A stochastic algorithm finding generalized means on compact
manifolds

Marce Arnaudon’ and Laurent Miclo*

f Institut de Mathématiques de Bordeaux, UMR 5251
Université de Bordeaux and CNRS, France

! Institut de Mathématiques de Toulouse, UMR 5219
Université de Toulouse and CNRS, France

Abstract

A stochastic algorithm is proposed, finding the set of generalized means associated to a proba-
bility measure v on a compact Riemannian manifold and a continuous cost function x on M x M.
Generalized means include p-means for p € (0,00), computed with any continuous distance func-
tion, not necessarily the Riemannian distance. They also include means for lengths computed from
Finsler metrics, or for divergences.

The algorithm is fed sequentially with independent random variables (Y;,)nen distributed ac-
cording to v and this is the only knowledge of v required. It evolves like a Brownian motion
between the times it jumps in direction of the Y,,. Its principle is based on simulated annealing
and homogenization, so that temperature and approximations schemes must be tuned up. The
proof relies on the investigation of the evolution of a time-inhomogeneous L2 functional and on the
corresponding spectral gap estimates due to Holley, Kusuoka and Stroock.
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1 Introduction

The purpose of this paper is to present a stochastic algorithm finding the generalized means of a
probability measure v defined on a compact manifold M. A Riemannian metric is used, only for
the algorithm.

Algorithms for finding means, medians or minimax centers have been the object of many inves-
tigations, see e.g. [20], [25], [13], [14], [7], [26], [9], [1], [5], [10], [6]. In these references a gradient
descent algorithm is used, or a stochastic version of it avoiding to compute the gradient of the
functional to minimize. Either the functional to minimize has only one local minimum which is
also global, or ([9]) a local minimum is seeked. The case of Karcher means in the circle is investi-
gated in [11] and [16]. In this special situation the global minimum of the functional can be found
by more or less explicit formula.

For generalized means on compact manifolds the situation is different since the functional (1)
to minimize may have many local minima, and no explicit formula for a global minimum can be
expected. In [2] the case of compact symmetric spaces has been investigated and a continuous
inhomogeneous diffusion process has been constructed which converges in probability to the set of
p-means. In [3] the case of p-means on the circle is treated. A Markov process is constructed which
has Brownian continuous part and more and more frequent jumps in the direction of independent
random variables with law v. It is proven that it converges in probability to the set of p-means
of v. Both [2] and [3] use simulated annealing techniques.

The purpose of this paper is to extend the construction in [3] to all compact manifolds, and to
all generalized means.

So let be given v a probability measure on M, a compact Riemannian manifold. Denote by
k: M x M — R a continuous function and consider the continuous mapping

U:M>3x— JM k(z,y) v(dy). (1)

A global minimum of U is called a x-mean or generalized mean of v and let M be their set, which
is non-empty in the above compact setting.

In practice the knowledge of v is often given by a sequence Y := (Y),)nen of independent random
variables, identically distributed according to v. So let us present a stochastic algorithm using
this data and enabling to find some elements of M. It is based on simulated annealing and
homogenization procedures. Thus we will need respectively an inverse temperature evolution S :
R, — R, an inverse speed up evolution o : Ry — R* and a regularization functioné : Ry — R%.
Typically, B; is non-decreasing, a; and J; are non-increasing and we have lim; ,, o 8 = 400,
limy 100 ¢ = 0 and limy, 1o 0; = 0, but we are looking for more precise conditions so that the
stochastic algorithm we describe below finds M.

For finding M, we will use a regularization of x with the heat kernel p(d,z,z). So define for

d > 0 ks(z,y) = f p(d, z, 2)k(z,y) A(dz) where A denotes the Lebesgue measure (namely the
M

unnormalized Riemannian measure) and

Us: M>x— JM ks(x,y) v{dy). (2)

Notice any other regularization which would satisfy the estimates (16) and (23) below and
which would be easier to compute could be used instead of the heat kernel.

