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1. INTRODUCTION

Let u be a probability measure on R? or on a domain Q of R%. We say that the
Poincaré inequality holds for u if there exists a finte constant C' > 0 such that for
all "smooth function” f,

Var,(f) < c/ IV f|2d. (1.1)

Var,(f) Z/(f—/fdu)2du
=[1(e=[ s
Jra (fm)

Actually we want the Poincaré inequality to hold for all f € Hy(u) with

Hy(p) = {f € L*(n), IV f| € L*(n)}.
The smallest constant C' for which (1.1)) holds will be denoted by Cp(u) or Cp

if the context is clear.

Recall that

The goal of these notes is to review some results on the Poincaré inequality. In
view of their possible application in sensitivity analysis, we shall concentrate here
in methods that provide explicit constants in the Poincaré inequality. We do not
have the pretention to be exhaustivethe term .

In dimension d > 2, finding an explicit and good Poincaré constant is not an
easy task. We will see why the log-concavity or better the uniform log-concavity of
the measure helps a lot and in the compact case that the convexity of the boundary
is also important.

The plan of these notes are the following. In Section 2, we make the link between
the Poincaré inequality, the spectral gap of the associated diffusion operator and
the exponential convergence (decay variance) of the associated semi-group.

In Section 3, we recall the Bakry-Emery argument in the uniformly convex case.

In Section 4, we present and discuss the tensorisation property of the Poincaré in-
eqaultiy and two perturbation arguments: the classical argument of Holley-Stroock
and the stability by transport Lipschitz. This permits to deduce new Poincaré in-
equalities from existing ones.

In Section 5, we present two variance inequalities close to the Bakry-Emery argu-
ment. The key point here is indeed the intertwining between the gradient and the
semi-group. The first result is the standard Brascamp-Lieb variance inequality for
which provide two proofs: one with the study of the semi-group on gradients and
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another by duality (where we carefully take into account the boundary). The sec-
ond result is the Veysseire’s inequality where we relax the infimum of the uniform
convexity of the potential into its harmonic mean.

In Section 6, we provide explicit bounds obtained in the log-concave case by
localization argument. The first one are due to Payne and Weinberger in the
compact case and were extended by Kannan, Lovasz and Simonovits and Bobkov
on R?. We also discuss the famous KLS conjecture and its very last development.

In Section 7, we explain how symmetries can improve a lot the Poincaré constant.
We discuus the unconditional and the radial cases.

The final Section presents a generalisation of the Brascamp-Lieb inequalities
which might be useful in the non log-concave case. .

2. THE DIFFUSION OPERATOR ASSOCIATED TO THE MEASURE

2.1. Link with a diffusion operator. Here we consider a smooth probability
measure y on R? or on a domain Q of R% that is y admits a density with respect
to the Lebesgue measure

€—V

with V' a smooth function.
We shall consider the following diffusion operator

L=A-VV-V. (2.1)

In the case of the standard Gaussian measure, dy(z) = We’%‘xﬁday, the po-
1

tential V' is given by V(z) = 3|z|* and the diffusion operator (called the Ornstein-

Uhlenbeck operator) is given by
LV =A—-z-V.

In case of RY, —L is symmetric and > 0 with respect to the measure z on the
space of smooth and compact supported functions C°(R?):

[ 1(-Lgdu = [(~L)gdu= [Vr-Vgdp, f.geCcZ®RY).  (22)
Proof. By a standard integration by parts,
/Afg dp = /Af(ge’v)dx

= /—Vf -V(ge™)dx

:/—Vf-ng,qu/Vf-Vng,u.
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Thus
/Lfgduz—/vf-ngu

Note that this implies the following invariance property of L:
/Lfdp, —0, VfeC®(RY).

In the case of a domain of R? with a (smooth) boundary, one has to add the
Neumann condition on the function. —L is symmetric and > 0 with respect to the
measure £ on

{feCr(Q),Vf-n=0on00}. (2.3)
where 7 is the outer normal vector of {2
Indeed for general f,g € C2°(Q),

|o-LHdu= [ Vg-Vidu— [ g(Vf-n)dploo

In both case, it is possible to extend —L to a non-negative self-adjoint operator
on a domain of the Hilbert space L?(u).

Actually , it is easier to start with the quadratic form:

E(f,g9) = /Vf~ngu, fr9 € H' (n); (2.4)

and then to consider the self-adjoint operator associated to it.

In the case of R? the domain of (—L) is
D(—L) ={f € L*(n), Lf € L*(n)}

where in the last line Lf is defined in the distributional sense.

In the sequel, we still denote by L the self-adjoint extension.

2.2. The spectrum and the semi-group of the diffusion operator. —L is
a self-adjoint operator on a domain of L*(x). One can thus define its spectrum.
Since, —L is non-negative, its spectrum o(—L) is included in [0, 00).

First, note that 0 is always an eigenvalue of —L. Indeed since pu is probability
measure, the constants are in the domain of —L and are eigenfunctions associated
to the eigenvalue 0. Actually, by integration by parts, still valid on the domain
D(_L>7

JLhdu= [19Pdn,
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one has the equivalence:

feD(—L)and — Lf =0« f = cte.

Now by the spectral Theorem, there exists some projectors Ey in L?(u) for
A € o(—L) such that for

r=[Tana (= [, ). rerw

and .
~Lf = [ ME\). feD(-L)

This decomposition also gives:

1712 = [ Fau= ["dEA(FS) f e L),
E.S) = [INfPdu= [ f(=Lfydn= ["ME(f.D). e H (1),
I=LAIE = [(~Lp2p= [~ NdAEASf), | eD(-L).

