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Abstract
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1 Introduction

In this paper, we consider the following nonlinear Klein-Gordon equation
coupled with Maxwell equation:

Uy — Ap = =2iediy — iedptp + €2|¢|*) — 2ieVy - A
— A — ie divA — m* + W' (). (1.1)
Ay — AA = eIm(PV) — 2[PPA — Ve, — VdivA. (1.2)
—A¢ = elm(yi)y) — e*[p[*p + divA,.

where ) :RxR?* - C,A:RxR> 2R3, ¢: RxR* 2R, m>0,ecR
and 4 denotes the unit complex number, that is, 7> = —1. Moreover, W(s)
is a regular real valued function which is extended to the complex plane by

setting W'(y) = W’(|¢|)% for ¢ € C.
In this system, v represents an electrically charged field and (¢, A) is a

gauge potential of an electromagnetic field. System (1.1)-(1.3) describes the
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interaction of a particle with an electromagnetic field in the following way:
the field v produces, on one hand, a current which acts as a force for the
electromagnetic field and, on the other hand, carries an electric charge which
is given by the electromagnetic field. (See Section 2 for the derivation.) We
refer to [14], [16] for more physical backgrounds.

To our knowledge, there are few results concerning the Cauchy problem
associated with System (1.1)-(1.3). In [8], [13], the Cauchy problem for the
linear Klein-Gordon-Maxwell equation, that is the case m = 0 and W' = 0,
has been studied. In [15], the author studied the Cauchy problem associated
to (1.1)- (1.3) under several conditions on W. Our aim of this paper is
to study the Cauchy problem corresponding to (1.1)-(1.3) and to obtain the
local existence result by using the standard energy method. In this direction,
one can look for particular global solutions of (1.1)-(1.3) under the form of
standing waves of the type:

Y(z,t) = u(z)e™ (w e R), A(x,t) =0 and ¢(z,t) = ¢(x). (1.4)

Plugging (1.4) into (1.1)-(1.3) leads to the following elliptic system:

{ —Au+ (m* = (w + e¢)*)u = W'(u). (1.5)

—A¢ + e*utp = —ewu?.

The existence of solutions to system (1.5) has been studied widely. (See [2],
[3], [7], [9] and references therein.) The stability of standing waves has been
also considered in [4], [5], [15]. Especially in [4] and [5], the authors showed
that the standing wave is stable when the potential term is positive, that is,
%232 —W(s) > 0 for s > 0. However some challenging problems, for example
the (in)stability for large e, are still left open.

System (1.1)-(1.3) has a so-called gauge ambiguity, thus we need to choose
a suitable gauge condition. In this paper, we impose the Coulomb condition,
that is, we look for a solution A which satisfies

divA = 0. (1.6)

In this setting, one has |rotA|?> = |[VA|? which seems to be useful for the
stability analysis of the standing wave.

To state our main results, we introduce the following notations. First we
impose the following initial conditions at ¢ = 0:

w«)? l’) = ¢(0)($), ¢t(07 I') = ¢(1)
A0,7) = Ag)(z), Ay (0,2) = Au)(z), (1.7)
leA(O) = 0, leA(l) =0.



Moreover we assume that for some m € N with m > 2,

77D(0) € Herl(RS?C)a 1/1(1) € Hm(R37 C))

Ag) € H™ (R R?) and Ag) € H™(R® RY), (1.8)

where H™(RR?,-) denotes the usual Sobolev space. We also introduce the
space DV?(R?) which denotes the completion of C§°(R3) with respect to the
inner product:
(u,v):= [ Vu-Vuvdz.
R3
We recall, by the Sobolev inequality, that the space D'*(IR?) is continuously
embedded into L(R3).
For the nonlinear term W, we assume that

(A W eC™!C,C) and W(0) = W(0) = 0.

Some typical examples of the nonlinear term W are the power nonlinearity
W(s) = :I:%sp with [p] > m + 1 ([p] denotes the integer part of p), or the

cubic-quintic nonlinearity W (s) = 1s® — 2s° for A > 0, which frequently
appears in the study of solitons in physical literatures. (See [12], [14], [16]
for example.)

In this setting, we have the following result.

Theorem 1.1. Suppose that (A) holds and ({0, ¥y, Awy, Aq)) satisfies
(1.8). Then there exists T* > 0 such that system (1.1)-(1.3) with the ini-
tial condition (1.7) has a unique solution (¥, A, @) satisfying the Coulomb
condition (1.6) and

Y € C((0,T%), H™™ Y N C*((0,T%), H™),

A € C((0,T%), H™Y nCY((0,T*), H™),
¢ € C([0,T),D"*), V¢ € C((0,T*), H™), ¢, € C((0,T%), H™).