Let N = (Np)i=0 be a standard Poisson process: it starts at 0 at time 0 and has jumps
of length 1 whose interarrival times are independent and distributed according to exponential
random variables of parameter 1. The process N is assumed to be independent from the chain Y.
We define the speeded-up process N(® = (Nt(a))tz(] via

viz0, N9 o= Ny 1 g (3)



Consider the time-inhomogeneous Markov process X := (X})¢>0 which evolves in M in the following
way: if T > 0 is a jump time of N(®, then X jumps at the same time, from X7 to Xp =
qb(;(ﬁTaT, XT7 s YN;Q)), where

s ¢s(s,z,y) e M (4)

is the value at time s of the flow started at z of the vector field z — —3V.ks(-,y). In particular

(s, 2,4) = —5 Vs o) (955, 9) 9

where ¢ denotes the derivative with respect to the first variable.
Typically we will have tligl atft||VEs, o = 0, so that for sufficiently large jump-times 7', Xr
—>+00

will be "between” Xp_ and YN(a) and quite close to X7_. To proceed with the construction, we
T

require that between consecutive jump times (and between time 0 and the first jump time), X
evolves as a Brownian motion, relatively to the Riemannian structure of M (see for instance the
book of Ikeda and Watanabe [19]) and independently of Y and N. Informally, the evolution of the
algorithm X can be summarized by the It6 equation (in centers of exponential charts)

Vit 2 0, dXt = U(Xt)dBt + thqbdt (IBtat) Xt_)YNt(a)j dNt(a)

where (B;)i>0 is a Brownian motion on some R™, for all x € M o(z) : R™ — T, M is linear
satisfying oo* = id, x — o(x) is smooth, and where (Y} ())t=0 should be interpreted as a fast
auxiliary process. We used the notation 77 € T, M for thé initial speed of the minimal geodesic
from 2 € M to sufficiently close y € M in time 1 (77 = exp, '(y)). The law of X is then entirely
determined by the initial distribution mo = £(Xy). More generally at any time ¢ > 0, denote by
my the law of X;.

We will prove that the above algorithm X finds in probability at large times the set of means
M. Let us define a constant b > 0, coming from the theory of simulated annealing (cf. for instance
Holley, Kusuoka and Stroock [15]) in the following way. For any x,y € M, let C,, be the set of
continuous paths p = (p(t))o<i<1 going from p(0) = x to p(1) = y. The elevation U(p) of such a
path p relatively to the function U in (1) is defined by

Ulp) = e U(p(t))

and the minimal elevation U(x,y) between x and y is given by

U(z,y) = min U(p).
PECz .y
Then we consider
b(U) = max U(x,y) —U(x) — U(y) + minU (6)
x,yeM M

This constant can also be seen as the largest depth of a well not encountering a fixed global
minimum of U. Namely, if g € M, then we have

bU) = Iyré%cU(wo,y)—U(y) (7)

independently of the choice of xg € M: the proof of b(U) < maxyen U(zo,y) — U(y) is a direct
consequence of the inequality U(z,y) < max(U(x,x), U(xo,y)) and the other direction is trivial.

With these notations, the main result of this paper is:



Theorem 1 For any scheme of the form

(67 = (]. + t)_l
V=0, B = cln(l+1) (8)
(St = 111(2 + t)_l

where ¢ > b(U), we have for any neighborhood N of M and for any my,

li = 1
dim, mi[N] ©
Thus to find a element of M with a high probability, one should pick up the value of X; for
sufficiently large times t.

A crucial ingredient of the proof of this convergence are the Gibbs measures associated to the
potentials Us. They are defined as the probability measures pg s given for any 8 > 0 by

pas(ds) = MA(@) (10)
Z675

where Zg 5 := { exp(—BUs(x)) A(dz) is the normalizing factor.
Indeed we will show that £(X;) and g, 5, become closer and closer as t > 0 goes to infinity in the
sense of .2 variation.

By uniform continuity of x we can easily prove that Us converges uniformly to U as § — 0. As
a consequence, for any neighbourhood N of M, pgs(N') converges to 1 as 3 — oo, uniformly in
d < & for some dy > 0 depending on N. All this will prove the theorem.

The main difference in the method between the present work and [3] concerns the definition
of the jumps. Instead of following the geodesic from the current position to a realization of v,
the process jumps to @s, (Brow, Xi—, Y, @ ). The calculations are much easier, and this allows to
consider more general cost functions k. The drawback is that the implementation may be more
complicated.

