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2 Preamble

Problems to be solved by THALES for Radar Applications

¢ Problem 1 : How to define density of probability for covarian ce
matrices of stationary time series (THPD matrix: To  eplitz Hermitian
Positive Definite matrix)

p(&1&) =727

&' =& Hermitian

def)>0, &PositiveDefinite
¢ Toeplitz

¢ Problem 2 : How to define « Ordered Statistics » for covarianc e
matrices, knowing that there is no « total orders » f  or these
matrices

LocalOrder: ¢, <&, = &, —¢, >0 PositiveDefinite

ButnoGlobalOrder: & £&=+<¢&,
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3 Preamble

¢ Solution to Problem 1: Koszul/Souriau Solution of Maximum Entropy

o Entropy as Legendre Transform of Generalized Characteristic Function (Laplace
Transform on Convex Cone with Inner Product given by Cartan-Killing form)

o Density of Probability as Souriau Covariant Solution of Maximum Entropy
e‘<5 o) @(x)=-log _[e_<x’f>df (x,y)=Tr(ad,ad,,)
P (<) =

[e oot hge £- pre ()¢ 7= o(x) = d"’ix) x=0(&)

Q*

¢ Solution to Problem 2: Frechet Median Barycenter

o Metric given by Koszul Hessian Geometry (hessian of Entropy) & Souriau Lie Group
Thermodynamics (metric defined by symplectic cocycle and Geometric temperature)

0%log [e“dé
)

)G

.(x)z_Ef[a 'ogxgx@}

o Geometric Median by Frechet barycenter in Metric space, solved by Karcher Flow

Erier = ATGMINY d (5, €)
= THALES




Koszul-Vinberg Characteristic Function

¢ Francois Massieu in 1869 demonstrated that some the  rmal
properties of physical systems could be derived fro m
“characteristic functions”.

¢ This idea was developed by Gibbs and Duhem with the notion of
potentials in thermodynamics, and introduced by Poi ncaré in
probability.
+ We will study generalization of this concept by
o Jean-Louis Koszul in Mathematics

o Jean-Marie Souriau in Statistical Physics.

¢ The Koszul-Vinberg Characteristic Function (KVCF) on convex
cones will be presented as cornerstone of “Informati on Geometry”
theory:

o defining Koszul Entropy as Legendre transform of minus the logarithm of KVCF
(their gradients defining mutually inverse diffeomorphisms)

o Fisher Information Metrics as hessian of these dual functions.

+ Koszul proved that these metrics are invariant by al I
automorphisms of the convex cones.
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Koszul Characteristic: Massieu/Poincaré/Levy/Balian

_ 1 o0¢

1869 MEMOIRES PRESENTES. Frangois MASSIEU T 0(1/ T)
THERNODYNAMIQUE. — Sur les fonctions caactévistiques des divers s (introduction of ch_aracterlstlc functlon_ln Thermodynamic:
Mémoire de M. F. Muassiev. (Extrait par I’ Auteur.) Gibbs-Duhem POtentlaIS)
(Commissaires : MM. Combes, Regnault, Bertrand.) « je montre, dans ce mémOire1 que toutes les propri étes
d’un corps peuvent se déduire d’une fonction unique , que

j'appelle la fonction caractéristique de ce corps»

Henri POINCARE )
(Introduction of characteristic function ¥ =€ 0or @g= |Og(//
in Probability)

Paul LEVY
(general use of characteristic function in
Probability)
L
ds’ =~d’S=Tr|dD.dIn D)

F(X) =InTr epr
S(D) = F(>2)—<[3,>2>

Roger BALIAN
(metric for quantum states by

hessian metric from Von-
Neumann Entropy)

THALES

Roger Balian, 1986
DISSIPATION IN MANY-BODY SYSTEMS:
A GEOMETRIC APPROACH BASED ON

INFORMATION THEORY




Thermodynamic Duhem-Massieu Potentials

Pierre Duhem Thermodynamic Potentials CESIGEESSESIEE

¢ Duhem P., « Sur les equations générales de la
Thermodynamique », Annales Scientifiques de I'Ecole Normale
~Supérieure, 3e série, tome VI, p. 231, 1891

B o “Nous avons fait de la Dynamique un cas particulier de la Thermodynamique, une
Science qui embrasse dans des principes communs tous les changements d’état
des corps, aussi bien les changements de lieu que les changements de qualités
physiques “
+ four scientists were credited by Duhem with having carried out

“the most important researches on that subject”:

o F. Massieu had managed to derive Thermodynamics from a “characteristic
function and its partial derivatives”

o J.W. Gibbs had shown that Massieu’s functions “could play the role of potentials
in the determination of the states of equilibrium” in a given system.

o H. von Helmholtz had put forward “similar ideas”

o A. von Oettingen had given “an exposition of Thermodynamics of remarkable
generality” based on general duality concept in “Die thermodynamischen
Beziehungen antithetisch entwickelt®, St. Petersbur g 1885

THALES




7 Influence of Massieu on Poincaré

2hd edition of Poincaré Lecture on « Thermodynamics »

M. Massieu a montré que, si'on fait choix pour variables
indépendantes de ¢ et de T ou de p et de T, il existe une
fonction, d’ailleurs inconnue, de laquelle les trois fonctions
des variables, p, Uet 8 dans le premier cas, v, U et § dans
le second, peuvent se déduire facilement, M. Massieu a
donné & cette fonction, dont Ja forme dépend du choix des
variables, le nom de fonction caractéristique.

[M. Massieu showed that, if we make choice for
independent variables of v and T or of p and T,
there is a function, moreover unknown, of which
three functions of variables, p, U and S in the first
case, v, U and S in the second, can be deducted
easily. M. Massieu gave to this function, the form
of which depends on the choice of variables, name
of characteristic function.]

Thales Air Systems Date

Puisque des fonctions de M. Massieu on peut déduire les
autres fonctions des variables, toutes les équations de la
Thermodynamique pourront s'écrire de maniére & ne plus
renfermer que ces [onctions et leurs dérivées; il en résul-
tera donc, dans certains cas, une grande simplification. Nous
verrons bientdt une application importante de ces fonc-
tions.

[Because from functions of M. Massieu, we
can deduct the other functions of variables, all
the equations of the Thermodynamics can be
written not so as to contain more than these
functions and their derivatives; it will thus result
from it, in certain cases, a large simplification.
We shall see soon an important application of
these functions.]
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Massieu Characteristic Function by Henri Poincaré

425. Fonctions caractéristiques de M. Massieu. — Le
théoréme de.Clausius nous a conduit & I'introduction d’une
CAOHRS DE LA FACULTE DES SCIENCES DE PARIS . » ’ .
- nouvelle fonction de I’état d’un systéme : son entropie S.
COUKS DE PHYSIQUE MATHEMATIQUE Si donc nous prenons comme variables indépendantes
définissant I’état du systéme la pression p et le volume spé-

F1‘I lIE RB[ODYTNABIIOUE cifique ¢, nous aurons 4 considérer, dans les applications,

trois fonctions de ces variables : la température T, I'énergie

ran interne U et ’entropie S.

H. POINGC . . . ) ] )
u...ﬂm.-.,...iRE M. Massieu a montré que, si I’on fait choix pour variables
P 1908 indépendantes de ¢ et de T ou de p et de T, il existe une

J. BLONDIN, fonction, d’ailleurs inconnue, de laquelle les trois fonctions
igeeic de Flabveriad,

des variables, p, U et 8 dans le premier cas, v, U et 8 dans
le second, peuvent se déduire facilement. M. Massieu a
donné & cette fonction, dont Ja forme dépend du choix des
variables, le nom de [fonction caractéristique.

