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Prelude

(P)  minimize fo(x) <= minimize f(x) := fo(x) + ta(X)
xeQ X€E

where

(x) 0 if x e Q
L fr—y
“ 400 else.

Nonsmooth Fermat’s rule
If a proper, subdifferentially regular function f : E — (—o0, +0o0]
has a local minimum at X, then

0€df(X)={veE|(v, x—X) <f(x)—f(X)+o(]x —X|)}

If f is convex, this is also sufficient for global optimality.




Prelude

Optimization with Sparsity
Given alinear map A: R” — R™ full-rank with 0 < m < n,

solve
minimize 1x|lo
(Pfo) XER?
subject to Ax=b>b

where [[x|lo := >_; [sign(x;)| with sign (0) := 0.

Every point is a critical point:
0 € dlxlo Vx € R"

So first order optimality conditions are not informative.



Prelude

Optimization with Sparsity (Candes-Tao, '05)
If there exists 0 < § < 1 such that

(RIP)  (1=08)[Ix|* < |Ax|IP < (1+0) x| vxeS
then
argmin 4,y [|X[lo = argmin a4,y [Ix[[1 = {X},
that is

argmin g a,_py [Ix[lo = {x | 0 € 8|[x|l1 + A*Ngpy (Ax) } = {X}



Prelude

Phase retrieval
Given

» |(Ax)j|2 = b; for bj € R, (j =1,2,...,m) given by

» some qualitative constraint (x € R" or supp x € D (or

1= 1),
B

(L. 2012)

Find




Prelude

Conic programming:

(AX);? =Tr (| (&, x) |°) = Tr(x*a";a.x) = Tr(a’;a.xx*)
SO

x € {x R ||(Ax)j? =bj,j=1,2,...,m}
—
Xe{Xerm2 | AX =b j=1,2.. m}0{X rank(X) =1}



Prelude

Phase-Lift (Candés, Eldar, Strohmer, Voroninski - 2013)
For some convex qualitative constraint O; c R27%2" solve

. ? .
argmin ; sx—gyno, rank(X)=argmin  ux_g o, [ X|l1 C RZ™2"

Conventional formulation
minimize f;(x) + f(x)
XERZ"
where
fi = 1q, or dist(x,Q;)? (j = 1,2)

for Q4 = {qualitative constraint} and
Q= {x e R?" | |(Ax);| = bj,j=1,...,m}.



Prelude

The generalized Fermat’s Rule conventional formulation —>

solve 0 € Ofi(x)+ dfh(x)
~Jd=Pq,)(x) + (Id —Pgy,)(x) if f; = Jdist(x,Q))?
| No, (x) + No,(x) if fi = 1q,.



Prelude
Solve the phase problem via the method of alternating

projections (AP):
y2k+1 _ Po, X2k,

x2k — PQZX2k_1.

& 10°
o
—

10-2°
o 2000 4000
iteration

6000

Algorithm: AP

4000 6000

2000
teration

(L. 2012)

CPU times on the order of seconds. Convergence theory.
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Outline

Prelude



Goals

(P)  minimize f(x) = fi(x) + f(x)

» #1. Nonsmooth nonconvex optimality criteria

If f; and f, satisfy ? then 0 € 9f(x) is sufficient for global
optimality of x.

» #2. Convergence (with rates and radii) of nonmonotone
fixed point iterations

Algorithm xk*1 ¢ Tox* converges to Fix Ty and there is
some mapping I such that MN(Fix Tg) C Of.

» #3. Some useful/practical results along the way.
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Basics

Building blocks

» Prox operator: for a regular function f : X — R, define
. 1
prox.(x) = argmin,, f(y) + 5 [ly — x|

» Proximal reflector: R, := 2prox,—Id
» Projector: if f = 1 for Q C X closed and nonempty, then
prox, ;(x) = PoX where
Pox = {xeQ||x—X| =dist(x,Q)}
dist(x,Q) = inf [[x —y|.
ist(x, 2) Jnf Ix =l

» Reflector: if f = 1o for some closed, nonempty set Q C X,
then RQ = 2PQ —Id



General algorithms

Fixed point iterations
Given xg € X generate the sequence (Xp)nen by

Xn+1 6(1 — An)Xn + )\n (TXn =+ fn)

Examples: A\, = 1 for all n € N and define
f(x) = ap(x) + Fp o A(x),
> Taprox = ProX,, s o prox
(Alternating prox)
> Teg = prox,, s (Id —n201)
(proximal gradients/forward-backward)
> TDFD\ = % (Rm fy anfz + /d) + (1 — )\) prOXan2
(Relaxed Averaged Alternating Proximal operators)

nofp



Global convergence - Optimization with sparsity

Scaled restricted Isometry (Blumensath-Davies, 2009;
Beck-Teboulle 2011 )

Let E and Y be Euclidean spaces with

dim(E) = n > m = dim(Y). Define the set

Ss = {x € E |||x|lo < s} where ||x||o is either the rank function
or the function that counts the number of nonzero elements in
x. The mapping A : E — Y satisfies the scaled restricted
isometry property (SRIP) of order (s, «), if for & > 1 there exist
vs, s > 0 with 1 < fff < « such that

(SRIP)  wsllx|® < [lAX|I3 < ps | XI* Vx € Ss.