The cost functions k are only assumed to be continuous. So this includes distances at the power
p, pP, which lead to p-means, for all p € (0,00). Notice the case p € (0,1) has never been considered
in previous works. This also includes lengths for Finsler metrics, all divergences for parametric
statistical models (Kullback-Leibler, Jeffrey, Chernoff, Hellinger...).

The paper is constructed on the following plan. In Section 2 we obtain an estimate of L; gol
where L;,ﬁﬁ is the adjoint of L, g in L2(u5,5), L, g is the generator of the process X; described
above but with constant «, 3,4. The proof of Theorem 1 is given in Section 3. For this proof, the
estimate of Section 2 is crucial to see how close is the instantaneous invariant measure associated
to the algorithm at large times ¢ > 0 to the Gibbs measures associated to the potential Us, and to
the inverse temperature ;" L

2 Regularity issues

Let us consider a general probability measure v on M. For any o > 0, 5 = 0 and § > 0, we are
interested into the generator L, g5 defined for f from C?(M) via

1

VoM, Lopslfle) = A0+ [(F6xPazy) @) viay) ()

We will prove in Section 3 that £(X;) gets closer and closer to the Gibbs distribution s, 5, as
t — o0. Since for large 8 = 0, ugs concentrates around M uniformly in J sufficiently small, this
will be sufficient to establish Theorem 1.



The remaining part of this section is devoted to a quantification of what separates pgs from
being an invariant probability of L, gs, for @ > 0, 6 > 0 and 8 > 0. As it will become clearer
in the next section, a practical way to measure this discrepancy is through the evaluation of
/1,5’5[(11;7675[]1])2], where L7, 5 5 is the dual operator of Ly g6 in L%(up,s) and where 1 is the constant
function taking the value 1. Indeed, it can be seen that Ly 4 ;[1] = 0 in L%(ups) if and only if
pg, 1s invariant for Lo gs. Before being more precise about the definition of L7 ; 5, we need an
elementary result, where we will use the following notations: for any s € R, T5,  is the operator
acting on measurable functions f defined on M via

Vaze M) Té,y,sf(a:) = f(¢5(5,$,y)) (12)

Lemma 2 For anyy € M, any s € [0,1) and any measurable and bounded functions f, g, we have

f 9(@)Tsy,sf(2) Mdx) = f F(2)Tsy,—s9(2)[ T 9s(=s, -, y)|(2) AMd2)
M M

where dx and dz denote Lebesque measure on M and Jps(—s,-,y)(z) is the determinant at z of
the Jacobian matrixz of ¢s(—s,-,y).

Proof

Just make the change of variable z = ¢;(s, z,y) in the first integral, which yields x = ¢5(—s, z,y).
|

A consequence of this lemma is the next result, where D is the subspace of LL()\) consisting of
functions whose second derivatives in the distributional sense belong to LL2(\) (or equivalently to
L2(pp,6) for any B >0 and § > 0).

Lemma 3 Fora >0, >0 and d > 0, the domain of the mazimal extension of Ly gs on L2(,u575)

is D. Furthermore the domain of its dual operator L7, 5 5 in L2(ups) is also D and we have for
any f €D,

L ssf
— 5 ep(0Us) Mlexp(—5U5) 1] + S (75, fexp(—505) A1l 765(—axb )] i) - £
Proof

With the previous definitions, we can write for any o > 0, 5 = 0 and 6 > 0,
1 1 1
La,ﬂ,é = iA + a JT&y’aﬁ V(dy) — a

where I is the identity operator. Note furthermore that the identity operator is bounded from L2(\)
to L?(pp,5) and conversely. Thus to get the first assertion, it is sufficient to show that § T, o v(dy)
is bounded from L2()) to itself, or even only that [T, o8] (s 18 uniformly bounded in y € M.
To see that this is true, consider a bounded and measurable function f and assume that a8 = 0.
Since (Tosf)? = Tupf?, we can apply Lemma 2 with s = a8, g = 1 and f replaced by f? to get
that

f (Ts s F)2(2) M) f () Tsy - apl | T5(—aB. - y)|(2) A(d2)

N

Js.0 J f2dx

with Js0 = sup |Jes(—aB,-,y)|(z). This quantity is finite, since r4(-, ) belongs to the class C*°
z,yeM
of functions which are smooth in the first variables and whose all derivatives with respect to the



first variable are continuous in the two variables, due to its definition by convolution with a smooth
kernel. Next to see that for any f,g € C?(M),

f Logsf duss = f FLE 5 sgduss (13)

where L7, 56 18 the operator defined in the statement of the lemma, we note that, on one hand,

