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Abstract

The article presents a novel variational calculus to analyze the stability and the propagation
of chaos properties of nonlinear and interacting diffusions. This differential methodology com-
bines gradient flow estimates with backward stochastic interpolations, Lyapunov linearization
techniques as well as spectral theory. This framework applies to a large class of stochastic mod-
els including non homogeneous diffusions, as well as stochastic processes evolving on differen-
tiable manifolds, such as constraint-type embedded manifolds on Euclidian spaces and manifolds
equipped with some Riemannian metric. We derive uniform as well as almost sure exponential
contraction inequalities at the level of the nonlinear diffusion flow, yielding what seems to be the
first result of this type for this class of models. Uniform propagation of chaos properties w.r.t.
the time parameter are also provided. Illustrations are provided in the context of a class of
gradient flow diffusions arising in fluid mechanics and granular media literature. The extended
versions of these nonlinear Langevin-type diffusions on Riemannian manifolds are also discussed.
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1 Introduction

1.1 Description of the models

We denote by |A]2 := Mnaz(AA)Y2 resp. |A|p = Tr(AA)Y2 and p(A) = Apae((A + A')/2) the
spectral norm, the Frobenius norm, and the logarithmic norm of some matrix A, where A’ stands
for the transpose of A, and A4, (.) the maximal eigenvalue. With a slight abuse of notation, we
denote by I the identity (d x d)-matrix, for any d > 1.

Let b; be some time varying differentiable vector field with Jacobian matrix Vb; on R?, for some
parameter d > 1. Consider the deterministic flow ¢t € [s,00[— X (z) starting at X 4(z) = =
associated with the evolution equation

O Xsp(x) = i (Xsp(x)) = OV Xsi(x) = VXsi(x) Vb (Xsi(z)) with VXeg(z)=1 (1.1)

The r.h.s. equation is often called the first order variational equation associated with the flow
X,t(z) along the trajectory X (). This equation plays a central role in the sensitivity analysis

*P. Del Moral was supported in part from the Chair Stress Test, RISK Management and Financial Steering, led
by the French Ecole polytechnique and its Foundation and sponsored by BNP Paribas



of nonlinear dynamical systems w.r.t. their initial conditions. For instance, the spectral norm of
VX ¢(x) can be estimated in terms of the logarithmic norm using the inequalities

—f p(=Vbu(Xsu())) du <log [V Xy (z)]2 <f p (Vbu(Xsu(2))) du (1.2)

S S

A proof of this assertion can be found in [I4], see also [27] for extensions to Lipschitz functions on
Banach spaces. Whenever p (Vb,(x)) < —A\ for some A > 0, the r.h.s. estimate in (1.2)) readily
implies the exponential stability estimate

1
Xoo() — Xag(y) = fo (VXuy(ex + (1 ), (& — y)) de »

= [ Xou(@) = Xop(p)| < 7z —y|

The linearization technique discussed above is often referred as the Lyapunov first or indirect
method to analyze the stability of nonlinear dynamical systems. For a more thorough discussion on
this subject we refer to the pioneering work by Lyapunov [24], as well as to chapter 4 in the more
recent monograph by Khalil [23].

The main objective of this article is to extend these results to nonlinear diffusions and their mean
field particle interpretations on Euclidian as well as on differentiable manifolds. The differential
analysis of conventional diffusions w.r.t. initial conditions is also one of the stepping stones of
Bismut and Malliavin calculus. This framework is mainly designed to study the existence and the
properties of smooth probability densities in terms of the differential properties of the diffusion
semigroup. For a more thorough discussion on this subject we refer to [13, [30], and references
therein.

The relevant mathematical apparatus for the description and the variational analysis of stochas-
tic processes on manifolds being technically more sophisticated than conventional differential cal-
culus, this introduction only discusses nonlinear and interacting diffusions on Euclidian spaces.
The extended versions of these models on Riemannian manifolds are discussed in some details in
section [3:2] as well as in section [£.3]

Let Po(R?) be the set of Borel probability measures on R? with finite second absolute moment,
equipped with the 2-Wasserstein distance given by

Wa(n, i) = inf E(|X - Y[*)"/?

In the above display, the infimum is taken over all pairs of random variables (X,Y’) with respective
distributions 7 and p € P2(R?); and | X — Y| stands for the Euclidian distance between X and Y
on the product space R%.

Also let b, and oy be differentiable functions from R2¢ into R% and R%*", for some r > 1; and
let W; be an r-dimensional Brownian motion. For any u € P2(R%) and any time horizon s > 0 we
denote by Xéft(x) be the stochastic flow defined for any ¢ € [s, oo[ and any starting point 2 € R% by
the McKean-Vlasov diffusion

dX((x) = by (Gs,0(1), XLy (7)) dt + 04 (Ps0(1), XLy (7)) AWy (1.4)

In the above display, ¢+ stands for the evolution semigroup

bes (1) (dy) = pP(dy) = f u(dz) Pl(x,dy) with Pl (x, dy) = P(X",(z) € dy)



We further assume that the mean field drift and diffusion functions are given by

b (m,) = f n(dz) bi(e,y) end oy () :=jn<dx> o1z, )

We shall assume that the nonlinear diffusion flow is well defined. For instance, the existence
of this flow is ensured as son as by and oy are Lipschitz, see for instance [I8], 22].

The mean field particle system associated with is defined by the stochastic flow & +(z) =
(&L +(2))1<i<n of a system of N interacting diffusions

dei4(2) = be (m(Est(2)),€04(2)) dt + o1 (M(Es(2)), E54(2)) W} (1.5)

with the empirical measures

1
m(€se(2)) = P 7 .(2)

1N

In the above displayed formulae, & (2) = 2z = (2%)1<n € (R?)Y stands for the initial configuration
and W} are N independent copies of ;.

1.2 Statement of some main results and article organisation

To motivate this study, the variational calculus developed in the article is illustrated with the
following example

r=d o(x,y) =001 and b(x,y)=—-VU(y)—VV(y—x) (1.6)

for some oy > 0, some confinement type potential function U (a.k.a. the exterior potential) and
some interaction potential function V. This class of nonlinear diffusions and the corresponding
particle interpretations were introduced by H. P. McKean in |28 29]. The extended versions of these
Langevin-type nonlinear diffusions on Riemannian manifolds are discussed in the end of section [3.2]
as well as in section [£.3]

Nonlinear diffusions with constant diffusion and gradient-type drifts arise in fluid
mechanics, and more particularly in the modeling of granular flows [6l [7, B35, 42]. In this context,
¢s,t represents the evolution semigroup of the velocity of a diffusive particule interacting with the
distribution of the particles around its location and following some confinement exterior potential. In
this interpretation, the mean field particle model can be seen as a particle-type representation
of the granular flow.

In the last two decades, the analysis of the long time behavior of this particular class of gradient
type flow diffusions have been developed in various directions:

The first articles on the long time behavior of these models are the couple of articles by
Tamura [33, B4]. The stability properties of one dimensional models has been started in [4, [5]
as well as in [6], see also [9, [111 135].

Since this period, several sophisticated probabilistic techniques have been developed to analyze
the long time behavior of these Langevin-type nonlinear diffusions, including log-Sobolev functional
inequalities [25] 26], entropy dissipation [10, [I5], as well as gradient flows in Wasserstein metric
spaces and optimal transportation inequalities [8] [10, 12, B1], combining the functional 'y Bakry-
Emery method [3], with the Otto-Villani approach [32]. The long time self-stabilizing behavior of
this class of processes in multi-wells landscapes has also been developed by J. Tugaut in a series of
articles [36], 37, 89 140, 41]. For a more thorough discussion on this subject we refer to the recent
article [17], and the references therein.



Unfortunately, most of the probabilistic techniques discussed above only apply to gradient flow
type diffusions of the form . The variational calculus developed in the present article is not
restricted to this class of gradient-type nonlinear models. Nevertheless, because of their importance
in practice this introduction illustrates some of our main results in this context.