In a lot of situation, the spectrum is discrete with an orthonormal basis of
eigenfunctions (¢ )r>o. For example, in the case of the Ornstein-Uhlenbeck case,
the spectrum o(—L°Y) = N and the eigenfunctions are given by the Hermite
polynomials. In this case, the above formulae are a generalisation of

=Y <f.or>d, [€L(n),

£>0
and

—Lf=> M</f.opn>¢r, [feD(-L)

k>0
and for example

1A= < foon>2 feL?(n).

k>0

It is now possible to define the semi-group associated to L by the functional
calculus:

Pfi=elf = / N EN(f), t>0.
0
This is a semi-group since for s,¢ > 0,

Pt+8f = B(Psf)
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Note that FPyf = f and that in our setting, the semi-group is ergodic meaning
that for each f in L?,

L2
Pf = bt = [ pp

Moreover the semi-group satisfies the diffusion equation

O.P.f =LPf feLp
= P,Lf, if moreover f € D(—L).

Note also that since by the invariance of L, [ Lfdu = 0, then
[ Psan= [ rdn, fer®

Remark 2.1. [t is also possible to define the semi-group using a probabilistic
argument. One has

P (f)(@) = E[f(X})]
where X is the Markov process with generator L starting in x. It can be also seen
as the solution starting in x of the stochastic differential equation

dX? = —VV(X?) +V2dB,

where (Bt)i>o is a d-dimensional Brownian motion. Under mild assumption (for
example if Hess(V') is bounded below), the two semi-groups coincide.

2.3. The Poincaré inequality, the spectral gap and the convergence of
the semi-group to equilibrium.

Theorem 2.2. Below, let us connect Cp and Ay by A\, = oy The following

assertion are equivalent.
(1) The Poincaré inequality holds with constant Cp.
(2) The spectrum of —L lies in {0} U [A1,00).
(3) For all f € L*(pn): Var,(P.f) < e ?"Var,(f).

Note that even, if the Poincaré inequality holds, A; is not necessarily a true
eigenvalue.

Note that the point (3) expresses an exponential convergence of the semi-group
in L?(u1) to equilibrium since

Varu(Pf) = | (Pif = [ Potan) 12 =1 (Pof = [ san) 2
and since Py f = [ fdu.
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Proof. We first prove the equivalence between (2) and (3). Assume (2), then
Pf = [ fap= [ e MaB().
A>\
and thus
P _/ d ) 2 < 72)\17&/ dE — 72)\1tv )
1(Pf = [ gan) < e [ aBy() = 2 Van(f)

Reciprocally, for all f € L*(u) taking g = Sy AEA(S), one has
Var,(P,g) :/ e MAEN(f, f) > e’”lt/ dEX(f, f) = e Var,(g).
(0,A1) (0,A1)

Assuming (3) implies that ¢ = 0. Since this holds for all f € L?(u) one has
o(—=L)N(0,A1) = 0 and (2) follows.

We turn to the proof of the equivalence between (1) and (3).
First one has

Var, () = [ (Bf = [ san) dn = [ (B = Pof?d

and thus
d
SVar(Pf) = /2 (Pof — Pof) (—LP.f) du = —/|VPtf|2du. (2.5)
Therefore if (1) holds; that is if the Poincaré inequality holds, then
d 2
 Var, (Pf) = — / VP f2dp < ——Var,(B.f).
dt Cp
With ¢(t) = Var,(P.f), this writes ¢/(t) < —Clp ¢(t) and by Gronwall Lemma,
this implies
2
o(t) < e 7 0);
that is (3).
Reciprocally, assume (3) holds. Since (3) is an equality in 0, taking derivatives
int=0for f € H'(u) gives

—2/ IV f2du = ¢/ (0) < —206(0) = —2)\, Var, (f).
or equivalently
AVar,(f) < [ 19 fdu.
U

Remark 2.3. Actually, since here the semi-group P, is symmetric, it only suffices
to prove (see [BGL14] Theorem 4.2.5) that, for all f € L*(u) there exists a constant
c(f) > 0 such that for all t > 0,

Var,(P.f) < c(f)e M.
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In the above proof, (2.5)) is reminiscent of the following important representation
of the variance. This representation is based on the interpolation by the diffusion
semi-group. Formally, one has:

i = 1 f 1)

= [ (Rof = Pf)d
= [ [Ty
:/OOO/QPSf(—LPSf) dyu ds
_ z/ooo/yVPsdeuds (2.6)
and for t > 0,
Var,(Pf) = [ (Bf = Puf)d
— 2/t°°/|vpsf\2duds.

It is also possible to produce a representation of the variance with a one-side
interpolation of the semi-group. Formally, one has

Var, (1) = [ £ (£ = [ fap) du

= [ £ (Pof = Puf) dp

_/ / ——Ptfdtdu
:/0 /f _LP.f) dudt

_/OOO/VﬁVPtfdudt. (2.7)

2.4. Convexity assumption of the boundary.
This interpretation in term of the convergence of equilibrium of the Poincaré
inequality illustrates the following fact:

If the boundary is not convex, the convergence to equilibrium can be very slow
and the Poincaré constant will be very big!
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Moreover, it is clear that if the domain is not connected that the Poincaré
inequality can not hold (take a function constant on each connected component of
the domain).

In consequence, contrary to the dimension 1, there is no monotonicity of the
Poincaré constant with respect the inclusion of domains.

Moreover, we will see in Remark that even for convex domain (with the
Lebesgue measure), there is also no monotonicity of the Poincaré constant with
respect the inclusion.

We only have:

Proposition 2.4. If U,Q, = Q is an increasing sequence of domain, (and if

djt, = Hl(gz)du) then:

Cp(Q) < liminf Cp(€,).

Proof. Indeed, for f € H;(f2), applying the Poincare inequality for f, = flq, in
L*(Q)

M(én) [ £10,du— M(én)Q (/ flgndu)Q <cp@,) [ |Vf|2;3;)du,

and the result follows by the dominated convergence theorem. O

Let us present however the following gluing property of the Poincaré constant
see [BGL14] Proposition 4.6.4.

Before we state the result, we that if p is a finite positive measure on €2, the
normalized measure ﬁ u satisfies the Poincaré inequality with constant C' if and

only if

[ P fin) <0 [P, ] € H ).