Jonsauss = 23} [[exp(-aUpgarax

Jf exp(BUs) Alexp(—BUs)g] dug s

and on the other hand, for any y € M,

JgTé,y,aﬁf dpss = Zgs JeXp(_BUé)gTﬁ,y,aﬁf dA

Z3} || #T50.-an (exp(=BU5)g) [T6s(—aB.-, 1)l ) Ado)

by Lemma 2. After an additional integration with respect to v(dy), (13) follows without difficulty.
To conclude, it is sufficient to see that for any f € L?(ug,), Ly ssf € L2(ups) (where Ly ssf is
first interpreted as a distribution) if and only if f € D. This is done by adapting the arguments
given in the first part of the proof, in particular we get that

() | > B exp(2Bosc(U))
(0%

Tsy—aplexp(—=BUs) - 1| Jps(—aB, -, y)| v(dy)

= 2

L2(\)© @

with osc(Us) := sup, yep(Us(y) — Us(w)). For any @ > 0 and 8 > 0, denote = af. As a
consequence of the previous lemma, we get that for any z € M,

Ly gsl(z) = %exp(BUg(m))Aexp(—BU(;(m))_é
+eXp(5anﬂ)> J Tsy—lexp(—BU)] (@) Jés(—n, -, 9)|(z) v(dy)

- Zvuslw? - Lavsw - L

a
1

#2 | explalUste) = Us(os(on DD os(—n )@ vidy) (14

It appears that LZ? 561 is continuous. The next result evaluates the uniform norm of this function.

Proposition 4 There exists a constant C > 0, depending on M and |k, such that for any
B=1,68€(0,1] and a € (0,5%/(28%)) we have

|L&sstl, < Capls™
Proof

In view of the expression of L} P s1(x) given before the statement of the proposition, we want to
estimate for any fixed x € M, the quantity

fM exp(B[Us(x) — Us(s(—1, 2, y)) DT 8s(—1. - )| (x) v(dy).

6



Consider the function
Y(s) = Us(x) — Us(os(s, 2, y)).
It has derivative

W(8) = (U5, Vgl u))(65(s.2.1)

and second derivative

P'(s) = —EHGSS Us (Vis(y)(05(s, 2, 1)), Vs (-, y) (ds(s, y)))—i (VUs, Vs )s(s.ma)) VEs (1)) -

For any n = af, there exists s € [0, 7] such that

2
(=) = $(0) = ' (0) + 0" (—s).

This yields

5 (Us(w) ~ Us(6(n,2,))) = —5 " (TUs, Vgl 9))(w)

2
- % (HeSS U5 (VHé('7 y)(¢5(_5) xz, y)), V’Q(W y)(¢§(_5) xZ, y))) + <VU57 vVR(-,y)(d)g(fs,:p,y))vn('? y)>)

Observe that for any a,b € R, we can find u,v € (0,1) such that
exp(a +b) = (1 + a + a® exp(ua)/2)(1 + bexp(vb)). (15)

Apply this equality with
0 = “NT0; T ()
and

2
b= —% (Hess Us (Vs (- y)(95(s, 2, 9)), Vas(, ) (@s(—, 2, 1)) + {VUs, Vigus () (s (-5 VES (5 4))) -

Using the bounds

!’ !

V>0, [Vinp( - y)@) < o and [Vdlnp(s-p)@)] < o (16)

for some C’ > 0 where Vd denotes the Hessian map (see e.g. [17]), writing

Vs y)(x) = jM Y Inp(6, -, 2)p(d, 2, 2)s(z ) A(d2),

we get
C C
V>0 Vet < and Vs n)@)] < 5 (17)
with C' = 2C"||k|| s, together with
C C
[VUs(2)| < 5 and  [VdUs(2)] < - (18)

It follows that |a] = O(aB?072) and |b| = O(a?p3574), so in conjunction with the assumption
%52 < 1/2, we can write with (15) that

exp(BlUs(z) — Us(ps(—n,z,y))]) = 1-— %<VU5, Ves(y)(@) + 0B, (19)