DEUEIEME EBITION, REVOE ET CORRIGEE

Puisque des fonctions de M. Massieu on peut déduire les

PARILS autres fonctions des variables, toutes les équations de la
GAUTHIER-VILLAKS, INFRINEUR-LIsBAIRE Thermodynamique pourront s’écrire de maniére & ne plus
DU BLREALU DPES LBNGEITUDRES; BE L ECOPLE POLYTTECHANIGEE;
Quai dea Grands-Augusting, 55 renfermer que ces fonctions et leurs dérivées; il en résul-
1908

tera donc, dans certains cas, une grande simplification. Nous
verrons bientdL une application importante de ces fonc-
tions.




Characteristic Function by Henri Poincaré in Probability

H. Poincaré has introduced « Characteristic Function » in Fonciicis caracterintigues; — Tapyelle fonstion catuttie-
Probability with LAPLACE TRANSFORM ristigue fi(2) ba valeur probable de #3%; on aura dong
not with FOURIER TRANSFORM =
Sl :Z‘Fr”,

COURS DE LA FACULTE DES SCIENCES DE PARIS
&1 la quantité x varie d'une maniére discontinue el peut

FURLIEE BH.'lII LR ARETICEN
O L'ASROCIATION AMTUALE DES ELEVES BT ANCIENA KLEVES B
DE L4 FACILTE BER SORNOES prendre senlement un nombre fini de valeurs, et

e ——

Fle): _-/II?I;:.?-':I i 8

e
AL TN . r
I#'{" \ ("A L{:L L / si = varie d'une maniére continue el si ¢ (z) représente la
= : 4 : bR | loi de probabilité. I est elair que
i e =
- s .
'\ A = d FETEY (7 el o ot o3
I J : T v T sl A Frr o T
P R () B A I} I L I TES fla) =1+ Sz + (o) () 4.y

L (@) désignant la valeur probable de =xf. On veoit que
H. POINCARE Jloy=1

NENERE DR L IXSTITOT 1912

EEDACTION DI
A, QUIQUET
ASTEN. ELEFL DR L ACOLR. NORMALE AUSTRIRKAR ; La fonection caractéristique zaffic pour délinir la loi de
probabilité. On a en effel par la formule de Fourier
DEUXIEME EDITION, REVOE ET AUGMENTEE PAR L'AUTEUR
NOUVEAE TIRAGE I3

(] -+ o

f{{lﬂ‘ITf o () et gl

L

smglew)= Jl' Slim)ye ™ = da,

Bi deux quantilés & el y sonl indépendantes ¢l sif(x),
Si (a) sont les fonctions carvactéristiques. correspondantes,
la fonction relalive & & + » sera le produit £ (=) 7, (=), En

R S

PARIS gffel, comme nous 'avons vu au paragrvaphe 13, la valeur
GAUTHIER-VILLARS, IMPRIMEUR - LIKRAIRE | probable duo produit e® =7 sepa le produit des valears pro-
DU BOREAY DES LONGITELRES, DE L'ECOLE POLYTECHNIQERT

iy Qi b Geaidls-Augusting, 55 e | ) el I I_' !J\ h ; 5
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Koszul-Vinberg Characteristic Function

¢ Jean-Marie Souriau has extended the Characteristic Function in
Statistical Physics:

o looking for other kinds of invariances through co-adjoint action of a group on its
momentum space

o defining physical observables like energy, heat and momentum as pure
geometrical objects.

+ In covariant Souriau model, Gibbs equilibriums stat es are indexed
by a geometric parameter, the Geometric Temperature , with values
in the Lie algebra of the dynamical Galileo/Poincar € groups,
Interpreted as a space-time vector (a vector valued temperature of
Planck), giving to the metric tensor a null Lie der ivative.

+ Fisher Information metric appears as the opposite o f the derivative
of Mean “Moment map” by geometric temperature, equiva lent to a
Geometric Capacity or Specific Heat

+ We will synthetize the analogies between both Koszul and Souriau
models, and will reduce their definitions to the ex clusive “Inner
Product” selection using symmetric bilinear “Cartan-K illing form”

(introduced by Elie Cartan in 1894).
Thales Air Systems Date T H A L E 5




Elie Cartan by Henri Poincaré

RAPPORT SUR LES TRAVAUX DE M. CARTAN o Gt on ot oo o

fait & la Faculté des Sciences de I'Université de Paris. rapport sur les travaux d'Elie
Cartan a 'occasion de la
PAR candidature de celui-ci a la
Sorbonne, les mathématiciens
H. POINCARE. francais ne voyaient pas

importance de I'ceuvre. »
Paulette Libermann
La géométrie différentielle d’Elie
a-dire la forme; et cette forme, qui constitue pour ainsi dire le squelette solide Cartan a Charles Ehresmann et
de la théorie, ce sera la structure du groupe. André Lichnerowicz

M. Cartan a fait faire des progrés importants & nos connaissances sur trois Geometrie au XXieme siecle,
HERMANN, 2005

Si alors on dépouille la théorie mathématique de ce qui n’y apparait que

comme un accident, c¢'est-a-dire de sa matiére, il ne restera que 'essentiel, o’est-

de ces catégories, la 1% la 3¢ et la 4°. Il s’est principalement placé an point de
vae Je plus abstrait de la structure, de la forme pure, indépendamment de la
matiére, ¢’est-ad-dire, dans 'espéce, du nombre et du choix des variables indépen-
dantes.

Conelusions.

On voit que les problémes traités par M. CArTAN sont parmi les plus im-
portants, les plus abstraits et les plus généraux dont s’occupent les Mathématiques;
ainsi que nous I'avons dit, la théorie des groupes est, pour ainsi dire, la Mathémati-
que entiére, dépouillée de sa matiére et réduite & une forme pure. Cet extréme degré
d'abstraction a sans doute rendu mon exposé un peu aride; pour faire apprécier
chacun des résultats, il m’aurait fallu pour ainsi dire lui restituer la matiére
dont il avait été dépouillé; mais cette restitution peut se faire de mille fagons
différentes; et c’est cette forme unique que I'on retrouve ainsi sous une foule de
vétements divers, qui constitue le lien commun entre des théories mathématiques

qu'on s’étonne souvent de trouver si voisines. T H A L E 5




Cartanian Filiation: J.L Koszul & J.M. Souriau
Elie CARTAN

Jean-Louis Koszul Jean-Marie Souriau

Lecons sur les invariants intégraux, E:>
Hermann, 1922

La théorie des groupes finis et continus et la
géomeétrie différentielle (Written by J. Leray)

Koszul Forms
Koszul Characteristic Function
Koszul Hessian Metric

(x,y)==B(xn(y)) with B(x,y) =Tr (adxady) f =D(6)(e) with 8cocycleassociatethG
wherenOg , Cartaninvolution 0(Z,4 (6). 2,4 ()= ulz,,2,)+ 1(2,.2,)
Wo(X) = _[e"<‘z’x>d€ O0Q o =dlogw,(¥) with 4 SouriauMomentMap

& t,(2,,2,)=1(2,,2,)+Qad, (Z,)
p,(&) =€ [e*de 9,(8.2.).2,)= 1,(2..2,) .0z, 0g, 0z, Oim(ad,,())=[5.]
-E, {52 logxgx(m;} _ 0% loggo(¥) Temperalur&l L) FLIKE Tz Cuen-copmiy = _g—g Qe

0x? 9/;([,3’21]’[/8’22]): f/z(zli[:g’zz])I
1= Da = 6%loas, THALES



Jean-Marie Souriau and his Lie Group Thermodynamics

J.M. Souriau, “Sur la Stabilité des Avions,”

ONERA Publ., 62, vi+94, 1953 J.M. Souriau, Calcul linéaire, J.M. Souriau, Structure des
Engines could be positionned everywhere P.U.F., Paris, 1964. systemes dynamiques, Dunod,
and a stable command could be defined Multilinear Algebra Paris, 1970

o Le Verrier-Souriau Algorithm Symplectic Geometry
Computation of Matrix Structure of Classical &