Global convergence - Optimization with sparsity
find X € argming_ ||Ax — b|®. (1)

Forward-Backward: Sparse Projected Gradient/Iterative
Hard Thresholding

Given a set S C E, a continuously differentiable function

f: E — R and a positive real number 7, we call the mapping

Tpg(x;7) = Ps, (x — 1Vf(x))

the projected gradient operator for the problem (1). We call PG
the iteration: given x

XK1 € Tpg(x¥; m4) = Ps, <xk — 1Vf(xk)>  k=0,1,2,...
Tk



Global convergence - Optimization with sparsity

Global convergence of PG (Blumensath-Davies, 2009;
Beck-Teboulle, 2011)

If A satisfies SRIP of order (2s,2), then the function values of
PG with f(x) = 1 |.Ax — bl|5 converge linearly to the globally
optimal value of (1) with linear rate constant given by

et —of < (7 1) e~

V2s
where 7 € [u2s, 2v2g).

Corollary: global convergence of AP (Hesse-L.-Neumann,
submitted)

Let the matrix A satisfy SRIP of order (2s,2) with x5 = 1 and
AAT = Id. The function values of the iterates of the AP
algorithm converge linearly to zero for every initial point x°.



Global convergence - Optimization with sparsity

Define Q := {x € E | Ax = b}.

1
find X € argming, Sdist(x, Q)2. 2)

Relaxed Alternating Projections, AP\
For two sets 2, Sg C E we call the mapping

TAP)\X = PSS (X — )\(I— PQ)X)

the relaxed alternating projections (AP)) operator for the
problem (2). The AP\ algorithm is the iteration: given x°, for
k=0,1,2,... compute x**1 € Typ, xX.



Global convergence - Optimization with sparsity

Global convergence of AP, (Hesse-L.-Neumann,
submitted)

Suppose that S; N Q # @ and that the matrix A in the definition
of the set Q satisfies

(RIPY) (1= &) |IVIP < [IATAV|Z < (1 + 85) | vI[?

with o5 < 0.453975 for all vectors v of sparsity 2s. Then there
exists a relaxation parameter A > 0 such that the sequence
(x¥)ken generated by APy, for any initial value x° € E converges
to Sy N Q with at least linear rate p(d2s, A) defined by

1

o) = (=

+ A\ — 2)) < 1.



Application: phase retrieval

Recall

Phase-Lift
For some convex qualitative constraint O; c R27%2" solve

. ? .
argmin ; yx—gyno, rank(X)=argmin  4x_g o, [ X|l1 C RZ™2"

Reformulate this on $27%2" as
(Pp)  find X €argmin g g, 3dist(X,Q)?

where Q := {X | AX = B}. If Oy is a subspace then we can
absorb this constraint into the affine set Q and we have

( ;DL) find Y € argmin S cS2nx2n %dlSt(X, Q)2



Application: phase retrieval

(Pp)  find X € argmin g, 3dist(X,Q)? c §27<2"
Local solutions X to (Pp, ) satisfy 0 € (Id —Pq)X + Ng, (X).

If, in addition, S; N Q # & and A in the definition of the set Q
satisfies

(RIPY) (1= &)|v|? < [ ATAVIZ < (1 + &) l|v]?

with o < 0.453975 for all vectors v of sparsity 2, then the
subdifferential inclusion is sufficient for global optimality.

Moreover,
XK=58nQ

where XK1 e Tap\ XX for any X° and \ appropriately chosen.



Application: phase retrieval

The global convergence result for either AP or AP, applies
immediately to (Pp, ), as long as Sy N Q # @ and the
SRIP/RIP' condition can be verified to hold.

No need for the convex relaxation. Is there a need for lifting?



Application: phase retrieval

Let Q' := {XERzn \\(Ax)j]2:bj,j:1,...,m’}.

argmin g, - senxzn 3dist(X, Q)2 «  argmin ge, 3dist(x, Q)2

! 7

Xk+1 c TAP)\Xk c 82n><2n o xk+1 c TDXk C R2n

In other words, there is a nonconvex algorithm on R that is
guaranteed to converge globally linearly to a globally optimal
solution = no need for lifting.



