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Abstract: We introduce a class of regularisable infinite dimensional principal fibre
bundles which includes fibre bundles arising in gauge field theories like Yang-Mills
and string theory and which generalise finite dimensional Riemannian principal fibre
bundles induced by an isometric action. We show that the orbits of regularisable bundles
have well defined, both heat-kernel and zeta function regularised volumes. We introduce
a notion ofµ-minimality (µ ∈ R) for these orbits which extend the finite dimensional
one. Our approach uses heat-kernel methods and yields both “heat-kernel” (obtained via
heat-kernel regularisation) and “zeta function” (obtained via zeta function regularisation)
minimality for specific values of the parameterµ. For each of these notions, we give an
infinite dimensional version of Hsiang’s theorem which extends the finite dimensional
case, interpretingµ-minimal orbits as orbits with extremal (µ-regularised) volume.

0. Introduction

This article is concerned with the notions of regularisability and minimality of orbits
for an isometric action of an infinite dimensional Lie groupG on an infinite dimen-
sional manifoldP. Our study is based on heat-kernel regularisation methods but it
involves a larger class including zeta function regularisations. The ones we consider are
parametrised byµ ∈ R; we recover the zeta function regularisation by settingµ = γ,
the Euler constant and the heat-kernel regularisation by settingµ = 0.

Notions of regularisability and minimality for actions of infinite dimensional Lie
groups on infinite dimensional manifolds have already been studied by other authors
(see [KT, MRT]) in a particular context and using zeta function regularisation methods.
We recover these notions forµ = γ.

We shall introduce a class of principal fibre bundles called (resp.pre-)regularisable
fibre bundles which generalise to the infinite dimensional case finite dimensional Rie-
mannian principal fibre bundles arising from a free isometric action. We show that the
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fibres of these (resp. pre-)regularisable bundles have a well defined regularised (resp.
preregularised) volume which is Gâteaux differentiable. This class of (pre-) regularisable
fibre bundles includes some infinite dimensional principal bundles arising from gauge
field theories such as Yang-Mills and string theory.

We introduce the notion of strong minimality andµ-minimality usingµ- regular-
isation, all of which extend the finite dimensional notion and coincide in the finite
dimensional case. However,µ-minimality depends on the choice of the parameterµ, in
particular zeta function minimality (µ = γ) does not in general coincide with heat-kernel
minimality (µ = 0).

We show that if the metric on the structure group is fixed,µ-(resp. strongly) minimal
fibres of a (resp. pre-)regularisable principal fibre bundle coincide with the ones with
extremalµ-(resp. pre-)regularised volume among orbits of the same type for the group
action. This gives an infinite dimensional version of Hsiang’s theorem on (pre-) regu-
larisable principal fibre bundles with structure group equipped with a fixed Riemannian
metric, which we extend (adding a term which reflects the variation of the metric on the
structure group) to any (pre-)regularisable principal bundle.

Starting from a systematic review of the notions ofµ- regularised determinants in
Sect. 1, in Sect. 2 we introduce the notions of regularisable principal fibre bundle, ( resp.
pre-) regularisability andµ- (resp. strong) minimality of orbits, relating (resp. strong)
minimality with the Ĝateaux-differentiability ofµ (resp. pre-)regularised determinants
interpreted as volumes of fibres. In Sect. 3, we compare these notions for different
values ofµ. The relations we set up between the regularised mean curvature vector and
the directional gradients of the regularised determinants yield an infinite dimensional
version of Hsiang’s theorem.

To avoid making this article any longer than it already is, we chose not to treat
examples in detail here. Let us just however point out some examples the results in this
article can be applied to.

When applied to thecoadjoint action of a loop group, one recovers some results
concerning regularisability and minimality of fibres studied in [KT].

The notion of minimality investigated in this article also applies to the study of
orbits of aYang-Mills action(see e.g [FU, KR, MV] for the corresponding geometric
setting). A notion of zeta function minimality in the Yang Mills context had already been
suggested in [MRT1]. Our heat-kernel approach leads to a slightly different definition;
when the underlying manifold is of dimension 4, only if the irreducible connections
are Yang-Mills, do the different notions of minimality (in particular zeta function and
heat-kernel) coincide.

Let us stress that in both the examples mentioned here, the spaceP, resp. the groupG
are modelled on a space of sections of a vector bundleE , resp.F with finite dimensional
fibres on a closed finite dimensional manifoldM andG acts onP by isometries.

The case ofdiffeomorphisms acting on metricswhich has been investigated carefully
in [MRT2] is also very interesting since it relates to string theory. One could show, in a
similar way to the Yang-Mills case, that the bundleM−1 → M−1/Diff 0 (see [FT, T])
arising in bosonic string theory ( whereM−1 is the manifold of smooth Riemannian
metrics with curvature−1 on a compact boundaryless Riemannian surface of genus
greater than 1 and Diff0 is the group of smooth diffeomorphisms of the surface which
are homotopic to zero), is also a regularisable fibre bundle so that most results of this
paper can be applied to this fibre bundle. Unlike the case of Yang-Mills theory, its
structure group Diff0 is not equipped with a fixed Riemannian structure but with a
family of Riemannian metrics which is parametrised byg ∈ M−1; this example was
our initial motivation when considering the general case of a structure group equipped
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with a family of metrics indexed byP . Investigating carefully the geometry of the orbits
in this particular example leads to interesting questions concerning the geometry of some
associated determinant bundles [PR].

In this particular example, minimality of the fibres is still equivalent to extremality
of the volumes of the fibres since the additional term arising from the varying metric on
the group (see Proposition 2.2) vanishes.

The geometric notions developed in this paper play a important role when projecting
a class of semi-martingales defined on the total manifold onto the orbit space for a
certain class of infinite dimensional group actions. The regularisation based on heat-
kernel methods used here yields natural links between the geometric and the stochastic
picture, which we investigate in [AP2]. The stochastic picture described in [AP2] leads
to a stochastic interpretation of the Faddeev-Popov procedure used in gauge field theory
to reduce a formal volume measure on path space to a measure on the orbit space, the
formal density of which is a regularised “Faddeev–Popov” determinant.

1. Regularised Determinants

In this section, we recall some basic facts about regularised determinants, comparing
different regularisation methods. Although the results presented here are in some way
well known (see e.g [BGV]) and frequently used in the physics literature, the presentation
we offer is maybe a little unusual, since it involves defining a one parameter family of
regularised limits (parametrised byµ ∈ R). Zeta function regularisation corresponds to
µ = γ, the Euler constant, heat-kernel regularisation toµ = 0.

Let us first introduce some notations. For a functiont 7→ f (t), defined on an interval
of R+∗ containing ]0, 1], we shall writef (t) '0

∑K
j=−J ajt

j
m + blogt, aj ∈ R, b ∈ R,

J, K ∈ N, m ∈ N∗, if

f (t) =
K∑

j=−J

ajt
j
m + blogt + O(t

K+1
m ) ∀ 0 < t < 1. (1.1)

Let us callC this class of functions andC0 the subclass of functionsf ∈ C with no
logarithmic divergence at zero (i.e.b = 0). In the following, we shall always assume that
J ≥ m.

Functions in the classC arise naturally as primitives of functions in the classC0 as
shown in the following

Lemma 1.1. If f is a differentiable function on an intervalI of R containing]0, 1] with

derivativef ′ ∈ C0, thenf ∈ C. More precisely, iff ′(t) =
K∑

j=−J

ajt
j
m + O(t

K+1
m ), then

f (t) =
K+m∑

j=−J+m

αjt
j
m + βlogt + O(t

K+m+1
m ) with αj = m

j aj−m for j 6= 0 andβ = a−m

and for someα0 ∈ R.