Characteristic Equation Quantum Mechanics

RRRRRR £t = PO =det(A = A4) =koX" + A" 4o ki h + K - Moment Map
e QMA) = AT —A) = X""IBy + X" 2By £+ ABna + Buot . 5oometric Noether
i Theorem
A=Bigdy  h=—gtidy),  Be=Ay iyl - General Barycentric

Theorem

- Mass = Symplectic
cohomology of the
action of the Galilean
group (not for Poincaré
Group in Relativity)

1
."I-n = .|r3?| 1-':! ef lil'_u; = _||':.-’1.7||
e

« La masse totale d’'un systéme dynamique isolé est|  a classe de
cohomologie du défaut d’équivariance de I'applicati on moment »
J.M. Souriau, Définition covariante des équilibres thermodynamiques, Supp. Nuov. Cimento,1,4, p.203-216, 1966
J.M. Souriau, Thermodynamique et géométrie. In diff. Geo. methods in mathematical physics, II,
vol. 676 of Lecture Notes in Math., pages 369-397. Springer, 1978
Lie Group Thermodynamics
(Gibbs Equilibrium is not covariant by Gallileo/Poi ncaré Groups)
- Geometric Temperature (Vector in Lie Algebra of Dynamic al Group) & Geometric Entropy
-  FISHER METRIC DEFINED THROUGH SYMPLECTIC COCYCLE OF DYNAMICAL GROUP
-  FISHER METRIC = GEOMETRIC HEAT CAPACITY

Thales Air Systems Date I I I A L E S




Souriau Books
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Chapter 4 on « Statistical Mechanics »
http://www.imsouriau.com/Publications/IMSouriau-SSD-Ch4.pdf

Thales Air Systems Date
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Sovuriau Model for Gaussian Law

J.M. Souriau, Structure des systémes dynamiques, Ch

%? Exampl'e : (loi normale) :

£ x

Z¢ Prenons le cas V¥ = R", 1 = mesure de Lebesgue, ¥(x) = ( ) :
net ¥

: x® x

ggigt un élément Z du dual de E peut se définir par la formule

e

i

Z(¥(x) =d.x + $} X.H.x

-
el

R

i [¢e R"; H = matrice Symcmquc] On vérifie quk la convergence de l'inté-
gg grale I a lieu si la matrice*H est positive (') ; dans ce cas la loi de Gibbs
% s'appelle loi normale de Gauss , on calcule facilement [ en faisant E:: chan-
i, gement de variable x* = H'* x + H~" a (%), il vient

.b A\.}.ru.n.

| z=4[a.H '.a — log(dét (H)) + nlcg{ﬁn}:tr

= est défini par les moments du premier et du second ordre de la loi (16.196) ;
- le calcul montre que le moment du premier ordre est égal & — H ™~ '.a

?L el que les composantes du tenseur varignce (16.196) sont égales aux

=+ ¢léments de la matrice H ~* ; le moment du second ordre s’en déduit immé-

Jﬁ diatement. _

= La formule (16.2008/) donne I'entropic

ié alors la convergence de 7, a lieu également ; on peut donc calculer M, qui

s = % log (2 ne) — -% log (dét (H))

|{']| Voir Calcwl findaire, tome 1T, |
") C'est-d-dire en recherchant Mimage de la loi par Papplication x =+ x®.

rcs e

apitre 4 « Mécanique Statistique »

Exemple

) ) x
Soit x une variable aléatoire. Posons Flx) = ( ) : on vérifie gque
@ x

1
l'ensemble ¢ des ( 2y ) ol ‘M et *M sont des tenseurs contravariants

i de E, rﬁspmnvent de degré 1 et 2, tels que (V)

L+ 2'M(C) + *M(C)(C) 20 VYCekE*

‘ est un ﬁnsamblc fermé convexe contenant val (F): on a donc
moyenne F{(x) e Q ,
: ce qui s"écrit

I+ 2'M(C) + *M(C)(C) =0 _ YCeE*

| IM et 2M désignant les moments d’ordre | et 2 de x ; on peut aussi écrire cette
: propriété sous la forme

®(C) (C) = 0

@ étant le tenseur *M —

VCe E* |

M@ IM; ¢ s'appelle tenseur variance de x.

Souriau « Geometric Temperature » idea come from his book « Calcul Linéaire » (chap. on «Multilinear Algebra »

THALES
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Sovuriau Mechanical Statistics

¢ Iy =| e p(dx) :
Ju J.M. Souriau, Structure des
. | | systémes dynamiques,
Iy = pe ¥ o(dx) Chapitre 4 « Mécanique
i B Statistique »
L= p®ue " p(dx) '
Ju

convergent, et que les applications Z 1+ I, Z i+ I, soient une fois différen-

tiables sous le signe J. ™.
S1 Z € {2, nous poserons
V) s z = log (1)
=1

-

2) Si Z e Q, il existe une loi de probabilité {, définie par la densité

Ioty) e~ btuzl g (loi de Gibbs)

elle vérifie (%)

{ moyenne yu = M

son entropie est

Thales Air Systems Date d_ ) s=z4 M.Z I . -. T H A L E 5




Covariant Souriau Statistical Mechanics

..LMEEﬁNIQUE STATISTIQUE COVARIANTE :
S . J.M. Souriau, Structure des

Le groupe des translations dans le temps (7.9) est un sous-groupe du SySté_meS dyna,miqu_es,
groupe de Galilée ; mais ce n'est pas un sous-groupe invariantf, ainsi que le Chapitre 4 « Mécanique
Statistique »

montrs un calcul trivial. Si un systéme dynamique est conservatif dans unisg

T

repére d'mﬂrhe il en résulte qu’ﬂ peut ne p&w étre mmermm" dam un autre -a__,:_

devenir Gﬂmpdllblﬂ avec la rclalwue galiléenne.

Noug proposons dons Je principe suivant Classical Gibbs Equilibrium is

not covariant according to

Dynamic Group of Mechanics
(Gallileo Group and Poincaré
Group) !

du groupe de Galilée, les équilibres naturels du systéme constituent 'en;i3

- Si un systéme dynamique est invariant par un sous-groupe de Lie G‘ i
(17.77)
semble de Gibbs du groupe dynamique G,

Soit %' 'algébre de Lie G'; on sait que %' est une s.ﬂusralgebre de Lie d
celle de &, notée %; un équﬂlhrf: du systéme sera caractérisé par un él&
ment Z de %', donc de % ; on pourra écrire T

) B
(17.78) _ z=10 0 &
0 0 0

en utilisant les notations (13.4) ; Z parcourt I"ensemble £ défini en (16.219) ;

i chaque valeur de & est associé un élément M du dual #'* de %', valpur;jﬁ

moyenne du moment g ; on peut appliquer les formules (16.219), (16. 22[!}.'_:

qui. généralisent les relations thermodynamiques (17.26), (17.27), (17.28). 3§

(17.79)  On voit que c'est Z (17.78) qui généralise la « temperature »; le théoréme:|
ﬁ d’isothermie (17.32) s'étend immédiatement : 1'équilibre d’un syst&mﬁ
composé de plusicurs parties sans interactions s'obtient en attribuant 3

i
chaque composante un équilibre correspondant d*la méme valewr de Z .73 T H A L E 5
Pentropie s, le potentiel de Planck z et le moment moyen M sont additifs. W 2 1




Jean-Louis Koszul and his Hessian Geometry

Hessian Geometry by J.L. Koszul

¢ Hirohiko Shima Book, « Geometry of Hessian
Structures », world Scientific Publishing 2007,
dedicated to Jean-Louis Koszul