Application: phase retrieval

To do:

» What are weaker conditions to guarantee that solutions to
the subdifferential inclusion are global solutions to the
nonconvex problem?

» Given your favorite algorithm T for phase retrieval in R?"
what is the corresponding algorithm in the lifted space?

» How to guarantee that the lifted analog converges
(globally) points from which solutions to the subdifferential
inclusion can be computed easily?

» What if the set Q in (PL’) is a cone or polyhedral instead of
a subspace?

» £SNQ=07?
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Local convergence analysis

(C, e)-(firmly-)nonexpansive mappings (Hesse-L. 2013)
Let C ¢ D C E be nonempty and let T be a (multi-valued)
mapping from D to E.

i) T is called (C,<)-nonexpansive on D if

Xy =Xoll < VT +ellx =X

3
Vx e D, Vx € C, Vxy € Tx, Vx4 € TX. ®

If (3) holds with e = 0 then we say that T is
C-nonexpansive on D.



Local convergence analysis

(C, ¢)-(firmly-)nonexpansive mappings (Hesse-L. 2013)
ii) T is called (C, ¢)-firmly nonexpansive on D if
I =X 2+ [ (x = x4) = (X =X)[2 < (1 +2) [Ix = X2
Vx e D, Vx € C, Vxy € Tx, VX4 € TX.
(4)

If (4) holds with e = 0 then we say that T is C-firmly
nonexpansive on D.

a
Special case: C = Fix T, mappings satisfying (3) or (4) are
called quasi-(firmly-)nonexpansive.

The classical (firmly) nonexpansive operator on D is
(D, 0)-(firmly) nonexpansive on D.



Local convergence analysis

Noncontractive fixed point iterations (Hesse-L., 2013)
LetDCE, T:D=E,CcCFix Tand U c D. If

(a) Tis (C,e)-firmly nonexpansive on U and

(b) for some X\ > 0, T satisfies the coercivity condition

|x — x| > Mdist(x,C) Vxy € Tx,Vx € U, (5)
then

dist(x,, C) < /(1 +&— N2)dist(x,C) V x; € Tx,¥x € U. (6)



General Notions

Proof. Choose any x, € Tx and X, € Tx. Combine inequalities
(5) and (4) to get

(7)
(1+e)lIx—x|> (8)

I = X%+ (A flx = X]))?

I/\ I/\

— 2 —
X — X ]2+ [Ix — xp — (X = X4)|12

for all x € U, which immediately yields (6). U



Convergence of AP/DR: ingredient #1, set
regularity

(e,9)-(sub)regularity of underlying sets — regularity of
the corresponding fixed-point operator

i) A nonempty set Q C Eis (¢, d)-subregular at X with respect
to C C E, if there exists ¢ > 0,6 > 0, and

(v,z—y) <ellvillz -yl 9)

holds for all y € Bs(x) N Q, z € CNBs(X), v e No(y). We
simply say Q is (e, §)-subregular at x if C = {x}.

ii) If C = Qini)then we say that the set Q is (¢, d)-regular at
X.

iii) If for all e > O there exists a 6 > 0 such that (9) holds for all
y.zeBs(x)NQand v € No(y), then Q is said to be
super-regular.



Convergence of AP/DR: ingredient #1, set
regularity

> (g, d)-regularity was introduced in
(Bauschke-L.-Phan-Wang, 2012).

» super-regularity was introduced in (Lewis-L.Malick, 2009)

Relations
» Prox-regularity = super-regularity —-
Clarke-regularity.
» super-regularity = (e, d)-regularity
» (g,0)-regularity = Clarke regularity
» (0, 0)-regularity is local convexity



First Results

Projectors and reflectors onto (¢, )-subregular sets
Let Q C E be nonempty closed and (e, §)-subregular at each
point x € C C Q.
(i) The projector is (C, £1)-nonexpansive on Bs(C) where
£y = 2e + 2.
(ii) The projector is (C, £2)-firmly nonexpansive on B;s(C),
where &5 := 2¢ + 2¢2,

(iii) The reflector Rq is (C, £3)-nonexpansive on Bs(C), where
&3 1= de + 4£°,



Convergence of AP/DR: ingredient #2, regularity of
the intersection

Linear regularity

A collection of closed, nonempty sets Q1,»,...,Qn is locally
linearly regular at x € N/, $; if there existsa x > 0anda ¢ > 0
such that

dist (x, m;;Q,) < max dist(x,Q), WxeBy(x). (10)
If (10) holds for any 6 > 0 the collection is called linearly
regular. The infimum over all x such that (10) holds is called
regularity modulus. O

What we call local linear regularity at x has appeared in various
forms elsewhere. See for loffe (2000), Ngai-Thera (2001), and
Kruger (2006). This is a localization of (bounded) linear
regularity defined in Bauschke-Borwein (1996).
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Results: AP

Local Linear convergence of AP (Hesse-L., 2013)

Let A, B be closed nonempty subsets of E that are locally
linearly regular with modulus x at X € C := An B. For any
Xo € Bs(X), generate the sequence {xn}nen by

Xony1 € Paxo,, and Xont2 € PBX2n+1 (Vn =0,1,2,... )
(a) If Aand B are (g, 0)—subregular w.r.t. C, then

dist (X2n12, C) < (1 — 5 + €)dist (x20, C).