In [8], [13], [15], the authors used Strichartz estimates and space time
estimates for null forms to obtain a local solution. In this paper, we adopt a
different approach. More precisely, we apply the strategy developed in [6] and
our proof is based on the standard energy method for symmetric hyperbolic
systems. We emphasize that our approach is much elementary. We also
expect that our method is applicable for the Cauchy problem associated with
the nonlinear Klein-Gordon equation coupled with Born-Infeld equations.
(See [10], [18].)

This paper is organized as follows. In Section 2, we introduce the deriva-
tion of system (1.1)-(1.3) and derive some conservation laws. In Section 3, we
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give several estimates for the elliptic equation (1.3). We prove Theorem 1.1
in Section 4. Firstly, we rewrite system (1.1)-(1.3) as a symmetric hyperbolic
system in Section 4.1. Secondly, in Section 4.2, we prove the existence of an
unique local solution by using the energy method.

2 Derivation and conservation laws

In this section, we briefly introduce the derivation of system (1.1)-(1.3) and
derive some conservation laws. Now we consider the (complex) nonlinear
Klein-Gordon equation:

Y — Ap = —mPp + W'(+)
and the corresponding Lagrangian:

Lo = 5 (Wal? = V6P = w2l P) + W(p) = =5 (B 0 + m?lgf?) + W (W),

i 2.)
where 0, = 22—, « =0,1,2,3 and z, = t.

Oza’

Suppose that 1) is an electrically charged field. Then ¢ must interact
with the Maxwell field. Let E and H be the electric and the magnetic fields
respectively, and assume that they are described by the Gauge potential
(9, A), A = (A, Ay, A3) as follows:

E=V¢+A;, and H = rotA.

By the gauge invariance of the combined theory, the interaction between
and (¢, A) is given by exchanging the usual derivatives 9, with the gauge
covariant derivative:

Doc = aoc - /L.GAOU Aa = (_gba Ala A27 A3)
Thus from (2.1), we obtain the following Lagrangian:
1 , 2 , 2 2012
Lo =5 ([0 +ieov|" = |V — ieAu| —m|uf?) + W(w).
Moreover since the Lagrangian of E and H is described by
1 1
Li=3 (1B - [H[]*) = 3 (IVo + Ayf? — [1otA]?)
the total Lagrangian £ = Ly + £, is given by
1 _ .
L= §(|wt + ze@bf — |V¢ - zeAw‘Q - mQWJ|2> + W ()

+%‘V¢+At‘2—%|r0tA‘2. (2.2)



Computing the Euler-Lagrange equations for (¢, A, ¢), we can obtain system
(1.1)-(1.3). Moreover since the electromagnetic current J# = e Im(y)D*1)) is
conserved, we have the following conservation laws for the charge and the
momentum:

% . (e Im (1)) + ezlw\%) dr =0 (charge),

% (e Im (V) — 62\¢]2A> dr =0 (momentum).
R3

We refer to [11] for more details.

Finally we derive the energy conservation law which we will use later on.
To this aim, we multiply ¢, by (1.1), integrating it over R? and taking the
real part to obtain

a 2 _
/R {5 GW 51V + T - Ww)) — 2[¢[? Re(yir)

+ 2| A Re(¢bdy) — Im (eqstwt + 20,V - A + Piydiv A) } dr = 0.

(2.3)
Next multiplying A; by (1.2), we also have
0 (1 s 1 ) - -
3{@ §|At| + §| I“OtA| —e Im(zﬁVzﬁ)-Aﬁ-e |77Z)| A'At+v¢t’At} dz = 0,
R
(2.4)

where we used the fact
rotA - rotA; = div(A; x rotA) + A; - V(divA) — A, - AA.

Finally multiplying —¢ by (1.3), we get

/ {g (—1|V¢|2> + eIm(¢ahy)py — €|V Py + ¢y divAt} dr = 0. (2.5)
r3 LOT 2

Summing (2.3)-(2.5) up and applying the integration by parts, we obtain

d 1, 5 1 , m* 1 o 1 5 1 9
— = - — - W —|rotA — A" = =
G | (G + IV + TUR = W) + 5l ot AR + SIA — 51Vl

2
1 :
- %\¢|2yw|2 + S AP[P + eIm(UVY) - A+ Vo A+ qﬁdivAt} dx = 0.



