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CONSISTENCY, ACCURACY AND ENTROPY BEHAVIOUR OF REMESHED
PARTICLE METHODS

Lis. WEYNANS! AND ADRIEN MAGNI2

Abstract. In this paper we analyze the consistency, the accuracy and some entropy properties of
particle methods with remeshing in the case of a scalar one-dimensional conservation law. As in [7] we
re-write particle methods with remeshing in the finite-difference formalism. This allows us to prove the
consistency of these methods, and accuracy properties related to the accuracy of interpolation kernels.
Cottet and Magni devised recently in [5] and [20] TVD remeshing schemes for particle methods. We
extend these results to the nonlinear case with arbitrary velocity sign. We present numerical results
obtained with these new TVD particle methods for the Euler equations in the case of the Sod shock
tube. Then we prove that with these new TVD remeshing schemes the particle methods converge
toward the entropy solution of the scalar conservation law.

Résumé. Nous analysons la consistance, la précision et certaines propriétés entropiques des méthodes
particulaires avec remaillage dans le cas d’une loi de conservation scalaire unidimensionnelle. Comme
dans [7] nous ré-écrivons les méthodes de ce type dans le formalisme des différences finies. Cela
nous permet de montrer leur consistance ainsi que des propriétés de précision liées a celle des noyaux
d’interpolation utilisés. Cottet et Magni ont introduit récemment dans [5] et [20] des techniques de
remaillage TVD pour les méthodes particulaires. Nous étendons ces résultats au cas non linéaire avec
signe de la vitesse quelconque. Nous présentons ensuite des résultats numériques obtenus avec ces
nouveaux schémas pour les équations d’Euler dans le cas du tube a choc de Sod. Puis nous montrons
que les schémas particulaires obtenus avec ces techniques de remaillage TVD convergent vers 'unique
solution entropique de la loi de conservation scalaire considérée.
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INTRODUCTION

Particle methods are Lagrangian techniques that have been designed for advection-dominated physical prob-
lems. In this class of methods, the fluid is discretized on small masses concentrated on points: the particles,
which are moved in a Lagrangian way. The classical particle methods used in fluid dynamics are Smoothed Par-
ticle Hydrodynamics (SPH) [24], [1], [10] introduced by Monaghan and Particle-In-Cell (PIC) methods [11], [9].
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If nothing is done, the distribution of particles becomes less and less uniform as time goes on, because they
accumulate naturally in certain zones, for instance near strong gradients, and rarefy elsewhere. This phenom-
enon can lead to a loss of accuracy. A common remedy to this problem consists in periodically creating new
particles uniformly distributed by an interpolation of the values of the existing particles, what is usually called
remeshing the particles. The remeshing step creates new particles in a conservative way, by distributing the
quantities carried by the particles at the nodes of an underlying grid. The frequency at which the interpolation
must be performed depends on the simulated flow, but it is often chosen to remesh particles at each time step.
This choice allows to solve the non-convective part of the considered equations (pressure gradient, diffusion for
instance) with variables located on a grid, thus more easily as if they were irregularly distributed. The ability
of particle methods with remeshing to simulate satisfactorily fluid dynamics has been studied and validated in
the past: [15], [4], [27], [26], [6] for instance. More recent works include [14], [29], and [3].

In [7] remeshed particle methods were rewritten as finite-difference methods and analyzed in this formalism.
For example the particle scheme corresponding to a second-order interpolation kernel named Ay was found to
be equivalent to the Lax-Wendroff scheme in the linear case, whereas in the nonlinear case it provided a new
finite-difference scheme. In this paper we keep on focusing on the finite-difference analysis of remeshed particles
methods, and study their properties of consistency, accuracy and convergence toward entropy solution on a
one-dimensional nonlinear scalar transport equation in an infinite domain:

Opu + 0z (g(u)u) = 0, t>0, —oo <z < +o0. (0.1)
A convergence proof in L7 . has been established in [25] for a weighted particle method belonging to SPH
methods which are purely Lagrangian methods. In [16] and [17] are studied the convergence in L? and L' of
renormalized SPH methods. To our knowledge, such an analysis for remeshed particle methods has not been
performed yet. Moreover, thanks to the flux limiting, we will deal here with higher degree interpolation kernels
than in the latter references, where the kernels were assumed to be positive, and thus performed only linear
interpolation. In section 1 we briefly recall the principles of remeshed particle methods, and the interpolation
kernels that are classically used to perform remeshing. In section 2 we present how a finite-difference scheme
can be derived from the particle method with remeshing. Then we study the consistency and accuracy of
remeshed particle methods under a CFL condition. Cottet and Magni introduced recently in [5], [20] and [19]
a way to perform flux limiting on particles schemes and make them TVD. In section 3 we present how TVD
remeshing schemes can be built for nonlinear conservation laws with arbitrary sign of the particle velocity, and
a numerical application to the Euler equation. In section 4 we study the convergence of these TVD particle
methods toward the entropy solution. This study is motivated by a numerical observation: contrary to some
finite-difference schemes, as the Lax-Wendroff scheme for instance, the particle methods with remeshing seem to
converge toward the entropy solution of the Burgers equation, as it is noticed in [5]. Using techniques inspired
by [21], we prove that the new TVD remeshing schemes converge in the L], . norm toward the entropy solution
of the scalar conservation law.

1. PARTICLE METHODS WITH REMESHING

1.1. Particle discretization

Here we present how a particle method with remeshing can be introduced to solve the model transport
equation (0.1). If we express this equation using the Lagrangian derivative associated to the material velocity
g(u), that is,

we get
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Let V(t) be a material volume element moving at the flow velocity. By applying the Reynolds theorem, we get

d / / du /
— uwdV) = — dV + u Oz (g(u)) dV.
dt( V(t) ) V(t) dt V(t) ( ( ))

Thus,

%(/V(t)ud‘/) _—

Following this property, the particle discretization consists in cutting the fluid into small masses concentrated
on points: the particles. Each particle j has a location x;, carries the constant quantity m; = V; u;, with V; the
volume of the particle, and moves at velocity g(u;). The variables carried by the particles satisfy the equations

dmj

—L =0

dt ’
dz;

d_tj = g(uy).

To solve this system with the particle method, one has to move particles during one time step and then
interpolate them on the nodes of the underlying uniform grid. All particles are initially located on the nodes
of a uniform grid, with space step Az. The volumes of particles are equal to the cell volumes. We note z the
location of particle j at time n At, uj the value of u carried by the particle, and G(u)? the velocity at which
the particle is moved. g(u)? may be equal to g(ul") but not necessarily. An example will be given later. It may
also be a function of several variables providing a consistent approximation of g(u):

g(w)i = F(W—m, . Ujtm)- (1.1)

For consistency reasons that will appear in the proof of the consistency in section 2.2 we impose that F'(u, ..., u) =
g(u).

1.2. Interpolation kernels

In this section we shortly review interpolation kernels commonly used for the class of particle methods
considered here. More details can be found in [4]. We only present one-dimensional interpolation kernels, because
very often interpolation kernels in higher dimensions are devised by tensorial products of one-dimensional
interpolation formulas.