Proof. Let us setg(t) = f (t)−
K+m∑

j=−J+m,j 6=0

m

j
aj−mt

j
m −a−mlogt. Sinceg′(t) = O(t

K+1
m ),

for 0 < s < t ≤ 1 we can estimate|g(t)−g(s)| ≤ Ct
k+1
m |t−s| ≤ Ct

K+1
m and this yields
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the existence of the limit lim
t→0

g(t) = α0. Using the same estimate fors = 0 then yields

the result. �

In similar way to [BGV], we set the following:

Definition. For f ∈ C, µ ∈ R, and with the notations of (1.1):

Limµ
t→0f (t) ≡ lim

t→0

f (t) −
K∑

j=−J

ajt
j
m − blogt

− µb, (1.2)

which we call theµ-regularised limit of f at point zero.

Remark.Although the parameterµ might seem artificial at this stage, it will prove to
be useful when comparing heat-kernel regularisations and zeta-function regularisations.
A similar parameterµ arises in the work of Bismut and Freed on determinant bundles
where similar regularisations are needed [BF]. Further analogies between the gauge
orbit picture discussed here and the determinant bundles picture are discussed in [P]. Of
course, for a function in the classC0, this limit does not depend on the parameterµ.

Let (At), t ∈]0, 1] be a one parameter family of trace-class operators on a separable
Hilbert spaceH (in particular tr(A1) is finite) such thatt → trAt is a function in the class
C, then for anyµ ∈ R we can define theµ-regularised limit traceof A ≡ (At, t ∈]0, 1])
by

trµ
regA ≡ Limµ

t→0trAt. (1.3)

This regularised limit trace depends of course on the whole one parameter familyA
and on the choice of the parametert. Whenever the context we are working in allows no
ambiguity on the choice ofµ, we shall sometimes leave the explicit mention ofµ out.

We now introduce a family of heat-kernel operators which play a fundamental role
in this paper. For this we define forε > 0 a functionhε : R+∗ → R by hε(λ) ≡

−
∫ ∞

ε

e−tλ

t
dt. Notice thathε is C∞, non decreasing and (hε)′(λ) = λ−1e−ελ. Writing

hε(λ)− logε = −
∫∞

ε
e−t

t dt−
∫ ε

λ

ε
e−λt

t dt+
∫ 1

ε
1
t dt, we find that the functionε 7→ hε(λ)

lies inC for fixedλ. Moreover we have:

Limµ
ε→0hε(λ) = logλ − µ + γ, (1.4)

whereγ = e

∫ 1

0

1−e−t

t dt−
∫∞

1

e−t

t dt is the Euler constant. For a strictly positive self-adjoint
operatorB on a Hilbert spaceH, we can definehε(B) which yields a one parameter
family of operators (hε(B), ε > 0).

Definition. Let B be a strictly positive self-adjoint operator on a separable Hilbert
space. Whenever the one parameter familyB ≡ (hε(B), ε ∈]0, 1]) has a regularized
limit trace, for anyµ ∈ R, we shall callµ-regularised determinantdetµreg(B) of B the
expression:

detµregB ≡ etrµ
reg(B) = eLimµ

ε→0tr hε(B). (1.5)

In the following, we give conditions under which we can define the heat-kernel
regularized determinant of an operatorB. But before that, let us state an easy lemma
which will prove to be useful for what follows.
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Lemma 1.2. Let B be a strictly positive self-adjoint operator on a separable Hilbert
space such that

1) e−εB is trace class for anyε > 0.

2) The functionε → tr(e−εB) lies in the classC0 with (bj , j ≥ −J) as coefficients in
the expansion (1.1).
Then the operatorB has a heat-kernel regularised determinant and we have for
µ ∈ R

detµreg B = eLimµ
ε→0trhε(B)

= e

(
−
∑m−1

j=−J,j 6=0

mbj
j −
∫∞

1
tr e−tB

t dt−
∫ 1

0

F (t)
t dt
)
−µb0

(1.6)

with

F (t) = tre−tB −
m−1∑
j=−J

bjt
j
m . (1.7)

Proof. One easily shows thatAε ≡ hε(B) = −
∫ ∞

ε

e−tB

t
dt is trace-class. Since

all the terms involved are positive, we can exchange the integral and sum symbols
so that trAε = −

∫∞
ε

tr e−tB

t dt. Let us check that the family (Aε, ε ∈]0, 1]) has a
regularized limit trace. The mapt → trAt is differentiable and fromtr(e−tB) =∑K

j=−J bjt
j
m + O(t

K+1
m ) follows that

d

dt
trAt '0

0∑
j=−J−m

bj+mt
j
m . Applying Lemma

1.1 tof (t) = tr(At) shows that the one parameter familyA = (Aε) has a finite regu-
larised limit trace trµreg(A) ≡ Limµ

ε→0trAε. By (1.5) this in turn yields thatB has aµ-

regularised determinant detµ
regB = e trµ

regA. Since trA1 = −
∫∞

1 tr e−tB

t dt, integrating
Ft

t betweenε and 1 yields

trAε −
m−1∑

j=−J,j 6=0

mbj

j
ε

j
m − b0 logε = −

m−1∑
j=−J,j 6=0

mbj

j
−
∫ 1

ε

F (t)
t

dt −
∫ ∞

1
tr

e−tB

t
dt.

(1.8)
Sincem ≥ 1, we have

lim
ε→0

(trAε −
−1∑

j=−J

mbj

j
ε

j
m − b0 logε) = lim

ε→0
(trAε −

m−1∑
j=−J,j 6=0

mbj

j
ε

j
m − b0 logε)

which combined with (1.8) and using (1.5) yields (1.6). �

The following lemma gives a class of operators which fit in the framework described
above.

Lemma 1.3. Let B be a strictly positive self adjoint elliptic operator of orderm > 0
on a compact boundaryless manifold. For anyε > 0, e−εB is trace class andB has a
well definedµ-regularised determinant.
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Proof. We shall show that the assumptions of Lemma 1.2 are fulfilled.
Condition 1) in Lemma 1.2 follows from the fact that a strictly positive s.a elliptic

operator on a compact boundaryless manifold has purely discrete spectrum (λn)n∈N,
λn > 0, λn ' Cnα, for someC > 0, α > 0 ( see e.g [G], Lemma 1.6.3). Indeed, from
this fact easily follows that tre−εB =

∑
n e−ελn is finite.

Conditions 2) of Lemma 1.1 follow from the fact that for a s.a elliptic operator
B of orderm on a compact manifold of dimension d without boundary, tre−tB '0∑K

j=−d ajt
j
m for any K > 0 (this follows for example from Lemma 1.7.4 in [G]).

Applying Lemma 1.1, we can therefore define the heat-kernel regularised determinant
of B. �

The above definition extends to a class of positive self-adjoint operators which satisfy
requirements 1) and 2) of Lemma 1.2 and have possibly non zero kernel. Requirement 1)
of the lemma implies that this kernel is finite dimensional. LetPB be the orthogonal
projection onto the kernel of the operatorB acting onH and let us setH⊥ ≡ (I−PB)H.
Let us consider the restrictionB′ ≡ B/H⊥. It is easily seen that the operatorB′ satisfies
requirements of Lemma 1.2 with coefficientsb′

j = bj for j 6= 0 andb′
0 = b0−dim(KerB).