+ Hirohiko Shima Keynote Talk at GSI'13
o

¢ Prof. M. Boyom tutorial :

Jean-Louis Koszul

o

HIBGH 1K 5h K J.L. Koszul, « Sur la forme hermitienne canonique de s espaces

homogénes complexes », Canad. J. Math. 7, pp. 562-576 ., 1955
J.L. Koszul, « Domaines bornées homogeénes et orbites de groupes de
transformations affines », Bull. Soc. Math. France 8 9, pp. 515-533., 1961
J.L. Koszul, « Ouverts convexes homogenes des espace s affines », Math. Z.
79, pp. 254-259., 1962
J.L. Koszul, « Variétés localement plates et convexi  té », Osaka J. Maht. 2,
pp. 285-290., 1965
THE GEOMETRY BF J.L. Koszul, « Déformations des variétés localement plates », .Ann Inst
LIRS DR LS Fourier, 18 , 103-114., 1968




B

www.thalesgroup.com

Koszul Information Geometry
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20/ Projective Legendre Duality and Koszul Characteristic Function

INFORMATION GEOMETRY METRIC
F— .

g =d’¥Y =d°S = g=-d’logd =d" LIJ
G FIE
ds2=d?ENTROPY  ds2=-02LOG[LAPLACE]

0 N
T

LEGENDRE TRANSFORM  FOURIER/LAPLACE TRANSFORM

| LIJ*(x*) :<x, x*>—LIJ(x) WY(x) =-log®P(x) =-log _[e’<x’y>dy

=-[ p.(&)log p,(&)dé ENTROPY=
o LEGENDRE(- LOG[LAPLACE])

Py (Q() = e_<(:'x> / [e_<§’x> dc :e_< X&)+ B0 Legendre Transform of ‘

minus logarithm of
characteristic function
(Laplace transform) =

oS pr (H)dé ENTROPY !I
’ THALES




21 Koszul-Vinberg Characteristic Function/Metric of convex cone

¢ J.L. Koszul and E. Vinberg have introduced an affinely invariant
Hessian metric on a sharp convex cone through its c haracteristic
function.,

¢ () is asharp open convex cone in a vector space E of finite
dimension on Ra convex cone is sharp if it does not contain any full
straight line).

*
o Q isthedualconeof Qandisa sharp open conv  ex cone.

¢ Let df the Lebesgue measure on Edual spa ce of E, the following
integral:

Yo (X) = je’<‘(’x>d£ Ox0Q

Is called the Koszul-Vinberg characteristic function

THALES




22 Koszul-Vinberg Characteristic Function/Metric of convex cone

¢ Koszul-Vinberg Metric : g= d 2 |09¢/Q

2 . _Jw,d?logy,du 1 [[¢p.(dlogy, -dlogy, )’ dudv
o= ol [o.u 2 [, duav

+ We can define a diffeomorphism by: X = -a, = —d |Og(,0Q (X)

d
with (df (X),u) =D, f(x)=— f(x+1tu)
dt|—,
¢ Whenthe cone () is symmetric, the map X* = —O’)i(s a biject ion and an
isometry with a unique fixed point (the manifold is a Riemannian Symmetric

Space given by this isometry):

(X*)* =X <X, X*> =n and Yo (X)QUQ* (X*) = cste

o X ischaracterizedby X = argmin{w(y)/ y L] o} ,<X, y> = n}

*

. X* IS the center of gravity of the cross section {y [] Q* ,<x, y> = p]‘} Q -

X = j e Mg j S I
: . THALES




Koszul Entropy via Legendre Transform

¢ we can deduce “Koszul Entropy” defined as Legendre T

ransform of minus

logarithm of Koszul-Vinberg characteristic function CD(X) = — |ngQ (X) ;

d (X)) :<x,x

¢ Demonstration: we

set  UYq (X) = je’“’”df xQ

Using X —_[fe ‘(Xdé’/_"e fx
and <x,h> dlogtﬂQ(x)——Ké’h “df/je g

we can write: <X

and

x> jloge > szdé’/je 5X

cp*(x*):—jloge ) e “dglje “df+|ogje g

O (X)=

(

je X gE

Q

J log J'e A& - J'Iog e ¥ g liXgg
2

*> — CD(x) with X = DXCD and X = DX* D where




Koszul-Vinberg Characteristic Function Legendre Transform

O (X) = (XX )~ D(x) = —Ilog e e ENg gy Ie’“”df +log Ie’“’”df
Q’ Q' Q'

®"(x) = [J.e_“’”dé'}log je““”dg— J.Ioge'<‘(’x> elengs /J‘e-(f,x>d£
L ' Q o o
®"(x') =|log f e dé - j loge ™. il dé
A N
L Q* |
_< ,X> —<f,X> <<z X>
x kN —(&,x) e () e )
O (x)= Iogg!:e dé. é[je<gx> é_df é[loge 'je_“”odfdf with Ife o dé=1
L Q o |
~(¢%) e—(f,x)
O (X)=| - |[+—=z—.log ———— [d¢
J*je “dg T [eaE
Q Q" |
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Koszul Entropy via Legendre Transform

¢ We can then consider this Legendre transform as an entropy, that we could
named “ Koszul Entropy "

CD* J- e_<£’x> I e_<§t,X> dg J‘ (E) I (E)df
= — e 0]0) 7 x =—|p, og p,
Q*J‘e<£’>d£ J'e<£,>d£ J
Q' o
~(x&)-log Je{“de
win Px(€)= e’/ _[ e“¥dE=e o —a 6+

and X—de J.fpx(f)df J‘é:e x§+q§(X)d€Z J.gfe d

B(X) = - logfe “dé¢ = "Ogj oleto *OlE 1og p,(&) = loge % = loge™ © = -0 (¢)
009 = 0(:)~log [ ¢ = [ 90 =1 [ 10g ()P = [ ¥ (Op (D= (X
Jensenneq. ¢ conv:>CD E[;] < E[d) (g‘)J
Legendréransform @™ (x') = <x, X > P(X)

=0 ()2 [0 (Op = do'@]  orEC@O=CED LA LES

if andonlyif I¢ (&) p (&)dé =D (If P, E)dfj




Barycentre & Koszul Entropy

Barycenter of Koszul Entropy = Koszul Entropy of Bary center

Elo (§)]=o E[f]

\
J @ (©)p,(&)dé = m*\ J€p(&)dE

J
~(x&)-log [e (¥
p, (&) =e" ] j e de=e e —@ (X< )+

Q*

X =D@= [£p()dé = [ce s = [se” Vag
Q* b Q*

Q*

O (X') = Sl),(lp_<X, x*> = CD(X)J

THALES



Koszul metric & Fisher Metric

¢ To make the link with Fisher metric given by matrix | (X) , We can
observe that the second derivative of  log p, (d9  given by:

0g p, (&) =~ (&) = B(X) ~ (x,é)
02log p, () _ °[0() ~(x.&)] _ o’d9

aXZ aXZ aXZ
0°lo 0°d(x) 0°%lo X
10 =, L109R0) | .00k _ 0%logys(¥
10)4 10)4 10)4

¢ We could then deduce the close interrelation betwee n Fisher metric
and hessian of Koszul-Vinberg characteristic logarith m.

|(X) = _E{az log px(f)} _ 0% logy(X)

oX° oX°

(Infformation Geometry) =
(Hessian Geometry)

THALES




Koszul Metric and Fisher Metric as Variance

¢ We can also observed that the Fisher metric or hess lan of KVCF
logarithm is related to the variance of ¢

alogSUQ(x):_ 1
0X J' e e o
_ Q _
0°log¥ ,(X) 1 (ex) ex) )
Y = - N - [ e ™Mae [ede +| [£ede