Firstly, and rather surprisingly, the variational methodology developed in the present article
applies directly to gradient flow models of the form , simplifying considerably both of their
stability analysis as well as the convergence analysis of their mean field particle interpretations.

This framework also allows to relax unnecessary technical conditions such as the symmetry of
the interaction potential function, or the invariance of the center of mass, currently used in the
literature on this subject (see for instance [33], as well as section 2 in [10], and section 1 in the
more recent article [8]). It also allows to derive uniform as well as almost sure exponential stability
inequalities at the level of the nonlinear diffusion flow. For instance, when V is an even convex
function with bounded Hessian |V2V |3 := sup, |[V2V ()2 < 00, and when V2U > \ I, for some
A > 0 we have the almost sure estimates

| X7 (@) = X5, )| < V2V (t—s) e X7 Wy, p) + e o -y (1.7)
The above estimate is also met for odd interaction potential, as soon as V2U (y) + V2V (y—z) = A I.
In the above display, it is implicitly assumed that the stochastic flows are driven by the same
Brownian motion.

These almost sure inequalities are direct consequence of the contraction inequality , the
remark and the almost sure estimates stated in corollary

To the best of our knowledge, the almost sure exponential decays are the first result of this
type for this class of nonlinear gradient flow diffusions.

Consider a pair of random variables (Z, Z;) with distributions (ug, 1) on R% and set

Ze:=(1—¢€) Zo+e 2y pe := Law(Z:) and Xg, := X\(Z.) (1.8)

Under the assumptions on the potential functions discussed above, for any differentiable function f
on R? with bounded gradient we have the first order differential formula

1

[@s,6(111) = D5t (p10)] (f) = J Octsi(pe)(f) de (1.9)

0

with the linear differential operator

st (1) (f) = E (X VFXE))) st [0ebsa(pe)(f)] < e |V f|

For a more precise statement we refer to theorem Almost sure and uniform estimates of the
first order differential maps € — 0. X¢, are also provided in theorem

Section also presents a differential calculus to estimate the gradient V& ;(2) of the stochastic
flow & +(z) of the interacting particle model . Under the assumptions on the potential functions
discussed above, we shall prove the following uniform spectral norm estimate

[VEsa(2)]2 < e

The above result is a direct consequence of theorem The above estimate ensures that the N-
particle model converges exponentially fast to its invariant measure with some exponential decay
that doesn’t depends on the number of particles. The latter property can also be checked using
more sophisticated Logarithmic Sobolev inequalities [25]. To the best of our knowledge, the almost



sure exponential decays stated above are the first result of this type for this class of interacting
Langevin-type diffusions.

Section [£.2] also provides a natural differential calculus to derive quantitative and uniform prop-
agation of chaos estimates for nonlinear diffusions of the form . Applying these results to
interacting Langevin-type diffusions, without further work we recover the uniform estimates stated
in theorem 1.2 in [25].

We emphasize that the differential calculus presented in this article allows to consider nonlinear
diffusions evolving in differential manifolds. This should not come as a surprise since our framework
allows to enter the variations of the diffusion matrices associated with these stochastic models which
encapsulates the Riemannian structure of the manifold.

We illustrate these comments in the end of section 2.2] with a rather detailed discussion of an
elementary nonlinear geometric-type diffusion. The manifold version of is also provided in
theorem [3.14

We also underline that the variational calculus on differentiable manifolds developed in sec-
tion provides another view and additional results for the diffusions in R? endowed, when possi-
ble, with the Riemannian metric under which these diffusions are Brownian motion with drift. In
this context, different types of synchronous coupling lead to gradient flow estimates where gradients
of the diffusion functions are replaced by Ricci curvatures.

Quantitative propagation of chaos estimates of mean field particle systems on Riemannian man-
ifolds are provided in section Special attention is paid to derive uniform estimates w.r.t. the
time horizon.

2 Nonlinear diffusion semigroups

2.1 Some gradient flow estimates

This section presents some basic properties of the first variational equation associated with the
nonlinear diffusion . Let oy + be the k-th column vector of o, and let V,b(z,y) and Vyop (2, y)
be the gradient of the functions b;(x,y) and oy ¢(x,y) w.r.t. the coordinate u € {x,y}. We also let
X;f () be the i-th coordinate of the column vector X%, (z). The Jacobian VX, (z) of the diffusion
flow X' (x) is given by the gradient (d x d)-matrix

VXL () = (VXM @), VXL (@)

— dVX[ (x) = VXL (x) | Vb (¢s(1), XLy (2)) dt + Z Vo (¢s(p), XLy (x)) dWf

1<k<r

Consider the regularity condition stated below:

(Ha) : There exists some Aa € R such that for any x,y € R? and t = 0 we have

Ap(z,y) == Vybe(z,y) + Vybi(z,y) + Z Vyort(2,y)Vyor(z,y) < =224 1 (2.1)

1<k<r

This spectral condition produces several gradient estimates. For instance, we have the following
uniform estimate

1/2 1/2 Aalt—s
(Ha) = E (IVX2,(2)[3)* < E (VXL (2)[3)"? < Vd e a0 (2.2)



In addition, we have the almost sure estimate
(Ha) and Vyop(z,y) =0—=— HVth(a:)Hg < e Malt=s) (2.3)

The proofs of the above assertions are provided in the appendix, on page For the nonlinear
Langevin diffusion discussed in ((1.6) we have

(Hya) <= VU@Q+VV(y—2)=Ml = |VXL(2)]<e a7 (2.4)
Arguing as in ([1.3]) we readily check the following proposition.

Proposition 2.1. Assume (H4) is satisfied. In this situation, we have
1/2 A (t—
E (| X2 () - XL@)?)'? < Vi e 09z —y) (2.5)
In addition, we have the almost sure estimate
Vyore = 0= |XLy(z) = XLy (y)| < e |z —y| (2.6)

Whenever A4 < 0 the above estimates ensure that the transition semigroup Péf ; is exponentially
stable, that is we have that

Wy (no Py, mPL;) < c exp[=Aa(t —s)] Wy (no,m) (2.7)

These contraction inequalities quantify the stability of the stochastic flow X 5 () w.r.t. the initial
state x, but they don’t give any information of the stability properties of the nonlinear semigroup
¢s,t(p) w.r.t. the initial measure p.

2.2 A first order differential calculus

This section presents a natural first order differential calculus to analyze the stability properties of
the nonlinear semigroup ¢, ¢(x). Consider the matrices

Vybe (22,21) Vb (21, 22) Voot Vaoiy Veork Vyop,
By(z1,29) := Dy = Z
Vibi (22,21) Vb (21, 22) 1sksr | Vyorr Veoi, Vyorr Vyory
(2.8)
In this notation, our second regularity condition takes the following form:

(H¢) : There exists some Ac € R such that for any x,y € R? and t = 0 we have

Ci(z,y) = % [B: (x,y) + Be (2,9)'| + Di (z,y) < =X [ (2.9)

Let Z. be the collection of random variables with distribution g defined in ([1.8). We also
consider a couple of independent stochastic flows

XS, = X05(Z) and Y5, = Y (Z0) (2.10)

driven by independent Brownian motions, say Wy = (W}F)1<r<q and W; = (Wf)lgksd, and starting
from a couple of independent random variables Z. and Z. with the same law.



In the further development of this section, we denote by Ex(.) the expectation operator w.r.t.
the Brownian motion W; = (W})<z<q and the random variable Z.. In this notation, we have

dYs, =Ex [bt (X;t,Y;t)] dt + Ex [at (X;t, Y;t)] dW,
This implies that

d [5eYs€,t] =Ex [vxbt (Xg,tv }/;it)/ 56X§,t + Vybt (X;t? Y::,t), aeYsﬁ,t] dt

7k
+ D B | Vaour (X6 Vi) 0X0, + Vyoup (Ko Ye)) 05, | W,

1<ks<r
(2.11)
with the initial condition L
0Yys=0Zc= 21— Zo
A simple calculation yields the following estimate
€ 2 € € / € € a ‘)(E
atE |:H56Y87t|| ] < ]E <|:an57157 aEYs,t] Ct (Xs,tu Yg,t) |: aiyi;t :|> (212)
s’

The inequality in the above display can be turned into an equality when D; = 0. Also note that
1
2 _ _ J— J—
(He) = E (7 - Yo, ) < fo E (Js]?) de < et E (|7, - Zo[?)