Formula (1.6) extends toB′ with adapted changes in the coefficients.
Let us at this stage see how the zeta-function regularised determinant fits into this

picture. We refer the reader to [BGV, G] for a precise description of the zeta-function
regularisation procedure and only describe the main lines of this procedure here.

Recall that for a strictly positive self adjoint operatorB acting on a separable Hilbert
space with purely discrete spectrum given by the eigenvalues (λn, n ∈ N) with the
propertyλn ≥ Cnα, C > 0, α > 0 for large enoughn, we can define the zeta function
of B by:

ζB(s) ≡
∑

n

λ−s
n , s ∈ C, Res >

1
α

.

Furthermore,ζB(s) admits a meromorphic continuation on the whole plane (see e.g [G],
Lemma 1.10.1) which is regular ats = 0 and one can define the zeta function regularised
determinant ofA by

detζ(B) = e−ζ′
B (0). (1.9)

Remark.From the definition, easily follows that in the finite dimensional case the zeta-
function regularised and the ordinary determinants coincide.

The following lemma compares the zeta function andµ-regularisations.

Lemma 1.4. Let B be a strictly positive self-adjoint densely defined operator on a
Hilbert spaceH such that

1) B has purely discrete spectrum(λn)n∈N with λn ≥ Cnα,C > 0, α > 0 for large
enoughn,

2) The functionε → tre−εB lies inC0.

Then forµ ∈ R,
eζB (0)(γ−µ)detζB = detµreg(B), (1.10)

whereγ = limn→∞(1+ 1
2 + · · ·+ 1

n − logn) is the Euler constant. In particular,detζB =
detγregB.
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Remark.A proof of this result forµ = 0 and the Laplace operator on a compact Rie-
mannian surface without boundary can be found in [AJPS].

Proof. Before starting the proof, let us recall that the function Gamma is defined by
0(z) =

∫∞
0

e−t

t tzdt for 0 < Rez. Moreover0(z)−1 is an entire function and we have

0(z)−1 = zeγz
∞∏
n=1

(1 +
z

n
)e

−z
n , whereγ is the Euler constant. From this follows that in

a neighborhood of zero, we have the asymptotic expansion0(s)−1 = s + γs2 + O(s3).

Using the Mellin transform of the functionλ−s = 0(s)−1
∫ +∞

0
ts−1e−tλdt we can

write:

0(s)ζB(s) =
∫ 1

0
ts−1tre−tBdt +

∫ ∞

1
ts−1tre−tBdt. (1.11)

Notice that the last expression on the r.h.s converges for Res ≤ R, R > 0 for, set-
ting CR = supnsupt≥1t

R−1e− 1
2 tλn , we have

∫∞
1 tR−1e−tλn ≤ CR

∫∞
1 e− 1

2 tλn =

2CRλ−1
n e− 1

2 λn , which is the general term of a convergent series.
As before we set

F (t) ≡ tre−tB −
m−1∑
j=−J

bjt
j
m . (1.12)

Using (1.11 ) and (1.12), we can write fors ∈ C with large enough real part, Res > J
m :

ζB(s) = 0(s)−1

m−1∑
j=−J

bj

j
m + s

+
∫ ∞

1
ts−1tre−tBdt +

∫ 1

0
ts−1F (t)dt

 .

This equality then extends to an equality of meromorphic functions on Res > 0 with
poless = −j

m . Using the asymptotic expansion of the inverse of the Gamma function
0(s)−1 around zero, we have

ζ ′
B(s) = (s + γs2 + O(s3))

m−1∑
j=−J

bj

j
m + s

+
∫ ∞

1
ts−1tre−tBdt +

∫ 1

0
ts−1F (t)dt

 ,

which yieldsb0 = ζB(0). Moreover

ζ ′
B(s) = (1 + 2γs + O(s2))

m−1∑
j=−J

bj

j
m + s

+
∫ ∞

1
ts−1tre−tBdt +

∫ 1

0
ts−1F (t)dt


+(s + γs2 + O(s3))

−
m−1∑
j=−J

bj

( j
m + s)2

+
∫ 1

0
ts−1F (t)ln(t)dt+

∫ ∞

1
ln(t)ts−1tre−tBdt

 .

Letting s tend to zero,s > 0, since the divergent termsb0
s and−s b0

s2 arising in each of
the terms of this last sum compensate, we get

ζ ′
B(0) = b0γ +

 m−1∑
j=−J,j 6=0

mbj

j
+
∫ 1

0

F (t)
t

dt +
∫ ∞

1

tre−tB

t
dt

 .
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Hence, comparing with the expression of detµ
regB given in (1.5), for anyµ ∈ R we find

log detζ(B) = −ζ ′
B(0) = −ζB(0)γ + log detµreg(B) + µζB(0) and hence the equality of

the lemma. �

Remarks.1) In the finite dimensional case with dimH = d, since limε→0 tre−εB = d =
ζB(0), from the result of Lemma 1.4 and the fact that the zeta function regularised
determinant coincides with the ordinary one, it follows that forµ ∈ R:

detµregB = ed(γ−µ)detζB = ed(γ−µ)detB, (1.13)

where detB denotes the ordinary determinant ofB. Forµ = γ, detγregB = detB =
detζB.

2) LetM be a Riemannian manifold of dimensiond andB a positive self-adjoint elliptic
operator with smooth coefficients acting on sections of a vector bundleV onM with
finite dimensional fibres of dimensionk. We know by [G] Theorem 1.7.6 (a) that
ζB(0) = 0 if n is odd. However, in general the coefficientζB(0) is a complicated
expression given in terms of the jets of the symbol of the operator B. In the following
we shall be concerned with the dependence ofζB(0) on the geometric data given on
that manifold.

2. Regularisable Principal Fibre Bundles

The aim of this section is to describe a class of principal fibre bundles for which we
can define a notion of regularised volume of the fibres and for which these regularised
volumes have differentiability properties.

LetP be a Hilbert manifold equipped with a (possibly weak) right invariant Rieman-
nian structure. The scalar product induced onTpP by this Riemannian structure will be
denoted by< ·, · >p. We shall assume this Riemannian structure induces a Riemannian
connection denoted by∇ and an exponential map with the usual properties. In particular,
for all p0, expp0

yields a diffeomorphism of a neighborhood of 0 in the tangent space
Tp0P onto a neighborhood ofp0 in the manifoldP.

Let G be a Hilbert Lie group ( in fact a Hilbert manifold with smooth right multipli-
cation is enough here, see e.g. [T]) acting smoothly onP on the right by an isometric
action

Θ : G × P → P,

(g, p) → p · g.
(2.0)

Let for p ∈ P,
τp : G → TpP,

u 7→ d

dt
(p · etu)

t=0
,

(2.0bis)

whereG denotes the Lie algebra ofG.
We shall assume that the actionΘ is free (so thatτp is injective onG) and that it

induces a smooth manifold structure on the quotient spaceP/G and a smooth principal
fibre bundle structure given by the canonical projectionπ : P → P/G.

Let us furthermore equip the groupG with a smooth family of equivalent (possibly
weak) Adg invariant Riemannian metrics indexed byp ∈ P. The scalar product induced
onG by the Riemannian metric onG indexed byp ∈ P will be denoted by (·, ·)p. Since
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the metrics are all equivalent, the closure ofG w.r.t (·, ·)p does not depend onp and we
shall denote it byH.

SinceG is dense inH, τp is a densily defined operator onH and we can define its
adjoint operatorτ∗

p w.r. to the scalar products (·, ·)p and< ·, · >p.
We shall assume thatτ∗

p τp has a self-adjoint extension on a dense domainD(τ∗
p τp)

of H.