Using (1.3) again, we obtain the following energy conservation law:

d
—&
dt
_d
Cdt Jgs

1 1
+ 5| rotA + S|A + v¢|2} dz. (2.6)

0=—E, A 9))

1 1 2
{01 +ieoul? + 5IVe — ieAv ] + o ult - W ()

(We can derive (2.6) by applying the Noether theorem to the Lagrangian £
of (2.2). See [5] for this topics.)

3 Estimates for the elliptic part

In this section, we give several estimates for the elliptic equation:

—A¢ + e*[Y[* = e Im(viy). (3.1)

Throughout this section, we suppose that ¢(¢,-) has a compact support for
cach ¢ € [0,T] and ¢ € C*°((0,T) x R?*). The estimates for general 1) can
be obtained by a density argument.

Lemma 3.1. Let ¢ be a solution of (3.1). Then for m € N with m > 2,
o(t,-) satisfies the following estimates for each t € [0,T].

) IVt Mmm@s) < Cllgelt, )lam@s).
(i) No(t, )lee@s) < Clee(t, )| am@s).-
(i) e (t, )l mmeesy < ClB(E ) Fm ms)-
Here C is a constant depending on ||| gmsr, ||t0]|gm and |V A gom.

Proof. (i) First we apply D?® to (3.1) and take the L?-inner product with
D?¢. Then by the integration by parts, we have

IV + [ D(wPoDods—e [ tm(D(0) 0% d
R3 R3
Now we observe that, by Leibniz rule,
Dlwkaro=2 3 (1§ ) Rewp o0
a+p=s

— oD +2 Y ( 5 ) Re(4D"0) D6 D%,

a+p=s,a#0



Thus one has
IV (D)2 + ¢ / WPRID* 6P da
R3
<c 3 [ uipteipeldesc Y [ Dmulptuitel o
R R

a+p=s,a#0 a+pB=s
<C Y DD |[vD Gl +C Y 1D ls ] D]l 2] D s
a+p=s,a#0 a+pB=s
2
o € s
<C Y. IDWDAL + S WDz
a+p=s,a#0
a 1 s
+C > D Y3l D 2 + SIV(D* ).
a+pB=s

By the Holder and the Sobolev inequalities, it follows that

S DDtz < Y 1Dl | DP6)2

a+p=s,a#0 a+p=s,a#0
<C D) DR IVD9)|]
a+p=s,a#0

< Cllf3 IV 0l 151

> D3 1D ll7a < Cllbll 3o el

a+pB=s

Thus we obtain
IV6 130 < € (I 3mes V0 Umos + 1ol Nl ). (32)

Next we multiply ¢ by (3.1) and integrate it over R3. Then by the integration
by parts, we have

[voarse [ upiorde < [ wiivdiolds
<lel([ 1wPloPan) ([ 1o ar)”
o N e

This implies that |V¢l|lrz < C||¢]|r2. Then by induction and from (3.2),
one can see that (i) holds.



(ii) By the embedding W16(R3) — L*°(R3), one has

3
[l < C (Z + |\¢||L6> .
1 LS

j=
D*¢
8Ij81’k

99
3xj

< CllAg]|

L2

Moreover by the Calderon-Zygmund inequality: H
and the Sobolev inequality, it follows that

0
v (a—) K ||v¢||L2)

< O(|Ad| 2 + [V 2)-

3

lollze < C (Z

j=1

L

From (3.1), we have

19l < C(lotell2 + 117Dl 2 + [Vl 12)
< Cl e llellze + 1 11Zs (10l e + IVl 22).-

Since H™(R?) — L>*(R3) for m > 2, it follows that ||¢| = < C||] gm.
Thus from (i), we get

1]l < C(llw\lﬂmllwtl\m + [l [l 22 + HthLz) < Cllvel 2.