0X ( e o 4 o

J'e de | - _
Q J

2

log¥ ,(X) = log je’“’X> dc =
J

01097y _ o & e | (s 2
i X—if-jee_@,@dédé— [ Temg —;f-px(f)df—(if-px(f)dé)

0 _E{a e (6} - 20906l - g [e2] - [¢] =var (9
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New Definition of Maximum Entropy Density

+ How to replace Yoy meanvalue of ¢ &(=X)in:

~(¢x)
e —
px(g): (% with — - Py d
[e ™z & J*Ep(f)f
Q | - | . = _do(x)
¢ Legendre Transform will do this inversion by invers ing & = ]
X

+ We then observe that Koszul Entropy provides density of
Maximum Entropy with this general definition of den Sity:

Thales Air Systems Date l I I A L E S




Cartan-Killing Form and Invariant Inner Product

# Itis not possible to define an ad(g)-invariant inn er product for any

two elements of a Lie Algebra, but a symmetric bili near form,
called “ Cartan-Killing form 7, could be introduced (Elie Cartan PhD
1894)

+ This form is defined according to the adjoint endom orphism adX
of g thatis defined for gvery element of g with the help of the
Lie bracket: ad, (y) = rX, y

¢ The trace of the composition of two such endomorphi sms defines
a bilinear form, the Cartan-Killing form

B(x,y)=Tr (adxady)
¢ The Cartan-Killing form is symmetric: B(X,y) = B(y, X)
¢ and has the associativity property: B([X, y], Z) = B(X, [y, Z])

+ given by:

B(x, y], z)=Tr(ady, ,jad,) = Tr(lad,, ad, Jad, }
B((x ], 2) =Tr(ad, [ad, ,ad, | = B(x.[y. 2]
THALES




Cartan-Killing Form and Invariant Inner Product

¢ Elie Cartan has proved thatif (s a simple Lie  algebra (the Killing
form is non-degenerate) then any invariant symmetric bilinear form
on { is a scalar multiple of the Cartan-Killing form.

¢ The Cartan-Killing form is invariant under automorp ~ hisms ¢ [ Aut(Q)
of the algebra

g.
B(o(x),a(y)) = B(x, y)

¢ To prove this invariance, we have to consider:

{U[X, v]=lok,a)] alx, o7 (2)|=[o(%),2]
z=0(y)

rewritten ad_, =cgoad oo™

g(X)
Then
B(o(x),a(y))=Tr(ad, ,ad, ., )=Tr(coad,ad, - o)

B(o(x),0(y)) =Tr(ad,ad, ) = B(x, y)
THALES




Cartan-Killing Form and Invariant Inner Product

A natural G-invariant inner product could be introd uced by Cartan-
Killing form:

¢ Cartan Generating Inner Product: The following Inner product
defined by Cartan-Killing form is invariant by auto morphisms of
the algebra

(x,y) = -B(x,6(y))

where @[] g is a Cartan involution (An involut ion on (is a Lie
algebra automorphism @ of g whose square is equal to the

identity).
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From Cartan-Killing Form to Koszul Information Metric

B(x,y) =Tr\ad,ad,
Cartan—Killing Form

(x.y)=-B(x.6(y))
with 6L1g , Cartaninvolution

KoszulMetric

| (%) :—E{a 'ngfx(‘()

|

_0"(X) _

9% log j g {6
.

KoszulCharactestic Function

) o(x) = -log [e“*d¢e OxOQ
4

Koszu Entropy
O (X) = <x, x*> - ®(X)

' (X) == | p,(&)log p, (£)dé

Q

¢m with X = 5 p, (&)dé

Q
KoszulDensity

d¢

| (X) ==

oX° oX°

Thales Air Systems

e_<5’x>
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Koszul Density: Application for SPD matrices

+ We can then named this new density as “© Koszul Density ™

—{x,&)—lo g (X
p.(&) =€/ [eds=e R _grtuaany
o

win X =D,@= [£p(E)dé = [ce g = [£e” dg
Q Q Q

-

(%, y) =Tr(xy),Ox, y O Sym,(R)

o(¥ = [e'7de = = detx Zy(l,)

\

X, y)=Tr (xy)
Q =Q self-dual

X =& = ~dlogy, = ”T’le logdetx = '"T”x'1

—Tr (x& )+n_+1 logdetx

= p(O)=e 2= [dedad e with £ = [£p,()d¢




Relation of Koszul density with Maximum Entropy Principle

¢ The density from Maximum Entropy Principle is given by:

[ p(6)d¢ =1

MaX{— | p.(&)log px(c’)dc’} such{™ *
POy f P, (¢)dS =X

_ _ T ~(x¢)log [e e
s lfwetake Q, (&) =€ ) f je <5’X>d§ =e = such that:
o

[a (&)de = [eds/ [e s =1

~(x,&)-log je‘<5’x>d§

logq, (€) =loge 0 =—(x,&)~log je’<x’5>d£

¢ Then by using the fact that Iogx > (1— x_l) with equality if and
only if X =1, we find the following:

P.(<) q,(<)
- log——-d¢ < - 1-—>-d
J P(c)log 0, ($) : J P (E)[ P, (@j 5T HALES




Relation of Koszul density with Maximum Entropy Principle

¢ We can then observe that:

[ Py (6[1— ?) ((?) ]df = j P, ($)d¢ - j d,()dé =0

[ p, (£)d€E = j g, (§)dE =1

Q Q
¢ We can then deduce that:

- [.(0l0g % 5a£ <0= - [ p,()loap, (¢ =~ [ p,(loga (£)¢

+ If we develop the last mequallty using expression of R (f)

- [ p(&)logp,(&)dé=<-| px(ﬂ{%x, §)=log [e™ df}df

Q*

because

— .‘ P, ($)1og p, ($)d¢ < <X, jf P, (E)dg> +log J‘*e—<x,5>d£

Q*

- [ P.()logp,()dE < (x X )=®(x) - [p,(&)logp,(£)dE < (X)
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Covariant Definition of Thermodynamic Equilibriums

¢ Jean-Marie Souriau , student of Elie Cartan at ENS Ulm in 1946,
has

o given a covariant definition of thermodynamic equilibriums

o formulated statistical mechanics and thermodynamics in the framework
of Symplectic Geometry

by use of symplectic moments and distribution-tensor
concepts, giving a geometric status for:

O Temperature
o Heat

o Entropy

+ This work has been extended by C. Vallée & G. de Sax cég, P.
lglésias and F. Dubois.
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Covariant Definition of Thermodynamic Equilibriums

¢ The first general definition of the “moment map” (con stant of the
motion for dynamical systems) was introduced by Jea n-Marie
Souriau during 1970’s
o with geometric generalization such earlier notions as the Hamiltonian and the
invariant theorem of Emmy Noether describing the connection between

symmetries and invariants (it is the moment map for a one-dimensional Lie group
of symmetries).

¢ In symplectic geometry the analog of Noether’s theorem is the
statement that the moment map of a Hamiltonian action which
preserves a given time evolution is itself conserve d by this time
evolution .

¢ The conservation of the moment of a Hamilotnian act lon was called
by Souriau the * Symplectic or Geometric Noether theorem ”

o0 considering phases space as symplectic manifold, cotangent fiber of
configuration space with canonical symplectic form, if Hamiltonian has Lie
algebra, moment map is constant along system integral curves

o Noether theorem is obtained by considering independ ently each
component of moment map
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Sovuriau Covariant Model

¢ Let M be a differentiable manifold with a conti  nuous positive
density dccand let E a finite vector space and U (&) a continuous
function defined on  Mwith values in E. Acon tinuous positive
function P(¢) solution of this problem with  respect to calculus of

variations: (( p(f)da): 1
ArgMin{s: —j p(¢)log p(f)da)} such that{ "
() Y U ($)p($)dw=Q
(M

-BU
¢ is given by: _[U (e dw

p(&) = e®(P)-AU() 4 =M
—-BU ()
and ®(B) = -log [e O dw JA e dw
M

¢ Entropy S= —j p(f) |09 p(E)da) can be stationary only if
there exist a scdlar @and an element /Belo nging to the dual of E.