Let C} (R?) be the set of differentiable functions on R? with bounded derivative. A direct consequence
of the fundamental theorem of calculus yields the following theorem.

Theorem 2.2. For any s < t and any f € C}(R?) and po, 1 € P2(RY) we have the first order
differential formula . In addition, we have the exponential contraction inequality

(Ho) = Wy (dss(po), bsi(pn)) < e ) Wy (o, 1) (2.13)

When A¢ > 0, the above theorem provides an alternative and rather elementary proof of the
exponential asymptotic stability of time varying McKean-Vlasov diffusions with non necessarily
homogenous diffusion functions. To the best of our knowledge this stability property is the first
result of this type for this general class of nonlinear diffusions.

For the Langevin-type diffusion discussed in we have Dy = 0 and the matrix C} reduces to

V2U(2’1) 0
*Ct(zla 22) =
0 VQU(ZQ)
V2V (29 — V2V (2 —
V2V (21 — 22) Ve = =) ; (1 = )]
+
V2V (29 — + V2V (2 —
) p T = ) VIV (e - 1)
When V is odd we have
(Ho) <= VU(2)+ V(21 — )= Ac I — (Hy) (2.14)



In the reverse angle, if V' is even and convex then we have
(Ho) <= VU =M\ I = (Ha) (2.15)
As expected, explicit formulae are available for linear and Gaussian models. For instance, when
bi(z,y) = Az + Ayy and oy(z,y) = RY? with A, Ay e R™? and R>0

the diffusion flow Xﬁt(x) € R? is linear w.r.t. y and given for any 2 € R? by the formula

t
Xy(a) = e @ — p(e)) + el M pufe) + f M RY2 gy,

S

In the above display, e(z) = = stands for the identity function on RY. In this context, the process
X¢+ defined in (2.10) is also given by the formula

t
X<, = 2797, — pe(e)) + et A20=9) ) (e) 4+ J eA2= RIZ2 qu,

S,
S

= 0.X5, = 22y — Zy) — E(Z) — Zo)) + M TN B (7, - Zp)

This yields the rather crude estimate

E (10X P) < [ Jelrr 422 1 e2(=9|2] B2y — Zo|?)

Up to some constant, this shows that the r.h.s. Wasserstein contraction estimate in is met
with —A\¢ = p(A1+A2) v p(A2). Applying Coppel’s inequality (cf. Proposition 3 in [14]) we can also
choose —Ac = [¢(A1 + A2) v ¢(A2)] (1 —9) for any 0 < § < 1, where ¢(A) := max; {Re[\i(A)]} <
p(A) stands for the spectral abscissa of a square matrix A.

It may happen the stochastic flow remains in some domain S  R?. The simplest model
we have in head is the geometric diffusion on S = [0, o[ associated with the parameters

bi(z,y) =[a1 —a2 x] y and oy(z,y) =00y with a;eR and ag,00>0

In this situation, the diffusion flow X[,(x) € S is nonlinear w.r.t. y and given for any z € S by
ot
Xéft(:u) = Pr_s(p) Es(W) & with & (W) := exp [UQ(Wt - Ws) — ?(t — s)} (2.16)

with the function v; defined by

1
et 4+ qag u(e) g, (1)

U (p) = with 0, (t) := a] ' (1 — e™ ")

In the above display, we have used the convention y(t) = ¢. In this context, the process X¢; defined
in ([2.10)) is also given by the formula

X;t = ¢t—S(M6> gs,t(W) Ze

= anSE,t = Q;Z)tfs(ﬂe) gs,t(W) [(Zl - ZO) — a2 9a1 (t) '(btfs(,ue) Ze E(Zl - ZO)]



Assume that a; < 0 is chosen so that |aj| > 03/2. In this situation, for any z,y € S we have
Ag(z,y) = 2[a1 — ag z] + 02 < 2a1 + 0f = (Ha) with g = |ai| —03/2<0

as well as
|a1| ef|a1|t

| + a2 ple) (1 — elalt)

—las]t

<e

Vi)

This yields the estimate
2
E [[ﬁgX;t]Q] < [1 + ]al_lag\ e—|a1|(t—s) (E(Zg)l/Z v E<Z12)1/2>] e—(2|a1|—a(2))(t—s) E((Zl o Zo)2)

Up to some constant, this shows that the r.h.s. Wasserstein contraction estimate in is met
with )\C = |CL1‘ — 08/2

The analysis of nonlinear diffusions on more general differentiable manifolds is based on more
sophisticated differential techniques. The extension of the variational calculus developed above to
this class of stochastic processes on manifolds is provided in section [3.2}

We end this section with some illustrations of our results on time homogeneous models (b, oy) =
(b, o) satisfying condition (H¢). We set ¢y := ¢4, and P 1= PO’ft. By theorem there exists an

unique invariant measure
™= ¢i(m) and Wi (¢y(n),m) < e Wa (,m)

For the nonlinear Langevin diffusion discussed in (|1.6)) condition (H¢) is met when (2.14)) or (2.15))
are satisfied. In this context, X := X, is a conventional Langevin diffusion given by the time
homogeneous stochastic differential equation

dXT = =VV™(X]) dt + o9 dW; with 27'V7™(y) = U(y) + Jﬂ(dx) V(y — )

In this situation, the unique invariant measure of X[ is given by

w(m)(dz) = — exp [1 V”(x)} de with vy ;:f exp [010 V”(m)] do

In the above display, dz stands for the Lebesgue measure on R?. In this case the measure m =
¢¢(m) = TP is the unique solution of the equation 7 = (7). We underline that the uniqueness of
the invariant measure is not ensured for double-well confinement potential functions and too small
noise. Further details on this subject including a description of the invariant measures for small
noise can be found in the series of articles [19] 20, 21].

Whenever (H¢) is met, we also have the uniform moment estimates

() (le*) < w(lle]*)/? + W (u, ) (2.17)
In the same vein, when when (H4) and (H¢) are met we have
E[IX! @2 < w(lel)? + W (8.5, m) < e [(lel?) v a(lel®)]" [1+ [«]]
for some finite constant c. The last assertion comes from the fact that

Wy (6, P/, m) < Wa (6P, ¢e(p)) + Wo (¢4 (), 7) < ¢ =P (W, (5, 1) + Wy ()]



2.3 Some almost sure estimates

We fix the parameters € and some given time horizon s > 0, and we set y; := 0. Y.f

«t, forany t € [s, 0of,
with the process Y, defined in (2.11). Also consider the processes

dzy := 2o dt + Z 2kt de and dZ;:= Zy, dt + Z 2kt de

1<k<r 1<k<r

with the collection of processes

20 = By [vxbt (X;t,y;ft)’aexg,t] 2r 1= By [antk (X;t,}/;ft)'an;t]
Zor = Ex Vb (X YE)'| and Ze= B [Vyour (X5 Y5) ]

In this notation, the evolution equation (2.11]) reduces to
dyt = dZt + Cth Yt
Let t € [s,0[— & be the solution of the matrix evolution equation

A& :=dZ, & with & =1 andset Vte[u,o0] Eut 1= EES

= Vte [u, OO[ dgu,t = dZt gu,t

In this notation, we readily check that

t
Yt = gs7t Ys +J gu,t (dzu - Z Zk,uzk,u du)

S 1<k<r

Whenever condition (H4) is met, for any given u = 0 and any ¢ € [u, o[ we have

A&, Eut] = Ep|Zox+ B0+ D) Zht Zaa| Eun dt+ D, Eny (Zee+ Zhy) Eus dWr

u,t
1<k<r 1<k<r
—k
< =20 & Eupdt+ D ELy (B + Zhy) Euy AW
1<k<r

This shows that
(Ha) and Vyop, =0= &, Eu;s < e~ Palt-u) 1
In addition, when Vb, is uniformly bounded, Vo1 = 0 and (H¢) is met, using (2.12)) we have
almost sure estimate
t
[6YS ] < e Zy = Zo| + | Vabea J e MU B (|0.XE,[) du
S
[ Vabi|l2

< e MENZ - Zo) + o

(efAc(tfs) . 67}\A(t78)> E (HZl o 70”2)1/2
with the uniform spectral norm

vath2 1= sup Hvxbt(x7 y) “2
x,Y

We summarize the above discussion with the following theorem.

