PROCEEDINGS OF THE AMERICAN MATHEMATICAL SOCIETY Volume 00, Number 0, Pages 000–000 S 0002-9939(XX)0000-0

STABILITY AND CONVERGENCE OF DISCRETE KINETIC APPROXIMATIONS TO AN INITIAL-BOUNDARY VALUE PROBLEM FOR CONSERVATION LAWS

VUK MILIŠIĆ

Abstract. We present some new convergence results for a discrete velocities BGK approximation to an initial boundary value problem for a single hyperbolic conservation law. In this paper we show stability and convergence towards an unique entropy solution in the general BV framework without any restriction either on the data of the limit problem or on the set of velocity of the BGK model.

1. Introduction

We study the initial-boundary value problem for a scalar conservation law

(1.1)

∂_tu + ∂_xF (u) = 0,

u(0, x) = u^0(x)

where u is a scalar function of (x, t) ∈ R^+ ×R^+ , F is a Lipschitz continuous function and the boundary condition is

(1.2) u(t, 0) = u_b(t).

Actually this condition cannot be imposed for all t > 0, but it has to be intended in a generalized sense as a compatibility condition between the trace of the solution and the flux function F , see [3] and (2.1) below. To approximate the solution of (1.1) we choose a semi-linear hyperbolic system of BGK type

(1.3)

∂_tf_k + λ_k∂_xf_k =^1_ϵ (M_k(u^ϵ) − f_k) k ∈ {1, . . . , N},

f_k(0, x) = M_k(u^0(x)), t = 0,

where λ_k are fixed velocities, u^ϵ defined like u^ϵ = ∑ k f_k, and ϵ a positive parameter.

In addition, we impose a boundary condition for the positive speeds

(1.4) f_k(t, 0) = M_k(u_b(t)), if λ_k > 0.

It easy to see, at least at the formal level, that if the sequence u^ϵ converges (strongly) to a limit function u, then u is a weak solution of problem (1.1). The functions M_k are called Maxwellian functions and are the link between (1.3) and the scalar

Key words and phrases. Scalar conservation law, boundary condition, kinetic approximation, BV estimates, entropy solution.

© 1997 American Mathematical Society 1

2 VUK MILIŠIĆ

conservation law (1.1), since they are chosen to satisfy the following compatibility relationship with (1.1) :

(1.5) ∑ k M_k(u) = u, ∑ k λ_k M_k(u) = F (u). To have stability with respect to the parameter ϵ, we introduce a monotonicity condition on the previous functions, as already seen in [19, 13] for the Cauchy problem, that provides all results of monotonicity on the corresponding solutions.

This kind of approximation was first introduced by S. Jin and Z. Xin in [9] for it’s specific features, namely the analytical simplicity, the meaningful physical interpretation and numerical flexibility. From the theoretical point of view, weak and smooth solutions were studied in [7, 13, 14] in the case of Cauchy problem. Stability of the boundary layers was investigated in [16] and in [11]. For more general regular solutions the reader can refer to Yong’s works, see [20]. The specific case of isentropic gas dynamics is studied in a recent work of [5], where the authors present a complete theory of convergence of a kinetic approximation with continuous set of velocities towards the unique entropy solution using the general L^∞ framework. François James relaxed a model of chemical engineering with special reflux boundary conditions in [8] using compensated compactness. A particular case of the same model led, for the Cauchy problem, to another work, [6] using the BV theory.

For a continuous set of velocities, the weak entropy case was studied in [17] in several space dimensions, but with a restriction on fluxes (either concave or convex). In [18], Wei-Cheng Wang and Zhouping Xin gave an important contribution to the weak solution in the general BV ∩ L^∞ framework. In fact, the authors studied a relaxation 2 × 2 system in one space dimension, with a rather natural boundary condition 2∑ k=1 f_k = u_b(t);

this result was obtained only for a small perturbation of a non transonic constant state u^∗, (i.e.: F^′(u^∗) ≠ 0).

In [15], R .Natalini and A. Terracina studied the same 2 × 2 relaxation case but with a slightly different boundary condition :

f_2(t, 0) = M_2(u_b(t))

where f_2(t, 0) is the positive velocity component. They proved the existence and uniqueness of the entropy solution when the relaxation parameter ϵ tends to zero, without any restriction either on the data, or on the flux F .