¢ Entropy appears naturally as Legendre transform of P :

S(Q) = L.Q-P(L) THALES




Sovuriau Covariant Model

o Thisvalue S(Q) =L.0Q—®P(LH)isa strict minimum of s, and the
equation: J‘U (g)e_lg_u (@dw

Q=14
M

has a maximum of one solution for each value of Q.
¢ The function ®(/3)is differentiable and we ¢ an write  d® =dS.Q
o . ®
and identifying E withits dual: Q =—

o0f
+ Uniform convergence of jU (&)0OU (e’ “dw
proves that  — 0P >0 andthat —®(fB) is convex.
03°

¢ Then, Q(B)and L(Q) are mutuallyi nverse and differentiable,
where ds= £.dQ.

¢ ldentifying E with its bidual: /3 — E
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Sovuriau-Gibbs Canonical Ensemble

+ In statistical mechanics, a canonical ensemble is the statistical
ensemble that is used to representthe  possible states of a
mechanical system that is being maintained in therm odynamic
equilibrium .

¢ Souriau has defined this Gibbs canonical ensemble o n
Symplectic manifold M for a Lie group actionon M

¢ The seminal idea of Lagrange was to consider that a statistical
state is simply a probability measure on the manifo |d of
motions

+ In Jean-Marie Souriau approach, one movementofad ynamical
system (classical state) is a point on manifold of movements.

+ For statistical mechanics, the movement variable is replaced by
a random variable where a statistical state is prob  ability law on
this manifold.
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Sovuriau-Gibbs Canonical Ensemble

¢ Symplectic manifolds have a completely continuous m easure,
invariant by diffeomorphisms:  the Liouville measure A

+ All statistical states will be the product of Liouv llle measure by the
scalar function given by the generalized partition function e® FY
defined by the generalized energy | (the moment that is defined in
dual of Lie Algebra of this dynamical group) and the  geometric
temperature ,3 , where @ is a normalizing constant such the
mass of probability is equalto 1, & = —|og je‘ﬁ-u dew

¢ Jean-Marie Souriau generalizes the Gibbs equiMbrium state to all
Symplectic manifolds that have a  dynamical group .

¢ To ensure that all integrals could converge, the ca  nonical Gibbs
ensemble is the largest open proper subset (in Lie algebra) whe re
these integrals are convergent . This canonical Gibbs ensemble is

convex.
o the mean value of the energy Q = GCD
0 a generalization of heat capacity K = __Q
B

o Entropy by Legendre transform s= .
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Souriau Lie Group Thermodynamic

¢ Forthe group of time translation , this is the classical thermodynamic

¢ Souriau has observed that if we apply this theory fo r non-
commutative group (Galileo or Poincaré groups):

o the symmetry has been broken

o Classical Gibbs equilibrium states are no longer invariant by this group

¢ This symmetry breaking provides new equations, discovered by
Jean-Marie Souriau.

¢ For each temperature ,B Jean-Marie Souriau hasi ntroduced a
tensor fﬁ, equal to the sum of cocycle ahd Heat  coboundary (with
[.,.] Lie bracket):

f,(2..2,)= 1(2,,2,)+Qad, (Z,) with ad, (Z,)=[z,,Z,]
¢ This tensor fﬁhas the following properties:

o fB IS a symplectic cocycle

o fUKer f,

o The following symmetric tensor § ; , defined on all values of adﬁ () is positive

definite:
Fretoe A Systeme o e gﬂ ([IB’ Zl]’ [ﬂ’ ZZ]) = f,B (Zl’ [ﬂ’ ZZ]) T H A L E 5




Souriau Lie Group Thermodynamic
f5(2,,2,)= 1(2,,2,)+Qad, (Z,) with ad,(Z,)=(Z,,Z,]
BOKer £, g,(8.2)[8.2,]) = 7,(2.[8.2.)

¢ Souriau equations are universal, because they are n ot dependent
of the symplectic manifold but only of:

o the dynamical group G
o its symplectic cocycle f
o the temperature ,8

o the heat Q

¢ Souriau called this model “ Lie Groups Thermodynamics

o “Peut-étre cette thermodynamique des groups de Lie a-t-elle un interét
mathématique”.

¢ For dynamic Galileo group (rotation and translation ) with only one
axe of rotation:

o this thermodynamic theory is the theory of centrifuge where the temperature
vector dimension is equal to 2 (sub-group of invariance of size 2)

o these 2 dimensions for vector-valued temperature are “thermic conduction” and
“viscosity”, unifying “heat conduction” and “viscosity”. TH
ALES
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Dynamic Gallileo Group

¢ The Galileo group of an observer is the group of af  fine maps
{X': RX+0t+W

t'=t+e
X,0 and WOR’,edR"
ROSO(3)

¢ Matrix Form of Gallileo Group
X' R U0 wW|X
t' O 1 et

11 (0 0 1|1

* Sglmﬁlecﬁc cocycles of the Galilean group: V. Bargman n (Ann.
Math. 59, 1954, pp 1-46) has proven that the symplec tic

cohomology space of the Galilean group is one-dimens ljonal.
¢ Lie Algebra of Gallileo Group | @ £ y
7 and yOR®, e0OR'
0 0 g|, 7 ATYETET
0 0 0 wl1s0(3): X > wxX
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Fundamental Souriau Theorem

¢ Let Q be the largest open proper subset of X , Lie algebra of G,
such that

je_ﬁ'u “dw and J-f.e_ﬁ'u “)dew are convergent int egrals
M M

¢ this set Qs convex and is invariant under eve  ry transformation ég
where at— EE IS the adjoint representation of G, with:

° B - a(p)
° - o-gla?)p=v+6(a)a, (B
© § -5 S
°Q-a.(Q+6(a)=2.(Q)
° ¢ - a,(Q)
¢ where @is the cocycle associated with the group G and the moment,
and 5,\; (¢) is the image under a,f the pr  obability measure ¢

¢ Rmq: @ is changed but with linear dependence to ,B , then Fisher
metric is unchanged by dynamical jgroup:

_ 90°|P-6la™ 90’
e ME(B)=- | 3 ﬂga Al Y2 B) rHALES




Fundamental Souriau Theorem

L /
\A ®(5)+6(a)a, (B) s(Q)=Q-o(B)
()

- R THALES




Sovuriavu Lie Group definition of Fisher Metric

e Let f be the derivative of gsymplectic cocy cle of G) at the identity
element and let us define:

080Q, f,(2.,2,)=1(2,2,)+Qad, (Z,) with ad, (Z,)=(z,,Z,]
Then

& f[), IS a symplectic cocycle of ,tiyat is independent of the moment of G

+f,(8,8)=0 , 0BOQ

¢ There exists a symmetric tensor ~ Qlgfined on the image of

ad;(.) = [,,[3] such that:
o (5.2)2)= 1,(2,2.) . 02,08, 07, 0 mlad, ()

and
9,(2,,2,)20 , 0z,,z,0Im(ad,())

that gives the structure of a positive Euclidean sp ace
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Koszul Information Geometry, Souriau Lie Group Thermodynamics

Thales Air Systems Date

Koszul Information
Geometry Model

Souriau Lie Groups
Thermodynamics Model

Characteristic function

®(x) =~log [ “¥d¢ TOxOQ
)