Theorem 2.3. Assume that Vb is uniformly bounded, Vo5 = 0 = Vyor, and conditions (H )
and (Hc) are met. In this situation, we have the almost sure estimate

0XE ) < MU 2 = Zo| + (t = 5) e [Vl E (12 - Zof?)?
with the process X¢, defined in @ and the parameter X := Ag A A¢.

10



3 Some extensions

3.1 A backward variational formula

The stochastic transition semigroup associated with the flow X f ¢(x) is defined for any mesurable
function f on R? by the formula

PL(f)(@) = f(X{(@) = PLy(f)(2) = E (P, (f)(2))

For twice differentiable function f we have the gradient and the Hessian formulae

VPL(N(x) = VXT(x) PO(V)(2)

VPG, (f) () = [VXL(2) @ VXL ()] PL(V2f)(2) + VEXL (2) PL,(V f)(2)
In the above display, VZX 5“ .(x) stand for the tensors functions

k
VEXL@)apw = 0 XL (@)
[VX:t(.CL‘) &® vXﬁt(aj)](i’j)’(k’l) = vXﬁt(x)i,kvXﬁt(x)j,l
Also recall that the infinitesimal generator L, 4, () of the stochastic flow (1.4)) is given for any

twice differentiable function f by the second order operator

Li gy o () ()(2) 1= {be(@s,0 (1), ), Vf () + % Tr [V2f(x) 01(dse(n), ) oe(ds(n). )]

Next theorem is an extension of a theorem by Da Prato-Menaldi-Tubaro [16] to nonlinear diffusions.

Theorem 3.1. Assume that by(z,y) and oy(x,y) are Lipschitz functions w.r.t. the parameters
(t,x,5y). In this situation, for any p € P2(R?) we have

t

PLN@) = 1@+ | Lug (B 0) @) du

S

+ [ VRO bl ) AW (31)
where JWU stands for the backward integration notation, so that the r.h.s. term in the above formula
s a square integrable backward martingale.

The proof of the above formula follows the elegant stochastic backward variational analysis
developed in [16]. A sketched proof is provided in the appendix, on page

We further assume that Vo .(z,y) = 0. In this situation, using the backward formula
we check the stochastic interpolation formula

0 (X0 0 X1,) () = [Doun) = boa()] (bul, X2, () [ X0 ] (X2, ()

Equivalently, we have

Xl(a) = Xeo) = [ [9X ] (X @) o) = D] Gl X)) du (32

s

Combining (2.2)) and (2.3) with (2.13) we obtain the following corollary.
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Corollary 3.2. Assume the conditions of theorem are satisfied and we have Vo, = 0 and
IV2bi(x,y)|2 < ¢, for some constant ¢ < 0. Also assume that (Ha) and (Heo) are met for some
parameters Aq and Ac. In this situation we have the exponential decay estimates

B (|X](2) = X£y@)[2) ! < e Vi (t—5) e 20 W) with Ai=da a Ae
In addition, when Vyor = 0 we have the uniform and almost sure estimates

|X34(2) = Xy (@) < e (¢ = 5) e A7) Wa(n, )

3.2 Diffusions on smooth manifolds

This section is concerned with the extension of our results to nonlinear diffusions on Riemannian
manifolds. Let us begin with the general necessary facts about nonlinear diffusions in manifolds.
Our presentation will be made as similar as possible to the one in Euclidean space. For this, we
will need It6 differentials of manifold valued diffusions, parallel translation, covariant differential of
tangent bundle valued semimartingales.

Let M be a smooth manifold of dimension d. Stratonovich calculus is similar on M and on R
So we are able to deal with Stratonovich SDE’s of the type

0d X1y (x) = 07 (ds:(1), Xy (2)) dt + 0 (X[ (2))) 0 dWh, (3.3)

where for y € M

b3 (n,y) = anma:)bf (.y), b (e.y) € T,M,

W; is a R™-valued Brownian motion and o(y) is a linear map R™ — T,,M. For simplicity o will not
depend on time, but the time-dependent o can also be treated, we refer to [1] for this extension,
and also for the details of the constructions below.

The only situation we will be interested in is when for all y € M the map

(00®)(y) : Ty M — TyM

is a linear diffeomorphism. In this situation a scalar product can be defined in T;7 M and then in
Ty, M, leading to a Riemannian structure on M. The scalar product in T;M is

9" (W), B) = (o™ () (@), o™ (y)(B) ), (3.4)

and the scalar product in T, M is

9()(u,v) = g*(y) ((00™) " (W) (u), (00™) " (y)(v)) - (3.5)

Associated to the metric g is the Levi-Civita connection V, which will be used to define parallel
transport, Itd equations, It6 covariant differentials. Recall that the parallel transport along a
continuous M-valued semimartingale X is the linear map //; : Tx,M — Tx,M which satisfies
//o = Id and the Stratonovich SDE V.4x,//t = 0. It is the natural extension to parallel transport
along smooth paths, and it is an isometry. Parallel translation allows to anti-develop X; in T'x, M
with the Stratonovich integral

s [ o dx,

12



The process A(X) takes its values in the vector space, it has an Itd differential dA(X), which
allows to define the It6 differential of X,

dV Xy := /)vdt (X)s. (3.6)

This Ito differential is formally a vector which can be expressed in local coordinates as

1. . 0 } . i
dVX, = <de +3 [ £ (Xt) d<X],Xk>t) %(Xt), with the Christoffel symbols I ;.

The next object to consider is It6 covariant derivative DU; of a T'x,M-valued continuous semi-
martingale Uy:

DU, = [ (//;'U3) (37)
easily defined from the fact that //; LU, is vector valued. From the isometry property of parallel

translation we easily get the formula for V; another T'x, M-valued semimartingale and (-, -) := g,

d{Uy, Vi) = (DU, Vi) + (U, DVi) + (DU, DVy). (3.8)

1 m
Defining by (z,y) := b (z,y) + 3 Z Voi(ok(y)) (where for two vector fields A, B, VA(B(y))
k=1

denotes the covariant derivative of A in the direction B (y)), it is well known that the Stratonovich

SDE (3.3)) is equivalent to the Itd6 SDEs
dV XU () = be(dse (), XLy (2)) dt + o(XE () dWE. (3.9)

A remarkable fact concerning this equation, is that whenever it exists, a solution to equation ([3.9))
is a diffusion with nonlinear generator L; 4, ,(u), where

Lty = % A +J n(dx) bi(z,y). (3.10)
M

So we can consider that the starting point of our study is SDE in a Riemannian manifold

(M, g).

Let us adapt the regularity conditions (H4) and (He):

Define Af(z,y) := Vybi(z,y) + Vybi(z,y)’, where V bi(z,y) is the covariant derivative with
respect to the variable y, it is a linear map from T}, M into itself, and Vyb;(x,y) is its adjoint with
respect to the Riemannian metric.