The direct extension of the techniques of [15] to the case of any set of velocity (λ_k)_{1≤k≤N} , with N > 2 seems to be a difficult problem. On the other hand, this extension seems to be of interest for at least three reasons: the multidimensional case cannot be considered with a two velocities model, and, from a numerical point of view, more velocities can decrease the numerical diffusion, and, at last, every flux splitting scheme can be derived from a kinetic model with at least three velocities (see [4]).

All this considerations give some motivations to establish stability and convergence results for a general velocity case.

DISCRETE KINETIC APPROXIMATIONS OF AN INITIAL-BOUNDARY VALUE PROBLEM 3

The main difficulty lies on the estimates of the total variation in space. In [15], those estimates are established thanks to a bound on the total variation of the solution’s trace. It is possible to show the same kind of result for any set of velocity, but for null-velocity components the total variation of the trace is not uniform in ϵ. In this paper, we show how to avoid the time dependency, and obtain uniform estimates. The key argument is the use of all the information available on the boundary for positive velocity components of (1.3). Note that all the previous arguments permitted to expand numerics of the Cauchy problem already studied in [2] to the case with boundary in [1].

The paper is organized as follows: first we recall all results that are in background of the proofs below; afterwards in section 3 we establish the new way of obtaining the BV ∩ L^∞(R_+ ) bounds, and we end the paper by showing the consistency with the entropy condition, using some weak convergence arguments.

2. Preliminaries

Definition 2.1. Let u^0 ∈ BV (R^+ ) and u_b ∈ BV (0, T ) (T > 0). We say that a function u ∈ BV (R^+ × (t, 0) is an entropy solution to the boundary value problem (1.1) if

i) for any ϕ ∈ C^1_0 (R^+ × [0, T )), with ϕ ≥ 0, and for any k ∈ R ∫_T 0 ∫ R^+ |u − k|∂_tϕ + sgn(u − k)(F (u) − F (k)∂_xϕ dxdt

+ ∫ R^+ |u^0 − k|ϕ dx ≥ 0; ii) for almost any t ∈ (0, T )

(2.1) max{sgn(u(t, 0) − u_b(t))(F (u(t, 0)) − F (k)) : k ∈ I(u_b(t), u(t, 0))} = 0.

Here BV stands for the space of the functions of bounded variation and u(t, 0) for the trace of the function u = u(t, x) on the boundary, which is well–defined for u ∈ BV , see [3].

We recall also some standard properties established for the relaxation problem with boundary, from [15] that are easily extendable to our case. Considering problem (1.3), set for every bounded initial–boundary data u^0 and u_b,

I(u^0, u_b) = { u ∈ R; β_m (u^0, u_b) ≤ u ≤ β_M (u^0, u_b) } , where β_m(u^0, u_b) = min{ess inf(u^0), ess inf(u_b)},

β_M (u^0, u_b) = max{ess sup(u^0), ess sup(u_b)}

Proposition 2.1. Fix ϵ > 0 and assume that the Maxwellian functions are satisfying (1.5) and are non decreasing on the interval I. Let (f^ϵ_k)_{1≤k≤N} and (f^ϵ_k)_{1≤k≤N} be two weak solutions to problem (1.3), with initial data (u^0, u_b) and (u^0, u_b) respectively, and u^ϵ := ∑ k f^ϵ_k, u^ϵ := ∑ k f^ϵ_k for almost every (t, x) ∈ R^+ × (0, T ).

Then for every K ∈ R^+ , and almost every t ∈ (0, T ), the following inequalities hold

4 VUK MILIŠIĆ

true:

(2.2) ∫_K 0 ∑_N k=1[f^ϵ_k(t, x) − f^ϵ_k(t, x)]_+dx ≤ ∫_{K+σt} 0 [u^0(x) − u^0(x)]_+dx + ∑ λ_k >0 λk ∫_t 0 [M_k(u_b(τ)) − M_k(u_b(τ))]_+dτ;

For negative velocity components one has

(2.3) ∑ λ_k <0 |λk| ∫_t 0 [f^ϵ_k(0, τ) − f^ϵ_k(0, τ)]_+ dτ ≤ ∫_{σt} 0 [u^0(x) − u^0(x)]_+ dx + ∑ λ_k >0 λk ∫_t 0 [M_k(u_b(τ)) − M_k(u_b(τ))]_+ dτ .

where σ = max_k |λ_k|

Corollary 2.2. With the same assumptions as in proposition 2.1, let (f^ϵ_k)_{1≤k≤N} be a weak solution to problem (1.3) with initial data (u^0, u_b), then, for almost every (t, x) ∈ R^+ × (0, T ), and for k = 1, . . . , N,

M_k(inf I(u^0, u_b)) ≤ f^ϵ_k ≤ M_k(sup I(u^0, u_b)).