®(B)=~log [e*"¥dw 0B0g
M

Entropy (X)) =~ j p. (£)log p, (£)dé s=- j p(&)log p(&)dw
Legendre Transform ® () =(xx)-0(x) S(Q) = BQ-(B)
Density p, (&) =e <77 D, (&) = P @)

of probability px(f):jee_‘:j:;dg pﬁ({):m
Dual x0Q a:d X 0Q° B0g and QOg”

Coordinate Systems

[£e'de

X :é[f-px({)dfzgm

o

[u@e?¥dw
Q= [U(6)-p,(&)dew=4 i

e AU g
M
S :SouriauGeometricTemperatue

U :SouriauMoment map
Q :Meanof Souriau Moment Map

or Geometricheat
Dual X = 0D(x) and X = 0P (X) Q :aﬁ and IBZE
. ox ax’ 0B 0Q
Coordinate Systems
Hessian Metric ds” = -d’*®(x) ds’ = -d’®(p)
Fisher metric __p | 9%log p,(¢) ___ |9%logp, (&)
R
?log [edé 2 AU (&)
0 = _9*0(x) J e 20 ) Iog“_[e dw
x> Ix? (/8) - 6,32 - 6,52
_ 00 __Q
1(B) = o B

0Q

K= _ﬁ :Souriau GeometricCapacity
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Geometric heat Capacity / Specific heat

¢ We observe that the Information Geometry metric cou ld be
considered as a generalization of “Heat Capacity”. Sou riau called it

the “Geometric Capacity”. This geometric capacity is related to
calorific capacity. ) 0
=22 1(p=-"70=-2
0f 0f 0f
( 3 1 )
— 1 K = —a_Q = — aQ E = 1 aQ
=T 0B OT| oT | KTZaT
\ J

¢ Q isrelated to the mean, and Kis related to the  variance of U

= [U(&).ps(§dw=E[U]

I(ﬁ)-—ag‘ Ju?]-EuP ‘jU(E) Ps($)dw- [IU(E) pﬁ(adwj
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FOURIER HEAT EQUATION & HEAT CAPACITY

R _cp
oT

| cicher (/3)=—a—Q= . AT 5 [l e (B 8705




54 O¢eppog : Souriau « Lie Group » Thermometer

Souriau has built a thermometer (Bepuog) device
principle that could measure the
Geometric Temperature

=l using “Relative Ideal Gas Thermometer” based on
= a theory of
Dynamical Group Thermometry
and has also recovered the
E 3l (Geometric) Laplace barometric law
) s(Q)=(8.Q)-(5) ﬁ——Q s Q= 0n
| (Q:GeometridHeat
U’HI cge (B) = —3—2 = Var[U] with < 5 :Geometri¢Planck)Temperatus

| 's:GeometricEntropy
THALES




Koszul Information Geometry, Souriau Lie Group Thermodynamics

Koszul Information Geometry Model

Souriau Lie Groups
Thermodynamics Model

Convex Cone

xOQ
Q convex cone

AOQ

Q convex cone: largest open subset of g,
Lie algebra of G, such that Je—ﬁ-U(f)dw
M

and j FePu9q, are convergent integrals
M

Transformation

x - gx with gOAut(Q)

B - & (h)

Transformation
of Potential
(non invariant)

Dy (X) — Do (gX) = Py (x) +log(detg])

o(B) - o(5,(8)=(8)-6a*)s

Transformation

. (x) -~ . [—6¢Q(gx)J =@ . (x)

sQ) - s(Q)=pQ-v'=8Q-d=5Q)

of Entro T\ X ’ Wit
. . py with X* :M ﬁ':ag(ﬁ)
(invariant) 0x o0 oo + 8@, (8)) _ _ 0)+ o)
op oa, (B) v
'=o(5)=0(3, (8)= o(8)- o2 )s
I nformation | (g0)= _02[¢Q(X)+|2090det9|)] =_02¢92(X) 1) | 1& )= o qJ(ﬂ)—zé’(a'l)ﬁ _ _62¢(2ﬂ) =1(B
Geometry Metric ox ox 9 9
(invariant)

Thales Air Systems
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Invariance of Fisher Metric

¢ In both Koszul and Souriau models, the Information Geo metry
Metric and the Entropy are invariant respectivelyt  o:

o the automosphisms g of the convex cone

o to @_ adjoint representation of Dynamical group G acting on Q , the convex
cone considered as largest open subset of [, Lie algebra of G, such that

je‘ﬁ“ dew and J‘g_e—ﬁ.u ©dew are convergent integrals.
M M

X - gx with gOAut(Q)

(0)- _9[@q (9 +log(detq]] | 020,09 _ 0

0x” 0x”
B - a,(b)
(a9)--T ol ot
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Lie Group Action on Symplectic
Manifold with Modern notation
(cf. Charles-Michel Marle)
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Notation

Lie Algebra of Lie Group

¢ Let G aLie Group and Tthangent space of (G atits neutral
element €

o Ad Adjoint representation of G
Ad:G - GL(T.G) with iy :hi—>ghg™
gUGH Ad, =T,

o ad Tangent application of Ad at neutral element € of G

ad =T Ad:T.G - End(T.G) X,YOT.Grs ad, (Y) =[X,Y]
¢ For G=GL (K)with K=Ror C
TG=M _(K) X OM,(K),g0G Ad,(X)=gXg™

X,YOM (K) ad, (Y)=(T.Ad), (Y)= XY -YX =[X,Y]
o curve from €= 1, =C(0) tangentto X =¢(1) : c(t) = exp¢X)
and transform by Ad : Y(t) = Ad expX)

ad, (Y) = (T.Ad), (Y) = %y(t)Y = diexp([xw exptX)Y = XY-YX

t=0 L t=0




Action of a Lie Group on a Symplectic Manifold

o Let P:GxXM — M bean action of Lie Group G on differentiable
manifold M, the fundamental field associated to an element X of
Lie algebra @& of group G is the vectors field X,\pn M:

X, () :%Cb(exp(—tx ),%)

t=0

with - ®(g,, D(g,, X)) = P(9,9,,X) and d(e,x) = X

¢ @ is hamiltonian on a Symplectic Manifold M P is symplectic
and if for all X Llg the fundamental field X, is globally
hamiltonian

¢ There exist ,Jxlinear application from tqd ifferential functionon M
q — COO(M \ R)
X - J,

¢ We can then associate a differentiable application J .called
moment of action @:

J:M o g;&
mmom o X J(x) such thatl, () =(J(), X}, X OG T 4 ALE S




Action of a Lie Group on a Symplectic Manifold

¢ We associate a bilinear and anti-symmetric form ®, Symplectic
Cocycle of Lie algebra g :

O(X,Y) = Jixy1=19x. Jv} with {}: PoissorBracket
with @([X,Y],z)+e(Y,z], X)+e(z,Xx]Y)=0
o If J'=J + pwith constant gOg, then:
O'(X,Y) =0(X,Y)+{1,[X,Y])
with  du(X,Y) = <,u,[X,Y]> cobord of [

THALES



Action of a Lie Group on a Symplectic Manifold

Equivariance of moment

¢ There exist a unique affine action @&uch thatline arpartis
coadjoint representation

a:GxXg' o with (Ad;€,X)=(&,Ad,X)
a(g,é) = Ad;f"'e(g)

and that induce equivariance of moment J

J((g, ¥))=a(g, I(x)) = Ad; (3(x) +8(g)

6:G - g;é is called Cocycle associatedto  J

¢ The differential Teﬁof 1-cocyle @ssociatedto aJ tneutral
element €:

(TO(X),Y) =0(X,Y) = I v ~{3x. 3.}
o If J'=J+ pthen: @'(X,Y):@(X,Y)+</J,[X,Y]>
6'(g) =6(g) + u- Ad; u