Proposition 2.5. Let p be a finite on E and let K, L C E with u(K N L) > 0.
Then

p(K UL
Cp(KUL)< B2 22
P )< KNL

i (Cp(K) + Cp(L)).

~—— [ —r
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Proof. Let f with [, fdu =0, then

| Pau< [ fdu [ fau
< Cp(K) [ [V Pdp+Cp(L) [ [V fPdu

iy () =z (f rn)
< (Cp(K) + Cp(L) [ [V F]dn

sty o)+ gy (o)

An the result follows from the technical result that for such a function f with
fKUL fdl’[' = 07

i ) (L) < - 28) o

3. BAKRY-EMERY CRITERION AND I'y CALCULUS

In this section we only consider the case of R?. For all this section, we refer for
the monograph [BGLI4]. The case of domain of R? is really more technical. For
example in the stochastic representation of the semi-group P, one has to consider
the local time of the process at the boundary. We deal therefore for the case of R%.
Note however that for convex domain in R?, it is sometimes possible to approach
them by a convex measure on R%.

As it will be clear below, in this section we are interested in measure dy = e~V dx
on R? with a potential V uniformly convex.
Given a diffusion operator L, we first define the ”carré du champ” operator I':

[(7.9) = 5 (E(7g) ~ fLg — gLf). (3.1)

This operator depends only on the second order part of L and in our setting
L=A—-VV -V, one has

We now define the “carré du champ itéré” operator I'y by:

To(f,9) = 5 (L(T(f.9) ~ (/. Lg) ~ T(9. L)). 32
In our setting on RY, one has:

Do(f, f) = |VVf|? + Vf-HessVVS.
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Here [VVf|? = S¢._(0;;f)% This formula is a particular case of the Bochner-

ij=1
Weizenbock formula. For a diffusion operator on a general Riemannian manifold,
there is also a potential term with the Ricci curvature.

For p € R, one says that the Bakry-Emery curvature criterion C'D(p, o) is

satisfied if for all function f € C>°(R?),
Lo(f, f) = pU'(f f)- (3.3)

This criterion can also be reinforced with a dimension term and one says that the
Bakry-Emery curvature-dimension criterion C'D(p, n) is satisfied if for all function

fecr,
1
aof f) 2 pU(f, ) + —(Lf)*. (3.4)
Here we shall concentrate on the C'D(p, 00) criterion.

Lemma 3.1. Let L =A—VV -V on R The operator L satisfies the CD(p, o0)
criterion if and only if for all x € RY

HessV (z) > pI
in the quadratic form sense.

The typical example is thus the Gaussian for which HessV = I and which
satisfies thus the C'D(1, 0c0) criterion.
The operator I" and I'y appear in the derivatives of

¥(s) = P((Psf)?), 0<s<t.
Formally, one has with g = P,_¢f
V'(s) = Py(L(¢*) — 29Lg)
=2P,(T'(g,9))
and
V"(s) = 2P,(LT(g,9) — 2T'(9, Lg)
= 4P,(T2(g,9)).
Theorem 3.2. If the CD(p,00) is satisfied, then
VP f|? < e BRIV f|?
Proof. With the above calculation, under C'D(p, c0) one has:
P(s) = 2p¢/(s)

and by Gronwall lemma,
Y (s) = e*'(0).
In particular, since ¢'(0) = T'(P,f) and ¢/(t) = P,(I'(f)), the result follows. O

As a consequence, we obtain the following result.
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Theorem 3.3. If the CD(p, 00) criterion is satisfied with p > 0, then the Poincaré
inequality holds with constant Cp < %.

1
Var(f) < [ 9P

Proof. Combining the above result with the representation of the variance ({2.6)),
one has

Var,(f) = 2/000/|VPtf|2dudt
< 2/0w/eQPtPt\Vf]2dudt
- 2/000 e’2pt/Pt]Vf\2d/Ldt
-~ 2/000 =2 /|Vf|2du
— [ Vs

Note that we used the invariance of the semi-group. 0

Remark 3.4. Actually, if the C'D(p, 00) is satisfied, then the stronger sub-commutation
holds

IVP.f| <e PV

and stronger functional inequalities as the log-Sobolev holds.

Remark 3.5. Note that for the Orstein-Uhlenbeck semi-group, an explicit formula
known as the Mehler formula holds and one actually has

VP f=e"P(V).

Remark 3.6. The Bakry-Emery argument does not require the symmetry of the
semi-group (P;)i>o. It can thus be advantageous to consider non-reversible semi-
group associated to the (invariant) measure p (see [ACO0Q] ).

4. THE TENSORISATION AND TWO PERTURBATION ARGUMENTS

In this section, we present some classical methods that permit, knowing some
Poincaré inequalities to infer new ones.

4.1. The tensorisation of the Poincaré inequality. We start by the funda-
mental fact that the Poincaré measure tensorises; that is that the Poincaré constant
of a product measure does not deteriorate.

Theorem 4.1. Let jp = g ® - - - @ g be a product measure. Then
Cr(p) < max (Cylpur), -+ Cr(pa)).
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Proof. First we treat the case of f : R*> — R, one has

J[ stz (ff saiean) = [ ([ reiae)as— [ ([ spar) a
+/x </yf(:1c,y)dx)2dy— (/ (/yf x,y dx) dy>2.

More generally, for a function f : R* — R, set for 1 < k < d

fk(xl, ce :Ij'k) = // f(l'l, Ce md)duk+1($k+1> e d,ud(xd)
and with f; = f and fy = [ fdu; then one has
Var,(f)

— // Az, 2g)dps (21) - . dpg(zg) (/ flze, .. xg)dp(z1) .. dpd(xd))Q
= Z // ez, . xg)dpy (z1) . .. dpg(zg) — // fe (1, ... 2g)dps (1) . . . dpg(g)

This gives the usual tensorisation of the variance as

Var,(f) = z_:/ Var,, (fr)dp(x1) ... dpg—1(2k—1) (4.1)

Now using the Poincaré inequality for the one-dimensional measure py, gives, for
each (z1,...251)

Vary, (fi) < Cp [ (06(fi))*dyusln)
Tk
and by the Cauchy-Schwarz inequality:

(O fi))? (// Of (@1, wa)dpr (Thia) - dud(xd>)2

< [[@uf @ wdunns @es) . dpaled)
and the result follows with (4.1]). O

4.2. The Holley-Stroock perturbation argument. In this section we shall
present the Holley-Stroock argument which deals with bounded perturbation of
measures.

