCM24, Prop. 4.14]. ]

Note that [BCM24, Proposition 4.17] shows that the Ka-modules Dggr (V) and
Dur,a(V) are of finite type, and that the maps aqr (V) and agra(V) are injective.
A representation V' of G A is said to be de Rham (resp. Hodge-Tate) when the map
aar.a(V) (resp. agr.a(V)) is bijective.

The following proposition generalizes [BCM24, Proposition 4.17] for Noetherian fam-
ilies admitting a Galois stable lattice:

Proposition 5.4. — Let S be a Noetherian Q,-Banach algebra, with unit ball Og, let
T be a free Og-module of rank d, endowed with a continuous Og-linear action of Gk A,
and let V- =T[1/p]. Then Dar,a(V) and Dy a(V) are finite S ®q, Ka-modules.
Proof. — We follow the proof of [Bell5, Prop. 4.3.2]. We start by noticing that

Dyra(V) = @jeza (Dsena(V) - ) 54 = Bjeza (Dgena (V) ma™xa,

so that Dyp a(V) C Dgen,a (V) which is a finite module over S ®q, K, which is Noethe-
rian since S is a Noetherian Q,p-algebra and K, is of finite type over Q,. This means
that Dur.a(V) is a finite S ®q, Ka-module.

For the proof regarding Dgr (V) we can follow the proof of [Bell5, Prop. 4.3.2]
directly, as the arguments are the same. O]

Given a p-adic representation V' of Gi a, the authors of [BCM24]| define in §5 of ibid
a module attached to V' which we will denote by D A(V) as follows: D A (V) =
l'glr((BjR A ®q, V)7E2) /Fil")i" | which means that we're taking the inverse limit with
respect to the filtration induced by Bj{R, A of the finite vectors of the quotients by this
filtration. Moreover, this is a Ko a[ta]aca-module, and if (Bfz o ®q, V)54 is free of
rank d over (BZ{RA)H&A then it is free of rank d over K a[ta]aca-

More generally, given a free BZ&L a-Tepresentation W of Gg A, we can attach to W a
Koo aAlta]aca-module

Wy = lim(WHes ) /Fil7)m
which is free of rank d over K a[ta]aca.

Theorem 5.11 of ibid shows that the functor W +— W} is an equivalence of cate-
gories between free B&LR, a-representations of I'x A of finite rank and free Ko ata]aca-
representations of I'x o of finite rank.

As in §4.3, we can recover those constructions using locally and pro-analytic vectors.
Lemma 5.5. — We have ((Bjy o)"52) a7 = K Alta]aca-

Proof. — By proposition 5.2, lemma 1.4 and corollary 2.5, we have that

(Bip.a)es)ma = — (Bh) = @ (Biy) Ka ) ke P2,

By [Por20, Prop. 2.6], we have that ((Bjg)?x)'x—Pa = K_[t] which finishes the proof.
[l
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Lemma 5.6. — If W is a free (B:{RyA)HE’A -representation of I'x A of finite rank, then
W= Whea-pa,

Proof. — Since B(J{R A is a Fréchet space whose Fréchet topology is given by the Ba-
nach topology on each Bl A /Fil'BJj 1, we have that WW'ea=p — lim (WW/ Fil"W)a by
definition of pro-analytic vectors. By Proposition 4.12, each (W/Fil'W)% is equal to
(W/Fil"W)fn so that we recover the definition of W;. O

As a direct consequence of this lemma, we obtain the following corollary, which shows
that pro-analytic vectors recover Sen theory for B:fR, a-representations:

Corollary 5.7. — IfV is a p-adic representation of Gk A then DBH’A(V) = ((BIR,A®Q17
V)HK,A)FE,A_pa.