We recall here a lemma describing the behavior of the T V semi-norm for truncated function of BV . We call χ_δ a monotone decreasing truncature function whose value is 1 in x ∈ [0,^δ_2 ] and whose support is included in [0, δ].

Lemma 2.1. If u is a BV (R^+ ) function and u_δ its truncature defined as u_δ = u(1 − χ_δ ), where we have

∀γ > 0 ∃α_γ s.t ∀ δ < α_γ T V (u_δ) ≤ T V (u) + |u(0^+)| + γ.

If v ∈ BV(R^+ ), let call

(2.4) v^{δ,ν} = (vΨ_δ) ∗ ϕ_ν

where Ψ_δ = (1 − χ_δ) while ϕ_ν is the standard approximation of unity. Note that to obtain a C^∞ regularity in a right neighborhood of x = 0, we have to take ν <^δ_2 .

By using the propagation of singularity results (see [12]) and the approximation of the solutions of the problem (1.3) by truncature and regularisation, we obtain the following result. The proof is omitted.

Proposition 2.3. For some given functions u^0 ∈ BV (R^+ ) and u_b ∈ BV ((0, T )), we take (u^0_{δ,ν} , u^{δ,ν}_b ) defined as in (2.4). Let also the Maxwellian functions M_k be satisfying (1.5) for u ∈ I = I(u^0, u_b) and assume that they are non decreasing on this interval. Then for every ϵ > 0 there exists a unique vector solution f^ϵ_{δ,ν} to problem (1.3), and f^ϵ_{δ,ν} ∈ (C^∞((0, T ) × R^+ ))^N . Moreover, if f^ϵ is a weak solution associated to the data (u^0, u_b), then we have that f^ϵ_{δ,ν} → f^ϵ in (L^1_{loc}((0, T )×R^+ ))^N , when δ, ν go to 0.

3. Stability

The a priori estimates that will be obtained for regular solutions are extendable to the general BV case thanks to proposition 2.3, so that we treat only the smooth case. First we need to establish, a very basic lemma, to extend properties of the collision already used in [15].

DISCRETE KINETIC APPROXIMATIONS OF AN INITIAL-BOUNDARY VALUE PROBLEM 5

Lemma 3.1. Suppose that the Maxwellian functions are non decreasing, and satisfying (1.5), we have ∑ k sgn(∂_xf_k)∂_x(M_k(u) − f_k) ≤ 0

Proof : We can write the previous expression like : ∑ k sgn(∂_xf_k)∂_x(M_k(u) − f_k) = ∑ k sgn(∂_xf_k)M^′_k(u) ∑ l ∂_xf_l − ∑ k |∂_xf_k| Inverting the sums in the first term of the right hand side, we have : ∑ k sgn(∂_xf_k) ∂_x(M_k(u) − f_k) = ∑ l ∂_xf_l ∑ k sgn(∂_xf_k)M^′_k(u) − ∑ k |∂_xf_k| = ∑ l |∂_xf_l| ∑ k sgn(∂_xf_l)sgn(∂_xf_k)M^′_k(u) − ∑ k |∂_xf_k| = ∑ l |∂_xf_l|( ∑ k sgn(∂_xf_l)sgn(∂_xf_k)M^′_k(u) − 1) and because the M_k are non decreasing, and also because sgn(a)sgn(b) ≤ 1 ∀a, b ∈ R we have the desired result. ♦

Here we expose the key argument of this paper, in fact the following lemma shows that there is no need to use total variation in time to estimate the space total variation along the trace. Those estimates are obtained thanks to a very careful use of the information that entering characteristics provide on the boundary.