We will use it below to obtain some estimates for the Poincaré constant of
measure which are only uniformly log-concave at inﬁnity

Theorem 4.2. Let du = te Vdx and dy/ = Le V'dr and assume that |V —
V|l < C, then
Cp(i) < €4CCP(M)-
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Proof. First clearly Z' = [e V'dx < €€ [eVdx = €“Z and similarly Z < e“Z’.
The variance admits also the variational formula
Var,(f) = inf / (f — a)2dp.
and thus for a = [ fdu,
Vl

e~
Zl

dx

Var(f) < [(f = a)?
2 267‘/ 2
<e C/(f—a) 7dx = ¢ Var,(f)
< 2 Cp() [ IV dp
< Cp() [ IV fPap

and the result follows. O

Remark 4.3. In high dimension, this argument can produce very poor constant.
For example, let us consider a product measure dyu, = Z%efvl dz on R with Vi(z) =
>4 Uy(x;) where Uy is a function Uy : R — R. Let us perturb it in dus(z) =
Z%e_Vde with Vy(x) = S0, Us(x;). One has

Vi = Valleo = d||Ur — Ua|
and the Holley-Stroock arqgument gives
Cp(pa) < N2l Cp(py).

Howewver, by tensorisation, both measure are product and Cp(uy) and Cp(pa) do
not depend on the dimension d.

We present an application of this Holley-Stroock perturbation argument to the
class of measures which are only uniformly log-concave only at infinity:

Theorem 4.4. [Led01] Let dp = e Vdx with V = U + W with HessU > p > 0
and ||W|e < C. then
AC

Cp(p) < —.
p
4.3. Stability with respect to Lipschitz transport. Here we present a stabil-
ity result of the Poincaré inequality with respect to the transport of measures.

Theorem 4.5. Let p be a probability measure on R® and let T be a L-Lipschitz
function from R? to possibly RY. Let fi = Tip be the image of v under the appli-
cation T' then

Cp(fi) < L*Cp(p).
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Proof. For simplicity we assume that 7" is smooth. Let f : R — R. Since

[ fwydia) = [ foT(z)du(a).
one has

Var;(f) = Var,(foT")
< Cpl) [ IV (foT) (@) duz)
< L2Cp () [ (V1)o7 (@) du(x)

= LCp(p) [ V£ () dily).

The last inequality follows from 0;(foT")(z) = >-;(9;f)oT (x) 0;,T;(x) and thus by
Cauchy-Schwarz,

V(foT)(@)*| < [(VF)oT|* 32 IVT()[*

J
which, since [T(y) — T'(x)]* = ¥, |T;(y) — Tj(x)]* < L*d(x, y)?, gives

> V() < L
J

O

Note that in this direct transport approach, one does not have to care much
about the boundary since one consider functions f € H'(u). Instead the boundary
condition appears directly in the dual formulation.

With this approach, it is possible to recover the (Bakry-Emery) Theorem (3.3
in the uniform convex case. Indeed if dy = e Vdz on R? with HessV > 1, by
a famous result of Caffarelli [?], there exists a map T transporting the standard
Gaussian measure on p and which is a contraction. Moreover E. Milman [Mil18]
remarks that it permits to compare not only the first eigenvalue of L and L°V but
all their eigenvalues!

As simple first application, one can deduce that the Poincaré constant of the
Gaussian measure A (m,T')? is given

Cp(N(m, T)) < [[T][op

In fact, one has equality.
Similarly, this method gives an upper bound of the Poincaré constant of the
uniform measure on an ellipsoid knowing the one of the ball.

This approach has also been used in a lot of situations. For example, it has
been used for the uniform measure on the simplex or on the I? balls in R? (see
[AGBI15] and the references therein). From this, one infers weak form of the
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Poincaré inequality (where the energy term is replaced by ||V f||%). In the log-
concave situation, this weak Poincaré inequality is known to be equivalent up to
a universal constant to the usual Poincaré inequality, due to an important result
of E. Milman [Mil09].

5. INTERTWINING AND MORE VARIANCE INEQUALITY

In this section, we present two results that are valid in the log-concave case and
that are based on the intertwining between the gradient and the diffusion operator.

5.1. The Brascamp-Lieb variance inequality. The first one is the Brascamp-
Lieb variance inequality which is very similar to the Poincaré inequality but with
a different energy term.

Theorem 5.1. [BLT76]Let u = e=Vdx be a probability measure. Assume that V is
strictly convex, i.e. HessV > 0 and that if it exists, that the boundary is convex.
Then

Var,(f) < [ (Vf) - (Hess V)™ (V) dp. (5.1)

The original proof proceeds by induction. We shall present below two (related)
more global proofs.

Remark 5.2. Of course, if HessV > p > 0, one recovers the same Poincaré
inequality as under the C'D(p,00) criterion. It is also optimal for the Gaussian.
This result can also be interpreted as a weighted Poincaré inequality.

5.2. A first approach using the semi-group on gradients. We recall that L
is the diffusion operator L = A — VV - V on R%

The Weizenbock formula expresses the commutation between L and the gradient.
It writes:

VLf = (L —HessV) (Vf), (5.2)
with £ the diffusion operator acting on the gradients as follows:
L
L(Vf) = (V).
L

First, note that —£ is symmetric and > 0 with respect to the gradient (or even
vector fields) in L?*(u) (equipped with the standard scalar product). The operator
—L +HessV is thus called a Schrodinger operator: it writes as a diffusion operator
—L plus a (matrix) potential HessV. Note that the Bochner formula for the Ty
operator is a similar result but for the square norm of the gradient and involves
only functions and not gradients.