Let a distribution of particles be indexed with ¢, located in x4, carrying quantities m,. For instance, in the
case of Euler equations for gas dynamics, m, can be the mass, the momentum or the total energy of particle g.
For incompressible flows, in the case of Vortex-In-Cell methods, my is the vorticity. Let W be an interpolation
kernel. The remeshing process creates new particles at the nodes of a uniform underlying grid, with space step
Az. The new quantities m; at grid points Z; are computed from the former values with the formula

;= quw(@gqu). (1.2)

The usual interpolation kernels are symmetrical, so as not to favour one direction compared to the others. With
a Fourier analysis one can prove that the order of the interpolation is equal to the number of momenta preserved
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by the new particle distribution, i.e.,
D mi = ) mg,
i q
Zmz@*@) = qu(zf:cq),
i q
Zﬁli(zf:@-)Q = qu(zf:cq)%
i a

This property is true up to the order M — 1 if the kernel W satisfies (see section 7.2 in [4])
T — T
w(t

s

A family of interpolation kernels can be built by imposing the conservation of a given number of momenta M
with a minimal number of grid points. A; is the first kernel built with this principle, with M = 2. It preserves
the first two momenta of the particle distribution.

)50?:90“ forall z and 0 <a < M — 1. (1.3)

1=z if|zl<1
M) = { 0 if |2 > 1.

This kernel is in practise very diffusive and is not very used by itself. The next interpolation kernel, preserving
the first three momenta of the particle distribution, is:

1—a? if x| <1/2
Aa(z)=<¢ (1 —|z)2—|z])/2 if1/2<|z|<3/2
0 if |2 > 1.5.

Although successfully used in the past, this kernel has the drawback of being very dispersive. This is partially
explained by the fact that it is not continuous: a small error on the location of a particle can thus result in a
large error on the values of the particles created by the interpolation step. The following interpolation kernels of
this family, A3 and A4, need respectively four and five grid points and preserve one or two additionnal momenta.

Other interpolation kernels can be built by successive convolutions of A;. They are of increasing regularity,
but only preserve the first two momenta thus it is only possible to perform linear interpolation with them.
The kernel M3, which is C!, is traditionnally referred to as the TSC (Triangular-shaped cloud) interpolation
function in Particle-In-Cell methods.

1/2(z +3/2)2 — 3/2(x + 1/2)%  if |z] < 1/2

My(a) = { 1/2(~|e| +3/2)2 if 1/2 < || < 3/2
0 if |z > 3/2.

M, and Mj are the following kernels of this family, respectively C? and C3. Monaghan [23] devised the well
known M} kernel with a Richardson extrapolation from a linear combination of M4 and its derivative.

1—52%/2+3x)3/2 if 2| <1
Mi(z) =< 2=|z)*(L—|a)/2 H1<|z[<2
0 if |z > 2.

This kernel is C'' and preserves the first three momenta.
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2. CONSISTENCY AND ACCURACY OF PARTICLE METHODS WITH REMESHING

2.1. Results

Following the notations introduced in subsection 1.1, let v denote the value carried by the particle initially

n+1

located on grid point j, at time nAt. It is possible to express uj" " as a function of the .

Proposition 2.1. If we note §(u)?* the velocity used to move the particle i between the times n At and (n+1) At,
and A the interpolation kernel used for the remeshing step, we can express the particle method with remeshing
as a finite-difference scheme:

witt = Zu Aj—z—mgi(u)n). (2.1)

Remark 1. In the latter formula, we use the symbol Z without specifying to which interval belong the i indices.

3
Because the interpolation kernel considered here have all compact supports, but of various sizes, this notation
avoids us to specify the support of the considered interpolation kernel.

Proof. The location of the particle i after being moved is
T =z + At glu);.
The particles are remeshed on the same uniform grid as the one on which they were initially defined. Thus the

locations of the new particles are again the nodes of the grid, and their volumes are all equal to Az. The new
particle distribution is computed from the old one with the interpolation formula

”H ZmA )

We can re-write the latter equation as

—x; — At g(u)f)

n+1Vn+1 nvn
2 Ax

As Vj"'|r1 = V;» = Az this equation simplifies to

+1 Z U A Az )’

x; and z; being the nodes of a uniform grid, with space step Az, we have

:Cj*xi_j i
Ax '

We finally get

u;”rl = Z ul A(j—i— N gu)}).
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We recognize the form of a finite-difference or finite-volume scheme. For example, if we develop this formula
with the kernel A, in the linear case g(u) = a > 0, with the CFL condition [a{%| < 1, we get the Lax-Wendroff
scheme. Monaghan [22] had already noticed a similarity between particle methods and finite-difference methods.
In [8], Wee et Ghoniem used an analysis similar to ours to build modified interpolation kernels taking into account
diffusion terms. The formula (2.1) is difficult to interpret by itself, because the weights associated to the values
ul are expressed with the kernel A. But it is possible to obtain several properties of the particle scheme only
with the knowledge of the number of momenta preserved by the interpolation kernel A. The first one adresses
the consistency of particle methods:

Proposition 2.2. Let A be an interpolation kernel piecewise polynomial of degree N with compact support, which
preserves at least the first two momenta. The scheme (2.1) can be written in a conservative form consistent
with the equation (0.1).

To solve a flow where shocks may appear, it is crucial that the numerical scheme can be written in conservative
form consistent with the equation to solve. In hyperbolic problems this property ensures the scheme to satisfy
the discrete Rankine-Hugoniot conditions across discontinuities. Thus, if the scheme is converging, it converges
necessarily toward a weak solution of the considered equation. At the contrary, a non-conservative scheme used
to solve conservation laws will have a problematic convergence, as addressed in [2] and [13].

One can distinguish two kinds of interpolation kernels: kernels whose support size is an even integer (for
example kernels Ay, As, My and M), and kernels whose support size is odd (for example Ay and M3). For the
sake of brevity, in the following we will call them respectively kernels with even or odd support. The finite-
difference stencil provided by kernels with even support varies with the sign of the velocity of the particles. For
this reason these kernels suffer from problems of consistency in the finite-difference sense (visible through an
analysis of the truncation error) if the velocity of the particles changes sign, as it is proved in [19] and [20]. On
the contrary, kernels with odd support like Ao are defined on intervals [k — 1/2,k + 1/2], and the formula used
to interpolate a particle on a grid point does not depend on the velocity of the particle. Under a CFL condition
| g(uj)ﬁ—gﬂ < %, these kernels do not suffer from consistency problems. In the following we will therefore focus
our study on kernels with odd support. The second property that we will prove adresses the accuracy of particle
schemes:

Proposition 2.3. Let A be an interpolation kernel with odd support, piecewise polynomial of degree N, which
preserves the first M momenta, and u a solution of equation (0.1). For a given n > 0, we denote uy =
u(j Ax,n At). If we suppose that the functions u et § are at least of class CM~1, and the CFL condition
|g(uj)§—;| < 1 is satisfied, then u?"'l defined by (2.1) satisfies

A0 (ug)
n+1 __ i : M
uy ™t = Z i (-1) p (jAz,nAt) + O(Az™). (2:2)

=0

This property is also satisfied by kernels with even support, if the sign of the velocity of the particles is
constant. In this case actually, the stencil used to remesh the particles does not change, and the reasoning is
the same as for kernels with odd support. The proofs of propositions 2.2 et 2.3 are detailed in section 2.2.
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The formula (2.2) allows us to evaluate the accuracy of the particle method with respect to time and space.
We assume that Az and At are proportional. If we take §(u) = g(u), the truncation error E}H’l is

u(jAz, (n + 1)At) — u;""l

n+1 _
ETo= At
_ u(jAz,(n+ 1)Adtt— u(jAz, nAt)) 0, (g(u)u) (G Az, nA)
Loy A, nt) + 0(27)
= Ow(jAx,nAt) + %&tu(jA:c, nAt) + 0z (g(u)u)(jAz, nAt)
—%am(g(u)Qu)(ij, nAt) + O(Az?) + O(At?)
= O(AY).