Integrating this expression, we get that

JM exp(B[Us(x) — Us(¢(=n, 2, y))D|Jds(=n, -, y)|(z) v(dy)

- J T6s(—. - 9)|(z) v(dy)

- | (VU Trst )l Fosn @) vidy) + 0?5574

where we used the fact that |J¢s(—n, -, y)|(z) is uniformly bounded (see (20) below). We can now
return to (14) and we obtain that for any z € M,

2 5 1
Lipsl@) = S IVUs(@)* - SAUs() + — JM (1Tps(—n, - y)l(x) — 1) v(dy)

2
_% J (VUs, VEC, y))@)|Tos(—n, - y)|(z) v(dy) + O(aB ).
M

Note that for /0 > 0 small enough (up to a universal factor, less than the injection radius of M),
we have by Taylor formula with remainder in integral form applied to log, o¢s:

1
o2, = exp, (F0es(c)@) 47 [ (g, 005)" (o)1 = 5) ) )

where log, is the inverse function of exp, and (log, o¢s)” is the second derivative in the first
variable. From this equality, in conjunction with (5) and (17), we get

[Tés(=n, - 9)I(@) = 1+ L Ars (-, y) (@) + 05~ (20)

first for a3/6% small enough and next by a compactness argument for all «, 3,4 in the range
described in the statement of Proposition 4. It also appears that |J¢s(—n, -, y)|(x) is uniformly
bounded when 3252 < % This yields

i j (Tés(=n. - 9)|(x) — 1) v(dy) = f Ars(-ry) (@) v(dy) + O(af?s )
M

= AUg( )+ O(aB? ).

Notice the first term in the right cancels with the second in the right of (14). We also have
52
=5 | U Vst @) T5(—n. (@) v(d)
_ 52 354
= VUs, V/% y)(x)v(dy) )+ O(af?6™")

= _T|VU5(37)|2 + O(aB35 Y.

Here the first term in the right cancels with the first term in the right of (14). The bound announced
in the lemma follows at once.
|

In particular, under the hypotheses of the previous proposition we get

WHoslLE 512 < Caplo™ (21)

The Lh.s. will be used in the next section, when 46~ is small, as a discrepancy for the fact that
g, is not necessarily an invariant measure for L g 5.




3 Proof of Theorem 1

This is the main part of the paper: we are going to prove Theorem 1 by the investigation of the
evolution of a L2 type functional.

On M consider the algorithm X = (X;);>0 described in the introduction. For the time being,
the schemes o : Ry — R%, 3 : Ry —» Ry and 0 : Ry — R} are assumed to be continuously
differentiable. Only later on, in Proposition 9, we will present the conditions insuring the wanted
convergence (9). On the initial distribution mg, the last ingredient necessary to specify the law
of X, no hypothesis is made. We also denote the law of X; by m¢, for any ¢t > 0. We have that
my admits a C! density with respect to A, which is equally written m; (for a proof we refer to the
appendix of [3]). As it was mentioned in the previous section, we want to compare these temporal
marginal laws with the corresponding instantaneous Gibbs measures, which were defined in (10)
with respect to the potentials Us given in (2). A convenient way to quantify this discrepancy is
to consider the variance of the density of m; with respect to ug, 5, under the probability measure

HBs,6:+

2
Vt>0, I, = J( o 1) dug, s, (22)
KBy ,6¢

(here and in the sequel we use the same notation for a probability measure with density, and for
its density with respect to Lebesgue measure). Our goal here is to derive a differential inequality
satisfied by this quantity, which implies its convergence to zero under appropriate conditions on
the schemes « and . More precisely, our purpose is to obtain:

Proposition 5 There exists two constants c1, co > 0 such that for any t > 0 with 8 = 1 and
826,72 < 1/2, we have
I < —er[(B07 ) T exp(=b(U)BY) — anB}o7° — |81] = 5o |61]] I
+ e auBlo;t + 18y + Bedg 210 | VI
where b(U) was defined in (6).

Let us stress the fact that even if the inequality above is true under the stated assumption, it will
be usable only in a situation where all terms in the right are neglectable compared to the first one.

