LAGRANGIAN NAVIER-STOKES DIFFUSIONS ON MANIFOLDS:

VARIATIONAL PRINCIPLE AND STABILITY
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ABSTRACT.

We prove a variational principle for stochastic flows on manifolds. It ex-
tends V. Arnold’s description of Lagrangian Euler flows, which are geodesics
for the L2 metric on the manifold, to the stochastic case. Here we obtain
stochastic Lagrangian flows with mean velocity (drift) satisfying the Navier-
Stokes equations.

We study the stability properties of such trajectories as well as the evolution
in time of the rotation between the underlying particles. The case where the
underlying manifold is the two-dimensional torus is described in detail.

CONTENTS

1. Introduction 1
2. General setting 3
3. The variational principle 4
4. Stability: the two-dimensional torus endowed with the Euclidean

distance 8
5. Stability: the two-dimensional torus endowed with the extrinsic distance 16
6. Stability: a formula for the distance of two particles on a general

Riemannian manifold 17
7. The rotation process 21
References 25

1. INTRODUCTION

The Lagrangian approach to hydrodynamics in the non-viscous incompressible
case consists in studying the configuration of the underlying particles, namely the
solutions of equations

906 = 05000, o0 =

where the velocity field u satisfies Euler equations

%qu Vuu=—=Vp, divu=20

and p is the pressure. The integral flows g are usually called Lagrangian flows.
V. 1. Arnold ([3]) discovered that these flows can be characterized as geodesics on
an (infinite-dimensional) group of diffeomorphisms. They are, in particular, critical
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paths of the action functional

s =3 [ [ 15e0@)IPdutaa

where p is the volume element associated with the metric.

This point of view allows in particular to derive various properties of the geodesics
(the Lagrangian flows) such as stability, through the study of the geometry of the
group ([9], [4]).

When the fluid is viscous, namely for the Navier-Stokes equation, one can de-
scribe the Lagrangian trajectories as realizations of a stochastic process and inter-
pret the associated drift, solving Navier-Stokes, as an expectation over this process.
This probabilistic approach, which we follow here, is inspired by [11], [12]. It is in-
trinsically probabilistic in the sense that there is no random perturbation of the
Navier-Stokes equations: in our model the velocity is, as it should be, determinis-
tic; only the position is described by stochastic flows. Similar stochastic models are
used for example in [6]. In this framework the trajectories remain, in an appropriate
sense, geodesics as they are almost sure solutions of a variational principle. This
was shown in [5] for the two-dimensional torus. We call these processes stochastic
Lagrangian flows.

More recently an analogous stochastic least action principle was derived in [7].
The main differences are that there the author considers backward rather than
forward semimartingales and also that the variations are assumed to be of bounded-
variation type, which is not the case of those we use.

The purpose of this paper is twofold. On one hand we extend the variational
principle for the Lagrangian Navier-Stokes diffusions, derived in [5] for the two-
dimensional torus, to compact manifolds. Moreover we study the stability prop-
erties of these diffusion processes, more precisely the evolution in time of their
distance. The behaviour of the stochastic Lagrangian flows concerning their (L?)
distance depends on the intensity of the noise as well as on the metric of the un-
derlying manifold. The example of the torus is studied in detail, and in this case
we observe that, at least for short times, the flows spread out more than the deter-
ministic classical Navier-Stokes Lagrangian paths. This type of phenomenon was
illustrated by some simulations in [2]. Finally we also describe the evolution in time
of the rotation between stochastic Lagrangian particles.

The general outline of this paper is as follows. In Theorem 3.2 of Section 3
we prove the variational principle on a general compact oriented manifold with-
out boundary. This principle gives rise to the Lagrangian stochastic flows to be
analysed afterwards. The following three sections are devoted to the derivation of
formulae for the distance of two flows. In Section 4 the case of the torus with the
Euclidean distance is considered. Proposition 4.2 gives the Ité formula for the L?
distance between two flows. Proposition 4.4 yields a lower bound for the equation
of the distance. Finally Theorem 4.5 proves chaotic behaviour of trajectories, more
precisely exponential growth of the L? distance, under the condition that the L>
one has a sufficiently small upper bound. This upper bound is needed due to the
presence of cutlocus in the torus. To overcome the calculation with the cutlocus the
torus is endowed in section 5 with the extrinsic distance. Example 5.1 shows that
that without the uniform bound on the L* distance it may happen that the L?
distance between two flows is very small, however its drift is negative, meaning the
conclusion of Theorem 4.5 is not valid here. In Proposition 6.1 of Section 6 the It6
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differential of the L? distance between two flows in a general Riemannian manifold
is computed. From this formula it can be deduced that negative curvature together
with a uniform bound on the distance implies exponential growth of L2-distance.
In the last section we study the stochastic process that describes the evolution in
time of the rotation between particles and how this rotation depends on the dif-
fusion coefficients. Lemma 7.1 yields the Ito covariant differential of the rotation
vector between the particles. It is proven in Proposition 7.2 that if a certain series
involving the coefficients diverges then the rotation becomes faster and faster when
the distance between the particles converges to zero.

2. GENERAL SETTING

Let (M, g) be a compact oriented Riemannian manifold without boundary.
Recall that the 1t6 differential of an M-valued semimartingale Y is defined by

(2.1) dY; = P(Y),d </O P(Y), o dYS)
where

(2.2) P(Y),: Ty,M — Ty,M

t

is the parallel transport along ¢t — Y;. Alternatively, in local coordinates,
1. .
(2.3 ay, = (dY; B ane dYﬁ) o

where F; . are the Christoffel symbols of the Levi-Civita connection.
If the semimartingale Y; has an absolutely continuous drift, we denote it by
DY, dt: for every 1-form a € I'(T* M), the finite variation part of

(2.4) / (a(Yy), dY)

0
is
(2.5) / (a(Yy), DY:dt)
0

Let G*, s > 0 be the infinite dimensional group of homeomorphisms on M which
belong to H*, the Sobolev space of order s. For s > & + 1, m = dimM, G° is
a C*° Hilbert manifold. The volume preserving homeomorphism subgroup will be
denoted by G7:

Gy ={9€G’, 1 gupp=p},

with 4 the volume element associated to the Riemannian metric. We denote by ¢°
(resp. %) the Lie algebra of G® (resp. G§,). See [9] for example.