Definition. The orbit of a pointp0 is volume preregularisable if the following assump-
tions 1) and 2) on the operatorτ∗

p τp are satisfied:

1) Assumption on the spectral properties ofτ∗
p0

τp0. The operatore−ετ∗
p0

τp0 is trace class
for anyε > 0 and for any vectorX at pointp0, there is a neighborhoodI0 of p0 on
the geodesicpκ = expp0κX such that for allp ∈ I0, e−ετ∗

p τp is trace class.

2) Regularity assumptions. We shall assume that the mapsp 7→ τp andp 7→ τ∗
p τp are

Gâteaux differentiable and that for anyt > 0, the functionp 7→ tre−tτ∗
p τp is Gâteaux

differentiable at pointp0. We furthermore assume that the Gâteaux-differentials at
pointp0 in the directionX of these operators are related as follows:

δX (tre−ετ∗
p τp ) = −εtr(δX (τ∗

p τp)e−ετ∗
p τp ). (2.1)

Moreover, for any vectorX at pointp0, there are constantsC > 0, u > 0 and a
neighborhoodI0 of p0 on the geodesicpκ = expp0

κX such that for anyp ∈ I0:

tre−tτ∗
p τp ≤ Ce−tu (2.2)

and

MI0(t) ≡ supp∈I0
|||δX̄(p)(τ

∗
p τp)e−tτ∗

p τp |||∞ (2.3)

is finite and a decreasing function int.
Here||| · |||∞ denotes the operator norm onG induced by(·, ·)p, X̄ is a local vector
field defined in a neighborhood ofp0 by X̄(pκ) = exppκ∗(κX)(X).
The orbitOp0 is called volume-regularisable if dim Kerτ∗

p τp is constant on some
neighborhood ofp0 on any geodesic containingp0 and if the following assumption
is satisfied:

3) Assumption on the asymptotic behavior of the heat-kernel traces. Both the functions
t 7→ tre−tτ∗

p τp and t 7→ δXtre−tτ∗
p τp lie in the classC0 (see Sect. 1). There is an

integerm > 0 and a family of mapsp 7→ bj(p), j ∈ {−J, · · · , m − 1} which are
Gâteaux differentiable in the directionX at pointp0 such that

tre−ετ∗
p τp '0

m−1∑
j=−J

bj(p)ε
j
m (2.4)

in a neighborhoodI0 of p0 on the geodesicp = expp0κX, and

δX tre−ετ∗
p τp '0

m−1∑
j=−J

δXbj(p)ε
j
m . (2.5)
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Furthermore, settingFp(t) ≡ tre−tτ∗
p τp −

m−1∑
j=−J

bj(p)t
j
m , for any vectorX at point

p0, there is a constantK > 0, and a neighborhoodI0 of p0 on the geodesicκ →
pκ = expp0

κX such that:

supp∈I0
‖δX̄(p)Fp(t)‖∞ ≤ Kt. (2.5bis)

A principal bundle as described above with all its orbits volume-preregularisable
(resp. volume- regularisable) will be called preregularisable (resp. regularisable).

Remark.Since the Riemannian structure onP is right invariant and the one onG isAdg

invariant, the above assumptions do not depend on the point chosen in the orbit for we
haveτp·g = Rg∗τpAdg.

Most fibre bundles we shall come across are not only preregularisable but also
regularisable so that the notion of preregularisabiblity might seem somewhat artificial.
However, in the case of the coadjoint action of loop groups mentioned in the introduction,
it is sufficient to verify the conditions required for preregularisability in order to prove
a certain minimality of the orbits, namely strong minimality, a notion which will be
defined in the following and which implies minimality.

Natural examples of regularisable fibre bundles arise in gauge field theories (Yang-
Mills, string theory). In gauge field theories,P andG are modelled on spaces of sections
of vector bundlesE andF based on a compact finite dimensional manifoldM and
the operatorsτ∗

p τp arise as smooth families of Laplace operators on forms. As elliptic
operators on a compact boundaryless manifold, they have purely discrete spectrum which
satisfies condition 1) (see [G] Lemma 1.6.3) and (2.4) (see [G], Lemma 1.7.4.b)). By
classical results concerning one parameter families of heat-kernel operators, they satisfy
(2.1) (see [RS], Proposition 6.1) and (2.2) (see proof of Theorem 5.1 in [RS]). Since
δXBp is also a partial differential operator, by [G], Lemma 1.7.7,δX tre−εBp satisfies
(2.5). Assumptions on the Ĝateaux-differentiability and assumptions (2.3 ), (2.5 bis)
are fulfilled in applications. Indeed, the parameterp is a geometric object such as a
connection, a metric onM and choosing these objects regular enough (of classHk for
k large enough) ensures that the mapsp 7→ τp, p 7→ τ∗

p τp, p 7→ tre−tτ∗
p τp , etc., are

regular enough for they involve these geometric quantities and their derivatives, but no
derivative of higher order.

Remark.In the context of gauge field theories, the underlying Riemannian structure
w.r.to which the traces (arising in (2.2)-(2.5 bis)) are taken are weakL2 Riemannian
structures, the ones that also underlie the theory of elliptic operators on compact mani-
folds. In [AP2], we discuss how far this weak Riemannian structure could be replaced
by a strong Riemannian structure, in order to set up a link between this geometric picture
and a stochastic one developed in [AP2].

Notation. We shall set with the notations of Sect. 1, forε > 0 andp ∈ P detε(Bp) =
exptr(hε(Bp)).

Proposition 2.1. LetOp0 be a volume-preregularisable orbit such that for any geodesic
containingp0, there is a neighborhood ofp0 on this geodesic on whichτ∗

p τp is injective.

1) detε(τ∗
p τp) is well defined for anyε > 0 and forp in a neighborhood ofp0 on any

geodesic containingp0.
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2) The mapp 7→ detε(τ∗
p τp) is Gâteaux-differentiable at pointp0, the operator∫ +∞

ε

δX (τ∗
p τp)e−tτ∗

p τpdt is trace class for anyp in a neighborhood ofp0 on any

geodesic ofp0. For any tangent vectorX at pointp0, we have:

δX log detε(τ∗
p τp) =

∫ ∞

ε

tr (δXτ∗
p τp)e−tτ∗

p0
τp0 dt

= tr
∫ +∞

ε

(δXτ∗
p τp)e−tτ∗

p0
τp0 dt.

(2.6a)

3) If the orbit Op0 is moreover volume-regularisable, for anyµ ∈ R, the mapp 7→
detµreg(τ∗

p τp) is Gâteaux differentiable in all directions at pointp0, and forp in a
geodesic neighborhood ofp0, the mapε 7→ δX log detε(τ∗

p τp) lies in the classC.
For µ ∈ R,

Limµ
ε→0δX log detε(τ∗

p τp) = δX log detµregτ
∗
p τp

= −
m−1∑

j=−J,j 6=0

m

j
δXbj −

∫ ∞

1
δX

(
tr

e−tτ∗
p τp

t

)
dt −

∫ 1

0

δXFp(t)
t

dt − µδXb0.

(2.6b)

Proof. We setBp = τ∗
p τp and as before,detε(Bp) = exptrhε(Bp).

1) By the first assumption for volume-preregularisable orbits, we know thate−εBp is
trace class so that by Lemma 1.1 so isAp

ε ≡ loghε(Bp). Hence detε(Bp) = etrAp
ε is

well defined.