The scheme is thus first-order accurate even if the interpolation kernel preserves a higher number of momenta,
because of the non-zero term 9yt — 9y, (g(u)?u). Actually, the choice §(u) = g(u) consists in moving the particle
during the time step At with its velocity evaluated at the beginning of the time step

Zi'j = ZL']' + Atg(u])

It is an explicit first-order Euler scheme, and consequently the particle moving is also order one. Therefore, in
order to increase the scheme accuracy, the velocity of particles during time step At needs to be evaluated with
a better accuracy. In [7] was introduced a new Runge-Kutta 2 advancing scheme for the particles, allowing
to recover in the nonlinear case a second-order accuracy. The idea is to use the velocity of the particle at the
middle of the time step, at ¢ + %. Because this value is not exactly known, it is replaced by a second-order
approximation: g(u 4+ 4t49%). Thus we move the particles at velocity

2 dt
5 At du
gu) = g (U + 7%) ) (2.3)

that is,

- At du
Z;=x;+Atyg u—l—?E .

Proposition 2.4. For smooth enough solutions, the particle scheme (2.1) computed with the corrected velocity
(2.8) is second-order accurate if A preserves at least the first three momenta.

Proof. The scheme truncation error becomes
u(jAz, (n + 1)At) — u;""l
At
At Atd
= Ow(jAz,nAt) + TGttu(ij,nAt) + 0y (g(u+ ——u)u)(jAac, nAt)

2 dt
At At du
—g Oulolut 5o

= Ow(jAz,nAt) + %&tu(jA:c, nAt) + 0z (g(u)u)(jAz, nAt)

Jr%agc(fl—?ug'(u))(jA:c,nAt) - %8zz(g(u)2u)(jAz, nAt) + O(Az?).

n+1 _
Ej =

)2u)(jAz, nAt) + O(Az?)
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We want to prove that the sum Oy u + 0, (Eug (1)) — Oz (g(u)?u) vanishes. Indeed,

Onu = —0u(g(u)u) = —0:(¢' (u)udyu + g(u)du) = 0z [(¢'(u)u + g(u))dz(g(u)u)],
()]

and we check that
0 [(9"(w)u + g(u))0z(g(u)u)] — 8, (Gz(g(U))ug’(U)) — Opa(g(u)*u) =

Thus we obtain

EP*t = 0(Az?).

2.2. Proof of Propositions 2.2 and 2.3

We present in this subsection the proofs of propositions 2.2 and 2.3 in the case of a kernel with odd support.
These proofs are based on the fact that interpolation kernels preserve a certain number of momenta. We begin
with the proof of a lemma that will be used in the following.

Lemma 2.5. Let A be an interpolation kernel with odd support, piecewise polynomial and preserving the first
M momenta as in (1.8). For all m and i such that 0 <i < M — 1, we have

S OEAME) = (=1)7il e (2.4)
k

Proof. As A preserves the first M momenta, we rewrite the formula (1.3) with &, = k and Az = 1.

S KAk-z) =2 0<i<M-1.

Because A has an odd support, it is differentiable on each interval [k — 1/2,k + 1/2], and we deduce from the
latter formula that

ifi=0andm>0 Y KA™(k—x)=0,

k
ifi=m=0 ZkiA(m)(k—z):ZA(k—x):l,

k
ifi £0and 0 <m <i Zk DA™ (k — ) =i(i —1)...(i — m + 1)z*™™

ifi £0and m > Zkz ™A™ (k —2) = 0.
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Thus, for x = 0 we have
ifi=0andm>0 > KA™(k)
ifi=m=0 Y KAk =
k
ifi#£0andm#i  » KA (k)
k

ifi#0andm=4i  » KAM™(K)=(-1)1l.

Proof. (Proposition 2.2: consistency of the scheme)

Let u be a smooth solution of equation d;u + 9, (g(u)u) = 0 for a given initial condition. Let us denote
= u(jAz,nAt) for all n > 0 and j.

We consider formula (2.1) written in a slightly different form, namely,
A
Zqu A(k ( (OFE (2.5)

For the sake of clarity we note gj+x = g(u)7,;, uj = uj and A = AL, Formula (2.5) becomes
u" = T Ak AGjn)-
k

Let N be the degree of A. The kernel A being differentiable on each interval [k — 1/2, k + 1/2], and because of
the CFL condition, we can develop each term in a Taylor expansion

N .
~ AD (k) i
A(k+Agir) =D i!( )()‘ngrk) :

We deduce from the latter that

wt = zz ST 26

As we have assumed that the support of A is compact, it can be included in [—d, d], with d an integer, and
equation (2.6) can be re-written as

d N i
U?Jrl = Z [Zuj+k_A )g]Jrk} {ZUJ;\ A(Z)(O)g] .
k=—d,k#0 =0 i=0 ’

As ZA(kz + z) = 1, we have
k

AD©0) = 55— AD(EK).

k0
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Thus,

d N o
N - -
+1 g g
w =y Y Y Z-TA(Z)(k) [ujnGjen — wiG5]
k=—d k40 i=0

d N .
e . . . . .
1 ~ ~ ~ ~
Wt = Y S S (AR [wad e — ] + A (k) [k — i) ]
k=1 i=0
‘We notice that
WirkGion — WiGE = D Uitalita — D Uitadiias

0 —1
~1 ~1
E Uj+aFjta T E UjtaYjia-

~ ~7
Uj—kGj—k — Ujg;

a=—k+1 a=—Fk
Thus,
N k—1 -1
n+l _ . o (z 1)
U = UJ+§ i'[ E u]+agj+a E u]+ag]+a] +A E u]"rllgg—',-a E UJ-‘:-agj-',-aH-
k=1 i=0 a=1 a=0 a=—k+1 a=—k
We can then write
n+1l __
;T =uy — A [G(Ujerv oo Ujmdt1) = G(Wjgd—1, oo, Ujfd>]a
with
SN o Z 0 (— Z
J— K3
G(Ujyd, -y Ujar1) = — il A Ug+a9j+a —AY Ug+a9j+a .
k=1 i=0 a=1 a=—k+1

Consequently the scheme (2.1) can be written in conservative form. Moreover,

d N i1 k 0
Gy ...,u) = —Z Z )\z’! A(i)(k)Zug(u)i — AD (k) Z ug(u)ll
k=1 =0 a=1 a=—k+1
S Zug(u)i)\; [kA® (k) — kA (k)]

According to Lemma 2.5, we have then

G(u,...,u) = ug(u).