This completes the proof of (ii).
To prove (iii), we have to derive the equation of ¢;. Now differentiating
(3.1) with respect to ¢, we get

—A¢; + 62‘¢’2¢t + 2¢° Re(wd?t)sb =€ Im<¢¢_tt>~ (3.3)

On the other hand, taking the complex conjugate in (1.1), multiplying it by
1 and taking the imaginary part, we also have

() = Im(PAY + 2iepVip - A) + 2e Re(Vihr)¢ + e[ ¢y
- Im(div(w&)) +2eRe(¥Vd) - A + 2 Re(vi)o + et e,
= div(Im(UVY) + [6FA) + 2 Re(U)o + elbor.  (34)
Here we used the fact div A = 0. From (3.3) and (3.4), it follows that

“Aé, = ediv<1m(wzz) + WA).
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We observe that this equation can be written by the form:
&= (~8)H{(=8) Bediv(Im(wVY) + [v2A) }. (3.5)
Now we recall the Hardy-Littlewood-Sobolev inequality (See [17], P. 119):

1(=2)"% fllpa@sy < CIfllzo@y

for0<a<N,1<p<q<ooand%:%—%. Applying D® to (3.5) and

using the Hardy-Littlewood-Sobolev inequality with N =3, a =1, p = g
and ¢ = 2, we get
100112 < €| (=2)5e div( (D' (V) + D*(W*A) )

< C(ID* @Vl 5 + ID* (W PA, g )-

6
L5

Now we observe that

ID*@V)ll,e <C Y IIDWD (V)| s <C > [D*]|s]| D (V)| 2

a+pB=s a+pB=s
<C DYDY 1D (V)2 < Cllpll s 1| o1,
a+pB=s
ID*([¢PA)l,s <C D ID*(J4[)) D Al s
a+pB=s
<C YD (WP, 31D Al s
a+pB=s
<C Z [0l s D¢ 2|V (D7 A) || 2
a+pB=s
< Cllllm 19l s IVA| a=.
Thus we obtain ||1||gm < C||1]| - O

Next let (¢, A) and (), A) be given such that
(. 9) € [c(.1), 1 ®)| ", (. 90 € [e(0.7), @)
(VA,VA) e [C ((0, T, (LZ(R3))3> ]2

and consider the unique solution ¢ and ¢ of (3.1) with ¢ and 1/2 respectively.
Then we have the following estimate for the difference of ¢ — ¢.
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Lemma 3.2. For each t € [0,T], the following estimates hold.
() IV(¢— &)t ) re@sy < é(”@/) — Pl sy + [l — TLtHL?(R?’))

(i) [1(¢ — @)t )lzoey < C (Y — Dllarrey + |9 — &t“L?(R?)))-

(i) 11(60 = )t Mazy < C (110 = Dl + V(A = A) | r2qes)).
Here C'is a constant depending on ||[¢|| g, |0l 2, and |[VA]|-.
Proof. Now taking the difference and using (3.1), we have

—A(¢— ) + (U6 — [026) = e Tm(sbiy, — D). (3.6)
We observe that
(|26 — |91°0) (& — &) = |06 — VG2 + ¢(b — &) (¢ — )
and
(b — ) (d—B) = (Pr =) (VD — ) + (10— ) (Wb — ) +0r (=) (6 — ).
Thus multiplying ¢ — ¢ by (3.6) and integrating it over R, one has
/rvw—éwdm+&/'m¢—¢@am
R3 RB
ga/°wmmw—mam+e/|m—¢uW¢—¢ﬂm
]R3 RB
+e/|MW—&W@—%M£+§/wmw—MW—&Mw
R3 R

~ ~ 2 ~ 2 ~ o~
< Cllelushdllisls = Dl + Sl = @l + 5 [ oo - d3P o
R3

+ Cllllsller = Plluslivbe = diell e + Cllbell 2190 = Bl s ll = @l o
By Lemma 3.1, it follows that

IV - &)
< (1l = Dl + g — Gell3

1l eall = Bl = ulle + el = G130 )
= (Il = Dl + v = dull32).

This completes the proof of (i), and (ii) follows from (i). We can also prove
(iii) in a similar way as in Lemma 3.1. O
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4 Solvability of the Cauchy problem

In this section, we prove Theorem 1.1. The proof is divided into two steps.
Firstly, we reduce system (1.1)-(1.3) to a symmetric hyperbolic system. Sec-
ondly, we adopt the energy method of [6] to obtain the unique existence of
the solution.

4.1 Reduction to the hyperbolic system

In this subsection, we rewrite system (1.1)-(1.3) as a hyperbolic form. First,
in order to guarantee that the Coulomb condition holds for ¢t € (0,7), we
introduce the projection operator P on divergence free vector fields. More
precisely, we define

3 3
P (LQ(R3)) — (L2(R3)>
by P = (=A) 'rot rot. Then, by direct computations, one can see that if

divA = 0, it follows that PA = A. Applying P to equation (1.2), we obtain
the following equation:

DA = P(e Im(JVe) — e2y¢|2A). (4.1)

Then we can see that when the initial data A ) and Ay are divergence free,
the Coulomb condition holds for all ¢ € (0,7). Indeed putting B = divA,
one has from (4.1) that OB = 0, B(0,z2) = 0 and B;(0,2) = 0. Thus it
follows that B = 0 for all ¢t > 0.