2) Let us show the first equality in (2.6 a). Assumption 2) for volume-preregularisability

yields that for anyp ∈ I0 and anyt > ε > 0 |tr(δX̄(p)Bpe
−tBp )| ≤ CMI0(

t

2
)e− t

2 u.

Here, we have used the fact that|tr(UV )| ≤ |||U |||trV | for any bounded op-
erator U and any trace class operatorV applied toU = δX̄(p)Bpe

− t
2 Bp0 and

V = e− t
2 Bp . Hence, by the Lebesgue dominated convergence theorem, the map

p 7→
∫∞

ε
t−1tre−tBpdt is Gâteaux-differentiable in the directionX at pointp0 and

δX

∫ ∞

ε

t−1tre−tBpdt =
∫ ∞

ε

t−1δX tre−tBpdt

= −
∫ ∞

ε

tr((δXBp)e−tBp0 )dt,

using (2.2). Using the fact that log detε(Bp) = −
∫ +∞

ε

t−1tre−tBpdt then yields the

first equality in (2.6 a).
The second equality in (2.6 a) and the fact that we can swap the trace and the integral
follow from the estimate:

|||δXBpe
−tBp0 |||1 ≤ |||δXBpe

−ε
2 Bp0 |||∞‖|e− 1

2 tBp0 ‖|1
≤ C|||δXBpe

−ε
2 Bp0 |||∞e−tu,

(∗)

valid fort ≥ ε, using Assumption (2.2). We finally obtain by dominated convergence:

tr
∫ +∞

ε

δXBpe
−tBp0 dt =

∫ +∞

ε

trδXBpe
−tBp0 dt.
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3) Let us first check that the mapp 7→ detµregBp is Gâteaux differentiable at pointp0 in
the directionX. By (1.5), we have

log detregBp = −
m−1∑

j=−J,j 6=0

bj(p)
j

−
∫ ∞

1
tr

e−tBp

t
dt −

∫ 1

0

Fp(t)
t

dt.

The first term on the r.h.s. is Ĝateaux differentiable in the directionX by the assump-
tion on the mapsp 7→ bj(p). The second term on the r.h.s. is Gâteaux differentiable
by the result (applied toε = 1) of part 2 of this proposition which tells us that
p 7→ detε(Bp) is Gâteaux differentiable. The Ĝateaux differentiability of the last
term follows from the local uniform upper bound (2.5 bis).

We now check (2.6 b). The mapp 7→ log detε(Bp) −
∑m−1

j=−J,j 6=0
mbj

j ε
j
m − b0 logε

is Gâteaux differentiable in the directionX and we can write

δX ( log detε(Bp) −
m−1∑

j=−J,j 6=0

mbjε
j
m

j
− b0 logε)

= δX (−
∫ ∞

ε

tr
e−tBp

t
dt −

m−1∑
j=−J,j 6=0

mbjε
j
m

j
− b0 logε)

= δX

−
m−1∑

j=−J,j 6=0

m
bj

j
−
∫ ∞

1
tr

e−tBp

t
dt −

∫ 1

ε

Fp(t)
t

dt

 as in (1.8)

= −
m−1∑

j=−J,j 6=0

δXbj
m

j
−
∫ ∞

1
δX tr

e−tBp

t
dt −

∫ 1

ε

δX
Fp(t)

t
dt,

which tends toδX log detregBp by (1.6) and dominated convergence. Here we have used

the results of point 2) of the proposition applied toε = 1 to writeδX

∫ ∞

1
tr

e−tBp

t
dt =∫ ∞

1
δX tre−tBpdt and (2.5 bis) to writeδX

∫ 1
ε

Fp(t)
t dt =

∫ 1
ε

δXFp(t)
t dt. �

Remark.These results extend to the case when instead of assuming thatτ∗
p τp is injective

locally aroundp0, one considers orbits of an action at pointsp0 for which the dimension of
the kernel ofτp is constant on some neighborhood ofp0 on each geodesic starting at point
p0. For this, one should replace detετ

∗
p τp and detregτ

∗
p τp by det′ετ

∗
p τp and det′regτ

∗
p τp.

This extension is useful for the applications mentioned in the introduction.

A naive generalisation of the finite dimensional notion of volume to volume of infinite
dimensional orbits would give infinite quantities. But for volume-preregularisable or
regularisable orbits, one can define a notion of preregularised orµ-regularised volume
(µ ∈ R), which justifies a posteriori the term “volume-preregularisable or volume-
regularisable orbits” for these orbits. Sinceτp·g = Rg∗τpAdg and since the metric onG
is Adg and that onP right invariant, for anyε > 0, we have detε(τ∗

p·gτp·g) = detε(τ∗
p τp)

so that it makes sense to set the following definitions:
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Definition. 1) Let Op be a volume-preregularisable orbit, thenvolε(Op) ≡√
detε(τ∗

p τp)′ defines a one parameter family of preregularised volumes ofOp.

2) LetOp be a volume-regularisable orbit, then forµ ∈ R,volµreg(Op) =
√

detµreg(τ∗
p τp)′

defines theµ-regularised volume ofOp.

3) LetOp be a volume-regularisable orbit, thenvolζ(Op) =
√

detζ(τ∗
p τp)′ defines the

zeta function regularised volume ofOp.

From Lemma 1.4 it follows that

volζ(Op) = e
1
2 (−γ+µ)b′

0(p) volµreg(Op), (2.7)

whereγ is the Euler constant andb′
0(p) = ζτ∗

p τp
(0) − dim Ker(τ∗

p τp) is the coefficient
arising from the heat-kernel asymptotic expansion ofτ∗

p τp given by (2.4). In finite
dimensions, whendimH = d andG is a compact Lie group equipped with the Haar

measuredvol, this yieldsvolµreg(Op) = e(µ−γ)d|detτp|
∫

G

|detAdgdvol(g)|.
As a consequence of Proposition 2.1:

Proposition 2.2. For any µ ∈ R, the µ-(resp. pre)-regularised volume of a volume-
(pre)regularisable orbitOp is Gâteaux-differentiable at the pointp.

Let us now introduce a notion of extremality of orbits which generalises the corre-
sponding finite dimensional notion [H].

Definition. A strongly extremal orbit is a volume-preregularisable orbit, the prereg-
ularised volume of which is extremal, i.e.Op is strongly extremal ifδX volε(Op) = 0 for
any horizontal vectorX at pointp and anyε > 0.

For a givenµ ∈ R, a µ- extremal orbit of a preregularisable bundle is an orbit, the
µ-regularised volume of which is extremal, i.e.δX volµreg(Op) = 0 for any horizontal
vectorX at pointp.

Notice that wheneverζτ∗
p τp (0) − dim(Ker(τ∗

p τp)) does not depend onp, the ex-
tremality of the volume of an orbit does not depend on the parameterµ. From (2.7) it
also follows that this notion generalises the finite dimensional notion of extremality of
the volume of the fibre.

3. Minimal Orbits as Orbits with Extremal Volume

We shall consider a preregularisable principal fibre bundleP → P/G. By assumption,
the bundle is equipped with a Riemannian connection given by a family of horizontal
spacesHp, p ∈ P such that

TpP = Hp ⊕ Vp,

whereVp is the tangent space to the orbit at pointp and the sum is an orthogonal one.
For a horizontal vectorX at pointp, we define the shape operator

HX : Vp → Vp

Y 7→ −(∇Y X̄)v(p),
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where the subscriptv denotes the orthogonal projection ontoVp andX̄ is a horizontal
vector field with valueX atp. Similarly, we define the second fundamental form:

Sp : Vp × Vp → Hp

(Y, Y ′) 7→ (∇Ȳ Ȳ ′)h(p),

whereȲ , Ȳ ′ are vertical vector fields such thatȲ (p) = Y , Ȳ ′(p) = Y ′. These definitions
are independent of the choice of the extensions ofX,Y andY ′.