Proof

At least formally, there is no difficulty to differentiate the quantity I; with respect to the time
t > 0. For a rigorous justification of the following computations, we refer to the appendix of [3],
where the regularity of the temporal marginal laws in presence of jumps is discussed in detail (it is
written in the situation considered there of the circle but can be extended to compact manifolds).
Thus we get at any time ¢ > 0,

m orm m m
I; = 2J< : _1) e dﬂﬁt,ét _2J< ! _1) d atln(ﬂﬂt,ét)dﬂﬁtﬁt

VAN
)

-1

146, 5, 146, 5, 146,51 HBeou
2
mg
—}-J ( — 1) O hl(#ﬁzﬁt) dluﬂt#st
K3y ,6¢
2
m m
_ 2f< ! —1) atmtdA—f< : —1) OvIn(ug, 6,) dug, o,
Mﬁt,dt Hﬁtvdi
my
— QJ ( — 1) 0 ln(/‘ﬁt,&) duﬁtyét
K ,6¢
2
m m d
< 2 (21 ) aman st | [ (225 <1) duss +2 [ 1) du
15,6, 14616, Hbe,0u

aume dA + 10 n(p1p,.0,) |, (1 +2V/T1)

9



where we used the Cauchy-Schwarz inequality. The last term is easy to deal with:

Lemma 6 There exists Cy = 0, depending on K, such that for any t = 0, we have
[0 (g, 5l < Co(|Br] + Be |6t 6,72) -

Proof

Since for any ¢t > 0 we have

VeeM,  In(ugs)(x) = —BUs(z)—In U exp(—BUs, (y)) /\(dy))
it appears that V x € M,

at ln(/ﬁﬁt,ét)(l")
- J Us, (4) — Us, () pip. 5, (dy)

8,5, f f f (51,1, 2)05 I p(6s . 2) — PO, 1, 2)05 n p(B, 2, 2)) (2, V) (dv) a5, (dy) M=)
so that

10e (g, < ose(Us,) |Bi] + 26011105 I plloo - 1] co-

Clearly osc(Us,) < 2||k[leo- To finish the proof we are left to use the bound

"

105 np(6, 2, y)| < 5 (23)

for some C” > 0 (see e.g. [17] which yields estimates for spatial derivatives, combined with the

equality ds Inp(6, x, y) = %‘?gj’) = 30 Inp(8, z,y) + 3|VaInp(8,z,y)|?).

|

Denote for any t > 0, f := my/ug, 5, Up to the classical use of a mollifier (as it is detailed after

Remark 39 in [3], arguments which can be extended to the present case), we can assume that f is
is C2. So we have by the martingale problem satisfied by the law of X, that

m
J ( i — 1) 6tmt d\ = JLat,ﬂtﬁt [ft — 1] dmt

HpBy, 60

JLO‘tthaét [ft - 1] Tt dlu’ﬂtﬁt

where Ly, g, 5., described in the previous section, is the instantaneous generator at time ¢ > 0 of
X. The interest of the estimate (21) comes from the decomposition of the previous term into

JLat7Bt76t [ft - 1] (ft - 1) d“ﬁtﬁt + JLat7Bt76t [ft - 1] duﬂt,&s
= JLatzﬁt,ét [ft - 1] (ft - 1) duﬁty(st f(ft - 1) o, B0t []1] duﬁt,ét
< [ Basosd Ui = 00 = 1) ditns, 4V T (L2, 5 [0D7)

It follows from these bounds that to prove Proposition 5, it remains to treat the first term in the
above r.h.s. A first step is:

10



Lemma 7 There ezists a constant c3 > 0, such that for any o > 0 and B > 1 such that a%6 2 <
1/2, we have, for any f € C*(M),

| Lasslr =110 = Ddups < - (; - C3a535‘3) [0V 312 s + a7 [ (7 = 2 sy

Later this inequality will be used only when c3a33673 < 1/2.