(HY) : There exists some % € R such that for any x,y € M and t > 0 we have

Af(z,y) — Ric(y) < —2X) g() (3.11)

where Ric is the Ricci curvature tensor of M.
Let BY be as in (2.8) with gradient replaced by covariant derivative.
Define Cf (z,y) := 5 [Bf (x,y) + Bf (z,y)'].
(Hg) : There exists some /\gc € R such that for any z,y € M and t = 0 we have

1.
Cf(‘rvy) - iRICMXM(xay) < _)\% gM><M(«737y) (312)

where gayrxam(x,y), Ricarxa(z,y) are the product metric and Ricci curvature on M x M.
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Theorem 3.3. We have the exponential expansion or contraction inequalities

(Hfl) = Wy (T}opslft, ﬁlpéft) <c 67/\?4()&78) Ws (T](), 771) (313)
for some finite constant c. In addition, we have
(HZ) = Wa(dsi(uo), ds(p1)) < e =) Wy (g, 1) (3.14)

Remark: The results of Theorem still hold when ¢ = o, and g = g; depend on time, one just
has to replace in (H%) Ric by Ric — ¢ and in (H%) Ricmxwm by Riemxm — Garx -

Proof. The proof of the first estimate is similar to the proof of Theorem 4.1 in [I] (where time
dependent metrics are considered), so we will omit it. The proof of the second one is a combination
of this proof and to the one of Theorem in the present article. Let us go into the details.

Let Zy, Z; two random variables with values in M, and such that (Zy, Z1) minimizes E[d?(Zy, Z1)]
under the condition that Zy has law po and Z; has law pp. For all w, let € — Z.(w) be a geodesic
between Zy(w) and Z;(w).

As in the proof of Theorem let Y9 (z) = x and t € [s, 0[— Y/? (x) solve the equation

AV} (x) = bi(dsa(po), YiF (@) dt + o (V{7 (x)) dWy

where W; is a R™ valued Brownian motion independent of W;. Let (Ze)ee[(],l] be independent of
(Ze)eefo,1] with the same law, Y, = Zc and Y, the solution to the It6 SDE

dYs, =Ex [bt(XE,taY;,t)] dt + //So,’tg (U(Ys(,]t) th) ) (3.15)

where € — //Sof(w) is the parallel transport along the € — Y (w). Notice that Y, = Y/?(Zy).

s,t —

The equation is not an SDE on the manifold M, it is an SDE on C' M-valued paths.
Existence of solutions have been established in [I]. The processes ¢ ~— Y, are obtained one from
the others by infinitesimal synchronious coupling, and it is the only construction where a.s. the
paths € — Y (w) has finite variation. Moreover, the derivatives of theses paths satisfy

1
DOY S, = Ex [Vaby (XS, V)0 XS ]| dt +Ex [Vybe (X5, Y] Y dt — 3 Ric*(2.YS,) dt (3.16)

where Ric?(u) is the vector such that (Ric*(u),v) = Ric(u,v). The advantage of this construction
is that the above covariant derivative has finite variation, and this implies

dHaeY:,tHQ =2 <66Ys€,tv DaeYse,t>'
Then the proof is similar to the one of Theorem [2.2}

O E [0:Y s %]

aﬁX; € € an; : € €
=E [<< 661/:’; > aBt(Xs,tv Y:s,t) < aeyzgej >>] —E [Rlc(&EY;t, 66}/:9,15)]
_ 0cX$ 4 ¢ vy [ O Xgy 1 : 0 X$ 4t 0 X4
- [(( 5 ) oo (G5 ) |2 mewn (230 ) (5

0. X
_\9 €<rs,t
< ACEM&A@;)

2
] = —2DZE [ ]
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This implies that
E 05, %] < B[ 10deoZe?] 7240 = 7209 Wiy, ).

On the other hand, we have

1 2
W2 (64(110), s, (i) < E [( fo l6.Y5,] de) ]
1 g
< [(E[0YIP) de< e W, )
0

This ends the proof of the theorem. ]

An important example of nonlinear diffusions in manifolds is again given by Langevin diffusions,
defined as in (3.9)), with now

bi(z,y) = —VU(y) — V(F o pz)(y) (3.17)

where U is a potential function, p is the Riemannian distance associated to the metric g, p, is the
distance to  and F : R, — R is a C? function. A sufficient condition bs(x,%) defined by to
be well defined and smooth is that the derivative of F' is nul at the origin and the support of F is
included in [0,2(M)), where +(M) denotes the injectivity radius of M. But smoothness of bi(x,y)
is not a necessary condition for defining nonlinear diffusions.

We find that for u,v e Ty M,
Vyb(u,v) = —V2U (u,v) — VA(F o p;)(u,v). (3.18)
In this context, condition (H%) reduces to
L.
VAU (y) + VA(F © po) (y) + 5 Ric(y) = A g(y). (3.19)

If for instance M is simply connected with nonpositive curvature (which implies that the distance
function p is convex), and F' is nondecreasing, a sufficient condition is

L.
VAU(y) + 5 Ricly) > ¥4 g(y). (3.20)
The computation of By reveals that it is symmetric, and that for (u,v) € T, M x T, M,
Bt(xv y)((u, U)? (u7 U)) == V2U($)(u7 u) - V2U(y)(v, U) - VQ(F © p)(iU, y)((“? 2}), (uv U))v (3'21)
In this context condition (HY,) reduces to
1.
VAU (,y) + VA(F 0 p)(2,y) + 5 Rieana (2,9) = Ny gar (@, 9) (3.22)

where U®?(x,y) = U(z) + U(y). Here again, when M is simply connected with nonpositive curva-
ture, F' is convex and nondecreasing, the above condition is met as soon as

V23U (y) + % Ric(y) = A% g(y). (3.23)
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4 Mean field interacting diffusions

4.1 Stability properties
The interacting diffusion flow fgyt(z) = (ggf (2))1<k<d € R? presented in 1) can be rewritten as

el (2) = F (&an(2)) dt+ D) G, (&u(2) dW}

1<a<r

with the drift and the diffusion functions defined for any z = (z1,...,2n5) € (RO)YN with z; =
(Zg)lglgd e R? by the formulae

ik 1 ik 1
Fife = Y W) md G =5 Y okalz)

1<n<N 1<n<N

For any differentiable function H : z € (RY)YN — H(z) € (RY)Y andany 1 <i,j < Nand 1 <[,k < d
we consider the gradient blocks

[VH(2)];; = V., H () with [Vzi’]{j(z)]l,k = azé’Hj’k(z)

In this notation, for any 7 £ j we have

A 1 1
|V.F ()] =~ bl i) = (VR = 5 Vabilzi )

and the diagonal term
1
[V}"t(z)]i’i = N bet(zi, Zi) + Vybt(m(z), Zi)
Using the composition rule
\Y [7‘[1 o 7‘[2] (Z) = VHQ(Z) (VHl) (7‘[2(2)) (4.1)
we check that

d [vfs,t(z)]iyj = [vf&t(z)VFt (fs,t(@)]i,j dt + Z [vfat(z)vgt,a (fs,t(z))]i,j de7a (4.2)

1<a<d

(Hy) : There exists some Mg € R such that for any z € (RN and t > 0 we have

Ai(z) = VF(2) + VF(2) + D) VGia(2)VGia(2) < —2Xa I (4.3)

1<a<r

This spectral condition produces several gradient estimates. For instance, arguing as in ([2.6|) we
have the following theorem.