On M we consider an incompressible Brownian flow g, (t) € GY, with covariance
a € T'(TM ©TM) and time dependent drift u(t,-) € I'(TM). We assume that for
all z € M, a(x,z) = 2vg~!(z) for some v > 0. This means that

(2.6) dgu(t)(x) @ dgu(t)(y) = a(gu(t)(x), 9u(t)(y)) dt,

(2.7) dgu(t)(x) ® dgu(t)(x) = 2vg~" (gu(t)(x)) dt,

the drift of g, (¢)(z) is absolutely continuous and satisfies Dg,, (¢)(z) = u(t, g, (t)(z)).
The generator of this process is
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L,=vA+ 0,
where A is the Laplace-Beltrami operator on M. The parameter v will be called
the speed of the Brownian flow.
Such incompressible flows are known to exist on compact symmetric spaces and
on compact Lie groups.
If the time is indexed by [0,T] for some T > 0, we define the action functional

by
S(.) = 3 [ [ ([ 1psowi? a) dt] .

From now on, for simplicity, we shall simply write dz for integration on the manifold.

3. THE VARIATIONAL PRINCIPLE
Define
(31) H = {U € Cl([O,T], g\?'o)v U(O7 ) = 07 U(T7 ) = O}

Given v € 4, consider the following ordinary differential equation

des(v) .
(3.2) V)
eg(v) =e

where e is the identity of G§°. Since v is divergence free, e.(v) is a GyP-valued
deterministic path.

We denote by & the set of continuous GY,-valued semimartingales g(¢) such that
g(0) = e. Then for all v € S, we have e;(v) o g, (t) € Z.

Definition 3.1. Let J be a functional defined on & and taking values in R. We
define its left and right derivatives in the direction of h(-) = e.(v), v € J at a
process g € & respectively, by

d
(Dr)ndlg] = - Jle.(ev) 0 g()]le=o,
3
(3.3) i
(Dr)nJlg] = £J[g(') o e.(ev)]|e=o-
A process g € &2 wil be called a critical point of the functional J if
(3.4) (Dr)ndlg] = (Dr)nJ[g] =0, Vh = e(v), v € .

Theorem 3.2. Let (t,z) — u(t,z) be a smooth time-dependent divergence-free
vector field on M, defined on [0,T] x M. Let g,(t) a stochastic Brownian flow with
speed v > 0 and drift u. The stochastic process g, (t) is a critical point of the energy
functional S if and only if the vector field u(t) verifies the Navier-Stokes equation

(3.5) %l; + Vyu=v0Ou—Vp

where O = dd* + d*d is the damped Laplacian.

The damped Laplacian, associated to the damped connection V¢, is also known
as the Laplace-de Rham operator. We recall that when computed on forms and,
in particular, on vector fields, it differs from the usual Levi-Civita Laplacian by a
Ricci curvature term (this is the content of the Weitzenbock formula). Therefore,
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on flat manifolds such as the torus, as the curvature vanishes, the two Laplacians
coincide and reduce to the usual one.

For the construction of weak solutions of Navier-Stokes equations on Riemannian
manifolds we refer to [10].

Proof. of Theorem 3.2. Since the functional S is right invariant, it is enough to
consider the left derivative. So we need to compute

(55) oS (ee0)(0)
We let

(3.1 £(6) = Sle.0)(gn)
Then

(3.8) fe=3/ (E

which yields

(39) f/(0) = /N [ <1E

We need to compute

[ (pecosooei) dtD s

T
/O ((Vele=oDer(ev) (gu(t)(2)) , ult, gu(t)(2)))) dtD da.

(3.10) V.leoDex(e0) (gu(8)())
We have
d B det(ev)
vt£|s:06t(€v) = vs|5:07
= Ve|e=0e0(t, er(ev))
= 0(t,e).
Together with v(0,-) = 0, this implies
d
(3.11) d—€|gzoet(6v)(x) = v(t,x).
Consequently
d
(3.12) 22 le=0et(€v) (9u(t)(2)) = v (t, 9u(£)(2)) -
By It6 equation,
dey(ev)(gu(t)(z))

(3-13) = (dey(ev)(+), dgu(t)(z)) + %Vdet(fv)(gu(t)(ﬂﬁ)) (dgu(t)(z) ® dgu(t)(x))
= (de:(ev) (1), dgu(t)(z)) + vAer(ev)(gu(t)(x)) dt.
Here Aet(ev)(+) denotes the tension field of the map e;(ev) : M — M. This yields
Dey(ev)(gu(t)(x)) = (der(v) (), Dgu(t)(x)) + vAei(ev)(gu(t)(@))
+ €0 (t, e (ev) (gu(t) (x)))
= (des(ev) (1), ult, gu(t)(x))) + vAes(ev)(gu(t)(x))
+ ei(t, er(ev) (gu(t)(2))).-

Differentiating with respect to ¢ at € = 0, we get

(3.14)
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Vele=oDei(ev)(9u(1)(x))
= (Vele=oder(e0) (1), ult; gu(t)(2))) + vVele=oAer(ev)(gu(t) (2))