Proof
For any oo > 0, 8> 0 and ¢ > 0, we begin by decomposing the generator L, g s into

Lops = Lps+ Raps (24)

where
1
Lyse = (A —F(VU; V) (25)
and where R, g s is the remaining operator. An immediate integration by parts leads to
1
JLﬁ,a [f =1 (f = Ddpss =~ 5 J IV(f — D) dug,s
1 (26)
=-5 J IV fI? dpg.s

Thus our main task is to find a constant ¢ > 0, such that for any o > 0, 8 > 1 and § > 0 with
af8%2672 < 1/2, we have, for any f € C*(M),

URaﬂ,a [~ 110 — 1) duss

< c3aBPe? (J IV fI?dugs + J(f —1)? dﬂﬁ,&) (27)
By definition, we have for any f € C?2(M) (but what follows is valid for f € C'(M)),

VoM, Rapslfle) = o [ Fos(aBio) = @) vidy) + S(VUs(). T 1(a)

To evaluate this quantity, on one hand, recall that we have for any = € M,

VUs(z) = jvaw(-,y)(:c)u(dy)

and on the other hand, write that for any z,y € M,

1
Féstap.ea) ~ @) = a8 [ (T1(aasu ). 5 Trst)és(asu o) ) du
It follows that
| Basslf =110 = Dz

1

- gJ duf’/(dy) Jﬂﬂ,a(dl’) KV, Vs y)(@)) =V f, VEs(+, y) (ds(aBu, z,y))) (f(z) — 1)
0
1

_ gfo dufu(dy) J)\(div)Wf, Vﬁa(',y)(iﬂﬁl(f(x) = Dugs(x)

— (f(ds(=aBu,z,y)) — 1) pas(ds(—afu, z,y))|Jds(—abu, -, y)|(z)

11



where we used the change of variable z — ¢s(—afu, z,y) for the second term in the right. So

j Raps[f = 11(f = 1) dugs

1
= g JO du J v(dy) JA(d$)<Vf, Vis(- y)(@))Is(afu, x,y)

where

I5(S’x7y) = |J¢5(_S7 >y)|($) {(f(l‘) - 1)Nﬂ75(x) - (f(qba(—S,:L‘,y)) - 1)/1575(¢5(—S,$,y))}
+ (f(@) = Dpgs(x)(L = |Jos(=s, -, y)|(x)).

Write
JRmB,é [f =1 (f = 1Ddpgs =1+ J2

where J; is the integral containing the term (1 — |J¢ps(—s, -, y)|(z)). From the validity of

1
ds(—s,x,y) = exp, <3J0 (log, o¢s) (—vs, x,y) dv)

for s small enough (here again we use Taylor formula with remainder in integral form), we get that

for any s,
11— [Ts(=s, - y)|(2)] < casd

for some ¢4 > 0, which yields
J1 <

1
40?67 L du f v(dy) j 115.5(d) |V 15g] |V £ () - | £ () — 1]

< 21020 2|Vl V iz j (f — 1)2 dysg

== N N | =

<

a5 (191, 0+ [ =17 dis )
= csad5 (1911, + (= 1P dis)

with ¢5 = 1ey, using again (17). Moreover, we have

1

1
Ty = g L du f V(dy)Jq/um;(x)/\(d:rXV f. Vﬁg(-,y)>($)|J¢5(—aﬂu,-,y)|(x)(—aﬁu)f v

0

18,5 (ds(—aBuv, x,y))
18,5(x)

<<Vf, —%Vﬁé(', y))(ps(—afuv, z, y))\/#ﬁ,&(%(—aﬁuw T, ’y))\/

+ F(@a(—aBuv, z,)) ~ 1V In a5, ~ 5V 9))(s(~afuv, 7, 9))

—aBuv. x N5,5(¢5(_aﬁuv7xay))
\ s.s(@5(—ap ,,y>>\/ o )

118,6(ds(—aBuv, z,y))
115,6(x)
since a3?672 < 1/2. Exchanging the orders of integration to have the integral with respect to v

Recalling (20), notice that |J¢s(—afu, -, y)|(x) and \/ are uniformly bounded,

12



on the left, using Cauchy-Schwartz inequality for the integral in the right and making the change
of variable z = ¢5(—afuv, z,y) we get

Jo < cs0B?|Viks |51V £ 2 0) <|Vf|w,5> + ﬂlvmaloo\/ f (f —1)2 dum)
(28)

1 1
< caad[Tunslt | (14 019l ) 1931+ 51T mske [ =17 dis

where ¢g = 0 is a constant independent from «, 5,4. Up to a change of this constant, we obtain

o < a0 (191 gy + [(7 = 1 duas 29

where we used (17).
So putting together (26) with the bounds for J; and Jo we get the wanted result.
|