Theorem 4.1. Assume condition (H_4) is satisfied. In this situation we have the uniform exponen-
tial decay estimates

1/2 1/2 A a(t—s
E[IV&(2)8]"* < E[IVEaa(2)[}]7* < VAN e (44)
In addition, when VG o(z) = 0 we have the uniform almost sure exponential decay estimate

[VEs(2)lz < e and [€4(2) = &R < e M7 |2 — 7 (4.5)
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The proof of the above theorem is provided in the appendix, on page [28
For the nonlinear Langevin diffusion discussed in (1.6) we have VG, (z) = 0 and

VAE,; = V(- 2)

VAR, = ~VU(z)++ VV(0) - DIRGCEE
In this situation we have
271 4y(2) = —Diag (V?U(21),...,V?U(2n)) — % Ei(2)
with the matrix & (z) with block entries
[E(2)]; 5 = —% V2V (2 —21) + VPV (2 — 2))] and  [E(2)];; = D, VV(zi—2)

When V is odd we have

V23U (y) + (1 - ;) V2V (y —x) = Ml — (Ha)

When V is even and convex we have &(z) = 0 and therefore
VEU(y) 2 da I = (Ha)

In this situation, we also have

A 1 , . . A
dgi = —~ ) [VV(gg — &)+ VU(gg)] dt +dW! with 1<i<N (4.6)
1<§<N

Last but not least, whenever VV'(0) = 0 we have

1 Vi(z; \%4 i
V(Z) _ - (Z Z]) + (ZJ Z) + Z U(Zl)
N 2
1<i<j<N 1<i<N
1
— VZZV(Z) = — VV(Zl — Zj) + VU(ZZ)
N &
1<j<N

Note that VV'(0) = 0 holds when V is even. In this situation, the diffusion & reduces to a conven-
tional Langevin diffusion

d& = —VV(&) dt +dW; with Wy = (WL, ... WYY
In this context, the stationary measure of the particle model &; is given by the Gibbs measure

v(dz) oc exp [—2V(2)] dz
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4.2 Propagation of chaos properties

For any differentiable function g(x,%) from R?? into R? we let V,g(x,%) be the gradient matrices
w.r.t. the coordinate u € {x,y}, and we set

Vawg = Vg +Vyg

We extend matrix-valued functions G : z € R* > G(z) € R¥*9 to the product space R?* by setting
1
27 :_f GGE+e(z—2) de — Glzz] = G(2)
0

We also consider the mapping § : R? — R? x R, z — (z, ), and for any z;7 € R? we set

V2,0l T = V(b0 0)[2;7]) and V9, 00 ka5 E] = V(00 0 0)[2; 7]

Let Bi(z,%) and Dy(z, %) be the functions defined for any z = (z,y) and z := (Z,7) € R? by

Bi(z,7) = % BY (2,7) + <1 - ;f) BY(2,7)
Dy(2,7) = % P (2,7) + (1 _ ;) P (2,7)

The matrices Bt(i) (z,%) in the above display are given by
[ Ve b ;T 0

Bgl)(z,i) = @/y tl: 2] s _

0 Vo 0ly 7]

0) i vybt[(ya ‘T); (@7 j)] vxbt[(y7 I); (@, E)]
B, (z,z) =

B vxbt[(x7y); (57@))] vybt[(xvy); (f’@)]

and the matrices Dt(i) (z,%Z) are given by

V2, oekle T VY o[ 7] 0
D7) = 3| Ve ol 71 Vo0l
1<k<r x/yOtk Yy x/yat,k yy
D(O)(Z 7) = 2 ( Vo k|2 2) Veori[2:Z] Vaori[z: 2] Vyor iz Z] )
L . L<her Vyorkl2:Z) Veoril2:Z] Vyorr[z;Z) Vyor k|2 7]

Consider the following regularity condition:
(Hc) : There exists some Ac € R such that for any z,Z € R*! and t > 0 we have

Ci(2,7) = % [B:(2,2) + Bi(2,2)] + Dil,2) < —Ae I (@)

Let o = (¢})1<i<ny be N independent copies of a random variable with distribution p on R?.
Let & := £0,(¢o) and consider the diffusion processes (; = ({})1<i<n defined as & by replacing the
occupation measures m(§;) by the distributions p; = ¢¢(p) := ¢o+(p); that is, for any 1 <i < N
we have

d¢i = be(pe, ¢ dt + o4 (g, ¢) AW
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Theorem 4.2. Assume condition (Hc¢) is satisfied. In this situation, for any ¢ > 0 and any
distribution p on R we have

1
B(lg -G < v |

0

¢

e—Q(Ac—e)(t—S) (2()[8(“) + 682(/1/)> ds (48)
€

with the parameters

al) = Y j b(10) (d) [oup(z,2) — o0 x(0(12), 2)]

1<k<r

Bt (1)

]1[[ or(p)(dx) [be(x, ) — b(de(n), )|
1 2
' (1 - N) | entwran)snt i) Pote,y) = o).l

Proof. We set S; :=E (||§t1 — ¢ ||2) Using the decomposition

d(&l — ) = [be(m(&), &) — be(pe, )] dt + [oe(m(&), &) — ou(pe, ¢F)] AW
we check that
0eSy = 2 E (&) — ¢} be(m(&), &) — be(pe, ¢))) + Se + T

+2 . E({orp(m(&), &) — oer(m(Ce), ¢y ork(m(C), &) — ovi(pe, G)))

1<k<r

with 3; and I'; defined by
o= Y, Elowk(m(&),&) — ouk(m(G), ¢HIP)

1<k<r

Ly = Y E(loer(m(G), &) = oupline &%)

T

Applying Cauchy-Schwartz inequality we find that
27108 < L + Sy + Jy + T
with
L= E (&= ¢ bm(&),8) = bm(G), ¢)))
Jo o= E (& —¢bm(&), &) — belpe, G1))Y)

To estimate the term >; we observe that

E (loee(m(&), &) — ork(m(G), D7)

= % Z E <<Ut,k(€zv étl) - Ut,k(czv Ctl)v Ut,k(égv é-tl) - O-t,k(cgv Ctl)>>
1<ij<N
< E (Jlowr(& €1) = oun(ch O llonr(&l &) = our(d )
1<ij<N
< % E (lowe(&h &) — orn(CH CHIP) + (1 - ;7) E (Jowi(&, &) — oui(¢ ¢)I)
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On the other hand, for any differentiable function g from R?? into R¢, and for any z = (z,y) and

= (z,7) € R?? we have the first order decomposition

9(2) — 9(z) = Vagl2, 2] (x — ) + Vyg[2, 2] (y —7)

lg(z) —9(@)I* =

lg(z,z) — g(z,T)|* =

with the matrix
2]
z

Vglz,7] := ( Vaglz 2] ]

vrg[
Vyglz,Z]" Vag

V4
29[z

By symmetry arguments, this implies that

2 A}: Hatk é}aé%

1<k<r

Ut,k(Ctla Ctl) HQ)

—E [(52 —¢he - ) é

In the same vein, we have

2 ) E

1<k<r

(lowk (&l &) — e it D)

:E[(ftl —¢ -

This yields the estimate

To estimate the term [I; we use the decomposition

1

(@ =z -7 V=7 (

DO (el &), (¢, ) (§

b -
)
! __Cg ¢
4]

< B|(6 - ¢ - @) D) (&

x—x)
Y=y

(x - E)/ vx/yg[xvf], vx/yg['%f] (3? - f)

P ¢l
—cE)]

DO (el &), (¢ ) (fa

(4.9)

I = % E (¢& = ¢ihbul&r, &) = bi(GH G)) + (1 - N) E (¢ = G bel&, &) = bulGF G))) (4.10)

Also notice that
2 E (&

=2E((&

(e
- Ctlv v9c/y(bt © 5) [é‘tlv Ctl] (&tl

— (L be(&), €)= by
— )

~&| (@ - g - q) 81 s (&

We also have

E (& — ¢ be(€l.€)) -
=E (¢

G

20

-
)]

— G Vb (€8 60)5 (GR GD (& = ¢))



This implies that
E (& — ¢ el€8,6)) = be(GE. G)))
= E (& — & Vabe(€8,6): (&, ¢D] (&8 = &)
E (€2 — G2, Vabil(&,60); (¢ )] (&8 = ¢)))
E (& — ¢ Vil (62,60 (G, D) (& = ¢H))
E (&2 — G2, Vybil (€4, €0); (¢, 6] (62 = ¢B)))

from which we check that

2B ((& — ¢ be(€2,€1) — bi(¢F. 1))

1 A1
—5l@ g -@) B @ ($24)]

Combining the above decompositions we check that

1_ 1
o~ [ (6 - 66t - @) Bl enchan (2% )]

Combining the above estimate with (4.9) we find that

1_ A1
@&<EU¢—¢3—@yam;@m¢@n(% %)]wﬂ@@wan@>

& — G

from which we conclude that
270,85, < —Xe Sy + Jp + Ty

Applying twice Cauchy-Schwartz inequality we check the estimate

1/2

[Je(& Gl < /St E (Jbe(m(G), 6) = belpaas )
On the other hand, we have
E ([16:(m(Co), &) = be(pe, GHIP) - = % Be(p) and Te(G) = + ulu)

This implies that
1 1
2710,8; < =X Sy + —— S+ — «
Ot C Pt N B (1) St N ¢(p)

Recalling that 2ab < ea® + b?/e for any € > 0 and a,b € R, we check that

01 Sy < —2()\0 — 6) Sy + % <2at(u) + 18;(5)>

This ends the proof of the theorem.