6. Applications to crystalline and semistable representations

Let now A be an affinoid algebra over Q, and let O4 be the valuation ring of A.
Let V' be a free representation of Gx A over A, such that V' contains an O4-lattice of
rank d, stable for the action of Gg o. Then by Theorem 4.15 we can associate to V' an
overconvergent (pa, 'k a)-module over A@QPBTE’Z, for some r € N[1/p]?, that we will
call DYE(V). We define

D\(V)= U DLW

reNJ[1/p]®
We set
T.r S T, S T,
Drig,K,A(V> = (A®QpBrig,£,A)®BTK’3ADA (V)7
Drig,g,a(v) = U DiégA(V)
reN[1/p]®
DIB;K,A(V) - <A®QpB;r(7é K)®BEKDTA£(V)7
and

D;rog,K7A<V) = U DIC;E,K,A(V)'

r€N[1/p)?
In this section we will prove that
(3) Deryea(V) = (Dl o (V)[1/ta]) 55,
and
(4) Dst,A(V) = (DIrog,A<V)[1/tA]>F£’A7

This is a multivariable generalization of the classical work of [Ber02, Théoreme 0.2] and
[Bell5, Theorem 4.2.9]. It is analogous to the result obtained in [BCM24, Theorem
5.23], that relates multivariable (¢, I')-modules and multivariable de Rham representa-
tions.
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To compare Dg,ys A and DL& A we will pass from the module (V ®q, (A®Qp]§lig, A))IEA,
To do so one can use the following

Proposition 6.1. — Let A be a Q,-Banach algebra, and let O 4 be its valuation ring.
Then ﬂ:i?)p_hk<OA®szT3p_ks) C A@)Qpﬁji_g-

rig

Proof. — This is [Bell5, Coro. 4.2.12]. O

As in [Ber02, Prop. 3.2] and [Bell5, Prop. 4.2.13], the following “Frobenius regular-

ization” is a direct consequence from Proposition 6.1, though we cannot apply either of
[Ber02, Prop. 3.2] nor [Bell5, Prop. 4.2.13] directly.
Proposition 6.2. — Let di and dy be two positive integers. Let A be a Q,-Banach
algebra. Let M € Mg, xa, (A@QPBL&A) and suppose that for alli € A, there exists h; > 1
and P; € GLq, (A ®q, Fp) such that M = ;" (M)P,. Then M € Md2xd1(A®Qp]~3fgg7A).
Proof. — We use exactly the same strategy as in the proof of [Ber02, Prop. 3.2] but
since we are in the multivariable case we need to use it § times.

Let us write Py = (pi;), M = (my;), and m;; = Ypeoo miMYE. Let r = (r1,...,75)
be such that all the m;;; belong to A®Qp]§j:i7§,A' Let I,...,Is_1 be respectively
compact subintervals of [r;,+o0o[, with min(l;) = r;, for ¢ = 1,...,0. We con-
sider the mj; as elements of A®q,B''®q, ... Rq,B"®q,Bl’. Note that As :=
A@prgh@qp e <§AZ)QPI§I5*l is a Q,-Banach algebra as every algebra considered in the
tensor product is a Banach algebra. We let O 4, denote its valuation ring.

Let fo € Z be such that p" P € My, (04, ®z,OF, ). Let s5; € Z be such that the degree
of the m;; in Y5 are bounded above by ss, and let f = fo + hs - s5. The relation between

M and Pj translates into

05" (ma)p1j + - - + 05" (Mg, )Payy = M

for all ¢+ < dy,7 < dy. Since tpghé (YE) — pheksYE  we obtain that if miy €
S, AbT - _ Nt b
p_COA5®ZpAT’ ?, then we have pfopij € OA6®Z;DOEA7 and Ps ho (mij,k) €p COA5 ®ZPATZ e

rig ) Tlg
—~ — h
so that myj € p_f_COA(S@ZpAI{g“/p ". By iterating, we find that the m,;; belong to
m;gp*f’f*COAé®ZPKI{§“’_W. By proposition 6.1, this means that the m;;; actually be-

long to A®q,B'®q, ... Rq, B4 1®B,. Since this is true for all J; compact subintervals
of [ri, +oo[, with min(/;) = r;, i = 1,..., 9, this means by [Eme04, Proposition 1.1.29]
that the m;;, belong to A@)QPBI{E,A@QPB;%-
We apply then the same reasoning to each of the components, so that in the end the

mjx belong to A®q, B

tig.A» and thus this concludes the proof. ]