Now we put @ = 1 + iy and A = (3,14, 15) with ¢; : R x R® — R.
Then system (1.1), (1.3), (4.1) is reduced to the following set of equations:

Dby = 2e(1ha)s + eppiba + €% + 26<(@/}2>z1¢3 + (V2)antha + (@/)2):531/}5)
= (Y5 + UL+ Y5 —mPy + W(Y).

Dl = =2e6(1)e — edutbr + €262 — 26 ( (¥n)a s + (Y1)esthn + (1)asls)
= (0 + 3+ R — P+ ().

3

s = € > P (V1(t2)ay — Yl ) = e + 03}
k?

LYy =e ZP%{ (% (V2)a), — ¢2(¢1)xk) —e(y7 + w%)wm}.
k?

Oys = e ZPSk{ (% (V2)a), — ¢2(¢1)xk) —e(y7 + w%)wm}.
k=1
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Here P = (Pjk)1<jk<s, Pjr : L*(R*) — L*(R?) is a linear operator defined by
Pjr =0k + RiRi (j,k=1,2,3)
and R; : L*(R?) — L?*(IR?) is the Riesz transform given by

R = —(—A)72.

oz,

By the Fourier transform, it follows that Ru = F* ( %}" [u ]) for u €
L*(R3) and £ € R®. This implies that R; is bounded from L?*(R?) to L?(RR?)
and hence so does Pjy.

Next we introduce (¢;); = 5 (i = 1,---5). Then we can see that v

(¢ =6,---10) satisfy the following equations.

(V6)e = (V1)u = Z 7701 a:] + 2er + epyips + € ¢ Uy — mgl/)l

+ W) + 2 Z a—;wm — (Y5 + ¥+ ¥
j=1 7

3
(Vr)e = (2)u = Z ai((%)m]) — 2eps — ey + €7y — Mty

+ ei o (9102)e, = o)) = €63 + UD)rie ).

_l’_
5

€ i P3k{ (7/’1( )ar, — %(Tﬁl)xk) —e(yi + wg)wngk}.

k=1
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Finally we put (¢1)z, = ¥11, (V1) = Y12, -+, (¥5)e; = ¥25. Then we can
write the equations of g, --- 10 as follows:

) = Z %(%OH) + 2edir + edpihs + €Y — mPpy + W (1)
g=t =7
3
+20 ) tigajthary — € (U5 + 0 + U3,
7j=1
L)
(Yr)e = Z 8_ (V1345) — 2ephg — edpihy + e*¢*1hy — mPhy + W' ()

— 2e Z ¢10+j1/12+j - 62(¢§ + ﬁ + ¢§)¢ .

7=1

3
Z 8_ (Y16+5) + € Z Pucd (01t — Yotbrorn) — e(¥7 + ¥3) 1o}

3

Z ¢19+j) +e Z Por{ (V1¢131x — Yathro1r) — (VT + ¥3)0ayn -

3

(t10)s Z wzzﬂ +e Z Par{ (V1t131x — Yathrorr) — e(VF + U3)02yn -

Pointing out that (Y1) = 2=, (V12)r = 50506, -+~ and (as); = =40
and defining U = *(¢q, -+ ,195), we can see that system (1.1), (1.3), (4.1)
can be written into the following symmetric hyperbolic form

oU o
T ZA F(U, ¢, d). (4.2)

Here A; (j = 1,2,3) is a symmetric 25 x 25 matrix which is defined by

6 7 8 9 10 10+ 1345 1645 19+5 22+j

= O 00 J S
—

10+ 1

1345 1

1643 1

1943 1
2245 1




and the nonlinear term F(U, ¢, ¢;) = t(fl, fay, oo ,f25> is given by

fi=vsy (1=1,---5).
fo = 2edthr + edpihs + €2¢%hr — mPhy + W' (¢)

3
+2e Y Pigaitars — € (V5 +UF + U3
j=1
fr = —2edihs — edpibr + €2¢%hs — m by + W' (1) (4.3)
3
— 2e Z@Dwﬂ'wzw — 62(7%2, + wi + wg)wz

Jj=1

3
fri = ezpjk{(¢1¢13+k — Yathiorr) — e(¥F + ¢§)¢2+k} (J=1,23).
b1

fi=0 (i=11,---,25).