Under some condition (at least if HessV is bounded below on R%), the operator
can be extended as a self adjoint operator, generates a (Feynman-Kac type) semi-
group e!“~HessV) and one has the commutation:
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VPtf _ et(E—HessV)(vf)' (5?))

Proof. Now the proof of the Brascamp-Lieb inequality proceeds as follows. By the
representation of the variance (2.7)), one has

Var,(f) = /OOO/Rde.VPtfdudt
_ /Ooo /Rd(vf) ) et(c—HessV)(vf> dp dt

_ /Rd(w) - (—L +Hess V)" (V) du (5.4)

since by the functional calculus (or the spectral theorem), one has
(=L +Hess V) = / etE—HessV) gt
0
Now, since —L is symmetric and > 0, one has in the sense of self-adjoint operators:

(=L +Hess V)™ < (Hess V).
and the Brascamp-Lieb inequality follows. 0

Remark 5.3. The Brascamp-Lieb inequality admits extremal functions given by
f(z) = (¢, VV) where ¢ is a constant vector on R, This is not always the case
for the Poincaré inequality.

5.3. A duality approach. Here we present a slightly different approach which
works by duality and is sometimes called the L? Hérmander method.

In this section, we directly deal with the domain case. Of course, all this applies
directly and in a easier way to the case of R%.

We insist on the fact that we consider the Neumann boundary condition for L.
We first start with a lemma that deals with the existence of the solution to the
Poisson equation —Lg = f.

Lemma 5.4. Let f € L*(u) such that [o fdu = 0. Then there exists g € D(L)
such that

—Lg=f.

In particular, g satisfies the Neumann boundary condition: Vg -7 = 0 on 02
with 7 the outer normal on 0f).
We recall the following integration by parts:

Lemma 5.5. Let f, g be smooth (with no condition on boundary). Then

/Qg(—Lf)dlLZ/QVf-ngu—/m Vf-ngdpu.

We can now state the duality result.
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Lemma 5.6. Assume that for all g with Vg -n =0, one has
/Q(—Lg)2du > /Vg-Kngu

where for each x, K (x) is symmetric positive matriz. Then for every f € H(u),
one has:

Var,(f) < /Vf KMV fdp.

Proof. First one has Var,(f) = [ f2dp with f = f — [ fdu. Moreover since
[ fdu = 0, there exists g € D(L) such that

—Lg= /.
Now, the trick is to decompose the variance as follows:
Var,(f) =2 [ Fau~ [ fau
Q Q
:2/ f(~Lg)d —/ —Lg)%d
[ (=Lg)dp— | (=Lg) dp
=2/ Vf-ngu—/(—Lg)Qdu
Q Q
gQ/QK_%Vf-K%ngu—/QVg-KngpJ
:/ Vf-K‘1Vfdu—/ IKiVg— K 3V f[?
Q Q
S/QVf-K_1Vfdu
O

Actually, we have the following caracterization of the Poincaré inequality. Since
Vg € D(L),

/F2(9>dﬂ - /(—Lg)Qdu‘
The result below is also called the integrated I's criterion.

Theorem 5.7. The Poincaré inequality holds with constant Cp if and only if

1
[(~Loydn= = [ 1VgPdu,vg € D(L).
P

Proof. The reciprocal has be done just above. For the direct sense, it is sufficient
to check it for g which is orthogonal to the constants. Recall that the Poincaré

inequality is equivalent to the fact that the spectrum of L is included in {0} U

[A1,00) with A\; = C%: In this case, by the spectral theorem and the Poincaré
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inequality, one has:

/ (—Lg)*du = /( ) NdEy(g)

= )\QdEA(g)

[)‘1 ,OO)

> )\1/ AdE(g)
[)‘1700)
= Al/g(—Lg)dﬂ

=\ [ IVgPd.
O

The next lemma gives the computation of [(—Lg)?du. It is sometimes called
the Reilly formula (see e.g. [KM16]).

Lemma 5.8. Let g € CCC’O(Q) satisfying the Neumann boundary condition Vg-n = 0
on 0S), then

/Q(—Lg)2du:/ﬂ |VVg|2d,u+/Q Vg - (HessV) Vdy
Va [(0;m):s] Vad.
+ | Vglm)is) Vadu

Let us explain a bit the present of the curvature term ((Jacn);; = (9;1:)i; on
the boundary. It corresponds to the second fundamental form of the boundary.
Let us compute this term in a more concrete way, in a standard situation where
the boundary 0f is determined by a smooth algebraic equation F' = 0.

First, in this case the outer normal 7 is given by

VF
T IVE

and thus

(Jacn)i; = Omi
O F  ,F )| VF|
IVF| |VF|2

Now since on the boundary 0f2, the Neumann condition Vg-7n = 0 holds, one has:

ViF V2FVF
Vg-JacnVgdu = Vg - ——
/asz grIacinvgan o0 Y IV F| \VF3

ngp—/ng-VF Vgdy

ViF
= Vg == Vgdpu.
/89 g IV F| gan
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In particular, the boundary term in Lemma [5.8| is non-negative if the function
F is convex. And actually, a (smooth) domain in R? is convex if and only if it has
a convex boundary.

Now, we can give another proof of the Brascamp-Lieb variance inequality. Note
that this proof is valid with a domain on R? with convex boundary.

Proof of Theorem[5.1 Let du = e~ dx be a strictly log-concave measure on R? or
on a convex domain of R?. Here strictly log-concave means HessV () > 0 for all
x.

By the Reilly formula and the convexity of the boundary, one has:

/Q(—Lg)Zdu > /Q [VVgl*du + /Q Vg - (HessV) Vgdp
> /Q Vg - (HessV) Vgdpu.
and the result follows from the duality Lemma [5.6 0

Finally, we prove the Reilly formula.