One can then use Frobenius regularity to compare periods over A@Qpﬁfgg’ A to periods
over A@QPBL&A.
Lemma 6.3.
an equality

Let A be a complete DVF over Q,, with perfect residue field. We have

((A®Qp]§1—gg,A)®Av)g£’A = ((A®Qp]§1rog,A>®Av)g5’A .
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Proof. — Using Frobenius regularization (Proposition 6.2), the proof is the same as the
one of [Bell5, Proposition 4.2.16] O

Using the lemma above one can prove the following lemma as in [Bell5, Corollary
42.18].
Proposition 6.4. — Let A be an affinoid algebra over Q,. We have an isomorphism
((A®QpBlog A)®AV>QE7A = ((A@)pr));fog,A)@Av)gﬁ’A‘

The following theorem explicates the relation between multivariable crystalline repre-
sentations and multivariable (p,I')-modules. It is an analogue of [Bell5, Proposition
4.2.19].

Theorem 3. — In the situation above the natural map
(Dlogsea(V)[1/ta]) 52 — ((ABq, Bl A)®aV[1/ta])

s an isomorphism.
Proof. — Replacing K, for a € A, with finite extensions we may assume that Dlog KA
is free. After multiplying V' by a suitable power of tA we may assume that

(Dl s a(VI[1/1a]) 52 = (Dl e A (V)55
Note moreover that
(A8, Bl A)aV)"2 = (A8, Bl a)@5q 5, , PhexalV))
by overconvergence. If we pove that
((A®Qp log, A)®A®Qp logKADlTog,K,A(V»FKA = (Dirog,K A(V))FE’A

thus we get the claim. Taking I'x a-pro-analytic vectors, and using Proposition 5.1 of
[Poy22] and Corollary 2.5, we get

((A®Qp]§f(;§,A)®A® BHz DIOg,K,A(V))FK’A

Qp log, K,A
T S T r
=(U ¢a A®QpBlo§,K A>®A@QPBIT . ADlo;K AV)) £
neN o8
Since ((A®QPB1Tog,A)®A@QpBLgKADITOg&A(V))F&A is a finite A-module (as Dgr(y is fi-

nite by Proposition 5.4), it will be contained in

- a~ T? 7”’67 pa~ 1‘77
(SOA"(A®QpBlo§,£}M®A@QPBT r DloZ,K,A(V))FK’A

log, K,A

for some s € N[1/p]°. But ¢4 induces an isomorphism

(@A (A®QpBIr(;Z K A)®A® Bhz DIFSE,K,A(V))FK’A

Qp log,K,A

= (Pa" (490, B )8 45 pz , Dhasca (V)52

Plo

As ((A®q,B lTog A)®A®Qp B« ADL&&A(V))FK’A is stable by ¢a we can conclude. O
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Combining the theorem above with Propostition 6.4 we obtain what we wanted to

prove.
Corollary 4. — Let V be a representation of Gk a over A admitting an invariant O 4-
lattice. Then B

Derys,a(V) 2 (D, A (V)[1/ta]) T2,
and

Dy a(V) = (DlTog,A(V)[l/tA])FE’A-
Proof. — The isomorphism for Dg A (V) is clear. The one for Dy a (V) follows taking
the elements annihilated by the monodromy operators induced variable by variable. [

7. Multivariable rings of periods and admissibility

In this section we discuss the link between admissibility of representations of Gx A for
multivariable rings of periods, and admissibility for the restriction of the representations
of Gg.a to Gk, for classical rings of periods, and give some applications. Let V' be a
p-adic representation of Gk A and let B be one of the period rings Byax, Bss or Bagr.
We use Byax here instead of the ring Bys to treat crystalline representations as the
topology of B,y is “bad” (cfr. [Col98, p. 24]). Instead By is a strict LF-space, so its
completed tensor product is “well-behaved”. We can call B,,.c-admissible representations
crystalline as the notion of B,ax-admissibility and B,ys-admissibility coincide (see ibid.).
We denote by Ba the completed tensor product over Q, of d copies of B. Moreover we
set L, = B%%a_ for o € A. We say that V is admissible if the map

(V ®q, Ba)52®x, Ba — V&q,Ba.,

induced by the inclusion
(V @q, Ba)?4 C V®q,Ba

is an isomorphism.