To conclude the proof of Proposition 5, we must be able to compare, for any 5 = 0 and any
[ € CY(M), the energy ugs[|Vf[*] and the variance Var(f, ugs). This task was already done by
Holley, Kusuoka and Stroock [15], let us recall their result:

Proposition 8 Let U be aCl function on a compact Riemannian manifold M of dimension m = 1.
Let b(U) = 0 be the associated constant as in (6). For any 8 > 0, consider the Gibbs measure [ig
given similarly to (10). Then there exists a constant Cpr > 0, depending only on M, such that the

following Poincaré inequalities are satisfied:
VBZ0,¥ feClM),  Var(ffis) < Cwllv (8]VD| P2 en®@)mmslIv L]

We can now come back to the study of the evolution of the quantity I; = Var(f:, ug,s,), for
t > 0. Indeed applying Lemma 7 and Proposition 8 with @ = ay, 8 = B¢, d = & and f = f, we
get at any time ¢ > 0 such that 8; > 1, 6; € (0,1] and o836, < 1/(2¢3),

JLauﬁt,at [ft - 1] (ft - 1) dlu’ﬁt#;t

for some constants c7, cg > 0.
Taking into account Lemma 6, the computations preceding Lemma 7 and (21), one can find con-
stants c1, co > 0 such that Proposition 5 is satisfied. This achieves the proof of Proposition 5.

|

This result leads immediately to conditions insuring the convergence toward 0 of the quantity
I for large times ¢t > 0:

Proposition 9 Let a, 6 : Ry — R% and 8 : Ry — R. be schemes as at the beginning of this
section and assume:

lim o0 = 0
t—+00
lim 6 = 4w
t——+0o0
t—+00
+00
J (1 v (B0, )2 5™ exp(—b(Us,)B,) dt = +o0
0

13



and that for large times t > 0,

max{o 30, %, Bl Bio 2|01} <« (Bidy )T exp(—b(Us,) By)

Then we are assured of

lim I, = 0

t—+0o0

Proof

The differential equation of Proposition 5 can be rewritten under the form
F < —npFi+e (30)
where for any ¢t > 0,
EFo= \/Tt

n = Cl((ﬁt5t_l)275m exp(—b(U(gt)Bt) - 04t55’5t_3 - ‘5” — By ‘5{5‘ 515_2)/2
e = oot + |8 + B % |61)) /2

The assumptions of the above proposition imply that for ¢ > 0 large enough, 8; > 1 and a; 525, 2«
1/2 and oy836;2 < (B:6; )2~ exp(—b(Us,)B¢). This insures that there exists 7' > 0 such that
(30) is satisfied for any ¢t > T (and also Fr < +00). We deduce that for any t > T,

¢ ¢ ¢
F, < Frexp (—J Ns ds) —l—f €5 €XP (—J M du) ds (31)
T T s

It appears that lim;_,, o Fy = 0 as soon as

+00
J nsds = 4o
T

dim = 0

The above assumptions were chosen to insure these properties.
|

In particular, the schemes given in (8) satisfy the hypotheses of the previous proposition (notice
that b(Us) — b(U) as 6 — 0, due to the uniform convergence of Us to U), so that under the
conditions of Theorem 1, we get

lim I; = 0

t——4c0

Let us deduce (9) for any neighborhood N of the set M of the global minima of U. From Cauchy-
Schwartz inequality we have for any t > 0,

Ime = pgesilley = flft — 1] pg, .
< VI
An equivalent definition of the total variation norm states that
— = 2 A) — A
e = pa, i, max [me(A) — 15,5, (4)]
where T is the Borelian o-algebra of M. It follows that (9) reduces to

lim  pgs(N) = 1

B,6~ 1>+

14



for any neighborhood N of M and ¢ sufficiently small, a property which is immediate from the
definition (10) of the Gibbs measures pgs for > 0 and 6 > 0.

Remark 10 Similarly to the approach presented for instance in [21, 23], we could have studied
the evolution of (E})¢~o, which are the relative entropies of the time marginal laws with respect to
the corresponding instantaneous Gibbs measures, namely

Vi>0, B = Jm( UL )dmt
118,51

To get a differential inequality satisfied by these functionals, the spectral gap estimate of Holley,
Kusuoka and Stroock [15] recalled in Proposition 8 must be replaced by the corresponding loga-
rithmic Sobolev constant estimate.
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