Proof of Lemma[5.8 Using the Neumann boundary condition and the intertwining
V(—Lg) = (—L + HessV)Vy,

two successive integration by parts give:
| (=L = [ Vg-V(~Lgdu— [ Vg-n(~Lg)d

= [ Vg V(~Lg)dp

= /Q Vg - (=L + HessV)Vgdpu

= /Q [VVgl*dp — Z /(,m 9ig (V(Big) - n)dplae

+ /Q Vg - (HessV) Vg dp.
In the case where g satisfies the Neumann boundary condition, one has
Vg = Zk:@kgnk =0

and taking the derivative in ¢, one infers that:

V(0:g-n)+ > OkgOme =0
%

and the results follows. O
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This duality approach has been used in a quite large number of works. Let us
cite only some of them. In [Led01], Ledoux uses it to study some spin systems
(that is some perturbation of product measures). It has also been used to study
the improvements of the Poincaré constant under symmetries [BCEI13] [Kla09] or
some second order Poincaré inequality [CEFMO04].

5.4. Veysseire’s result. The second result of this section is due to Veysseire and
constitutes an improvement of the Bakry-Emery case. Here we do not need a
uniform positive lower bound of the smallest eigenvalue of HessV but we only
have to control its harmonic mean.

Theorem 5.9. [Veyl10] Let du = e™Vdx be a probability measure with HessV > 0
then with p(x) the smallest eigenvalue of HessV,

Crip < [ p(lx)du(x)-

Proof. The main idea has been encountered before: it is to perform the commuta-
tion between L and the gradient.
Actually, with the previous notation, one can show:

A =info(—L)\ {0} > inf o(—L + HessV)

It is now possible to dominate the semi-group on the gradients by the one on the
functions and one has

inf o(—L + HessV') > info(—L + p).

Now the goal is to bound from below the bottom of the spectrum of the Schrédinger
operator —L + p on the functions. It is given by the variational formula

o(—L + p) :inf{/\Vdequ/prdu, /deu: 1.}

Now by the Poincaré inequality, for f with [ f2du = 1, one has

[1952d+ [ pfan = [ = ([ ran) + [ oran

This gives
0> inf{/prdM— A1 (/fdu>2, /fzdu = 1}

and since by Cauchy-Schwarz

(/fdu>2 < /pf2du/;du,
Ozinf{/pfzdu (1—)\1//1)du>, /fzduzl}

one infers
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At least in the uniformly convex case, this gives
1
A >
P Ly
The general case follows by approximation. O

Remark 5.10. The study between the spectrum of —L on functions and of —L +
HessV' on gradients is an old and long subject (see e.g. [Hel02] ). Recently, a careful
study has be done in [BO|. Here we prove that the Poincaré inequality holds under
the condition that infimum of the mean of the potential p on some sub-domains is
positive. In particular, the result may be applied even if p vanishes on some region.

6. LOCALIZATION TECHNIQUES IN THE LOG-CONCAVE CASE

First, it is known that a log-concave probability measure satisfies the Poincaré
inequality. (see e.g. Theorem [6.6]below). In this section, we present the results ob-
tain in the log-concave by localization arguments. We also present the famous KL.S
conjecture which asserts, in one of its equivalent formulation, that the Poincaré
constant of a measure log-concave depends, up to an universal constant, only on
its covariance matrix (and therefore not to the dimension). We describe below
some recent and impressive progress.

Remark 6.1. Note that even on R, the probability measures with potential V (x) =
|z|*/a, 0 > 0, called the Subbotin or exponential power distribution, satisfies the
Poincaré inequality only for a« > 1. Note also that for o = 1, the Poincaré
inequality holds but there is no true eigenvalue associated to the spectral gap.

It is known that a Poincaré inequality implies some exponential integrability of
the distance (see e.g. Proposition 4.4.2 in [BGL14]). Thus heavy-tailed distribu-
tions can not satisfy the usual Poincaré inequality. However, in this situation, it
is still possible to obtain some weighted Poincaré inequalities (see [BLQO9] for the
cases of Cauchy distribution).

Of course, it is possible that some non-log concave function at infinity satisfies
the Poincaré inequality (see [HNO3] for some ezamples and also [BJ21] for a non-
convex perturbation of a product measure).

6.1. The Payne-Weinberger result in the compact case. The first result
concerning Poincaré inequality with explicit constant is due to Payne and Wein-
berger [PW60]. It was stated for the uniform measure on compact convex sets but
directly applies for a log-concave measure on a compact convex set.

Theorem 6.2. [PW60] Let K be a convex bounded domain of R and p be a
probability measure on K. Then

Cp(p) < M-

T2
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The method of the proof is a localization technique. The idea is to perform
successive half-space bissections. First one can consider only function f such that
Jx fdp = 0. The idea is now to find a hyperplane H which contains the barycenter
of K and thus decompose K = K_ U K+ with p(K) = pu(K_) and such that

| fauli, = [ fduli =0,
Ky K_
Now, if for each ¢ = +, —, the desired Poincaré inequality holds for K;; that is

Diam(K;)?
| Paul, < Diam(Ky)”
K; T
then the desired Poincaré inequality holds for K.

The idea is to iterate this half-space bissection. At the end, each K; is actually
closed to a one-dimensional segment.

Remark 6.3. The result of Payne and Weinberger is actually optimal, since there
is equality for the uniform measure on the one-dimensional segment [—R, R|. In-
2

s

deed, in this case, the first eigenfunction is given by sin(5zx) with eigenvalue Jaz .

2R

Remark 6.4. An elementary but striking point when one consider high dimen-
sion is the following: the diameter of the unit cube in dimension d is Vd. As a
consequence, if ji is a log-concave measure supported in the unit cube on R then

d

Cp(p) < )
whereas by tensorisation, the Poincaré constant of the uniform measure on the
Lebesque cube is %2. The result is optimal if one consider (a measure closed to)

the uniform measure on the diagonal of the cube. With this, we see that there is
no monotonicity of the Poincaré constant with respect of the inclusion even for
conver sets.