+ 2t gu0) @)
d d
315 <V'd&:€—0€t(5v>(-), u(t,gu(t)(w))> + VO le=oe(0) (9 (1) (@)
+ 2 g.(0)@)
= (V.o(t,-), ut,g.(t)(z))) +v0Ov(t, ) (gu(t)(x)) + %(tvgu(t)(l‘))

o

= Vautgu @) 0t ) + vBu(E ) (gu(8)(@) + 50 (8 () (@)).
We used the commutation formula V.|.—oA = Dd%. Alternatively,
(3.16) v = A" + Ric* (v).
For a T'M-valued semimartingale J; which projects onto the M-valued semi-
martingale Y;, we denote by 2.J; the It6 covariant derivative:
(3.17) 2J, = P(Y)d (P(Y); ' Jy) .
Then It6 equation yields

(3.18)  Qul(t, gu(t)(x)) ~ %(t7 Gu(t)(2)) dt + Vag, 1)@y + VA u(t, g (t)(z)) dt

and
(3.19)  2u(t, gu(t)(x)) ~ %(t, 9u(t)(@)) dt + Vag, 1))V + vA"(E, gu () () dt.

where the notation ~ means ”"equal up to a martingale”; and
| P 2utt.g.0(@)
ou

- /O P(gu(); (m(t, gu(t)(@)) dt + Vg, 1) (o)t + vA u(t, gu(t)(x)) dt)

is a local martingale.
On the other hand, writing u; = u(t, g, (t)(z)) and vy = v(¢, g, (t)(x)) we have

(3.20) (ur,vr) = /0T<9ut, ve) + /0T<ut, Due) + /OT<@ut, Dvy).

Let us denote by Duv; the drift of v; with respect to the damped connection V¢ on
T M, whose geodesics are the Jacobi fields. It is known that,

(3.21) (Dut — I/Ricﬁ(ut)) dt is the drift of Zuy
and
(3.22) (th - VRicu(vt)) dt  is the drift of Pwv;.

As can be seen from (3.15), (3.19) and (3.22), the drift Dv; commutes with the
derivative with respect to a parameter, so it satisfies

(323) D'Ut - Vs‘s:ODet(Ev)(gu(t)(l'))-
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Taking the expectation in (3.20) and using (3.23), (3.21) and (3.22), we get by
removing the martingale parts

E[(ur, vr)] = E [ | Gt a@) + Vuut vt gu(0)@)). w0 dt]

(3.24) +E

T
[) <Uta v€|6:0D€t(€U)(gu(t) (ZL’)) - VRiCﬁ (Ut)> dt]

+E

T
21//0 tr (V.u, V.u) (¢, g.(t)(x)) dt] .

Then using the facts that vy = 0, together with
(3.25) (ug, Ric? (v,)) = (Ric*(uyg), ve)
and (3.16), we get

T
E / (s, VelemoDer(e0) (gut) () dt
0
T ou
(3260  =-E [ / (21, 9u0)(@) + Vg + v0hult, gu(0)(2)), v dt]

T
R [zy /0 b (V.ur, Vovr) (1, gu(t)(x))dt] .

Integrating with respect to x yields
(3.27)
£'(0)

_E VOT (/M <<(§t + V.t m) u> (t, 9u(1)(2), v(t,gu(t)(x))> dx> dt]
o /O ' ( /M tr (V.u, V.0) (¢, gu(t)(x))dx> dt] .
Now we use the fact that gu(£)(-) is volume preserving:
f(0)
/OT (/M <<(§t V.t VD) u) (t,2), v(t,az)> dx) dt]
zy/oT (/M tr (V.u, V.0) (¢, 2) dm) dt] .

Since M is compact and orientable, an integration by parts gives

(3.29) /M tr (V.u, Vo) (t,z)de = f/ (Ou, v) (t, z) d.

M

—E

=-FE
(3.28)

—E

Replacing in (3.28) we obtain

(LA

(3.30) f(0)=-FE
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The process g, (t) is a critical point of the energy functional S if and only if f'(0) =
0, which by equation (3.30) is equivalent to

(3.31) <§t +V,— 1/D> u=—Vp
for some function p on [0, 7] x M. This achieves the proof. O

4. STABILITY: THE TWO-DIMENSIONAL TORUS ENDOWED WITH THE EUCLIDEAN
DISTANCE

We study the evolution in time of the L? distance between two Lagrangian
flows in the two dimensional torus. Notice that, in order to interpret the diffusion
processes as a solution of the variational principle described in section 2, there is
no canonical choice for the Brownian motion, as far as it corresponds to the same
generator. We make here a particular choice.

On the two-dimensional torus T = R/27Z X R/27Z we consider the following
vector fields

A(0) = (ko,—k1)cosk.0, By(0) = (ko,—k1)sink.0

and the Brownian motion

(4.1) AW (t) = > \ev/v(Apday, + Brdy)
kEZ

where zj,y, are independent copies of real Brownian motions. We assume that
>k [k[?A7 < oo, a necessary and sufficient condition for the Brownian flow to be
defined in L?(T). Furthermore we consider Ay = A(]k|) to be nonzero for a equal
number of k1 and ko components. In this case the generator of the process is equal
to

0
L,=CvA+ — .
Cv +8t+8

with 2C° = Y7, A? (c.f.[5] Theorem 2.2). We shall assume C to be equal to one.
Let us take two Lagrangian stochastic trajectories starting from different diffeo-
morphisms ¢ and 1 and write

(4.2) dg: = (0dW (t)) + u(t, g;)dt, dg: = (0dW (1)) + u(t, g)dt
with

9o = ¢7 gO = ¢7 (ZS 7é ¢
We consider the L? distance of the particles defined by
760) = [ 16(0) — v(0) .

where df stands for the normalized Lebesgue measure on the torus.
Denoting p: = p(g¢, G+) and 7(g,g) = inf{t > 0 : p; = 0}, we have the following
result:

Lemma 4.1. The stopping time 7(g, ) is infinite.
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Proof. By uniqueness of the solution of the sde for g, for all ¢ > 0 we can write
Gt(0) = g:((¢71 0 9)(9)). Since g¢, ¢ and ¢ are diffeomorphisms, if p(8) # ¥(6)

then g,(6) # g:((¢™" 0 1)(0)).
As ¢ # 9, the set {0 € T, §:(0) # g.(0)} has positive measure and this implies

that p; > 0, which in turn implies that 7(g, g) is infinite. |

Denote by L.(6) the local time of the process |g¢(0) — g:(6)| when (g:(0), §:(0))
reaches the cutlocus of T. By It6 calculus we have

dpy :% Z MNevVv (ge — e, (Ar(ge) — Ar(Ge)) dzn(t) + (Br(ge) — Br(ge)) dyr(t))p
F

1 N 5 1 ~
+— <9t - gtvu(tvgt) - u(tvgt»ﬂ‘ dt — */ |9t - gt\(a)st(e)
Pt Pt Jr

71 P ~
+ g 2N (146090 = 4@ + 1Belor) — Be@) ) i
k

- % > Xv ({oe G Anlgr) = Ar(@))7 + {0 — G Bulor) — Bul@))z) dt
bk

where (-, )7 and || - || denote, resp., the L? inner product and norm. We shall use
the following notation,

(43) Su(t) = - (u(t. g0) = ult,1))-
We have
~ k(g +3g) . (k- (9t —Gr)
(4.4) A(gt) — Ak(g¢) = —2sin 5 sin ( 5 ) kt,
~ k-(ge+at) . (k-(g9—Gr)
(5)  Bilg) - Bula) = 2c0s 0 I gy (2> K

where we have noted k*+ = (ko, —k1). Then, for k # 0 we define

k 1
4.6 ng = —, and ng(t) = — (gt — gt)-
( ) k |k| q() P (gt gt)

This yields

(4.7) Ak(ge) — Ax(Ge) = —2[k|*py sin

k-(g9:+ g¢) sin (k'(gt_gt)>
NgL,
2 |kl ot 2

(4.8) Bi(gt) — Br(g¢) = 2|k[*pi(cos Eelotgu) o (k = gt)) NpL

2 |kl pe
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With these notations we get
dpy

. s [y g s (b ()~ (0)
= T Ml JELE ( )

|kl ot 2
y <_ sin k- (9t(9)2+ 9:(9))

dxy(t) + cos

+ 00y (0500} dt = [ ng(t.0)]--dLi(0)

sin <I€ (g¢ — gt)> 2
|k|pt 2

T

dt

+ 2vp; Z A k[
k

—2vp; Z /\i|k|4
k

y (/ (nkL.nq(ua))sm(k~(gt(9)+§t(9))> sin (k-(gtw)—ét(@))) d9>2dt
A :

2 |kl pe 2
—2vp; Z A k[
k

([ e o (O BOD) 0 (5005000 )"

And, finally, we obtain the following formula for the L? distance p; between two
Lagrangian flows g; and g;:

Proposition 4.2. The It6 equation for the distance py between the diffeomorphisms
g: and G; satisfies the equation

(4.9) dps = py (atdzt + by dt + (ng(t), du(t)) dt — dat)
where z; is a real valued Brownian motion, oy > 0 is given by
(4.10)

of =4v > Aj|k[*
k

y </T (g _ng(tﬂ))sin(k-(gt(9)+§t(9))> sin <k~(gt(9) —ét(9))) d9>2

2 |kl ot 2
+4v Y NZE[*
k
k-(gt<9>+gt<9>>) sin (h(gt(o)—gt(e))) )
X L t,0)) cos do | ,
([ s e cos (<124 = :
the process b, satisfies
1 sin k‘ . (gt _gt) 2
4.11 by + ~o? =2v VAL ( dt
( ) t ) t ptg k:l | |k|Pt 2 T

and a; is defined by

1
(4.12) ap=0,  da; = / Ing(t,0)|—dLy(6).
T Pt
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From the sde satisfied by the distance p; and Girsanov’s Theorem, we deduce
that for all 0 < tg < ¢,

(4.13)

t t 1
Pt = Pty €XP (/ osdzs +/ (bs - 503 + (ng(s),éu(s»T) ds — (ar — am)) :
to to

We introduce the notation

(4.14) S = On(t,0) = m.

and notice that
We obtain the following estimates,

Lemma 4.3. We have

(4.15) o <4yZA§|k\4/5kL‘k|2 ; ( (gt(9)2— ét(9))> "

and

(4.16) b >2VZ)\ |k:|4/ ng - ) d9/ ;?pt ( (gt(e); gt(e”)d&,

In particular by > 0.
Let R > 0. Assuming that A\, = 0 for all k such that |k| > R then on the set

j

{wIv0eT, 19:0) - 3:0)] <

=

we have

1
bt—EO'tQ ZO
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Proof. Using Cauchy Schwartz inequality,

o2 <4Z)\ k|4 /| ng - ngs )| sin® <k'(9t(9)2+§t(9))> Zi|fplt| <k-(9t(9)2— §t(9)))d9

X/(ng.nkL))uerpl( 9 9u( )da

DR /‘ng )| cos <k (7 <9>+§t<a)>> k|p| <k-<gt<e>2gt<e)>)d9
/‘ng nkL';'“'( (9u(0) - gtw»)de

—4VZA [kl (/ ng i) ||Zl|n| ( Lo ()Q_Qt(e))>d9>2

_ 4VZ A2k ( / O:19:(60) — 510)| ||Zi|rplt| <k (o) = @(9))) d9>2

Pt

<4VZ)\ |k4/|gt)p§§t(0)|2d9/5i¢|zi222 (k.(gt(Q)Q—gt(e))>d9

_4VZA |k4/5“k-|2 ; < (gt(e); MG”)da.