Lemma 3.2. For any set of velocities one has : ∑ k ∫_t 0 λ_k|∂_xf_k|(τ, 0)dτ ≤ ∫_t 0 |u^′_b(τ)|dτ − |u(t, 0) − u_b(t)| + |u(0, 0) − u_b(0)| Proof : Using the equations of (1.3), we transform the space derivatives into the difference between the collision term and the time derivatives. ∑ k ∫_t 0 λ_k|∂_xf_k|(τ, 0)dτ ≤ ∑ λ_k >0 ∫_t 0 |^1_ϵ (M_k(u) − M_k(u_b)) − ∂_tM_k(u_b)|dτ − ∑ λ_k ≤0 ∫_t 0 |^1_ϵ (M_k(u) − f_k) − ∂_tf_k|dτ

This by a simple triangular inequality becomes : ∑ k ∫_t 0 λ_k|∂_xf_k|(τ, 0)dτ ≤ ∫_t 0 ∑ λ_k >0 | 1 ϵ (M_k(u) − M_k(u_b))| + |∂_tM_k(u_b)| − ∑ λ_k ≤0 | 1 ϵ (M_k(u) − f_k) − ∂_tf_k|dτ. We now observe the last three terms inside the integral, can be rewritten like : ∑ k λ_k |∂_xf_k| =^{|u−ub|}_ϵ + |u^′_b| − (∑ λ_k ≤0 | M_k (u)−M_k (u_b) ϵ | + |∂_t(M_k(u_b))| + |^{(Mk (u)−fk )}_ϵ − ∂_tf_k| ) . Adding all terms in the last sum over non positive velocities, one has : ∑ k λ_k|∂_xf_k| ≤^{|u−ub |}_ϵ + |u^′_b| − ∑ λ_k ≤0 | M_k (u_b )−f_k ϵ + ∂_t(M_k(u_b) − f_k)|,

6 VUK MILIŠIĆ

which becomes ∑ k λ_k|∂_xf_k| ≤^{|u−ub |}_ϵ + |u^′_b| −| ∑ λ_k ≤0 M_k (u_b )−f_k ϵ + ∂_t(M_k(u_b) − f_k)|.

Now, using that u = ∑ λ_k >0 Mk(ub)+ ∑ λ_k ≤0 fk we obtain the following estimate : ∑ k λ_k|∂_xf_k| ≤ |u_b − u| ϵ + |u^′_b| − | u_b − u ϵ + ∂_t(u_b − u)|. We use the convexity of the absolute value : ∑ k λ_k|∂_xf_k| ≤ −sgn(^{ub −u}_ϵ )∂_t(u_b − u) + |u^′_b| = −sgn(u_b − u)∂_t(u_b − u) + |u^′_b| = −∂_t|u − u_b| + |u^′_b|, so that the previous quantity integrated over (0, t) can be estimated in fact by ∑ k ∫_t 0 λ_k|∂_xf_k|(τ, 0)dτ ≤ − ∫_t 0 ∂_t|u_b − u| + |u^′_b|dτ, which gives the desired result. ♦

Now we just use the results presented previously, to end the estimates of BV – space bounds.

Proposition 3.1. Suppose that the Maxwellian functions are non decreasing, that u^0 ∈ BV (R^+ ) and u_b ∈ BV ((0, T )), so if (f_k)_{1≤k≤N} is a solution of (1.3), it verifies the following estimate ∑ k T V (f_k(t, ·)) ≤ T V (u^0, R^+ ) + T V (u_b, (0, T )) + |u_b(0) − u^0(0)|

Proof :

For simplicity of notation we omit the parameter ϵ.

* Results on regularized data As in proposition 2.3, we approximate the data (u_b, u^0) by truncature and regularisation (u^δ_b , u^0_δ), so that the solution f^{δ,ν} of (1.3) is in C^∞((0, T )× R^+ ). We take the x–derivative of all the equations in (1.3) and then we multiply each one by sgn(∂_xf^δ_k ). Summing up and integrating over D^t_L = {(x, τ) ∈ R^+ × (0, T ) : 0 < x < L + σ(t − τ)}, yields : ∑ k ∫_L 0 |∂_xf^{δ,ν}_k (t, x)|dx ≤ ∑ k ∫_{L+σt} 0 |∂_xf^{δ,ν}_k (0, x)|dx + ∑ k ∫_t 0 λ_k|∂_xf^{δ,ν}_k (s, 0)| ds +^1_ϵ ∑ k ∫ D^t_L sgn(∂xf δ,ν k )∂_x(M_k(u^{δ,ν} ) − f^{δ,ν}_k ) dx dt The parameter σ is chosen to make the contribution on the boundary (L + σ(t − τ)) negative, that is σ = max_k |λ_k|. Now it is clear that using lemma 3.1 the last term is also negative, whereas applying lemma 3.2 the second one is bounded. Then we have : ∑ k T V (f^{δ,ν}_k ) ≤ T V (u^{δ,ν}_b ) + T V (u^0_{δ,ν} )