Remark 6.5. In the previous remark, we discuss the case of the cube. The same
phenomena also appears for the ball. The Payne-Weinberger estimate for a a log-
concave measure supported on a ball is actually optimal. One can approach the
case of the uniform measure on a segment. But, it is known that the Poincaré
constant of the uniform measure on the ball of radius R is of order %2 (see Section

.

6.2. Extension of KLS and Bobkov. The result of Payne-Weinberger has been
improved by Kannan, Lovasz and Simonovits [KLS95] (see also Bobkov [Bob99))
to the case of general log-concave measure on R?. Here, we cite the result by KLS:

Theorem 6.6. [KLS95| Let pu be a log-concave measure supported on on R¢, Then

Cr) < gl =

with zo the center of gravity of u; that is the point which minimises [ |z — xo|du(z).
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In some sense, the quantity |||z — o H1 is an "average diameter” of the measure
. This quantity can increase with the dimension.

The proof are done through isoperimetrics inequality and the Cheeger’s theorem.
The result of Cheeger compares the isoperimetric constant and the first eigenvalue
A1 in the log-concave case. The proof by KLS is based on the four functions
theorem: in order that some inequality between four integral holds for any log-
concave measure on R?, it is enough to check that the integral inequality is valid
for one-dimensional log-concave segments (“needles”). This explains the term:
localization.

The proof of Bobkov is done with the Brunn-Minkowski inequalities and pro-
duces a worse and not optimal constant: Cp(u) < 432 Var(u).

6.3. The KLS conjecture. Here, we have to mention the famous KLS conjecture
stated in [KLS95] and its last development, even if they can not apply directly here
because of the presence of an unknown universal constant.

Conjecture 6.7. There exists a universal constant C > 0 such that for every
log-concave measure p in isotropic position (in any dimension), one has

A probability measure is in isotropic position if it is centered and if its covariance
matrix is the identity.

In their recent work, Klartag and Lehec [KL] prove the remarkable result that
the above conjecture is true up to a polylog. Their method is a continuation of
the study of the so-called stochastic localization due to Eldan [EId13] and pursued
by Y. Chen [Che21].

Theorem 6.8. [KL] There ezists a universal constant C > 0 such that for any
d > 1 and any log-concave measure ji in isotropic position in R%, one has

Cp(pn) < C(lnn)'°. (6.2)

Note that in the general case case where the covariance matrix I' is not the
identity, using the stability of the Poincaré constant with respect to Lipschitz
transport, this gives that for any log-concave measure p on R%:

Cp(n) < C[IT[lop(In )™

with ||I'||op the biggest eigenvalue of the non-negative symmetric matrix I
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7. SYMMETRIES AND IMPROVEMENT OF THE POINCARE CONSTANT.

A seen before, the tensorisation property is an important feature of the the
Poincaré inequality. We present here some link with some symmetries and their
improvement on the Poincaré constants.

7.1. Unconditional log-concave case. A convex set K or more generally a
measure dy = e~ dx is said unconditional if it is symmetric with respect to all
hyperplanes of coordinates; equivalently that is if for all (zy,...,z4) € R? and all
choice of signs (g1,...,&q4) € {—1,1}4, one has

V(glxla e 7€dxd) - V(Il)' o 7xd)'

The following result due [Kla09] extends the Payne-Weinberger bound to the
class of unconditional convex set K.

Theorem 7.1. [KIa09] Let i be an unconditional convex measure on an uncondi-
tional set K and assume

K C [-R, R]“
Then
4R?
Cp(p) < —5--
™

The proof is based on the fact that for a log-concave measure any eigenfunction g
associated to the first non-trivial eigenvalue (if it exists) has a "favorite” direction
in the sense

Lemma 7.2. Let i be a log-concave measure and assume g is an eigenfunction
associated to the first non-trivial eigenvalue \i: then

/ku¢o

Proof. The proof is done by contradiction using to the L? Hoérmander and two
times the Poincaré inequality: one time for the term [|VVg|?du and one for the
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term [|Vg|?du. Indeed, one has
)\f/g2d,u :/|VVg|2d,u+/Vg~ (HessV) Vgdu

> [ 1V
d
=3 [ 19(0g)du
i=1
d
>3 N /(8Z-g)2d,u since /@-gdp =0
i=1

=\ [ IV

> )\f/deu since /gd,u = 0.

A little more work is necessary to obtain a strict inequality and the contradiction.

O

As a consequence, using the unconditional symmetries, there must exists a first
non-trivial eigenvalue g which is odd with respect to one coordinate , say ig.

The proof is then easily finished in the compact case by a Poincaré inequality
in dimension 1. Indeed, since for any (z1,..., % -1, Tig41, - .- Td) € R

/ . g(x) du(xi|(x1, ..., Tig—1, Tig41, - - - Ta) = 0.
T

Then by Fubini theorem and using the Poincaré inequality in dimension 1, one has
(note that [gdu =0 and [y |Vgl*du(z) = A\ [x ¢*dp):

AR? AR?
/ g*(x)dp < 72/ |05 9[*dp(z) < 7/ Vgl*du(z).
K m K m K

The general case where the true eigenfunction do not necessarily exist has been
considered in [BK20]. Moreover, the authors obtain (see precise statement in The-
orem 17) that a perturbation of a symmetric probability product measure by an
unconditional (and coordinatewise non-increasing) perturbation does not deterio-
rate the Poincaré constant.

Note that a weighted Poincaré inequality for the class of unconditional functions
has been obtain by Klartag (see e.g [Klal3|, see also [KM16]).

7.2. Radial case. In this section, we consider the case of radial measure on R".
We have dy = e~V(#)dx where U : [0, +00) — R is a smooth function and

Lf(x) = Af(x) = U'(J) = - Vf(x), =R

]
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The following result is due to [Bob03]. The constant was improved [BJMIG].

Theorem 7.3. [Bob03, BJMI16]
Let 11 be a log-concave radial probability measure on R with d > 2. Then, one
has

Jrd |2]?pu(de)
d

The result is completed in dimension 1 by Bobkov [Bob99]:
Cp(p) < 12 Var(p)

fi (k)

< <
<Cp(w) < =

Actually, this result applies also to radial measure supported in a ball, outside
of a ball or even in an annulus.