On the other hand,
1 sin® (k- (g.(0) — g:(0
by + 720? =2u Ek )\%|k\4 ( (9:(9) i ))) de,

T WZP% 2

Hence, using the bound

ot < A ([L1ng i (’“'(gt“;‘gt(e”)def
<4VZA2|k\4/ ng L) de/ ‘ngpt ( (9)2_ gt(e)))de

we deduce that

bt>2u2)\ |k|4/ ng - ny) de/ ‘ZT; ( (gt(9)2_§t(9>))d0

where we have used the identity

/(ng “ng)? do + /(ng ngL)?d = 1.
T T

Since A, depends only on |k|, we have A\, = A, for all k. Then combining the
terms corresponding to k and k- we obtain

1
by + 50? = yzk:)\ilk|4

x /T (|k|n; (k-(gt<e>2 - gtw))) . |k|n; (k*(gtw;—gt(e)))) "
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From this equality, using the bound for o7 as well as the identity 67 + 7. = 1, we
derive

1
by — 503 > uzk:mkr*

« / (62— 02,) (Wnp (k (gt<e>2 —gtw))) B |k|np (i& : <gt<02> —gtw»)) do
=v > Ak
k

-2 ~ .2 ~
o o [ sin |kllge — g:[(6) \ _ sin [kllge — g¢1(0)
X/T“k %) (Wp% (‘5’“ 2 REZ \ T 2 0

Assuming that A\, = 0 whenever |k| > R, on the set

{wIvo € T, 19:(6) - 51(6)] < %}

the functions inside the integral in the expression are nonegative. As a result,

1
bt—iaf ZO

Let us write
sinx

(4.17) l(x) = for = #£0, ¢(0)=1.

T

From Lemma 4.3 we easily obtain the following result,

Proposition 4.4. Let R > 1. On the set

{wwe €T, [a®) - 3:6)] < ”f}
we have,
(4.18) dpy > po (atdzt |16t dt — /T |ng(t,9)|%st(9) ten dt)
where

14 ™
=0 —= VAL
cn =20 (25) S

|kI<R

Moreover assuming that A\, = 0 whenever |k| > R, on the set

{w|V9 €T, |g:(0) — g:(0)] < %}

we have,
1
(4.19) dpt > pt <atdzt + 503 dt — ||6u(t)||r dt + ¢ dt>
where )
p= §V|i|nf1 An Lkt (g - 0)? = (e ~v)2)2.

|kI<R
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Proof. 1f |g:(0) — g:(0)] < i then for all k such that |k| < R,

(50 o (3)

sin? (k- (g:(0) — 3:(9)) S 1(2 T
|k[2p7 2 4
Therefore using (4.16) we get

o b6 () S [ )

|k|<R

Pz <\7/T§>V|k|<R |/<|4<(/T (ny - )2 )2+(/1r(ng-nkL)2d9>2>

> 53¢ (J5) 7 X

|k|<R

and this implies

Y

1
4

(again we have used equality [;.(ng-n)? d0+ [-(ng-ny.)? df = 1). This establishes
(4.18).

If |g:(0) — g:(0)] < %, from the proof of Lemma 4.3 we deduce the following
inequalities,

1
by — 50—3 >v > Ak
|KI<R

02 ~ 2 ~
s o (s [ [Kle - @l®)Y s kllge — 3:1(6)
XA@ %”QWﬁ<% 2 L A 4

>v >y )\2|k:|4/ 2)? Wde

|k|<R
|9t gt
/ crdf =
This estabhshes (4.19). O

We can now describe how the distance of two stochastic Lagrangian flows evolve
along the time. They will get exponentially apart, thus exibiting a kind of chaotic
behavior, at least during some time interval. This is the content of next theorem.
When one compares the separation of the stochastic trajectories with the one of
the deterministic integral flows for the Navier-Stokes equations, the spread out of
the stochastic trajectories is larger, at least for small times. We refer to [2] for
examples and simulations.

Theorem 4.5. Lett >0, R>1 and
T
— < —Qq < — 3.
Q, {w €O, Vs <t VOET, |(gs(0)(w) — s (0)(w))] < 23}

If we assume the initial conditions for the L? distance and the L? norm of the initial
velocity to be related as ¢ = pg — 2||lugllr > 0, and suppose that [ u =0, then on
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the set 0 we have,
(4.20)  Vs<t, ps> eJo o5 dzstent (pg — 2|Juol|T /t e~ Jo ordzr—(crt5)s ds)
0
as long as the right hand side stays positive.

On the other hand if we assume that there exist constants c1,co > 0 such that
for all@ € T and s € [0,¢] ,

(4.21) |Vu(t,0)| < cre ",
then on Qy we have the more precise lower bound, holding Vs < t,
t
(4.22) ps > poexp </ 05 dzs + Cpt — % (1- eczt)) ,
0

Proof. Assume that pg — 2||ug|/r > 0. From inequality (4.19) we deduce that on
the set €, for s <t,

2 S
Using the fact that u(t,.) satisfies Navier-Stokes equation together with Poincaré
inequality,

1
(4.23) dps > ps (Usdzs + (cg + =02) ds> —2||lu(s, )| ds.

d
25 1u(s, NIt = —2v[[Vu(s, )17

< —vlfu(s, -

Therefore we have

[lu(s, )r < e 2% [uo|r.
We obtain

2 S
Comparison theorems for solutions of sde’s yield (4.20).

Now assume (4.21). To prove (4.22) we start with (4.19), and remark that
[l0u(t)||T < sup |Vu(t,d)]. Then from the bound on Vu(t, 8) we derive
€T

1 v
(4.24) dps > ps (Usd,zS + (cdp + =0?) ds) —2e7 2°%||ug||T ds.