The scheme (2.1) is therefore consistent with equation (0.1).

Proof. (Proposition 2.3: accuracy of the scheme)

We start again from formula (2.5)

u" = gk Ak + AG1n)-
k
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The kernel A being differentiable on each interval [k — 1/2,k 4+ 1/2], we have

(k)

Ak +Agjr) = (Agj+x)"

_ M:

Il
=]

K2

Thus

3

n+1 = ZZ A( Uj+k§;‘+k-

We define (f;)j4r = uj+kg;l 4 and develop these terms in a Taylor series

M-—1
a(f),  ktAze
F)yen = > aia)(xj) L o@aa),
Thus,
]\/I 1

kAx

A0 () 1 o)

it ZZZ

and we swap the order of summation to yield

i M—1

A
unt! Z,.Z SO, DT KA + O,

With the results of Lemma 2.5, we simplify the latter expression as

it = g o [ala(z{l)(xj)(_l)i“}+O(MM)
- > X yar T ) L ogan),
1=0

3. TVD REMESHING FORMULAS

Recently Cottet and Magni derived in [5], [20] and [19] TVD remeshing formulas for particle methods. This
subsection gives the principles to construct TVD remeshing formulas based on the Ay kernel in the nonlinear
case and for CFL conditions less than 1/2; avoiding consistency problems evocated in [20]. Examples are given
for Burgers and Euler equations.

3.1. Principle of TVD remeshing schemes

Let the velocity be positive (0 < Ag < 1/2). The remeshing of a particle with the A, kernel is equivalent to
assigning the weights

Bly;) =0;=1-y; (3.1)
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to the amount carried by the particle and redistribute it on the neighbouring grid points. This is depicted in
Figure 1, where y; = Agj is the relative distance between the remeshed particle 7 and the grid point at the left.
The scheme resulting from the A, remeshing (3.1) at the grid point x; and the time " = n At is

Time a(y;)  By) ()
”ﬁmf—\\

t+dt

t Space

Tj-1 Ty L1

FIGURE 1. As remeshing formulas, 0 < A\g < 1/2.

uftt = Yl As (k4 Agjtk)

3.2
= V-1 u?_l +6j ’UJ?+O¢J‘+1 U?+1. ( )

If now the velocity is negative (—1/2 < A\g < 0) as shown on Figure 2, the weights are

Time () B ()

AN
t+at q

t | Space

a(y;) =aly;—1)
B (y;) =By —1) (3.3)
v (y) =~(y; —1)

and the scheme is

n+l _ ! n S om ! n
uit = Y uie B uR g ulg (3.4)

Since y; = Agj + 1, (3.2) is equivalent to (3.4) and a unique scheme is given at the point x; independently of
the velocity sign. The order of accuracy is two, and the drawback of this scheme is to be not TVD, therefore
creating spurious oscillations. In order to have a TVD scheme, it is possible to introduce some numerical
diffusion in (3.2) by adding a parameter o to the remeshing formulas (3.1)-(3.3). This new formula (3.5) is
called M3, in reference to the Ms formula obtained when o = 1 /8 and used in traditional Particle In Cell
methods. The interpolation kernel Ms preserves the first two momenta and thus provides order one accuracy.
The value of ¢ will be evaluated in section 3.2 to ensure the TVD property of the Mz scheme.

oM y;) =y (y;—1) /240, OZMS: (y5) = aM3(y; = 1)
BM3(y;) =1—y3 — 20, 5M3/ (y;) = BM3(y; — 1) (3.5)
YM3(y;) =y (y;+1)/2+0, YME () = M3 (y; — 1).
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A TVD remeshing formula of order two in smooth regions can be built introducing a limiter ¢ to combine
the TVD formula M3 (obtained when ¢ = 0) and the second order Ay formula (¢ = 1). The weights (3.1) and
(3.3) must be replaced respectively by (3.6) if 0 < A\g < 1/2 and (3.7) if —1/2 < Ag < 0.

oV (i 0) =y;(y;—1) /240 (1 - ¢j—1/2)
BrVP(y;,0) =1-— y? -0 (1 - ¢j—1/2) -0 (1 - ¢j+1/2) (3.6)
YIVP(y;,0) =y (y;+1) /240 (L—ji1/2)

aTVD: (yj, {)) _ OzTVD(yj - 1, %)
BT 4, 6) =BTV (y;—1,0) (3.7)
YIVP (ys,0)  =4"VP(y; — 1, 0).

The ljmiters ¢ji1/2 = (;5 (Tjil/Q) with Tiy1/2 = (Uj — ’U,jfl) / (uj+1 — Uj), Tj_l/g = (’U,j,1 — ’LL]',Q) / (Uj — ’U,jfl)
and @110 = ¢ (Fjz12) With 7y1/0 = (ujra —uj1) / (ujpr —ug), 7o1jo = (wjen —uy) / (uj —uj—1) will be
calculated in section 3.3 to ensure the TVD property of the scheme for all grid points x;.

In the case of a velocity changing sign, we must take care about the limiters. ¢(r) # &(7) so the scheme
in some grid points is different of (3.2) and (3.4). To overcome this difficulty it is possible to replace formulas
(3.6)-(3.7) to remesh some specific particles. More precisely, if the particle j — 1 has a positive velocity and j
has a negative velocity, this particle must be remeshed by the formulas

of VP = (g~ 1) (5 ~1) = 1) /2 +0 (1= 0 (x5-1/2))
ngVD/ =1-(y; — 1)2 -0 (1 —¢ (I‘j—1/2)) -0 (1 -9 (Tj+1/2)) (3.8)
VP = (= 1) (5 = 1)+ D) /240 (1= 6 (Fya/2)) -

In the same way, if j — 1 has a negative velocity and j is a particle with positive velocity, it must be remeshed
with
a;‘TFVD =y (i —1)/2+0(1—¢(Fj1/2)
B 1o (1= 6 (5ay2)) 0 (16 (5072) 39
oF =y (i +1) /240 (1= ¢ (rj1/2)) -

Remark 2. The TVD remeshing formulas (3.6)-(3.7)-(3.8)-(3.9) are still consistent with an order one accuracy
at least, and conservative since the sum of the weights used to remesh any particle is one.