Finally by using the vector U, the Equation (3.1) can be rewritten in the
following form:

—Ad + (V] + ¥3)¢ = e(Prihr — Paifs). (4.4)

4.2 Unique existence of the solution for the Cauchy
problem

In this subsection, we show that the hyperbolic System (4.2) has a unique so-
lution in a suitable function space. To this aim, we argue as in [6]. Firstly we
consider a linearized version of (4.2) and prove the existence of an unique so-
lution by the standard energy method. Secondly, we study the corresponding
solution map S and show that S is a contraction mapping on a suitable ball
provided that T is sufficiently small. We will see below that this procedure
gives the unique solution of (4.2).
To this end, for m € N with m > 2, we suppose that

by € H™H(R®,C), vy € H™(R®,C),
Ay € H"HR® R?) and Ay) € H™(R? R?)
so that 9; (o) (1 = 1,---,25) satisfy
Y10y, Y200y U5 (0) € H™ M (R?), Y60y, Yr(0)s ", Yas(0) € H™(R?).
Here we put

Yoy = %1 (0) + 1W2(0), A) = (V3(0): Ya(0), V5 (0)),
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Yy = Ve (0) + 1Wr0), Aa) = (Vs (0): Y9 (0), Y10(0))s
(V1(0))er = Y110), (W1(0))ae = V1200) > (¥5(0))as = Y25 (0)
We denote X = (H™(R?))°x (H™(R?))* and U ) = *(¢1(0), - - , %25 (0))-

25
We take Uy € X arbitrarily and put R = 22 1V 0yl . Finally for

i=1
T > 0, we set

By o= {U(t.1) = t(zpi(t,:c))jil € C((0.7).X) : sup [i(t, )l < R},

te(0,T)

We are going to find a solution of (4.2) by the following procedure. First for
given U € Bpg, we obtain ¢ by solving the elliptic equation (4.4). Then, we
define the space

Yr=C((0,T),X)

and the mapping

SIYT—>YT
U—V,

where V is the solution to

ZA F(U, ¢, ¢,
V(O 33) U(o)( 7).

(4.5)

Note that the existence of a solution V to (4.5) is straightforward (see Lemma
4.4 for more details). The idea is then to apply a fixed point theorem to S
by getting estimates on V through the use of energy estimates.

To this end, we first apply Lemma 3.1 to obtain bounds on ¢, which
allows to perform estimates on the nonlinear terms F as it is proved in the
next lemma.

Lemma 4.1. Let U € Yr be given and ¢ be the corresponding solution of
the elliptic equation (4.4). If U € Bg, then the nonlinear term F = *(f;)
(i =1,---,25) defined in (4.3) satisfies

1f:(U, &, 0)l|co,m),5m) < C(R),

where C(R) is a constant depending on R.
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Proof. First we observe by the definition of F = *(f;) that

I fillrm = Wssillm < R (i=1,---,5) and || fillgm =0 (i =11,

Next we have

3
il < lel > (IPitrtoisenllam + 1Piiatoiossllam

k=1

,25).

+ lePirts ol rrm + ||€7’jk¢§¢2+k||Hm) (j=1,2,3).

Since Pji, is a bounded operator from L*(R?) to L*(R?) and H™(R?) is

Banach algebra for m > 2, we get

IPiet1t1ssnllmm < Clltn || g |Yisnl|am < CR?,
1Pt okl m < Clltor]|Fm | 02snllam < CR?.

Thus one has
| frasllam < C(R*+ R?) (j=1,2,3).

Next by the definition of fg, it follows that

Wellzrn < C (6wl + ool + N6 lim + 1l

3
+ 3 (Woaseatoosellim + o) + I/ (@) 1 ).

k=1

By Lemma 3.1, we have

fralad

s<m a+B<m

= C Y 6Dl +C Y ID°6D e

B<m a+B<m,a#0

< Cll@ll ezl + [Vl |97 ]| m)
< Ol g7l < CR®.

6”1 ]lm < C D N* Dol +C > (@D 6D |12

B<m a+B<m,a#0
< Olgllzllall am + Cligll L IVl m |2 m
< Clleel[7pm 102 ]| m < CR?,

16
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I¢etallm < NGellzm [allzzm < Cllbllam o]l am < CR®.