An easy computation shows that the shape operator and the second fundamental
form are related as follows:

< HX (Y ), Y ′ >p=< Sp(Y, Y ′), X >p . (3.1)

Note that this explicitly shows thatHX only depends onX and not on the extension̄X
of X. SinceSp is symmetric, so isHX .

As in the finite dimensional case, one can define the notion of totally geodesic orbit,
an orbitOp being totally geodesic whenever the second fundamental formSp vanishes.

Definition. The orbitOp of a pointp ∈ P will be calledpreregularisable if for any
horizontal vectorX at p, ∀ε > 0,

Hε
X ≡ e− 1

2 ετpτ∗
p HXe− 1

2 ετpτ∗
p (3.2)

is trace class. A preregularisable orbitOp will be calledstrongly minimal if moreover
for anyq ∈ Op andX a horizontal vector at pointq, trHε

X = 0 ∀ε > 0.

Remarks.1) The preregularisability of the orbits ( namelyHε
X trace class) is auto-

matically satisfied if the manifoldP is equipped with a strong smooth Riemannian
structure, since in that case the second fundamental form is a bounded bilinear form
and its weighted trace is well defined (see also [AP2] where this is discussed in
further detail).

2) Since on a preregularisable bundle, the Riemannian structure onP is right invariant
and the one onG is Adg invariant, the notion of (pre)regularisability and (strong)
minimality of the orbit does not depend on the point chosen on the orbit.

3) Notice that ifHX is trace class, as in the finite dimensional case, strong minimality
implies that trHX = 0 and hence ordinary minimality. The fact that strong minimality
implies minimality in the finite dimensional case motivates the choice of the adjective
“strong”.

4) This preregularised shape operatorHε
X and the second fundamental form are related

as follows:

< Hε
X (Y ), Y ′ >p=< Sp(e− 1

2 ετpτ∗
p Y, e− 1

2 ετpτ∗
p Y ′), X >p

Sinceτpτ
∗
p is an isomorphism of the tangent space to the fibreTpOp, Hε

X vanishes
whenever the second fundamental form vanishes and an orbit is totally geodesic
whenever this regularised shape operator vanishes on the orbit for someε > 0.

Definition. A preregularisable orbitOp will be said to be regularisable if furthermore,
the one parameter familyHε

X , ε ∈]0, 1] admits a regularised limit-trace (as defined in
Sect. 1). Forµ ∈ R, we denote bytrµregHX its µ-regularised limite trace.
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Definition. For a givenµ ∈ R, a regularisable orbitOp will be calledµ− minimal if
trµregHX = 0 for any horizontal vectorX at pointp.

Remarks.1) As we shall see later on, for different values ofµ, the notions ofµ-
minimality do not coincide in general.

2) In the finite dimensional case, the one parameter familyHε
X admits a regularised limit

trace given by the ordinary trace trµ
regHX = trHX andµ- minimality is equivalent

to the finite dimensional notion of minimality.

3) A strongly minimal preregularisable orbitOp is µ-regularisable andµ-minimal for
anyµ ∈ R.

The notion of minimality of orbits for group actions in the infinite dimensional case
has been discussed in the literature before. King and Terng in [KT] introduced a notion
of regularisability and minimality for submanifolds of path spaces using zeta-function
regularisation methods. They show zeta function regularisability and minimality for
the orbits of the coadjoint action of a (based) loop group on a space of loops in the
corresponding Lie algebra. One can check that these orbits are also regularisable and
strongly minimal (hence minimal) within our framework .

A notion of zeta function regularisability and minimality was discussed by Maeda,
Rosenberg and Tondeur in [MRT1] (see also [MRT2]) in the case of orbits of the gauge
action in Yang-Mills theory. In fact, it can be seen as a particular example ofµ-minimality
for µ = γ, the Euler constant.

Let us introduce some notations. LetP → P/G be a preregularisable principal
fibre bundle and let (T p

n )n∈N be a set of eigenvectors ofτ∗
p τp in G corresponding to the

eigenvalues (λp
n)n∈N counted with multiplicity and in increasing order. Letp0 be a fixed

point in P and letIp
p0

be the isometry from (G, (·, ·)p0) into (G, (·, ·)p) which takes the
orthonormal set (T p0

n )n of eigenvectors ofτ∗
p0

τp0 to the orthonormal set of eigenvectors
(T p

n )n of τ∗
p τp. Notice thatIp0

p0
= I.

Lemma 3.1. Let P → P/G be a preregularisable principal fibre bundle. Letp0 ∈ P
be a point at which the mapp 7→ Ip

p0
u is Gâteaux-differentiable for anyu ∈ G. Let

X be a horizontal vector atp0. We shall consider eigenvaluesλp
n that correspond to

eigenvectors that do not belong toIp
p0

Kerτ∗
p0

τpo .

1) The mapsp → λp
n are Gâteaux-differentiable in the directionX at pointp0, δXλp

n =

(δX (τ∗
p τp)T p0

n , T p0
n )p0 andδX loghε(λp

n) =
∫ +∞

ε

(δX (τ∗
p τp)e−tτ∗

p0
τp0 T p0

n , T p0
n )p0dt.

2) Furthermore,we have

− < Hε
X Ũp

n, Ũp
n >p0 +e−ελ

p0
n (δXIp

p0
T p0

n , T p0
n )p0 =

1
2
δX log hε(λp

n), (3.5)

where we have set̃Up
n = ‖τpT

p
n‖−1τpT

p
n .

3) If the Riemannian structure onG is fixed (independent ofp), thenδXIp
p0

is antisym-
metric and

1
2

∫ +∞

ε

(δX (τ∗
p τp)e−tτ∗

p τpT p
n , T p

n )p0dt = − < Hε
X Ũp

n, Ũp
n >p0

=
1
2
δX log hε(λp

n) =
1
2
λp0

−1

n δXλp
ne−ελ

p0
n .

(3.6)
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Proof. As before, we shall setBp = τ∗
p τp. Sincep0 is fixed, we drop the indexp0 in Ip

p0

and denote this isometry byIp. Notice thatIp0 = I. As before, we denote by (T p
n )n∈N the

orthonormal set of eigenvectors ofτ∗
p τp which correspond to the eigenvalues (λp

n)n∈N
in increasing order and counted with multiplicity. We shall setT̃ p

n = τpT
p
n , T̄ p

n = τpT
p0
n .

1) Using the relations (Ip·, Ip·)p = (·, ·)p0,Ip(T p0
n ) = T p

n ,Ip∗Ip = I, we can writeλp
n =

(BpT
p
n , T p

n )p = (BpIpT p0
n , IpT p0

n )p0 and the mapp 7→ λp
n is Gâteaux differentiable

in all directions at pointp0 sincep 7→ Bp, p 7→ Ip are Ĝateaux-differentiable by
assumption on the bundle. Furthermore

δX (BpT
p
n , T p

n )p = δX (Ip∗BpIpT p0
n , T p0

n )p0

= ((δXBp)T p0
n , T p0

n )p0 + (δX (Ip∗)Bp0T
p0
n , T p0

n )p0+

+ (Ip0∗Bp0(δXIp)T p0
n , T p0

n )p0

= ((δXBp)T p0
n , T p0

n )p + λp0
n ([Ip0∗δX (Ip) + (δXIp∗)Ip0]T p0

n , T p0
n )p0.