We end this section with some comments on the regularity condition (Hc¢).
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For the nonlinear Langevin diffusion discussed in (1.6) we have D;(z,z) = 0 and

Vebil(z,9); (7,9)] = VV[y—2;7—7]

Vybil(z,9); (@,9)] = —VUly;9] = VVI[y—a;5—2] and V), bily; 7] = —V2U[y; 7]
In this context, we have
_ [ V®U[z;7] 0
—Ci(2,72) := { 0 V20U y: 7] ]
. V2V[z — ;7 — 7] _ VZV[ﬂﬁ—y;i—ﬂ];VQV[y—x;?—f]
n (1 - N)
_VQV[xfy@*m;VQV[y*ﬁ?*ﬂ V2V[y — Y — T]

Also observe that for any z € R?? we have the decomposition

W (2) = Cy(z, 2) = (1 - ;) Cy(2) + % c(z)

with the matrices

"2
In the above display C;(z) stands for the matrix defined in 1} Bgl)(z) and Dgl)(z) stand for the
matrices defined for any z = (z,y) € R? by

1) o v$/ybt(l'a x) 0 }
B (z.y) =

' (x y) [ 0 va}/ybt(yv y)

(1) L vz/y(ft’k(q:’;p)/ Vz/yUt,k(%m) 0 :|
DYV (z.y) =

t (x y) léZk:gr [ 0 Vﬂ?/yotﬂf(y?y)/ vx/yat,kz(yay)

Consider the following regularity condition:
(Heay) o There exists some Mgy € R such that for any (z,y) € R% and t > 0 we have

e (@ y) < —Aew 1 (4.11)

Assume that (Ha)) is met. Using the fact that E(X")E(X) < E(X'Y), for any random matrix X,
we check that

—1
1
(He) and (He) aremet  with Ao = Aoy and Ao = (1 - N> Ac) (4.12)
Several uniform estimates can be derived combining (4.8) with the moments estimates (2.17)).
For instance, suppose we are given a time homogeneous model (b;,0;) = (b, o), for some functions
(b, o) with uniformly bounded first order derivatives. Also assume (Hq)) is met for some Ap1) > 0.
In this context, the moments estimates (2.17) ensure that

() v Br(p) < e(p)

for some constant ¢(u) whose values only depends on the measure p. Choosing € = A¢/2 in (4.8))

we readily check that
1 1
E(l€! — ¢c12) < () 9
(Hft Ct H ) N )‘C + )‘C
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4.3 Propagation of chaos in manifolds

Our aim is to state an analogous of Theorem [4.2in a Riemannian manifold (M, g). We will take the
notations of Section Let us denote by p the Riemannian distance in M. Now ¢y = ({})1<i<n
are independent copies of a random variable with distribution g on M. For 1 < i < N the diffusions
¢L(x) satisfy the It6 SDE

deé,t(ﬂf) = by (st (1), Cét(@) dt + U(Cé,t(ﬂf)) dWwy, (4.13)

with o(y) : R™ — T, M linear, oo* = g*, and (W}),1 < i < N independent R™-valued Brownian
motions independent of (y. Denote s := ¢o+(1), ¢ := o.4(¢o). The diffusions ¢} are independent
and identically distributed, with law p; at time ¢. Define an approximation of {; with the Markov
process & = (£})1<i<n satisfying & = (o and for all 4,

Ve = by(m(&), &) dt + /[ ¢i(0(G) AWT) (4.14)

where for z,y € M, //5, denotes parallel translation along the minimal geodesic from z to y. It is
well-known that such an equation has a solution, which realizes the coupling by parallel translation
of martingale parts of ¢} and & (see e.g. [2] or [43]). The only difficulty is when & is in the cutlocus
of ¢}, but this difficulty can be overcome by constructing approximations of the solutions which
are decoupled in an e-neighbourhood of the cutlocus, and by letting then € tend to 0. However the
solution obtained is not strong. Anyway, since // g is an isometry and the W/ are independent, the
process & is a Brownian motion in MY with drift (b;(m(&),&8))1<i<n, so it is a diffusion process.
Moreover independent R™ valued Brownian motions w! can be found such that

dVeEl = bi(m(&), &) dt + o (&) dwy, (4.15)

they satisty , . ; ) ‘ ‘
duf = 0*(&}) (00") (&) [/ ¢ (o(G) dW) + dm

for some “complementary” martingale m:.

The important fact about this construction is that the distance p?((},&)) has finite variation.
More precisely, letting for x,y € M with y not belonging to the cutlocus of z, s — ~(z,y)(s) the
geodesic from z to y in time 1 and T§ = (x, y)(0) we have

dpQ(Ctl7 gtl) = 2<;Y(Ctlv gtl)(l)7 bt(m(gt)v 52)> dt — 2<;Y(Ctla gtl)(o>7 bt(Mt7 C;)> dt

4.16
+20(cl &) ST(c) &) at — d (416

In the above display L; stands for a nondecreasing process which increases only when &} is in the
cutlocus of ¢}, and I is the index map defined for =,y € M, and y ¢ Cut(x), by

d—1 r~p(z,y) 9 ) )
Haw) = 0 | (Ve @) = R I, £(s)) ds (4.17)
i=1

where ¢ is a unit speed geodesic from z to y started at time 0, (J;(0))1<;<q—1 is an orthonormal
basis of ¢(0)*, Ji(p(2,y)) = //xyJi(0) and s — J(s) is a Jacobi field along s — ¢(s) (see e.g. [2]).
It is well known that when Ricys = k then I(x,y) < I(p(z,y),x) where I(p(x,y), k) is the same
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quantity computed in a constant curvature manifold, for two points at the same distance. Moreover
we have the explicit values

) —24/(d = 1)K tan(g di1> if k>0
I(p, k) = 0 if k=0 (4.18)

24/(d —1)( tanh( 7o 1) if k<0
In any case, I(p, k) < —kp, so we obtain as a general result that when Ricys = &

I(z,y) < —k p(z,y). (4.19)

So we have
PP(CH &) < 203(¢H €D (1), bu(m(&r), &) dt
_2<7(Ct17 ftl)(o)v bt(lufh <t1)>dt - Hp(gtl? 6251)2 dt

Define similarly to the previous section for a Riemannian manifold M and a map G : M x M — T M
such that G(z,y) € T,M : for z = (x,y), Z = (Z,y) elements of M x M

(4.20)

Glz; z] := f //ywyy)(e v(z,2)(€)) de € T,M. (4.21)
Ao deie [(:2): (7.)] Vabil(,2): (7, 7))
Vybil(y,2);: (5,2)]  Vabe[(y,2); (7.7 ]
B9z, =[yt Y, & Y, & 4.22
CEA | Vo) 29) Vbl v): (2.9) 422
W, 5. | V(bod)|z;1]
B, (z,z2) = [ 0 V(b 05 \y: 7] (4.23)
where § : M — M x M, z — (z,z), and set
Bi(z2) = ~BY(z2) + (1- ) B, 2) (4.24)
9 N t 9 N t 9
Consider the following regularity condition:
(HZ) : There exists some A¢c € R such that for any z,Z € M x M and t > 0 we have
1
Ci(2,2) := 3 [Bt(z,é) + Bt(z,i)’] < =X guxm(2) (4.25)

Theorem 4.3. Assume that the Ricci curvatures of M are bounded below by x € R and that the
condition (H}) is satisfied. Then

B < g (1-e ) /2 (4.26)

with the parameter By(p) defined as in Theorem[{.9

Remark: The result of Theorem extends to the case when o = 0, and g = ¢; depend on time,
if we replace the bound below of the Ricci curvatures by the assumption that Ricy; — ¢ = kg.

