What do regularisers do?

Tuomo Valkonen

University of Cambridge (~+ Liverpool)

MIA'16, Paris, 2016-01-20

This work has been supported at EPN Quito by a Prometeo fellowship of the Ecuadorian ministry of Science,
Education, Technology, and Innovation (Senescyt), and in Cambrige by the King Abdullah University of Science
and Technology (KAUST) Award No. KUK-11-007-43, as well as the EPSRC / Isaac Newton Trust Small Grant
“Non-smooth geometric reconstruction for high resolution MRI imaging of fluid transport in bed reactors”, and the
EPSRC first grant Nr. EP/J009539/1 “Sparse & Higher-order Image Restoration”.



Which regulariser is the best?

Is any of them any good?



Do regulariser introduce artefacts?

What other qualitative properties do they have?



TGV denoising and the jump set



TGV denoising and the jump set

For a regulariser R, suppose u solves

1
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uerlg\l/r(]Q)QH — U2 + R(u).

What can we say about u? Do we have:
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TGV denoising and the jump set

Our studies motivated by the choice

R(u) = TGV{3 o (1)
= mmi/n al|Du — wlj; + B|| Ewl}.

(Bredies, Kunisch, and Pock 2011; Bredies and T.V. 2011)



The co-area formula

... but let us begin with

0
TV(u) := || Dul| :/ Per({u > t}; Q) dt.
—00
— Minimal surface problems on level sets.
(Alter, Caselles, and Chambolle 2005; Allard 2008)



Level set approach for R = a TV

(Caselles, Chambolle, and Novaga 2008)




Level set approach for R=a TV
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Level set approach for R=a TV
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Level set approach for R=a TV

(Caselles, Chambolle, and Novaga 2008)
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Proof for TGV In 1-D

(Bredies, Kunisch, and T.V. 2013)
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Proof for TGV in 1-D

(Bredies, Kunisch, and T.V. 2013)
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First idea of generalising to n-D




First idea of generalising to n-D




Faillure




Faillure




Success: Lipschitz transformation

(T.V. 2015, 2014)
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(T.V. 2015, 2014)




Success: double Lipschitz transformation



Success: double Lipschitz transformation




Success: double Lipschitz transformation

Definition.

R(W#U) + R(Z#U) - 2R(U) < CR TT.’_Y-

Proof of H™ 1(J, \ J¢) = 0 (sketch).

For our shift transformations, with max. shift p,

Tr—y'r_y < C,02

... but fidelity improvement > C’p! []



Well, almost. ..

Works for TV and Huber-TV.
Also Perona-Malik and TVY, if were well-posed. . .

But still does not work for TGV or ICTV. ..



Partial Lipschitz transformation

Compare partial push-forwards uy and vy de-
fined for suitable v by

Uy :=Yu(u—Vv)+v.



Partial Lipschitz transformation

Compare partial push-forwards uy and uy de-
fined for suitable v by

Uy :=Yu(u—Vv)+v.
Motivation: TV result (formally) usable for

ICTV(u) := min||D(u— V)| + || DVYV|,

setting f':=f —vand v :=u—v.
9
(/C) V: Chambolle and Lions 199;)



Still something missing

Standard TGV: Regularity results in BD.

Generally: Local boundedness of wu.
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Still something missing

Standard TGV: Regularity results in BD.

Generally: Local boundedness of wu.

—> Complete proof (T.V. 2015, 2014)
» ICTV in dimension m = 2.
Crucial: BV?(Q) < L>(Q) (Demengel 1984).

— Almost complete proof (T.V. 2015, 2014)

» non-symmetric TGV,
» g-norm TGV, g > 1.

Crucial: Korn's inequality.



TGVZ (1) == min,, o Du — wlly + B]| Ewll
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TGVZ (1) == min,, o Du — wlly + B]| Ewll

B factor from norm equivalence / Cauchy-Schwarz.

TGV?9 PSNR 29.2 Vg; TV PSNR 28.0.

(d)g=1, B =250 (e)g =13, B =10079 (f)g = 2, B = 64000



Do regularisers improve images?



Optimal TV parameter

Bi-level optimisation

& = argmin F(uy)
a>0

subject to

1
Ug € argmin EHf — u|)* + aTV(u)
u



Optimal TV parameter

Theorem. For F(u) = 3||fo — ul|?, we have
&a>0
If
TV(f) > TV(fh).

(de Los Reyes, Schonlieb, and T.V. 2015)



Optimal TV parameter
Theorem. For F(u) = ||Dfy — Du||giscrete, We have
a>0
if for some t > 0 and —div§ € OF(f) holds

TV(F) > TV(f + tdivE).

(de Los Reyes, Schonlieb, and T.V. 2015)



Other regularisers

General problem

& = argmin F(ug)
&>0
with
] N
Uz € argumin §\|Ku —f|I*+ Jz;ochAjuHM

u=| Ku=| Au=|Au=
TGV? | (v, w) v | Dv—w Ew
ICTV (Vl, V2) Vi + W DVl D2V2




Optimal TGV? parameter

Theorem. For F(u) = 3||fo — ul|?, we have
&6 >0
if 3 a9 >0 with

TGV 4 (F) > TGV, ().

(de Los Reyes, Schonlieb, and T.V. 2015)



Optimal TGV? parameter
Theorem. For F(u) = ||Dfy — Du||giscrete, We have
&, >0
if3og >0, t>0, and —divé € BF () with

TGV 4 (f) > TGV, (f + tdivE).

(de Los Reyes, Schonlieb, and T.V. 2015)



Which regulariser is the best?



BSDS300 data set




Results 0 = 20, F(u) = L||fy

, TGVZ; top:SSIM, middIe:SNR, bottom=F.




Results o = 20, F(U) = HDfO — DUHdiscrete

A= -

. TGV2; top=5SIM, middle=PSNR, bottom=F.




According to 95% t-test, ICTV works best.

On piecewise smooth images, TGV? is visually
most pleasing.

(de Los Reyes, Schonlieb, and T.V. 2014)
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