SinceIp∗Ip = I, we haveδXIp∗Ip0 + Ip0∗δXIp = 0 so that finallyλp
n is Gâteaux-

differentiable andδXλp
n = ((δXBp)T p0

n , T p0
n )p0.

Using the local uniform estimate (2.3), and with the same notations, we have fort > ε

‖(δX̄(p)(Bp)e−tBp0 T p0
n , T p0

n )p0‖ ≤ MI0(
1
2
t)e− 1

2 tλ
p0
n so that the mapp 7→ loghε(λp

n)

is Gâteaux-differentiable at pointp0 in the directionX and

δX loghε(λp
n) = −δX

∫ ∞

ε

t−1(e−tBpT p
n , T p

n )dt

= (
∫ +∞

ε

δX (Bp)e−tBp0 T p0
n , T p0

n )p0dt.

2) By definition ofhε we have:

δX log hε(λp
n) = (loghε)′(λp

n)δXλp
n

= (λp0
n )−1e−ελ

p0
n δXλp

n.

On the other hand

δXλp
n = δX < T̃ p

n , T̃ p
n >p= 2 < δX (τpIp)T p0

n , T̄ p0
n >p0

= 2 < δX T̄ p
n , T̄ p0

n >p0 +2 < τpδXIpT p0
n , T̄ p0

n >p0

= −2 < ∇T̄
p0
n

X̄, T̄ p0
n >p0 +2 < τpδXIpT p0

n , T̄ p0
n >p0

= −2 < ∇T̃
p0
n

X̄, T̃ p0
n >p0 +2 < τpδXIpT p0

n , T̄ p0
n >p0

= −2λp0
n < HX Ũp0

n , Ũp0
n >p0 +2λp0

n (δXIpT p0
n , T p0

n )p0,

where for the third equality, we have used the fact that,X̄ being right invari-
ant, [T̄ p

n , X̄] = 0. HenceδX loghε(λp
n) = −2e−ελ

p0
n < HX̄(p0)Ū

p0
n , Ūp0

n >p0

+2e−ελ
p0
n (δXIpT p0

n , T p0
n )p0, which yields 2).

3) On one hand, since the scalar product on the Lie algebra is fixed, we haveδXIp∗ ⊂
(δXIp)∗ . On the other hand, sinceIp∗Ip = I, we have−δXIp ⊂ δXIp∗ so that
the second term in the l.h.s of (3.5) vanishes. �
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Definition. We shall call an orbitOp0 of a preregularised bundle anorbit of type (T )
whenever the following conditions are satisfied:

1) The mapp 7→ Ip
p0

is Gâteaux-differentiable at pointp0.

2) The operatorδXIp
p0

e−ετ∗
p0

τp0 is trace class for anyp0 ∈ P andε > 0.

3) For any p ∈ P, tr
(
Ip

p0
e−ετ∗

p0
τp0

)
is Gâteaux-differentiable at pointp0 ∈ P and

δX tr(Ip
p0

e−ετ∗
p0

τp0 ) = tr(δXIp
p0

e−ετ∗
p0

τp0 ).

Whenever the Riemannian structure onG is independent ofp, any orbit satisfying con-
dition 1) is of type(T ), for in that case the traces involved in 2) and 3) vanish,δXIp

p0

being an antisymmetric operator.

Proposition 3.2. LetP → P/G be a preregularisable principal fibre bundle. Then

1) Any orbit of type(T ) is preregularisable. More precisely, ifOp0 is an orbit of type
(T ), for any horizontal vectorX at pointp0, the operatorHε

X is trace class, the map
p 7→ volε(Op) is Gâteaux differentiable in the directionX at pointp0 and

trHε
X − δX tr(Ip

p0
e−ετ∗

p0
τp0 ) = −δX log vol′ε(Op)

= −1
2

∫ +∞

ε

tr′[δX (τ∗
p τp)e−tτ∗

p0
τp0 ]dt.

(3.7)

2) If the Riemannian structure onG is independent ofp, the orbit of any pointp0 is a
preregularisable orbit and

trHε
X = −δX log vol′ε(Op) = −1

2

∫ +∞

ε

tr′[δX (τ∗
p τp)e−tτ∗

p0
τp0 ]dt, (3.7bis)

wheretr′ means we have restricted to the orthogonal of the kernel ofτ∗
p0

τp0 andvol′ε
means that we only consider eigenvaluesλp

n that correspond to eigenvectors that do
not belong toIp

p0
Kerτ∗

p0
τpo .

Remarks.1) In finite dimensions, for a compact connected Lie group acting via isome-
tries on a Riemannian manifoldP of dimensiond, we have for anyε > 0 and using
the various definitions of the volumes, including theµ-volume,µ ∈ R:

lim
ε→0

δX log volε(Op) = δX log volµregOp

= δX log volOp.

Hence going to the limitε → 0 on either side of (3.7 bis) we find:

trHX = −δX log volOp.

If the Gâteaux-differentiability involved is aC1- Gâteaux-differentiability, this yields

trSp = −grad log volOp

This leads to a well known result, namely (Hsiang’s theorem [H]) that the orbits of
G whose volume are extremal among nearby orbits is a minimal submanifold ofM .
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2) Equality (3.7) tells us that whenever the Riemannian structure onG is independent of
p (as in the case of Yang-Mills theory), strongly minimal orbits of a preregularisable
principal fibre bundle are pre-extremal orbits. This gives a weak (in the sense that we
only get a sufficient condition for strong minimality and not for minimality) infinite
dimensional version of Hsiang’s [H] theorem.

3) If both the spectrum ofτ∗
p τp and the Riemannian structure onG are independent of

p, as in the case of Yang-Mills theory in the abelian case (where the spectrum only
depends on a fixed Riemannian structure on the manifoldM ), the orbits are strongly
minimal (see also [MRT 1] par.5).

Proof of Proposition 3.2.We setBp = τ∗
p τp. For the sake of simplicity, we assume that

Bp is injective on its domain, the general case then easily follows.

1) From the preregularisability of the principal bundle follows (see Proposition 2.1) that
the mapp 7→ detε(Bp) is Gâteaux-differentiable in the directionX at pointp0 and

δX log detε(Bp) =
∫ +∞

ε

dttr(δXBpe
−tBp ). On the other hand, by Lemma 3.1

1
2
〈
∫ +∞

ε

dt(δXBpe
−tBp )T p

n , T p
n〉p − e−ελ

p0
n (δXIpT p0

n , T p0
n )p0

= −〈Hε
X Ũp

n, Ũp
n〉p.

(∗)

The fibre bundle being preregularisable, by the results of Proposition 2.0, the first
term on the left-hand side is the general term of an absolutely convergent series.
On the other hand, the orbit being of type (T ), the series with general term given
by e−ελ

p0
n (δXIpT p0

n , T p0
n )p0 is also absolutely convergent. Hence the right-hand side

of (*) is absolutely convergent andHε
X is trace class since (Ũn)n∈N is a complete

orthonormal basis of Imτp,

−
∫ +∞

ε

dttr(δXBpe
−εBp ) = trHε

X − δX log Volp0
ε (Bp) = −δX log detε(Bp),

which then yields (3.7).

2) This follows from the above and point 3) of Lemma 3.1 and holds for any orbitOp

of a regularisable fibre bundle since it does not involveδXIp.