1
dpt > pt (Jtdzt + 503 dt —cre 2t dt + cr dt) .
Integrating the right hand side between tg and ¢ gives the result. O

Remark 4.6. The bound (4.21) is satisfied for instance for solutions w(t,-) of the
form eVt A, .

Remark 4.7. Assumption (4.21) implies that the velocity decays to zero at ex-
ponential rate. On the contrary the stochastic Lagrangian flows, describing the
position of the fluid, get apart exponentially, at least for short times.

Remark 4.8. Also notice that, by the expression of the constant ¢, the stochastic
Lagrangian trajectories for a fluid with a given viscosity constant tend to get apart
faster when the higher Fourier modes (and therefore the smaller lenght scales) are
randomly excited.
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5. STABILITY: THE TWO-DIMENSIONAL TORUS ENDOWED WITH THE EXTRINSIC
DISTANCE

It seems difficult to deal with the local time term in Proposition 4.2. To cir-
cumvent this problem we propose here to endow the torus T with a distance pr
which is equivalent to the one of section 5, but such that pZ is smooth on T x T.
The assumptions of Theorem 4.5 are not fulfilled and the behaviour of the distance
of two diffeomorphisms can be completely different even if their distance is small.
The uniform control of the distance in Theorem 4.5 looks therefore as a necessary
condition for obtaining an exponential growth of the distance.

The map

R/27Z x R/27Z — [0, 2]

in 0> — 0
° 2

defines a distance on the circle R/27Z: it is the extrinsic distance on the circle
embedded in the plane. We can define the corresponding product distance on the
torus T as

, , 1/2
pr((01,02),(07,0)) =2 <Sin2 (91291> + sin® (92292>> .

Notice that

(91,92) — 2

Pr((01,02), (01,605)) = 2 (2 — cos(0; — 01) — cos(6 — 02)) .

The distance p2 is smooth on T x T.
Now let ¢ and % be two diffeomorphisms on the torus T: we define p(¢, ) via
the formula

P26, 1) = / PR(6(6),(0)) do
T
—o / (2~ cos(6}(6) — ¥ (6)) — cos(62(6) — 4*(9))) db

o] (s (¢1<9>;w1w>> 4 ein? (452(9) ;W(G))) 0

pe = p(g¢, Gt)-

Because of the smoothness of p2, the formula for p; does not involve a local time.
More precisely, writing

Denote

69 = 9+(0) — 9:(0),
dcosk-g=cosk-g(0)—cosk-g.(0),
osink - g =sink - g:(0) —sink - g+(0),

sindg = (sin(6g¢)1(0), sin(dg:)2(0)),

du = (u(t,g:) — u(t,ge))
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we get from It6 calculus,

sin & dcosk - osink -
o= e (00 ) (SR gy PR g ) )
A Pt Pt Pt T
+pt<sin(597 5u> @t
Pt Pt /T

. q)? ink-q)?
42 E )\z/ (k% cos dgy + k3 cos 692) (9 cosk - g) —2 (9sink - g) do | dt
2 % T Pt

Pt 9 sin g1 sindgs \ dcosk g 2
D PP ks —ky do) dt
2 - T Pt Pt Pt

sin § sin & dsink - 2
PN (/ (kz Ak 92> gde) dt.
2 A T Pt Pt Pt
Clearly the Ito differential of the distance p; has the form
dpt = Pt (O’t dZt + bt dt)

where o; and b; are bounded processes and z; is a real- valued Brownian motion.
However the drift may be negative even if p; is small, as the following example
shows.

Example 5.1. Let a > 0 be small and € > 0 satisfying ¢ << a. Take ¢ = id and
assume that there exist two subsets F; and Fs of T such that 1 C F5, Ey has
measure o, Fy has measure a+¢, ¥(6) = 6 for all § € T\ Ey and ¢(0) = (614, 62)
for all 8 € E;. Since € can be as small as we want, we have

pe ~4da, (sindg)o~0, (Jgo)2=~0, (§sink-g)y=~0,
on T\E3, (dcosk-g)g=0,
on Ey, (dcosk-g)o=—2 ifkjisodd, (dcosk-g)o=0 Iifk; is even,

Therefore at time ¢t = 0 we have ,

Pt
dpr~ =5 | D0 ARKE | dt.
k odd
In order to construct a diffeomorphism like 1), one can cut an annulus E; of
width @ in T and rotate it by w. This yields a one to one map on T. Then

™
smoothen it around the boundary of the annulus to get ¥. For the set Es one can
oa+e€

take an annulus of width containing Fjy.

21

6. STABILITY: A FORMULA FOR THE DISTANCE OF TWO PARTICLES ON A
GENERAL RIEMANNIAN MANIFOLD

Let B, = (B{)r>0 be a family of independent real Brownian motions, o =
(0¢)e>0, with, for all £ > 0, o, a divergence free vector field on M. We furthermore
assume that

(6.1) a(z)o™(y) = a(z,y).
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In particular
(6.2) o(x)o*(z) = 2vg~ ! ().

We let ¢, € GY,. In this section we assume that

(6.3) dgi(z) = o(g:(x)) dB; + u(t, g:(v))dt, go =
and
(6.4) dge(x) = 0(ge(x)) dBy + ult, ge(x)) dt, go =1

For simplicity we write z; = g¢(x), v+ = g:(x) and

pe(z) = par (e, ye)

For x,y € M such that y does not belong to the cutlocus of x, we consider a —
Ya(x,y), the minimal geodesic in time 1 from z to y (yo(z,y) = x, Y1 (z,y) = v)).
For a € [0, 1] let J, = Ty, be the tangent map to 7,. In other words, for v € T,, M
and w € T,M, J,(v,w) is the value at time a of the Jacobi field along 7. which
takes the values v at time 0 and w at time 1.