DISCRETE KINETIC APPROXIMATIONS OF AN INITIAL-BOUNDARY VALUE PROBLEM 7

* T V properties of the regularized data We regularize and truncate as in (2.4). A very standard property of the BV functions allows us to write T V (u^{δ,ν}_b ) ≤ T V (u^δ_b ) and applying twice lemma 2.1, we have that

lim inf δ,ν→0 ( T V (u^{δ,ν}_b ) +T V (u^0_{δ,ν} ) ) ≤ lim inf_{δ→0} ( T V (u^δ_b ) + T V (u^0_δ ) )

≤ T V (u_b) + T V (u^0) + |u_b(0^+)| + |u^0(0^+)|

* General BV ∩ L^∞ solution

As by proposition 2.3 f^{δ,ν} → f in (L^1loc((0, T ) × R^+ ))^N , we have also that : ∑ k T V (f_k) ≤ lim inf_{δ,ν→0} ∑ k T V (f^{δ,ν}_k ), So that at the end we have the following estimate ∑ k T V (f_k) ≤ T V (u_b) + T V (u^0) + |u_b(0^+)| + |u^0(0^+)|

To obtain an optimal estimate we apply the last result to the following data (u_b − C, u^0 − C), with C = u_b(0) + u^0(0) 2 . and we obtain the desired result. Note that adding a constant changes only the value of the data at (t, x) = (0, 0), but not the total variation. ♦ Now that we have obtained the BV ∩ L^∞ bounds, the rest of the stability criteria follow exactly the same ideas already exposed in [15] so that we can claim

Theorem 3.1. Let u^0 ∈ BV (R^+ ), u_b ∈ BV (0, T ). Then the solution (f_kϵ)_{1≤k≤N} to problem (1.3) satisfies the following uniform estimates for every t ∈ (0, T ) : T V (f^ϵ_k(·, t)) ≤ C, ∑ k ∫ R^+ |f ϵ k(t + h, x) − f^ϵ_k(t, x)| dx ≤ C|h|; ∫_L 0 ∑ k |(M_k(u^ϵ) − f_k)(t, x)| dx ≤ Cϵ 4. Entropy consistency

In this section we prove that the solution given by the system (1.3) converges when ϵ goes to zero towards the unique entropy solution of (1.1). With respect to the arguments used in [15], our proof does not use the strong convergence of the traces, which is actually much more difficult to be obtained in the present multi–velocities case.

To establish the kinetic entropy inequalities for fixed ϵ, we argue exactly as in [15], so we omit the proof.

8 VUK MILIŠIĆ

Lemma 4.1. Let u^0 ∈ BV (R^+ ), u_b ∈ BV (0, T ), and (f^ϵ_k)_{1≤k≤N} the weak solution of problem (1.3). Then for every ϕ ∈ C^1_0 (R^+ × [0, T )), with ϕ ≥ 0, and for every c ∈ R, there holds

(4.1)

∫_T 0 ∫ R^+ ∑ k |f^ϵ_k − M_k(c)|(∂_tϕ + λ_k∂_xϕ) dxdt

+ ∫ R^+ ∑ k |M_k(u_0) − M_k(c)|ϕ(0, x) dx + ∫_T 0 ∑ k λ_k|f^ϵ_k − M_k(c)|ϕ(t, 0) dt

≥^1_ϵ ∫_T 0 ∫ R^+ ( ∑ k |f^ϵ_k − M_k(c)| − |u − c|)ϕ dxdt ≥ 0. To show the convergence towards the entropy solution, we need the following result.

Lemma 4.2. If we call S_k(f_k) = |f_k −M_k(c)|, the microscopic entropies associated to the Kružkov entropy for (1.1) we have