�
The following proposition gives an interpretation of trµ

regHX in terms of the variation
of the regularised volume of the orbit.

Proposition 3.3. The fibres of a regularisable principal fibre bundle with structure group
equipped with a fixed (p-independent) Riemannian metric are regularisable.

1) For a givenµ ∈ R, orbits areµ- minimal whenever they areµ- extremal.

More precisely, for any pointp0 ∈ P and any horizontal vectorX at pointp0, the
one parameter familyHε

X has a limit tracetrµregHX and

trµregHX = −δX log volµreg(Op)

=
1
2

 m−1∑
j=−J,j 6=0

δX
bj(p)

j
+
∫ 1

0

δXFp(t)
t

dt +
∫ ∞

1
t−1δX tre−tτ∗

p τpdt − µδXb′
0

 .

(3.8)
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For µ′ ∈ R,

trµHX = trµ
′HX + γ(µ′ − µ)δXb′

0, (3.9)

where as beforeb′
0 = b0 − dimKerB.

2) Orbits areµ-minimal whenever

lim
s→1

−1
2

0(s)−1
∫ ∞

0
ts−1

∑
λn 6=0

e−tλp
nδXλp

ndt + (s − 1)−1δXb′
0(p)dt


exists for any horizontal fieldX at pointp. Furthermore, settingµ = γ, the Euler
constant, we have

trγ
regHX = −1

2
lim
s→1

0(s)−1
∫ ∞

0
ts−1

∑
λn 6=0

e−tλp
nδXλp

ndt + (s − 1)−1δXb′
0(p)

 .

(3.10)
If moreoverδXb′

0 = 0 for any horizontal vectorX at pointp0, if an orbit isµ-minimal
for one value ofµ, it is for any value ofµ.

Remarks.1) From (3.9) follows that unlessδXb0 = 0, µ-minimality depends on the
choice of the parameterµ.

2) In the case of a compact connected Lie group acting via isometries on a finite
dimensional Riemannian manifoldP of dimensiond, the various notions of mini-
mality coincide sinceb0 = d, volµreg(Op) = vol(Op) (this being the ordinary volume)
and (1.10) yields:

trSp = −grad log vol(Op),

whereSp is the second fundamental form. It tells us that the orbits ofG, the volume
of which are extremal among nearby orbits is a minimal submanifold ofP. This
proposition therefore gives an infinite dimensional version of Hsiang’s theorem [H].

2) A zeta function formulation of Hsiang’s theorem in infinite dimensions was already
discussed in [MRT1] in the context of Yang-Mill’s theory. However, there was an
obstruction due to the factorb0(p) in the zeta-function regularisation procedure which
does not appear here (see also [MRT2]). A formula similar to (3.10) (but using zeta
function regularisation) can be found in [GP] (see in [GP] formula (3.17) combined
with formula (A.3)).

Proof of Proposition 3.3.As before, we setBp = τ∗
p τp. and we shall assume for simplicity

thatBp is injective; the proof then easily extends to the case when the dimension of the
kernel is locally constant on each geodesic containingp0.

1) Since the fibre bundle is regularisable, we know by Proposition 2.1 that the map
p 7→ detreg(Bp) is Gâteaux-differentiable in the directionX. Let us now check that
Hε

X has a regularized limit trace, applying Lemma 1.1. For this, we first investigate
the differentiability of the mapε 7→ trHε

X . By the result of Proposition 3.2, we

have trHε
X =

1
2

∫ ∞

ε

dtδX tr
e−tBp

t
= −1

2
δX log detε(Bp). The differentiability inε

easily follows from the shape of the middle expression.
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Setting as beforeFp(t) = tre−tBp −
∑m−1

j=−J bjt
j
m , we have furthermore

∂

∂ε
trHε

X = −1
2
ε−1δX tre−εBp

= −1
2
δX

Fp(ε)
ε

− 1
2

m−1∑
j=−J

δXbjε
j−m

m .

From the regularisability of the fibre bundle follows that|δX
Fp(ε)

ε | ≤ K for someK > 0
and 0< ε < 1 (see assumption (2.5 bis)) which in turn implies that

∂

∂ε
trHε

X '0 −1
2

−1∑
j=−J−m

δXbj+mε
j
m .

Settingf (ε) ≡ tr(Hε
X ) in Lemma 1.1, we can define the regularised limit trace

trµregHX +
1
2
µδXb0 = lim

ε→0
(trHε

X +
1
2

−1∑
j=−J

m
δXbj

j
ε

j
m +

1
2
δXb0 logε)

= lim
ε→0

−1
2

δX log detε(Bp) −
−1∑

j=−J

mδX
bj

j
ε

j
m − δXb0 logε

 by (3.7 bis )

= lim
ε→0

−1
2
δX

log detε(Bp) −
−1∑

j=−J

mbj

j
ε

j
m − b0 logε


= −1

2
δX log detµreg(Bp) by (1.5)

=
1
2

[
m−1∑

j=−J,j 6=0

mδXbj

j
+
∫ 1

0
dt

δXFp(t)
t

+
∫ ∞

1
t−1δX tre−tτ∗

p τpdt] by (2.6 b).

2) It is well known that the expression0(s)−1
∫∞

0 ts−1∑
n e−tλn is finite for Res

large enough and that it has a meromorphic continuation to the whole plane. Since
0(s) = (s − 1)0(s − 1), we have fors with large enough real part:

0(s)−1
∫ ∞

0
ts−1

∑
n

e−tλp
nδXλp

ndt = (s − 1)−1 1
0(s − 1)

∫ ∞

0
ts−1

∑
n

e−tλp
nδXλp

ndt

= −(s − 1)−1 1
0(s − 1)

∫ ∞

0
ts−2δX tre−tBpdt

see assumption (2.2) and Lemma 3.1
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= −(s − 1)−1 1
0(s − 1)

m−1∑
j=−J

∫ 1

0
t

j
m +s−2δXbjdt +

+
∫ ∞

1
ts−2δX tre−tBpdt +

∫ 1

0
δXFp(t)ts−2dt

)
by (2.5)

= −(s − 1)−1 1
0(s − 1)

m−1∑
j=−J

1
j
m + s − 1

δXbj

+
∫ ∞

1
ts−2δX tr e−tBpdt +

∫ 1

0
ts−2δXFp(t)dt

]
,

where we have setFp(t) = tre−εBp −
∑m−1

j=−J bj(p)t
j
m . Hence, since0(s)−1 =

s + γs2 + O(s3) arounds = 0, going to the limits → 1, we find:

lim
s→1

[0(s)−1
∫ ∞

0
ts−1

∑
n

e−tλp
nδXλp

ndt + (s − 1)−1δXb0(p)] =

= lim
s→0

(−1 − γs + O(s2))

 m−1∑
j=−J,j 6=0

1
j
m + s

δXbj +
∫ ∞

1
ts−1δX tr e−tBpdt

+
∫ 1

0
ts−1δXFp(t)dt − γδXb0

]
= δX det0reg(Bp) − γδXb0 by formula (1.6) (withµ = 0) and (2.6 b)

= −2tr 0
regHX − γδXb0,

where lims→0
∫∞

1 ts−1δX tr e−tBpdt =
∫∞

1 t−1δX tr e−tBpdt holds using estimate

(*) arising in the proof of Proposition 2.0 and lims→0
∫ 1

0 ts−1δXFp(t)dt+s−1δXb0 =∫ 1
0 t−1δXFp(t)dt by (2.5 bis) and using dominated convergence.

The rest of the assertions of 2) then easily follow.
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