Moreover from (A), we also have
W' ()| gm < Cl|¢b||gm < CR.

(See [1].) Thus we obtain || fs]|z2 < C(R). In a similar way, one can show
that || f7]|z2 < C(R). This completes the proof. O

Lemma 4.2. Let U, U € Yy be given and ¢, é be the corresponding solution
of the elliptic equation (4.4) respectively. If U € Bg and U € Bg, then it
follows that

IF(U, ¢, ¢:) — F(U, o, Qgt)“L‘X’((O,T),L?) < C(R)||U — Uz (01).22)-

Proof. By Lemma 3.2 and from the continuous embedding H™(R?) < L>°(R?)
for m > 2, we can see that the claim follows. O]

Now we are ready to prove the existence of an unique solution to the
Cauchy problem:

ouU ou
U(0,2) = U g)(a)

coupled with the elliptic equation:
—A¢ + (YT + 193)¢ = e(Pripr — Patde). (4.7)

The proof consists of four lemmas.

Lemma 4.3. Let U € Bpg be given. Then there exists a unique solution
¢ = ¢(U) € C((0,T), DY*(R?)) of (4.7). Moreover ¢ satisfies the estimates
in Lemmas 3.1, 3.2.

Proof. Suppose that 11,¢ € H'Y(R?) and 1g,¢7; € L*(R3). We define a
bilinear form A : D?(R3) x D'?(R3) — R by

Alu,v) = [ Vu-Vo+ (@] + ¢3)uv dr.
R3
Then by the Hélder and the Sobolev inequalities, one has
A, )| < Va2 [[Vollzz +lef® (Ilnll7s + [92llZs) llull s [[o] s

< Cllullpralvllpre,
||U||3)1,2 S A(u,u)

17



Moreover putting g = e(1117; — 191)6), we also have

lgll ¢ < Clallesllbrlice + el Lsllebs] 22)
< C(llla gzl + ellallerllc2) -

This implies that g € L5(R3) — (D%2(R3))*. Thus by the Lax-Milgram
theorem, there exists a unique solution of A(¢,v) = (g,v) for allv € D*?. [

Next we consider the linearized version of (4.6):

=3 A F(U.0.6),
V(O,x) = U(m(l‘).

(4.8)

Lemma 4.4. For given U € Bpg, the Cauchy problem (4.8) has a unique
solution V. € C((0,T), X).

Proof. The proof follows by the standard existence theory for the hyperbolic
system. (See [1].) O

Now by Lemmas 4.3 and 4.4, one can see that the mapping S is well
defined.

Lemma 4.5. For sufficiently small T* > 0, one has S(Bg) C Bg. Further-
more, there exists k € (0,1) such that for any U, U € Bg, one can write

1S(U) = S(U)|lp(o.r+).22) < £lU = Ul pooo.04.2)- (4.9)

Proof. We apply the standard energy estimate method. To this aim, we
apply D* on (4.8) and take the L-inner product with D*V. Then one has

/ ~|D? V|2d:c—2/ ( S > -DSdeJr/RBDSF~DSde.

Since A; is symmetric and consists of constant elements, it follows that
oV 0
/ D (A;— ) -D°Vdz = / A;—D*V - D*V dz
R3 Ox; g3 0%

9]
= —D°V - (A, D?
/Rs@xj V. (A;D°V)dx
0

D'V - == (4;D'V) da

R3 33]

—— | D'V.D* (Aja—v) da.
R3 (9.7:]-

18



Thus we obtain

0
ot

Now we put y(t) = 1| D*V (¢,-)||2.. By Lemma 4.1, one has

S S 1 S 1 S
(GID°VEE:) < IDFla| DV < SIDV () + I DFI

Y (t) <y(t) + C(R).
Then by the Gronwall inequality, we get
y(t) < y(0)el + C(R)(e" — 1) for all t € (0, 7).

Choosing T™* > 0 small enough, we obtain

N

sup ||D*V(t, )|z < (HDSU(O)H%zeT* +2C(R)(e" — 1))
te(0,7*)
2 1

< (RIeT* +20(R) (" - 1)) < R.

This implies that S(Bg) C Bg. )
Next we consider the difference V — 'V to prove (4.9). Arguing as above,
one has

%%mv—%&wm)

1 L
<5lIvV- V. + —HF(U ¢,0t) — F(U, 9, 61) |-

.5

Again we put z(t) = 3|(V = V)(t,-)[|2,. Then by Lemma 4.2 and the
Gronwall inequality, we obtain

2(t) < 2(0)e” + C[U = Ul 1 (" = 1).