(4.2) ∑ λ_k >0 λk|Mk(ub) − Mk(c)| + ∑ λ_k <0 λk |fk − Mk(c)| ≤ sgn(u_b − c)[ ∑ λ_k >0 λkMk(ub) + ∑ λ_k <0 λkfk − F (c)] Proof : Using that ∑ k λ_k|M_k(u_b) − M_k(c)| = sgn(u_b − c)[F (u_b) − F (c)],

thanks to the compatibility relations (1.5), one can see that : ∑ λ_k >0 λk |Mk(ub) − Mk(c)| + ∑ λ_k <0 λk|fk − Mk(c)| = sgn(u_b − c)[F (u_b) − F (c)] + ∑ λ_k <0 λk (|fk − Mk(c)| − |Mk(ub) − Mk(c)|). Because of the convexity of the microscopic entropies, the last inequality becomes ∑ λ_k >0 λk |Mk(ub) − Mk(c)| + ∑ λ_k <0 λk|fk − Mk(c)| ≤ sgn(u_b − c)[F (u_b) − F (c)] + ∑ λ_k <0 λksgn(Mk(ub) − Mk(c))(fk − Mk(ub)). The functions M_k are all non decreasing, so that one has : ∑ λ_k >0 λk |Mk(ub) − Mk(c)| + ∑ λ_k <0 λk|fk − Mk(c)| ≤ sgn(u_b − c)[F (u_b) − F (c) + ∑ λ_k <0 λk(fk − Mk(ub))]. And ∑ λ_k >0 λ_kM_k(u_b) = F (u_b) − ∑ λ_k <0 λ_kM_k(u_b)

gives the desired result. ♦

Finally we present the proof of the consistency of the entropy inequalities.

DISCRETE KINETIC APPROXIMATIONS OF AN INITIAL-BOUNDARY VALUE PROBLEM 9

Theorem 4.1. The sequence of solutions to (1.3), (1.4) converges to the (unique) entropic solution that satisfies the following entropy condition : ∫ R_+×(0,T ) |u − c|∂tϕ +sgn(u − c)(f(u) − f(c))∂xϕdxdt + ∫ R_+ |u(0, x) − c|ϕ(0, x)dx + ∫_T 0 sgn(u_b(t) − c)(f(u(t, 0)) − f(c))dt ≥ 0 Proof : By lemma 4.1 we have : − ∫_T 0 ∫ R^+ ∑ k |f^ϵ_k − M_k(c)|(∂_t + λ_k ∂_x)ϕ(t, x)dxdt − ∫ R^+ ∑ k |M_k(u^0) − M_k(c)|ϕ(0, x)dx ≤ ∫_T 0 ∑ k λ_k |f^ϵ_k(t, 0) − M_k(c)|ϕ(t, 0)dt The last term can be rewritten as : ∫_T 0 ∑ λ_k >0 λ_k|M_k(u_b(t))) − M_k(c)| + ∑ λ_k <0 λ_k|f^ϵ_k(t, 0) − M_k(c)|ϕ(t, 0)dt. Then, we use our new inequality (4.2) to obtain :

(4.3) − ∫_T 0 ∫ R^+ ∑ k |f^ϵ_k − M_k(c)|(∂_t + λ_k∂_x)ϕ(t, x)dxdt − ∫ R^+ ∑ k |M_k(u^0) − M_k(c)|ϕ(0, x)dx ≤ ∫_T 0 sgn(u_b(t) − c)[ ∑ λ_k >0 λkMk(ub(t)) + ∑ λ_k <0 λk f ϵ k − F (c)]ϕ(t, 0)dt And because of stability results already established, the previous expression tends to its limit :

(4.4) − ∫ R_+×(0,T ) |u − c|∂tϕ − sgn(u − c)(F (u) − F (c))∂xϕdxdt − ∫ R_+ |u(0, x) − c|ϕ(0, x)dx ≤ ∫_T 0 sgn(u_b(t) − c)[ ∑ λ_k >0 λkMk(ub(t)) + ξ(t) − F (c)]ϕ(t, 0)dt. Note that the terms inside the domain and at t = 0 are limits due to convergence in C([0, T ], L^1_{loc}(R^+ )) while the boundary one is obtained only in L^∞(0, T ) weak-* sense. If we take ϕ(t, x) = ρ(t) max{0, 1 − x η }, η ∈ R^+ , with ρ(0) = 0, and let η tend to zero. There holds ∫_T 0 sgn(u(t, 0) − c)(F (u(t, 0)) − F (c))ρ(t)dt ≤ ∫_T 0 sgn(u_b(t) − c)[ ∑ λ_k >0 λkMk(ub) + ξ(t) − F (c)]ρ(t)dt. That is :

sgn(u(t, 0) − c)(F (u(t, 0)) − F (c)) ≤ sgn(u_b(t) − c)[ ∑ λ_k >0 λ_kM_k(u_b) + ξ(t) − F (c)].