We recall the following result, which is [Ked23, Proposition 2.3]:
Theorem 7.1. — Let B be one of the rings Buax, Bss or Bar. Let V' be a p-adic
representation of Gk A such that, for each o € A, the restriction of V to Gk, is B-
admissible. Then 'V is B ®q, -+ ®q, B-admissible.

In the other direction, we can prove the following:
Proposition 7.2. — Let B be a classical ring of p-adic periods (either Bpax, B
or Bar), and let Ba denote the completion (for the canonical topology on B) of
B®q, - ®q,B. Let V be a p-adic representation of Gk, such that the (Bp)9%A-
module (V ®q, Ba)E4 s free of rank dimq, (V). Then for each o € A, the restriction
of V' to Gk, is B-admissible.
Proof. — Up to permutation of the factors in Ba and Gx a, we can assume o = 1. We
have that

~

(V ®q, Ba)?22 ~ ((V ®q, B) 1 &q, B) e ...)®q, B) .
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We know that if W is a Gk, representation of rank n, for @ € A, we have that (W ®q,
B)Y%a is finite dimensional over L, of rank less or equal than n, and the equality holds
if and only if W is B-admissible. This implies that

(v ®Qp BA)QE,A = ((((V ®Qp B)gKal ®Qp B>gKa2 e ) ®Qp B)gKOc(; °

Suppose that the restriction of V' to G, is not B-admissible. This implies that (V ®q,
B)%%e1 is a vector space over K, of rank less than d. Thus ((V ®q, B)¥1 ®q, B)**2 is a
L,-vector space of rank less than [L,, : Q,d. Inductively we obtain that (V ®q, Ba)9%:4
is a Q,-vector space of dimension less than d[L,, : Q). .. [La; : Qp). But this contradicts
the hypothesis that (V ®q, Ba)?%4 is free of rank d over Ly, ®q, . .. ®q, La,- O

p

In particular, combining both results above with proposition 5.2, we deduce the fol-
lowing corollary, which in the case B = Bgr answers the question asked at the end of
[BCM24, §4):

Corollary 7.3. — Let V be a p-adic representation of Gx a, such that the (Ba)9%A-
module (V ®q, Ba)9%4 s free of rank dimq, (V). Then V is B-admissible.

Note that, if V' is a p-adic representation of Gi A, then the I} ®q, - - - ®q, Fs-module
Dy a(V) := (Bg,a ®q, V)95 is equipped with a filtration indexed by Z° induced by the
one on Dgr A (V') and which can be split into partial filtration (Fil,)a.ea and with partial
Frobenii (¢4 )aca and partial monodromy operators (Ng)aea-

In the classical setting, those objects are called filtered (¢, N)-modules, and one can
attach to them a Hodge polygon (coming from the filtration) and a Newton polygon
(coming from the Frobenius structure). A filtered (p, N)-module D is said to be admis-
sible if there exists a semistable p-adic representation V' such that D = Dg(V'), and is
said to be weakly admissible if some technical condition regarding the way the Frobenius
structure and the filtration is met (if for any submodule stable by ¢ and N, the Newton
polygon of the submodule lies above the Hodge polygon attached to the induced filtra-
tion). The main theorem of [CF00] shows that weakly admissibility and admissibility
are equivalent.

Here, we can define admissibility the same way: a filtered (¢4, No)aca-module D over
Fi ®q, - -+ ®q, Fs is admissible if and only if there exists a semistable representation V/
of Gk a such that D = Dg A(V). Because of our corollary, it then makes sense to define
weakly admissibility as follows: a filtered (¢a, No)aca-module D over F| ®q, - - ®q, Fs
is weakly admissible if and only if for each submodule stable by the operators (¢z)sea
and (Ng)gea, and for each o € A, the Hodge polygon of index a induced by the global
filtration on this submodule lies below the Newton polygon of index «. In this setting
however, it does not seem clear wether or not admissibility and weakly admissibility are
still equivalent.
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