24



Proof. The proof is completely similar to the one of Theorem [£.2] thus it is only sketched. Letting
Sy :=E [p*(¢}, &)] we arrive at

6&%:§(2]¢+—2J&—-&£ﬁ)dt (427)
where
and
which leads to 5
St < —(2X¢ + k) S + ﬁ\/gt\/ Bi(w) (4.30)

so letting sy = /Sy we get

t5t B N ( )
This ends the proof of (4.26)). |

Let us investigate condition (4.25)) for the Langevin diffusion with drift (3.17)), namely

bi(z,y) = =VU(y) — V(F o p:)(y) (4.32)

We need the additional assumption 0F(0) = 0. In this situation, the computation of I; in (4.28])
yields the formula

I=— B [vU® (¢ e ) (G479 (7. 7))

4.33
—5 (1= 3 ) E[ren @ et ) (e ) (el &) Y
where we denoted gf_tl) = (¢}, €)(0), leading to the condition (H%): for all 2,z € M x M,
VU] + (1 ) VAP0 A1 > de garen () (434)
This condition is met for instance when for all z € M x M,
V) + (1= 1) VAFo ) > e garnan() (4.39
Appendix
Proof of and
After some calculations we check that
d [VXL () VXL (2)] = VXL () Ar (st (1), X5y () VXL (2) dt + dMLy () (4.36)

with the matrix valued martingale

dMéft(x) = Z VXéft(a:) [Vyat,k (¢s,t(u)7 Xéft(a:)) + Vyork (Qbs,t(ﬂ)?Xg,t(x))/] VXﬁt(x)/ thk

1<k<r
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and
A (1Y) = Vbi (1) + Vb (,9) + D Vyouk (1,y) Vyouk (1,9) < J p(dz) Ae(z,y)

1<k<r
In the above display, we have used the fact that E(X)E(X) < E(X'Y), for any random matrix X.
The end of the proof of (2.2) and (2.3)) is now clear. [

Proof of (3.1])

For any time mesh ¢ < 41 with so = s and s,, = ¢t with h := max|s; — sp_1| we have

Pf:ff;l(/‘) _ Pf:ff;i(ﬂ)lpf:i,l,sk (d)S,sk,l(P«)) _ Pf,jff;i(u)lpf;ik(u)
Also observe that
Os,s;_ 1 (1) Ds,sp,_ (1)
Ask—fysllc () = Xsk—lkvsli () — =
Sk bs,s5_1 (1)
= f by, <¢5k—17u(¢575k—1(/’6))7Xsk—lkvul (x)) du
Sk—1
Sk bs,sp_q1 (1)
+J Ou, (¢5k—17u(¢575k—1(lu’))7X5k—1k7ul (37)) dw,
Sk—1
Os,s;,_q (1t) Os,s;,,_q (1)
= Yo U @) + 2 (@)
with the random fields
4 (@) bsy, (ks ) (sk — sk—1) + 05, (1, 2) (Ws, — Wi, )
Sk
b @) = [ Bl X ()~ b )]
Sk—1

+ fk [Gu(¢sk,l,u(u),ng_w(x))_Usk(,i’x)] dw,

Sk—1

Using elementary manipulations, for any 0 < h < 1 we check that
1/n
E (X p (@) = 2l") " < en o [lal+ ple®)?]  and Wa(dysinlu) ) < ¢ b pu(le?)?

for some finite constants ¢ and ¢,. Recalling that (¢,z,y) — b(z,y) and (t,z,y) — ou(z,y) are

Lipschitz functions we check that the almost sure convergence
Zﬁkﬂ,sk () —h—o 0 and Agk,l,sk () —nh-0 O

YH () —p—0 O

Sk—1,5k
Using the Taylor expansion

PL ()@ +y) = PL(N(@) + T [VPL()(2)y] + % Te [V2PL,(f) (@)yy]

1
+L (1 =€) Tr [(V2PL,(f)(@ + ey) — V2P (f) () yy/] de
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we check that

Pl () (24 8% (@) = Pl () (@)

=T [VRL (£)(@) A, (@) | + 5 T [VPRL (@A ()AL, (o) ]

1
+ jo (1= ) Te [ (V2PE ()@ + €Al (2) = V2Ph (1)) Al (@)%, (@)] de
Rearranging the terms we find that

Pl o) (o4 A% (@) = P (@)

— Tr [V]P’“

Skt

(D@ VLo @) | + 5 T [VPRL (D@VE o VL @) | + B () @)

with the remainder term

RM

Skt

(f)(z) := Tr [vw

Skt

(F)@) ZE @) | + 5 T [PRE (D@28, @28, 0]

1
+ f (1= ) Te [ (V2PE ()@ + €Al (@) = V2Ph (1)) A (@)%, (@)] de
This yields the decomposition

Pl o) (o4 Ak (@) =P (D (@)
- {Tr [V o(F) ) by () ]+ 5 e [V2P ()2 0, (1,2) 0, w,x)']} (55— 1)

+T1“ [VPZk,t(f) (x) (Wsk - Wskfl), Usk (M? CL')/] + ng,t(f)(x)

with the remainder term

Bl o)) = Rl (D)) + 5 T [V (7)) by (1) (W, = Wey )05, (2] (s — st 1)
+% Tr [V2Pl;k,t(f)(x> Osy, (M?x) (WSk - WSk—l) bSk (M7$)/] (sk - Skfl)
by T VPR () (@) b (0,2 (10,2)' | (51— 54)?

by T VPR (7)) 0, () [(Wey = W) (Way = Way ) = (s = si1) T] 0, (1, )]

On the other hand, we have

P @) — f@) = Y [Pi ftl(“)(f)(x)Pfktk(”)(f)(w)]
1<k<n
N | Seraalty <w+Af§fisiW( >)—Pfk f“”(f)(ac)]
1<k<n



This implies that

PLL(N@) — F@) = ) T [ TP (@) by (60 (), 2)' |

1<k<n

by T [ V2B (1) (@) 00y (D (), ) 03y (B, (1), x)’]} (s — sh-1)

FTe [ VP (1) (@) (We, = Wel)) 00 (b)) |+ Y, Rt (H)(@)

1<k<n
We end the proof of (3.1)) by letting the time step h — 0. ]
Proof of theorem [4.1]
Observe that
o [ M oHa| (2) = > (G Hd") (Ha(2) 2uHE™(2)
Z 1<m<d 1<n<N '

- V. HE,, (2) | Ve Ho(z
XX V() [V ()

N
N
N
A

m n

This implies that

[V (Hi 0 Ho) (2)],5 = Ve [H(H2(2)) | = Y [VH2(2)], [(VH) (Ha(2)],

1<n<N

This ends the proof of (4.1)). The proof of (4.4) and (4.5) come from the formula

AVEs1(2)VEst(2) = Vs 1(2) A (§5,4(2)) VEsi(2) dt + dMy(2)

Dik= . > M2k

1<GEN  1<a<d

with the martingale

defined in terms of the diffusion processes

AMP(2)ik = [Vt (2)VGra (§s2(2))];; WP VEai(2)}

+ Vi (2)ig AWP® ([VEa(2)] [VGral (€54(2))))4

The end of the proof of (4.4) and (4.5]) follows the same lines of arguments as the proof of (2.2) and
(2.3), thus it is skipped. This ends the proof of the theorem. [
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