We first consider the case where y; does not belong to the cutlocus of z;. We

note Ty, = Ty (t) = Ya(@e, yr) and v, (t) = Ya(@s, yt)-
Letting P(7,): be the parallel transport along 7,(¢), the following formula for
the It6 covariant differential holds,

P3a(t) = P(a)ed (P(va)7 *a(t))

) 1 .
= Vd’y,,,(ii)’)/a + évd’ya(t) : vd’y,,,(t)’ya (t)

On the other hand the It6 differential d,(t) satisfies

1
d’Ya(t) = Ja(dxtvdyt) + 5 (v(dwt,dyt)']a) (dxtadyt)-

So we get

. . o1 .
(6:5) 29a(t) = Vi, (dzrdy) VotV 1V 4r, gy Ja) sy Vo T 5 Vara® Vara @ Talt).

Let e(t) € T, M be the unit vector satistying To(t) = pi(x)e(t). For £ > 0 we let

a ~ JE(t,x) be the Jacobi field such that J§(t,x) = o4(g:(2)), Ji(t) = o

Moreover we assume that VJg(m)Jg(t x) =0 and VJ{z(m)Jf(t, x) =0.
With these notations, equation (6.5) can be written as

1 1
@Ta = V-]a(dl’t,dyt)Ta + 5 E VVJgJﬁTa dt + 5 § vJﬁ : VJﬁTa dt
£>0 £>0

. 1
= Jo(dar, dyr) + 5 ; VeV e Ty dt.
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‘We have

dpu(x) = d (( / (L0, 1) da) 1/2)

1 1 1
= 5@ (2 /0 (DT, (1), Ta(t)) da + /O (DT, (t), DT, (1)) da)
ot (100 - a (17l
= 3" (bt 2),enw)) aB + (o(ult, gu(@)), ut, (@), en(a))
£>0
o 012 da
e (/ > (V9T o) d dt+;/ 1521 d)
- L j¢ ), e\ 2
2p4(z) [20<‘]0(t> )set(x))”.

Note that

1 1
/(ngvjﬁTa,Ta> daf/ (VeVr,JiT,) da
0

1 1
(V1,V e J5To) da—/ (R(T,,J.)JL, T,) da
0 0

1 1
:/ T, (Ve o, Ta) da—/ (R(T,, J5)JE, T,) da
0 0
1
= [(ngjﬁ,Ta>]o—/ (R(T,, J)JE,T,) da

0

1
= —/ (R(T,, J.)JL, T,) da
0
where we used the fact that V e JE =0 for a = 0,1. Hence,

dp(z) = Z <j§(t,x), et(x)> dB!

>0

+ <Jo<u<t,gt<x>>,u<t,§t<x>>>, er(x))
e (/ = (1212 = (R(Tu(t ), JEN (1)) T (1), Tult,2)) ) da) di

£>0

with J5N (¢, 2) the part of JX(t, ) normal to T,.
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Removing the assumption that y; does not belong to the cutlocus of x, it is well
known (see [8] for a similar argument) that the formula becomes

dpi() = Y (Jo(t,2),e1(x)) dBY

>0

+<%W@mwﬁw@@@»wﬂ@>—ﬂﬂﬂ

s | [ 3 (VP = (R ) 6 00 0,00, Ta0,0))) o

£>0

where —L;(x) is the local time of p;(x) when (g:(z), §:(x)) visits the cutlocus. Then

writing
1/2
pt = p(ge, §t) = (/ pi(x) dl’) )
M
we obtain
dpr =+ 3 (/ pe(2) <j§(t,x),et(a:)> da;) B!
Pt =0 WM

v m@N%W@u»wmm»aw>Mﬁ—i— pu(@) L) da
M

Pt Pt

fom (S0 (f (17 = (R0, 9 )5 0.0, T0:0))) ) ) a

>0
2
/ Z Jotac er(x)) dxdt
2pt M > >
1 , 2
- (/ pe(T) <Jg(t,x),et(x)> dx) dt.
2p3 >0 M

For a vector w € Ty, ()M, we denote w?T the part of w which is tangential to
To(t, x). Writing

Jur <j§’T(ta$)aTo(t,x)> dx

o (b 7] az)

cos (jg’T(t, ), To(t, )) =

(observe that p7 = / | To(t, #)||* dz), we have therefore proved the following re-
M

sult:
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Proposition 6.1. The Ito differential of the distance p; between g; and g; is given
by

do=—3" (/M Pi(@) (Pyu(@).9:) (07 (3())) = 07 (9:(@)) dx) 5

t >0
+ pi pe(x) (Péf,(:c),gt(a:)(uT(gt(w)))) — UT(gt(x))) do dt — l pi(x)dLy(z) dz

LM Pt Jm
i %Pt /M QZO (/01 (”‘j‘f’NHQ — (R(Tu(t, ), Jﬁ’N(t’x))Jf’N(tw),Ta(t,x)>) da) d | dt
b3 (1ot (05700, 10)) [ 70|

>0

In the case of manifolds with negative curvature we may observe a similar phe-
nomena to the one of the torus with the Euclidean distance treated in Section
4: as long as the L™ norm stays sufficiently small to avoid the cut-locus of the
manifold, the L? mean distance between the stochastic particles tends to increase
exponentially fast.

Let us mention that in [1] another approach, using coupling methods, was de-
veloped for the study of the distance between stochastic Lagrangian flows.

7. THE ROTATION PROCESS

In the following we would like to study the rotation of two particles g;(z) and
g¢(z) when their distance is small. Recall that we have denoted z; = g:(x), yr =
g+(z). We shall keep here the definitions and notations of last section.