3.2. The TVD scheme M;

We give the proof of the TVD property of the M3 scheme discussing on the value of the parameter o. This
parameter can be viewed as an artificial viscosity since when o = 0 the M3 scheme reduced to the As scheme,
and to the M3 scheme when o = 1/8. Let f and h be the two following functions

flu,g(u)) = Agu(Ag + 1)
h(u,g(u)) = Agu(Ag —1). (3.10)

Let us define Afj 1,2 = fiv1 — fj, Afj—1/2 = fj — fj—1, and the same notation holds replacing f by h or u. If
the particles are remeshed with the formulas (3.6)-(3.7), the scheme at the grid point z; is

n+l _

u; uf + Cipyo (Wi —uj) = Djovye (uf —uj_y), (3.11)
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with

18hj41/2
Civ1/2=0+3 Auji1/2

N , (3.12)
Dj_y1p=0+ éﬁi 112 +o (—fjilljj - ¢>j—1/2) ;
and following the Taylor-Lagrange formula, there exists @ €]uj_1,u;[ and @ €]uj_1,u;[ such as
Cj1j2 =0+ 3k () (3.13)
Dj_1p=0+ %f () + o (f:—ll//j - ¢j—1/2) . '

The scheme Mj is reached doing ¢ = 0 in (3.13). Following the Harten theorem [12], the scheme (3.11) will be

TVD if
Cj—1/220
3.14
{ 0<Dj_1/2<1-=Cj_1)2: (3.14)

Or if for all w

o+ %h, (u) 2
2+ 1 (w) + 3 (w) < 1,
which is written again
U+%/\g()\g—1)+%g (u)u (20g — 1) >0
o+ 3 )\g()\g—i—l +1g'(w)A (2)\g+1)20 (3.16)
20 + )\292 + 29 (u)X2gu < 1
Assuming
[Ag] < C
{ |)\g/| < (3.17)
we have
7= 3n
2
< 321"+ 3 Agl + 3 [l ’Ag ‘ + [Agl ‘Ag ‘IUI (3.18)
< %C(C—i—l)—i— C' max |ul (14 2C)
<o
if C and C'max |u| are small enough. So,
1 ’
{ b <o, 19
and choosing o = 1/4,
(17 1+1P]) <20 =172
D S (3.20)
sUFI+Ip]) <1-20=1/2,

the scheme Mj is TVD. This proof holds in the general case, but requires some constraint on the velocity field
and its derivative: (3.17) with C' and C'max |u| small enough. When the velocity field is given, an optimal
value of o can be determined with the CFL condition corresponding. We study the case of the Burgers and the
Euler equations.
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3.2.1. Burgers equation

Let us consider the Burgers equation, i.e., g(u) = u/2. Since g (u) = 1/2 there exists two constants C' and
c’ satisfying (3.17) under a CFL condition. Knowing the velocity g, it is possible to find an optimal parameter
o giving rise to the largest CFL condition under the TVD constraint for scheme Ms.

Indeed, the conditions (3.16) becomes

o> -3 (Au)?
o> —3Au— %g)\u)2 (3.21)
c<i—30w)

Setting ¢ = A (%) and according to the two first inequalities of (3.21), ¢ > 1/6 if |¢[ > . According to the last

condition, CFL condition must be max|c| < v/2/3 ~ 0.47 to have o < 1/6, and then we choose o = 1/6.

Remark 3. If 0 = 1/4 the CFL condition is reduced to 1/\/6 = 0.41 and the M3 formula is more diffusive
than with o = 1/6.

3.2.2. Fuler equations

Let be u; = p, ua = pu and ug = pE. Then, the Euler equations are written

le] o)

ot T oz (uyr) =0

Quz | 0 u ) _ _0p

ot + ox U2 u | T Ox (3 22)
Qus 4 0 (p u2) — 8 ()us '

ot ox 3 uy Ox p uy

These equations are solved using a two-step splitting method. The presssure effects are solved in a Lagrange
step and the convective part is solved in an advection step [29]. We are interested in this last step which consists
to advect particles to the velocity g(u1, ug,us) = uz/u; and remesh them on a grid with TVD formulas. In this
paragraph, we find optimal parameters o to construct TVD formulas M allowing the largest CFL condition.
The limiters used in the remeshing formulas (3.6)-(3.7) will be constructed in the section 3.3.

Since the optimal parameter depends on the amount u carried by the particles, the calculation must be
done for the three equations of the system (3.22). Let us consider the first equation. u = w1, g = u2/u; and
g = —ua/u2, so with ¢ = Aug/u; (3.16) becomes

o — %c2 >0
o—52>0 (3.23)
20 —c? < 1.

To ensure the consistency of the As remeshing [20] —1/2 < ¢ < 1/2, the CFL condition is max|c| < 1/2 and
oc=1/8.
In the same way, for the second equation of (3.22), u = us, g = us/u1, ¢ = 1/uy and (3.16) becomes

c+32—¢c>0

a+§8+czo (3.24)
20 4+ 3c¢? < 1.

As for Burgers equation, the optimal value for the parameter o is 1/6 and the CFL condition is max|c| < v/2/3.
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Finally, for the energy equation, u = ug, g = us/u; and g =0. So (3.16) becomes

? *%C>O
>+ 3¢>0 (3.25)
20+02§1

and the optimal parameter is o = 1/8 allowing a CFL condition of v/3/2 which is reduced to 1/2 for the
consistency.

We want to use the same parameter o to remesh p, pu or p E with the M3 formula. So we chose the smallest
value of sigma, i.e., o = 1/6, and the CFL condition is max|c| < v/2/3.

3.3. Calculation of the limiter ¢(r)

Let us assume the velocity g > 0. The limiters are built from (3.11)-(3.13) using again the Harten theorem
[12]. Assuming that the parameter o is chosen to have a M3 scheme TVD as explained in the section 3.2, then
the coefficient C;_; o given in (3.12) is positive from the conditions (3.14). So the scheme (3.11) obtained using
the A2-TVD remeshing formulas (3.6)-(3.7) will be TVD if

O S Dj*l/? S 1 - Cj*l/?‘ (326)
This condition is written again

Gyrrz oLy Ly ), (3.27)

1 /
0<1+— — i
=i+ 20f () = $j-1/2+ Titi2 O 20

which is verified if the limiters satisfy

0<¢j 10 <1+ gLf( )
:1 QL)\g—i— I\2gg'u+ o= =Ag+ )\gu 398
0< ¢, ; <l 1Ly (8.28)
s ¢g+1/2/7"]+1/2 > 7 % ( ) ,
:% 2 — 1)\292 — %)\Qgg U.

If the velocity g < 0, the coefficients Cj /o and D;_;,5 can be chosen in order to introduce the slope ratio
Tj—1/2 = Aujyyja/Auj_qo:

1Ahj 110 $i—1/2
Cit1/2 =0+ 30,0, YO \Fo0, — Piti/e

T (3.29)
A 1/2
Dj 1jp=0+ QAZJJ 12
The limiters are built by imposing 0 < Cj11/2 <1 — Dj iy,
0< dprje < 1+ £X%02+ 10200 u—EAg—EAg'u (3.30)
0§¢]71/2/Tg71/2§ 1_2- 1) (2,)\299U .

In the case of a velocity changing sign, particles are remeshed by the formulas (3.8) and (3.9). Then the
scheme obtained on the grid point z; is

U?Jrl u;‘ + % (hJ+1 hj) +o (UJ+1 UJ)
7%(fj 7fj*1) 70’(’[1,?711,?71) (331)
-0 [(b(rﬁ'_l/Q) (U?Jrl — Uy ¢( Tj— 1/2) ( - uj 1)]
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This scheme will be TVD if

a+%f/ o¢;_1/2(r) >0
20 + 3 (f + h) o (¢j+1/2 (F) + ¢jp1/2(r)) < 1.