Obtaining a lower bound for the Poincaré constant is easy. One has just to plug
a (good) function in Poincaré inequality. Note also that the variational caracteri-
sation

Var,(f)
Cp(p) = sup — "o
rri JIVf P
is equivalent to the classical variational caracterisation of the first non-trivial eigen-
value of —L:
o JIVSPd
= inf ————.
£.f11 Var,(f)

The lower bound the Poincaré constant is here just obtained by considering linear
functions, for example taking f(x) = x;. Indeed, it satisfies [ |V f|?du = 1 and by
symmetries [ fdp =0 and [ f2dp =3 [ |z[*dp.

A1

The case of the Subbotin or exponential power measures (V,(z) = |z|*/a for a >
0) is explicitly given in [BJM16]. As said before, these probability measures satisfy
the usual Poincaré inequality if and only if « > 1. The case a = 2 corresponds
to the Gaussian. For a > 1, the measures are log-concave but the behaviour for
a € [1,2) and a € (2, 00) are very different. For o > 2, the measures are uniformly
log-concave at infinity but have a lack of convexity near the origin. Whereas for
« € [1,2) this is the contrary, they are not uniformly log-concave at infinity.

In a simple form, this method produces the bounds:

-1 2
izl+1 x d'7HY < A\ (=Ly) < d; x di=e, (7.1)

With this method, we also recover that the the Poincaré constant for the uniform
measure on the ball of radius R is of order %2. The explicit value is given by the
first zero of the derivatives of some Bessel functions [Wei56].
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This approach works also beyond the log-concave case. Weighted Poincaré in-
equalities for generalized Cauchy distribution (and also fro the standard Gaussian
measure) are given in [BJMI6].

We now discuss the proof of the upper bound in Theorem [7.3] The idea is to see
that that the radial measure p is close to a product measure.. More precisely, the
measure j is the image measure of the product measure v ® 041 by the mapping
(r,0) € (0,+00) x S — 7. Here v is the one-dimensional probability measure
on R, with density proportional to

rd—le—U('r) — e—(U(r)—(d—l)ln'r)
Lemma 7.4. With these notation, one has:

Cr(p) < max (Co(v), Coloa) [, Ialu(d) ) (72)

Now the Poincaré constant of the uniform measure on the sphere

1
CP(O'dfl) = ﬁ

d=1 45y the radial measure v:

d—1

r2

The last idea is to take advantage of the term r

(U(r)—(d—1)Inr)" =U"(r) +

By the Veysseire’s result, this gives

Col) < 2T 0o, [ ) (73)

Proof of Lemma[7.3. Let f € C3*(R%) and denote g on (0, +-00) x S by g(r, ) :=
f(r@). First using the Poincaré inequality for the radial operator —L,,, we have

[ = [ ([ gt 0putan)) owaas)

< /Sdi1 (/()+OO g(r, 9)1/(d7’)>2 oq-1(d0)
+Cpw) [ [ 1000 O wldr)o (d6) (7.4)
= [ ([0 0)y(dr)>2 o4 1(d6)
+o0
+Op(v) /S /0 10 £(r0)|? v(dr)og.(d6).

Now if we set

noy= [ gtr.opar),
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using the Poincaré inequality for the uniform measure on the sphere S9!

/S h(0)o. () < (/R d fd,u)z—f—C’p(adl) /S Vs th(0) P (d)

where Vga-1h(f) denotes the spherical gradient at # which can also be written as
Iy (Vh)(6).

Now by Cauchy-Schwarz, one has:
2

Varih(O) = ’ /OJFOOTH@L(Vf)(T@)V(dT)
< [t [ M (V60 vlar) (7.5)

+o0
= [ J2Putdz) [ Mg (V1) 00) vidr).

Since by Pythagorus, |Vf(r8)|? = |0 - V f(r0)|> 4 [Iy. (V f)(r6)[?, summing (7.4)
and ([7.5)) ends the proof of the lemma. O

8. GENERALIZED BRASCAMP-LIEB INEQUALITIES.

In this final section, we present quickly some opening and a method that can be
used in the non-uniformly, non strictly or even non convex situation. The method
presented is a generalization of the Brascamp-Lieb inequality on RY.

Theorem 8.1. [ABJ18] Let diu = e~Vdx be a probability measure on R®. Assume
that there exists a smooth diagonal inversible matriz B(x) such that

HessV (z) — (LB)(x)B~(z) > 0 for all z € R%.
Then for all function f,

Var,(f) < /]R (V) - (HessV — (LB)B™) (V) dp. (8.1)

The diagonal assumption can be relaxed but the assumption is not still well
understood.

Explicit Poincaré constants for the non-convex potential V(z,y) = x*+y* — By
(for small B) together with weighted Poincaré for the Subbotin distributions are
obtained in [ABJ18].

When B(x) = b(x)Id, the method is close to the Lyapunouv method (see e.g.
[BCGO8| and [BGLI14] Theorem 4.6.2) but permits to obtain more explicit and
reasonable Poincaré constants.

Moreover, in dimension 1, if b is the derivative of an increasing function A, one
has ,
"o @ _ (_Lh)

v b n
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In particular, since (if it exists) the first non trivial eigenfunction g¢; is strictly

increasing, taking b = g; the new potential is constant to the spectral gap; that is,

one has:

" @ _ (_Lgl)/
b g

This recovers the Chen’s formula (see [CW97] and also [DW11),[BJ14]) for the first

non trivial eigenvalue of —L:

V =\

_I /
A1 = sup inf 7( )

8.2
hh>0x€R  R'(z) 8.2)

Remark 8.2. Another idea to go beyond the uniformly convexr Bakry-Emery case
is to change the metric and to hope that with this new metric, the new diffusion
operator satisfies some Bakry-Emery curvature criterion. This idea is implemented
for example in [KM16].
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