We always assume that the distance from z; to y; is small: we are interested in
the behaviour of e(t) as p;(x) converges to zero. We let

(7.1) dmz(t)N = o(xy)dBy — (o(x;)dBy, e(t))e(t)

and

(7.2) dmy(t)N = o(y,)dB; — (0(y)dBy, Py, 4, e(t)) Py, 4, e(t)
where P,, . (¢) denotes the parallel transport along .

From It6 formula we have

(7.3) ITy = pulw) Ze(t) + dpr(@)e(t) + dpy(2) Ze(t)
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and this yields

1 1 1
De(t) = @ —— 9Ty — mdpt(;v)e( ) — e )dpt( 2) De(t)
- pix) o(dmz ()™, dmy(t)")
1 .
+ pi(z) Jo(u(t, ze), u(t, ye)) dt + 2Pt( ;VJEVJZTO dt
- Ptgiﬁ) <Pym$t (u(tvyt)) - U(t,xt),e(t»e(t)
- V7, JE? = R(Ta, JE)JE T,) da | e(t)
2,0t / e§>:o Ta )
- épt}x) dpu(2) Fe()
S x Ny, L uN ) uN
_pt(x)Jo(dm )™, dmy(t) )+pt(x)Jo( (t,xe), u™ (t, y))
1
e ; VeV Ty dt
2 £
2pt </ ; V2. JalF = R(Tas J) T )da) e(t)

where we used the fact that dp;(x)Ze(t) = 0, and where u” denotes the part of u
which is normal to the geodesic v,. As before,

V5V 5 To = Vi,V g Jg = R(To, Jg) Jg.
Finally we obtain the following

Lemma 7.1.

Delt) = ﬁjo(dmx(t)N,dmy(t)N) + ﬁjo(uN(t,xt),uN(t,yt))
ZvTovﬂJ — R(Ty, Jb)Jt dt
th z) >0
/Z |V, JE||* — R(T., JE)JE,T,) da | e(t).
2pt £>0

From now on we assume that M = T the two dimensional torus.
In this situation the curvature tensor vanishes and the following formulas hold:

Jo(v,w) = v+ alw —v), Jo(v,w) = w —v.
We immediately get

de(t) = De(t) =

N dpxt)N L uy —uN Ty
pt(x) (dmy®N — dmz(t) )+pt(m) ((u™ (t, ye) (t,ay)) dt

()2 > lloelye) — ool dte(t)

£>0
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where we used the fact that Vr,V;.J® = 0, as a consequence of V¢ J§ = 0,
VJfJf =0,and R=0.

Let us specialize again to the case where the vector fields are given by
A(0) = (ka,—k1)cosk.0, By(0) = (ka,—k1)sink.0
and the Brownian motion is of the form
(7.4) AW (t) = \ev/v(Arday + Brdyy)
kEZ

where z, yr are independent copies of real Brownian motions. As in section 5 we

assume that Y, |k|?A\? < oo and we consider Ay = A(|k|) to be nonzero for a equal
number of k; and ks components. Again we write

(7.5) dg: = (0dW (t)) + u(t, g;)dt, dg: = (0dW (t)) + u(t, g )dt
with

90:¢7 §0=1/J7 (b#’(/}

Changing the notation to g; = ¢+(6) = x+, g+ = §:(0) = yz, we get

1
de(t A k-G —cosk-g)k-Nd
6( ) Pt(e) |kz k\/lj(COS gt COS gt) Lk
|0
1
+ A sink- g —sink - g) k-Nd
@ D AV (sink - gy 9t) i
k|0
1 uN (7 N
+— t,3) —uN(t, g)) dt
~3 21 Z Nyl |2 ((cosk~§t —cosk - g)? + (sink - G — sinkogt)Z) e(t) dt
Pi(0) 7o
! Z A V/rEHN 2SIHM dz,
G |10 2

1 -
+ pt(e) ((UN(t7gt) 7uN(t7gt)) dt

i Z )\ kl N 2sm (7]€ : (th_ gt))e(t) dt
\kl;ﬁO

where zj, is the Brownian motion defined by

k- (g: + g¢) dxk+cosk'(§t+gt)

d
9 9 Yk

dz, = —sin
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Denoting |k |2 = |k|?(ny - e(t))?, we obtain

1 - k- (g — gt) .
06 = g7 32 DTl c0) 0 (200 HI=00 ) s,
1 -
(7.6) pt(e) (W™ (t,30) — u™(t, g0)) dt )
2( Z |k A2 (ny, - e(t))? sin? We(t) dt
W#O

where ¢/(t) is a unit vector in T orthonormal to e(t). Now for every K > 0, if
pe(0) < %, then for all k& such that |k| < K,

sin? k'(gt;gt) - 1
k207 (0) (nk - e(t))? — 72

Since |k| = |k*| and (ng - e(t))? + (nge - e(t))? = 1, we get

e BTN S VS

|k|;£0 0<|k|<K

(7.7)

Observe that the term in the left is the second part of the drift in equation (7.6) as
well as the derivative of the quadratic variation of e(t). This yields the following
result,

Proposition 7.2. Identifying TT with C, we have e(t) = e Xt where X, is a real-
valued semimartingale with quadratic variation satisfying

(7.8) AX Xl = s Z k12220 (ny - e(t))? smzw&
f
) o

and drift given by

(79) /0 p%w)w(s,gs) — u(s, gs), ie(s)) ds.

For all K > 0, on the set {pt(ﬁ) < %}, we have

(7.10) d[X, — > Ak

0<\k|<K

If Z A2 |k|* = 400, then as §;(0) gets closer and closer to g;(0), the rotation e(t)
k|0

becomes more and more irreqular in the sense that the derivative of the quadratic

variation of X; tends to infinity.
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