10 VUK MILIŠIĆ

Taking c > sup(u(t, 0), u_b(t)) and c < inf(u(t, 0), u_b(t)) it yields : ξ(t) = F (u(t, 0)) − ∑ λ_k >0 λ_kM_k(u_b(t)),

we replace ξ(t) by its value in (4.4) and we get the desired result ♦

ACKNOWLEDGEMENTS The author would like to thank R. Natalini, B. Hanouzet, and D. Aregba-Driollet, for wise advises and patience that made this work possible. This work was partially done at IAC (Instituto per le Applicazioni del Calcolo ”M. Picone”). The research was supported by TMR hyperbolic project HCL # ERBFMRXCT960033.

References

1. D. Aregba-Driollet and V. Milišić. Numerical approximation of scalar conservation laws with boundary condition. Preprint 2. D. Aregba-Driollet and R. Natalini. Discrete kinetic schemes for multidimensional conservation laws. SIAM J. Num. Anal. 37(6):1973–2004, 2000 3. C. Bardos, A. Y. le Roux, and J.-C. Nédélec. First order quasi-linear equations with boundary conditions. Comm. Partial Differential Equations, 4(9):1017–1034, 1979.

4. F. Bouchut. Entropy satisfying flux vector splittings and kinetic BGK models. Preprint 2000. 5. Berthelin, Florent; Bouchut, François Weak entropy boundary conditions for isentropic gas dynamics via kinetic relaxation, preprint MAPMO 01 - 08, Université d’Orleans, 2001 6. Bressan, Alberto; Shen, Wen. BV estimates for multicomponent chromatography with relaxation. Discrete Contin. Dynam. Systems 6, no. 1, 21–38 2000 7. G.-Q. Chen, C. Levermore, and T.P. Liu. Hyperbolic conservation laws with stiff relaxation terms and entropy. Comm. Pure Appl. Math., 47:787–830, 1994.

8. F. James. Convergence results for some conservation laws with a reflux boundary condition and a relaxation term arising in chemical engineering. SIAM J. Math. Anal., 1998. in press.

9. S. Jin and Z. Xin. The relaxation schemes for systems of conservation laws in arbitrary space dimensions. Comm. Pure Appl. Math., 48:235–277, 1995.

10. S.N. Kružkov. First order quasilinear equations in several independent variables. Mat. Sb., 81:285–255, 1970. Math. USSR Sb, 10:217–243, 1970.

11. H. Liu and W.A. Yong. Admissible boundary conditions and stability of boundary-layers for a hyperbolic relaxation system. Preprint 2000.

12. S. Alinhac and G. Metivier Propagation de l’analycit des solutions de systms hyperboliques non-linaires CInvent. math. 75: 189-204, (1984) 13. R. Natalini. A discrete kinetic approximation of entropy solutions to multidimensional scalar conservation laws. J. Differential Equations, 148(2):292–317, 1998.

14. R. Natalini. Recent results on hyperbolic relaxation problems. In Analysis of systems of conservation laws (Aachen, 1997), pages 128–198. Chapman & Hall/CRC, Boca Raton, FL, 1999.

15. R. Natalini and A. Terracina. Convergence of a relaxation approximation to a boundary value problem for conservation laws. Comm. Partial Differential Equations 26 (2001), no. 7-8, 1235–1252. (65J15) 16. S. Nishibata. The initial-boundary value problems for hyperbolic conservation laws with relaxation. J. Differential Equations, 130(1):100–126, 1996.

17. A. Nouri, A. Omrane, and J. P. Vila. Boundary conditions for scalar conservation laws from a kinetic point of view. J. Statist. Phys., 94(5-6):779–804, 1999.

18. W.C. Wang and Z. Xin. Asymptotic limit of initial-boundary value problems for conservation laws with relaxational extensions. Comm. Pure Appl. Math., 51(5):505–535, 1998.

19. J. Whitham. Linear and nonlinear waves. Wiley, New York, 1974.

20. W.A. Yong. Boundary conditions for hyperbolic systems with stiff source terms. Indiana Univ.

Math. J. 48:115-137, 1999.

DISCRETE KINETIC APPROXIMATIONS OF AN INITIAL-BOUNDARY VALUE PROBLEM11

Current address: Mathématiques Appliquées de Bordeaux UMR(54 66), Université Bordeaux 1, 351 cours de la Libération, F-33405 Talence, France.

E-mail address: milisic@math.u-bordeaux.fr