The first equation is satisfied since (3.28) holds and the second also with (3.30). The last is also satisfied by
virtue of inequality (3.26),

20 + = (f +h)—a¢(f)§1—0@§1+0¢(7“), (3.33)
—¢ff) <0<6(r). (3.34)

So, the scheme obtained in the case of a velocity changing sign is TVD if (3.28) and (3.30) hold.

3.3.1. FExamples

As in section 3.2, let us look at the case of the Burgers equation and the Euler equations. For the Burgers
equation, g(u) = u/2, g (u) = 1/2, and o = 1/6, so always with ¢ = Ag the equations (3.28) and (3.30) are
written

0<¢p<1<1+9c+6|]
{ 0<¢<r(4—-18¢%). (8:35)
Then the limiter is built in order to be as large as possible
¢ (r) = max {0, min [1 + 9 max ¢® + 6 max |c|, (4 — 18 max ¢*) 7]}, (3.36)
or
¢ (r) = max {0, min [1, (4 — 18 max ¢*) |}, (3.37)
and r = 7 if the velocity g of the remeshed particle is negative.
For the Euler equations, ¢ = 1/6. So, for the first equation (mass balance),(3.28)-(3.30) becomes
§¢)§1f—c =1-3¢
{ §¢§r(——2)—4r<r( (1+¢)—2). (3:38)

For the second Euler equation (momentum conservation),(3.28)-(3.30) becomes

0<op<1<1 +2—c+ Le=1492+6¢, ¢>0
0<¢p<1<l+2c?—Le=1+9¢2—6¢c c<0 (3.39)
0<¢p<r(:—-2)—22=r(4-182),

and for the last equation (energy conservation),(3.28)-(3.30) becomes

0<¢<1<1+ 5P +5c=1+33+3¢, ¢>0
0<¢<1<1+5:c2—5c=1+3c%—-3c, c<0 (3.40)
0§¢§r(%(1—02)—2):r(4—6c2)



18 TITLE WILL BE SET BY THE PUBLISHER

We have chosen to remesh the variables p, pu and pE by the same formula. To do this, the same limiter
must be used in (3.6)-(3.7), so it must satisfy in the same time inequalities (3.38), (3.39) and (3.40). Setting

(1) . APj—1/2 (2) A (Pu)j_1/2 (3) A (PE)j_1/2

rl = . = , T =t (3.41)
+1/2 Apji1)a i+1/2 T A (pu)j+1/2 i+1/2 T A (/)E)j+1/2

and
S Apji1/2 N - Apw)iy =(3) _ % (3.42)
j=1/2 Apj_1/2 =Yz A (Pu)j_1/2 TV A (pE)j—1/2

the limiter is built like this:
10} (r(l),r@),r(g)) = max {O, min [1 — 3 max c2,4r(1), (4 — 18 max c2) 7‘(2), (4 — 6 max 02) r(g)] } ,  (3.43)
replacing r with 7 for negative velocities.

3.4. Numerical validation: Sod shock tube

In this section we present numerical results for the TVD particle methods applied to the one-dimensional
Euler equations. We address the classical test case [28] of a shock tube initially made up two compartments,
each containing a perfect gas (y = 1.4). The initial conditions are

—

U(z,0) = 0

plz,0) = 1if 0<2<05

0.125 if 0.b<ax <1
25(y—1) if 0<z<05
025 (y—1) if 0.5<z<1

P(z,0)

We solve the Euler equations using a splitting between the Lagrangian step, where are taken into account pres-
sure effects, and the advection step, during which the particles are moved and remeshed. The Lagrangian step
is solved with an approximate Riemann solver (acoustic approximation) with a limited MUSCL reconstruction.
In Figure 3 are presented the results at ¢ = 0.2 for the density, velocity, pressure and thermal energy. The
oscillations near the discontinuities observed in [29] that were created by classical interpolation kernels as As,
A3z or M} have disappeared.

4. CONVERGENCE OF TVD PARTICLE METHODS TOWARD ENTROPY SOLUTION

In this section we address the convergence of TVD particle schemes as defined in previous section toward the
unique entropy solution of equation (0.1). In the remaining of the section we make the following assumptions:
e the initial condition ug of equation (0.1) has its total variation bounded: TV (ug) < +o0 and is bounded

in L® norm.
e the function g is of class C1(R).

Let us give more details about how the numerical scheme that we study is defined. We denote z; = jAx,
Tjt1/2 = (j+1/2)Ax and t" = nAt. We suppose that At et Az are proportional to each other: ﬁ—; = X\ with
A a constant. The sequence (U?)nzo,jez is defined by recurrence by equation (2.1) and the initial sequence
(u))n>0,jez is defined by
1 [Tit1/2

N

Tj—1/2

Uu:-

jO ug(z)dz, for j € Z.
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FIGURE 3. Sod shock tube, solution obtained with 100 particles compared to exact solution

(solid line), from left to right and from top to bottom: density, velocity, pressure, thermal
energy.

Because we have assumed that TV (ug) < +00, we have also on the discrete level
Z |u?Jrl - u9| < 4o00.
J
We define the piecewise constant function

’LLAm(SC,t) = ’U,;-L, for (SC,t) S [Z'j+1/2,$j_1/2) X [tn,tn+1).

The velocity of the particles is evaluated with second-order accuracy, in order that a particle scheme with a

second-order kernel is really second-order. We consider the TVD particle scheme built with the kernels A, and
M3 as presented in section 3. If we name G2

12 the flux of the Ay kernel, and é3j+1/2 the flux of the M;
kernel, the TVD particle scheme can be expressed as

n+1
U

= u;—A[(1—¢jt1/2) G?+1/2 + ji1/2 G341/ —(1— bji-1/2) G?q/z —9j—1/2 éBj—1/2]

19
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With the expression of the flux obtained in section 2, this can be re-written as

d N
wft = =Yy )\_l[ 1= ¢jp1/2)(— Z“J+a9;+a +A5 (- Z Uj+afjta)

k=1 =0 a=1 a=—k+1
+¢j+1/2( - M Z Ug+agj+a + Ms l) Z Ug+agj+a
a=1 a=—k+1
k—1
~(1= d4m1y2) (= A (R) D wjvadlya + AS (- Z Ujtadjta)
a=0 a=—k
7¢)j—1/2( - M Zuj+agj+a + M3 Z uj+agj+a :|
a=0 a=—k

Therefore we can write for the expression of such a TVD particle scheme

u;.H_l = Z U;l+kA( (bj 1/2a¢]+1/2a)‘gj+k) (41)

The remeshing weights depend on the values of the other neighbouring particles, through the limiting function
¢. The two interpolation kernels used in this nonlinear combination can in fact be any interpolation kernel
preserving the first two momenta and giving TVD remeshing formulas, and any other more accurate interpolation
kernel, as long as the combination of their fluxes is TVD and consistent.