Notice that z(0) = 1[[V(0,-) — V(0,)]]%: = %||Uq) — U ||3: = 0. Thus
taking 7 smaller so that \/2C(R)(eT" — 1) =: k < 1, we have

IV = V) (&, )l e qor).22) < 61U = O)(E, oo (o,4),22)-
This completes the proof. n

Now since S is a contraction mapping, there exists a unique U € Bpg such
that S(U) = U. This implies that U is a solution of (4.6).

Lemma 4.6. U is the unique solution of (4.6).
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Proof. The proof is a straightforward consequence of Estimate (4.9) and we
omit the details. O

Proof of Theorem 1.1. Let ¢ and U = (U,)1<;<25 be the unique solution to
Equations (4.4) and (4.6). We recall that ¢ € C((0,7), D'*(R?)), U; €
C((0,T), H™(R?)) for all j = 1,---,5 and U; € C((0,T), H™(R?)) for
j = 6, s 725 Deﬁne fj = (ﬁj)1§j§25 by

Uy =Uj, Uyys = (Uy)y for j=1,---,5,
(U11, U1, Ur3) = VU, (Ura, Uss, Usg) = VU,
(Uiz,Uss, Urg) = VUs, (Usg, Uay, Usz) = VU,

(Usz, Uss, Uns) = VUs.

Then it is obvious that U satisfies the Cauchy Problem (4.4) and (4.8). By
Estimate (4.9), one can write

100 = O) (. e o.0,22) < KU = U)(E, )| oo 0,1),22) = 0-
which provides U=U. Asa consequence, the functions
w = Ul + iU27 A = (U?n U47 U5> and ¢
are the unique solutions to System (1.1)-(1.3). Furthermore, noticing that
Yy = Ug + 11Uz, Vo = VU +1VU;,
At = (Ug, Ug, Ul()) and VA e (VUg, VU4, VU5),

one can prove that

Y € C(0,T), H™ )y nC'((0,T%), H™),

A cC((0,T%), H™ ) nC*(0,T%), H™),

(b € C((OvT)vDLz(Rg))v V¢ S C((OvT*)va)v (bt € C((()?T*)?Hm)’

which ends the proof of Theorem 1.1. ]

Remark 4.7. Note that it seems for the moment out of reach to solve the
Cauchy Problem (1.1)-(1.3) in the enery space defined by

¢ € C((0,T),H'(R*,C)) nC*((0,T), L*(R*,C)), ¢ € C((0,T), D'*(R?))
A €C((0,7),DY(R*R*) NC((0,T), L*(R*,R?)). (4.10)
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However, if we assume that W satisfies the following condition
(a3) There exists u € (0,m?) such that

m2

732 —W(s) > 532 for all s >0,

then one can prove :

Proposition 4.8. Assume (al)-(a3). Then there exists C > 0 independent
of t > 0 such that

sup (106 i + 920, oz + IVAG s + 1Al i) < ©

te(0,T

Proof. First by the energy conservation law (2.6) and from (a3), we have
2
VA2 <2£(0), [[¢llz2 < ;5(0),

IV —ieA| L2 + || + iegi|[ > + [|Ar + V|2 < 2£(0).

1 1
Now by the interpolation inequality, it follows that |[¢||s < [J30]| 7. ]|¢]|7s-
Then by the Sobolev and the triangle inequalities, we get

[lls < CIVEIE < C(IVY — ieAdllse + leAdllsz )
< C(1+ | Alloll¢ ) < C(1+ VA2l o)

1?41
<o+t <

This implies that [[1]|;s < C and hence |[|[V]|2 < C. Next we observe that
(1.3) can be written as

—A¢ = eIm (Y(; + iegy))) .

Multiplying this equation by ¢ and integrating the resulting equation over
R3, we obtain

1
+ 519l

IVl <lel [ [ullvc-+ ieowiol do
R3

< le[l[9llzslle + tedipl 2| ]l Lo
< OVl Lo

This implies that |V¢l||2 < C. Finally by the triangle inequality, one has
[Adl[r2 < A+ V2 + [V 12 < C.
This completes the proof. O
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Owning Proposition 4.8 and the conservation laws (2.6), it is clear that
every local solutions to (1.1)-(1.3) exists globally in time. To conclude, one
can easily see that W (s) = 1s* — 35" satisfies (a3) for large \.
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