(b) If Ais (g,0)—subregular w.r.t. C and B is convex, then

dist (xzns2. C) < /1~ 5 +21/1 — Ldist (320, C).
(c) If Aand B are convex, then

dist (Xzns2, C) < (1 — 5)dist (xzn, C).



Results: DR

Recall
Torx = 3 (Ra, Ra, + Id) + (1 — A)Paq,.

Denote Tpg := Tppgi.

(C, &)-firm nonexpansiveness of Tpr

Let A, B C E be closed and nonempty. Let Aand B be (¢4, 9)-
and (eg, d)-subregular respectively at each x € C ¢ An B. The
DR operator Tpg : E = E is (C, &)-firm nonexpansive on B;(C)
where

€=2cp(1+¢ca) +2e5(1 + ) +8ca(1 +ca)ep(1 +eB).



Results: Douglas-Rachford

Douglas-Rachford for an affine subspace and a
superregular set (Hesse-L., 2013)

Assume B C E is a subspace and that A C E is closed and
(¢,0)-super-regular at x € C := An B. If the collection {A, B} is
linearly regular on C with modulus «, then there is a 6 > 0 with
§<dandac e 0,1) such that, (1 C) > 2¢ + 2¢2 and hence

dist(x,, C) < cdist(x,C) V xy € Tpgx, (11)

with & = /125 +2:2 — 029 < 1 for al
—1—= —
€ (PC x) QB%(X).



Application to sparse affine feasibility

Local linear convergence of AP/DR: affine sparse

feasibility (Hesse-L.-Neumann, 2013)

LetQ:={xeR" |Ax=b}and Ss = {x € R" | ||x]|o < s} with

nonempty intersection and let x € 2 N Ss. Choose

0 <d<min{[xj| | j€ I(x)} and x° € B;»(X).

» The AP iterates converge linearly to the intersection Q2 N Sg

with rate (1 — %) where « is the modulus of regularity of
the intersection.

» If ||x|lo = s, then the DR iterates converge linearly to
Fix Tpr. Moreover, for any X € Fix Tpg N Bs/2(X), we have



Application to sparse affine feasibility

» For AP, if there is a solution x € QN Ss, then ||X||o can be
smaller than s.

» IfQ is a subspace, the point 0 is trivially a solution. The set
Ss is not convex on any neighborhood of 0, however the
assumptions of the theorem hold, and AP indeed
converges locally linearly to 0, regardless of the size of the
parameter s.

» DR does not appear to be sensitive to the parameter s in
practice, but our proof does not establish this.



Application: phase retrieval

Recall
o Algorithm: AP
10
g: 10°
<
(\AI
3
& g0
107
0 2000 4000 6000
iteration
Algorithm: AP
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Linear convergence to fattened sets |

Approximately noncontractive fixed point iterations (L.,
2013)

Let DCE, T:D=Eand ScFix T CintD. ForO<d <6
fixed, define S5 := dB + S where ¢ is such that S; C D. If

(@) Tis (S,¢e5)-firmly nonexpansive on S; and
(b’) there exists a \s such that T satisfies

[x — x¢|| > Asdist(x,S) Vxy € Tx, Vx€Ss\Ss5, (12)

then T is ({X},e5 — A%)-nonexpansive on Ss\ S;: for
all x, € Tx, forall x € 55\ Ss,

dist(x, S) <\/(1 + 5 — A2)dist(x, S). (13)



Phat AP




Linear convergence to approximate solutions

L. (2013)
Let DCE, T: D=E and S C Fix T closed and nonempty. If
for all > 0 small enough there is a v > 1 and a triplet

(6,5,A) € Ry x [0,76] x (ve, V1 + €]

such that (a’) and (b’) are satisfied, then for any x(©) close
enough to S the sequence (x(%)) 4y defined by x(k+1) e T(xk)
converges to S (and in particular converges in finitely many
steps to Sy for any fixed &’ € (0, dist(x(?), S)]).



Thanks for your attention.

@J DF Deutsche
D owe Forschungsgemeinschaft
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