Proposition 4.1. The particle scheme defined by (4.1), built as a TVD combination of the kernels Ay and M3
as described in 3, and satisfying the CFL condition

Mg(up)| < 1/2 and MNg(uy)| < 1/2 for all (k,n)

converges in Li . norm to the unique entropy solution of (0.1).

loc

Proof. We first need to prove that the TVD particle scheme is stable in L (Rt x R) norm. In that purpose we
assume that the particle scheme is not stable in this norm and show that it leads to a contradiction Without
loss of generality one can assume for example that, for all M > 0, there exist ng, jo such that u ® > M. Because
the particle scheme can be written in conservative form, we have

AmZu?“ = AmZug.
J k
There exists necessarily an index j; such that u;? < 5 Thus,

M
Z|%+1—u N )

M
which is not possible if we choose M such that > > Z |uj 11 u9| Therefore the TVD particle scheme in

bounded in L (R x R) norm, and thus also bounded in Ll(Q) for every bounded open set Q € R x R.
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Now we want to prove that for every bounded open set € R™ x R the total variation of the scheme over 2
is bounded. Cottet and Magni have devised their flux limited particle method in order to have

St < S
J J

We use a result in [18], saying that if a conservative scheme with a Lipschtiz-continuous flux satisfies the

property Z |u?jr'11 - u?+1| < Z |uj q —uj|, then the total variation of the scheme is bounded. The flux
k k

G}+1/2 + ¢j+1/2(G?+1/2 — G}+1/2) with G}+1/2 and G?+1/2 defined as in subsection 2.2 is locally Lipschitz-

continuous, and the scheme is stable in L>(R* x R) norm. Thus the total variation of the scheme is bounded.

Now we follow the type of reasoning presented in [18]: we consider a sequence of numerical approximations
u(A%) obtained with the particle scheme with grid parameters Az; tending to zero when i tends to infinity. We
assume that this sequence does not converge in L'(Q) toward u the entropy solution of (0.1), and show that
this assumption leads to a contradiction. If the particle scheme does not converge toward u, then there exists
some € > 0 and a subsequence u(4%:) such that:

Az,

[[ulAze) — ul[1(q) > € for all 4.

Because u(2%) is bounded in L'(Q) N TV(Q), and because of the Helly theorem, one can extract a subsub-
sequence u(A%%) that converges in L'(Q). Let us call @ the limit of u(4%¥). The particle scheme is bounded in
L>*(R* x R) norm, can be written in conservative form consistent with the equation (0.1), thus because of the
Lax-Wendroff theorem, @ is necessarily a weak solution of (0.1).

Now we want to prove that @ satisfies a weak entropy inequality for all Kruzkov entropies, i.e., for all
¢ € C3(RT xR), ¢ >0, for all K € R,

—+o0 —+o0
| [ o= K1+ santa— 1) (of

+oo
)i — g(K)K)(’)mqﬁ} dwdt +/ 1a(0, z) — K|9.:¢(0,x) dz > 0.

— 00

N

This will be possible thanks to the form of the particle scheme: the new particle values are expressed as a
weighted sum of the old values, unlike finite-difference schemes like the Lax-Wendroff scheme. We define

= 1 n n n nA . ~n
() = ZZE[¢?|U3‘H*K|*%ngn(uk*K)[UkA(k*J,¢j—1/2,¢j+1/2,>\9k)
k

n=0 j

—KA(k = j, ¢5-1/2, Djs1/2, AQ(K))]} AxAt.

with ¢ € C}(RT x R) a positive function whose support is included in [—D, D] x [0, T]. We firstly want to prove
that

+oo
Vi — g(K)K )0y} davdt — / 15(0, 2) — K| 0,6(0, ) da,

— 00

N

+oo +oo
lim (1) = — / / (O8] — K| + sgn(i— K)(g(

At—0

and secondly that

lim (I) < 0.
At—0
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By exchanging the indices j and k and making a change of variable on k we get

ZZAt [¢"| I — K| — sgn(u} Z% WAk, @5 k172, G- kt1/2, AT})
n=0 j
+sgn(uj — KZ¢ ¢jfk71/2a¢jfk+1/2a)\g(K))}Al‘At'

With a change of variables for indices n, the equation becomes

() = ZZM (o7t — K| = sgn(u] Z¢> (ky &5 —k—1/2: bj— k125 AT}
=13
+sgn(u KZ% R A (K ¢j7k71/2a¢jfk+1/2a)‘g(K))}A‘TAt
fAitZ{sgnu - OZ¢ k,¢j_r—1/2, 90— k+1/2,>\g])
J
,sgnu — KZd) ki k172, 05— k_;’_l/g,)\g( ))}A:cAt.

The idea is to recognize in the terms ) }LkA(k, Gj—k—1/2:Pj—k+1/2, AG;) a discrete approximation of ¢(z;, t")—
At g(u})0z¢(x;, At). The TVD remeshing scheme is obtained by combining the fluxes of a linear interpolation
kernel, which gives a first-order scheme, and another kernel which provides at least second-order interpolation.
The resulting scheme is thus at least first-order accurate on every grid point. Therefore, we can write as in the
proof of Proposition 2.3 in section 2

Z¢ ¢] k— 1/25(;5_] k+1/27>\g]) - gb(xj,t")—Atg(u?)ax(b(z],t")+O(At2)

Z ¢?_k/\ kydj_k—1/2,Pj—rt1/2: AG(K)) = ¢(x;,t") — Atg(K) Oxp(x,t") + O(A#).
%

Therefore when At tends to zero

—+o0 —+o0 —+oo
(I - f/ / holu — K|+ sgn(u — K)(g(u)u — g(K)K)O0,¢ dasdt—/ |u(0,z) — K| 0,¢(0, z) dx
0 —00

— 00

Now we want to prove that lima:—o(I) < 0. By noting ® the maximum of |¢| on [-D, D] x [0,T] we have

(I < (I)ZAt Z ‘ K| — ngn upA(k — §,0j-1/2, Djr1/2, ATk )

n=0 J,jAze[—-D,D]

_KA(k Js ¢; 1/2,¢]+1/2a)\g }AHC
We define

(BY) = 3 |yt = K= Y sn(ui - K)[upAlk = G é 15, 0501/, AG8)

JjAze[-D,D] k

—KA(k — j,¢j-1/2, G172, MG (K ”Aiﬂ
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We want to prove that (B™) tends to zero when Az tends to zero. Because of the definition of the particle
scheme (4.1)

(B") = Z ]IZqu(k—j, bi—1/2, Pir1/2, Agy) — K|
jjAze[-D,D]  k
—ngn (up — { WAk = j,dj_1/2, Djs1)2: AdR) — KAk — j, dj_1/2, djy1/2, AG(K ”Al’

The kernels involved in the formula of A have a compact support, and we have assumed that a CFL condition
was satisfied. So there exists a real .S such that

Ak —j,dj-1/2, bj41/2,Agr) = 0if k—j > S.

Let 7 > 0 be a real such that SAz < n VAz. Because u is locally bounded, for all ¢ > 0 there exists
ue € CH([—=D —n, D + ] x [0,T]) such that

ut, ) = wet, L1 ((-D—n.D4m) < €
We split (B™) into several terms.
(B") <
Z ‘Z — e, t")A(k — J, dj_1 2, ¢j+1/2J\§Z>’A=’E

J,jAz€[-D,D] k

(a)

+ Z ‘ Zue (g, t /_\ k—J,05-1/2: ®j41/25 AGi) — ue(xj,t")‘Ax
j,jAx€[—D,D]

(b)

Y fsenluestt) - K) (e, 1) - K)Aa
j.jAz€[—D,D]

(e)
=3 sgn(uclon t) = K) (e (o, A = 65172, 651172, AGF)

()
—KA(k = j,dj-1/2, bj11/2, )\Q(K))) ‘
(c)
+ Z ‘ Z sgn(ue(zy,t") — K) {Ue(ﬂﬂk,t")]\(k — Jy Pi—1/2, Pj+1/2, Ak

J,jAz€[—D,D]

@
—KA(k -4, ¢j—1/27¢j+1/27>\§(K)>}
(d)
—sgn(uy — K) [UZA(k — Gy bj—1/2, Bj41/2: MR ) — KAk — J, dj_1)2, Bjy1/2, MG(K } ‘Aﬂ@

(d)
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The first term can be bounded as

(a) < Z Z lupy — te(p, t")||Ak — 4, dj_1/2: Dj41/2, AG)| A
j.jAx€[—D,D]
< Z |uft — ue(zp, t")] Z Ak — 4, 05172, Pj+1/2, AGr )| Az
kkAz€[—D—SAz,D+SAx] Jli—k|<s
< 25[[Afleo > luf — ue(@k, t")| A
k,kAxe[—D—SAxz,D+SAx]
B D+(5+1/2)Ax
< 2,S’||A||OO/ | Ut (2,t) — ue(x, t)| da
—D—(S+1/2)Az
B (k+1/2)Ax
+25/|A[ 0o > | (1) — ue(xy, t™) drl.
(k—1/2)Ax

k,kAze[—D—SAz,D+SAx]

Thus (a) tends to zero when Az tend to zero. One can prove similarly that (d) tends to zero. The term (b) can
be rewritten

(b) = > ’ Zue T t"YA(K = 5, bj—1/2, Bj1/2: AGE) — D ey, ") Ak (k — § + Ad)
k

j,jAz€[—D,D]

+Zue zj,t" = J, 0172, Dj41/2, AJk) — ue(wj, t ZA =), 9j-1/2, D172, A} ) |Aw.

=1

The term >, A(k — j, ¢j—1/2, Dj+1/2 Ag?) is equal to 1 because if we consider the TVD remeshing formula
(4.1) with u} = v for all k then

u?“ = Zul_\(k’—j,¢j—1/2a¢j+1/2,)\§(u))-
k

We have, due to the property of consistency of the fluxes: u?“ = u. Thus,
Z]\(k —JyPj—1/2, Pig1/2,Ad(u)) = 1.
k
We split (b) into two terms.

(b)) < Z Z ‘Ue(wk,t") — ue(xy, tn)‘ ‘/_\(k? — Jy®j—1/2, Bjv1/2, Ak ) | Az
j,jAz€[—D,D] k

(1)
+ Z ’ Zue 25,1t HA — Gy Bi—1/2, Dja1/2: AGR) — Ak — J, di—1/2, Bit1/2, AG; ) |Az.

j.jAzx€[—D,D]

(2

The first one can be bounded by

(1) < > >

k.kAz€[-D—SAz,D+SAz] 7,)j—k|<S

ue(zp, t") — ue(xjatn)‘ ‘/_\(k? —J Di—1/2, Bjr1/2, MGk ) | Az,
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The function u, belongs to C'([-D —n, D + n] x [0,T7]), thus there exists a real K such that:
Y,y € [=D —=n, D+ 1) lue(z,t) = uc(y, )| < K|z —y|.

Consequently,

(1)

IN

Ao > 3 K}kfj’ Az?

k,kAze[-D—SAz,D+SAz] j|j—k|<S

. . D

) 2 2 < 2 2.

SIA oo K > Az® < AS7||AlJoo K (- +5) Az
k,kAze[—D—SAz,D+SAx]

IN

Therefore (1) tends to zero when At tends to zero. The second term can be bounded by
@ < ludle X 2
§,jAz€[-D,D] kkAz€[-D—SAz,D+SAz]

‘]\(k — Gy i—1/2, Djr1/2: AGR) — Ak — 4, di—1/2, D172, AJ})

[tel > >

k.kAz€[-D—SAz,D+SAz] 4,|i—k|<S

Az

IN

}/_\(k? — JyPi—1/2, Biv1/2, AGk) — Ak = J, di—1/2, D172, AG(ue(2, f")))}AZE
+’]\(k — s bjm12, Dja1/2, AG(ue(@r, 1)) — Ak — J, dj_1/2, Djs1/2, )\g(ue(:cj,t"))‘A:c

+‘/_X(k — Gy bi—1/2, Bjg1y2, AG(ue(@5, 1)) — Ak — j, dj_1/2, bj41/2, AG;) | A

We have assumed that

Mg(up)| < 1/2 and Ag(uy)| < 1/2 for all (k,n).
A is of class C'. The function g is also of class C*(R). We have assumed that the scheme converges in L},
when Az and At tend to zero. We conclude that (2), thus (b), tend to zero when Az and At tend to zero.
With the same kind of reasoning we could also prove that (¢) tends to zero.
We conclude that the limit @ satisfies for all ¢ € C(R* x R), for all K € R

—+o0

+oo +oo
/0 [ {0id|lu — K|+ sgn(u — K)(g(uw)u — g(K)K)0, ¢} dedt — / |u(0,2) — K| 9,¢(0,z) dx < 0.

— 00

Therefore @ is the unique entropy solution of (0.1), which contradicts the initial assumption. We conclude that
the TVD particle scheme (4.1) converges in L'(€) to the unique entropy solution of (0.1).
([l

5. CONCLUSION

We have studied the consistency and accuracy properties of remeshed particle methods in the case of a
scalar one-dimensional conservation law. The accuracy of the particle scheme depends on the accuracy of the
interpolation kernel used. In the linear case, if the interpolation kernel preserves the first M momenta then
the particle scheme is of order M — 1. In the nonlinear case, the particle scheme is a priori only of order one,
because of the first-order evaluation of the particle moving, unless a correction of the evaluation of the particle
velocities is used. Cottet and Magni [5] introduced recently TVD remeshing schemes for particle-grid methods.
We have extended the construction of these new TVD particle schemes to nonlinear conservation laws with a
possible change of velocity sign, with application to Burgers and Euler equations. Numerical results obtained
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in the case of the Sod shock tube for the Euler equations have been presented. Then we have proved that with
these new TVD remeshing schemes the particle schemes converge toward the entropy solution. The perspectives
of this work are the application of the TVD particle schemes to systems of conservation laws, for instance more
complex 2D and 3D compressible flows like hydrodynamic instabilities.

(1]
2]

(3]
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