Where ,u—Ad;,u is cobord of G THALES




From Euler-Poincaré(-Tchesayev)
Equation of Geomeiric Mechanics
to Poincaré-Marle-Souriau
Equation of Geometric
Thermodynamics
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Seminal Paper of Poincaré 1901, revisited by Marle

[1] Henri Poincareée, Sur une forme nouvelle des equations
de Ia Mécanique, C. R. Acad. Sci. Paris, T. CXXXII, n. 7, p.
369-371., 1901

+ Heni Poincaré proved that when a Lie algebra acts |  ocally transitively
on the configuration space of a Lagrangian mechanic al system, the
Euler-Lagrange equations are equivalent to a new sy  stem of
differential equations defined on the product of th e configuration
space with the Lie algebra

[2] C.-M. Marle, On Henri Poincaré’s note on ”Sur une forme
nouvelle des équations de la Méecanique ”, Journal of
Geometry and Symmetries in Physics, JGSP 29, pp.1-38,
2013

¢ Marle has written the Euler-Poincaré equations, un  der an intrinsic
form, without any reference to a particular system of local coordinates

+ Marle has proven that they can be conveniently expr  essed in terms of
the Legendre and momentum maps of the lifttothe ¢~ otangent bundle
of the Lie algebra action on the configuration spac e

Thales Air Systems Date I I I A L E S




Seminal Paper of Poincaré

« Ayant eu I'occasion de m’occuper du mouvement de ro tation d’'un corps solide creux, dont la
cavité est remplie de liquide, j'ai été conduita m  ettre les equations générales de la mécanique
sous une forme que je crois nouvelle et qu'il peut étre intéressant de faire connaitre  »
Henri Poincaré, CRAS, 18 Février 1901

SEANCE DU LUNDI 18 FEVRIER 1901,
PRESIDENCE DE M. FOUQUE.

MEMOIRES ET COMMUNICATIONS
DES MEMBRES ET DES CORRESPONDANTS DE L'ACADEMIE,
MECANIQUE RATIONNELLE. — Sur une forme nouselle des équations
de la Mécanique. Nole de M, H. Poixcang.

« Ayant eu l'occasion de m’occuper du mouvement de rotation d’un
corps solide creux, dont la cavité est remplie de liquide, j’ai été condait
a meltre les équations générales de la Mécanique sous une forme que je
crois nouvelle et qu’il pent étre intéressant de faire connaitre.,

d dT dT
di dr. = zfs&fﬁﬂri-ﬂs-

« Elles sont surtout intéressantes dansle casou U é  tant nul, T ne dépend que des n7»

Henri Poincaré
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EULER-POINCARE EQUATION by Lift of admissible Curve

¢ Lagrangian Mechanical system with M is smooth configuration space

b
I(y):jL(wjdt with y:lt,,t,] = M and L:TM - R
to

dt
¢ Poincaré assumes that a finite dimensional Lie algebra @ acts on the
configuration manifold M . ,
¢:M xg - TM ¢ :T'M - M xg

(x, X) = @(x,X) = X,,(X) (associatetoSouriaumomentmap)
+ New expression of the functional
_ b it t] - M x E:LO ' M - R
()= [Copdt with |” o] - Mxa $:Mxg
! to 7 =(rV) (%, X) = L(X, (%)
dy

E:V(t)’ pw ¥V =y with p, :M xg - M andp,y=V with p,:M xg - g

¢ If yis a parametrized continuous, piecewise differenti able curve in M,
and y any liftof JtoM x g, we have:

(7 =1(y) THALES




MARLE Intrinsic Expression of EULER-POINCARE EQUATION

+ J.M. Marle intrinsic expression (independant of any ch oice of local
coordinates) of the Euler-Poincaré equation:

(% _ d\j(t)j(dzf(y(t),V(t))) =Q(y().V (1))

Q=p.op'odL :Mxg - a
dL:Mxg - TM
d,L:Mxg - g

L:Mxg - R withrespect tats1standits 2ndvariable
ad, X =[V,X]=-[Xv] andad’v :a" - " such that
(€,ad, X) =~(ad;,X) , é0g" , VandX Og
p, :Mxg - g

bethepartialdifferentialsof thefunction

¢ Poincaré “This equation is useful mainly when L:Mxg - R
only depends on its second variable X @ agrangian reduction)
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EULER-POINCARE-MARLE EQUATION

J.M. Marle has given the Euler-Poincarée Equation in
terms of the Legendre and the Momentum Maps

¢ Souriau Moment Map: J;TM o> q
(J(&), X)=(&, Xy oy (&) , E0TM , XDOg
Xu © 7y (§) = $(7, (6), X) J=p. o
L\
“T'M - M xg
. ! ¢ =(m,,9)
£ 918 = (71 (), 3(9)
¢ The Legendre Map L
L:TM - T M (verticaldifferentiald L)
d,L =p.og'oLog with J=p.og'
—d,L =JoLog
Thales Air Systems Date T H A L E 5




EULER-POINCARE-MARLE REDUCTION

¢ Euler-Poincaré Equation with Legendre and Moment Map  s:

(% _ ad\’}(t)j(J oLog(y(t), V(1)) = 3o d L (1) V (1))

dy(t) _
T s(y(t),V (1))

¢ The Euler-Poincaré Equation and Reduction: Following the remark
made by Poincaré at the end of his note, letus now  assume
thatthe map L : M Xg — Fonly depends onits 2nd variable X [g

(%— olc(t)j(olf(va)))=O

¢ The Euler-Poincaré Equation in Hamiltonian Formalism
HO=(EL7@)-LL™ @)  €0T'M
L:TM - T M

H:TM - R
Thales Air Systems T H A L E 5




69/  POINCARE-MARLE-SOURIAU EQUATION ON DUAL LIE ALGEBRA

¢ Euler-Poincaré Equation in the Framework of Souriau Lie Group
Thermodynamics

(3— d;mj(df(va)))w

at
¢ Souriau Lie Group Thermodynamics:

sQ)=(5.Q-o(8)=(07(Q).Q)-»(*(Q))

( 0D(f) _, -
=0\f)= [
[Q=0lB)="370 e

£=0"Q) Q

+ Poincaré-Marle-Souriau Equation:

2o — R
dt 0f
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POINCARE-MARLE-SOURIAU EQUATION ON DUAL LIE ALGEBRA

¢ Recall that g"has a natural Poisson structure called Kiri llov-
Kostant-Souriay structure, which allow to associate to any smooth
function h:g - Rits Hamiltonian vector field :

Xn(¢) = _ad;h(g)f , f0g

¢ If there exist a smooth function :g* s Rgh that H=heJ
the parametrized curve ¢ =Jo(: to,tl] — Qsatisfies the

Hamilton differential equationon ¢

dé(t .
% = _addh(f) (f(t))

¢ In Souriau Lie Group Thermodynamics:

s(Q)=(5,Q)-o(B) ds = 4dQ

d(j_ft) = _ad:is(Q(t)) (Q(t))
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INFORMATION GEOMETRY BASED ON GEOMETRIC MECHANICS

GEOMETRIC LIE GROUP
MECHANICS THERMODYNAMICS
H. POINCARE J.M. SOURIAU
SYMPLECTIC HESSIAN GEOMETRY OF
MECHANICS INFORMATION
J.M. SOURIAU J.L. KOSZUL

Elie CARTAN est le fils de Joseph CARTAN maréchal-f  errant.
Elie CARTAN le FORGERON

(du Latin FABER) 'Homme qui bat la matiere surI’ ENCLUME,
pour lui imprimer la COURBURE pour la mettre en  FORME)

Texte de Bergson - Homo faber

"En ce qui concerne l'intelligence humaine, onn'ap  as assez remarqué que l'invention mécanique

a d'abord été sa démarche essentielle ... . Si nous pouvions nous dépouiller de tout orgueil, si, pour

définir notre espece, nous nous en tenions strictement a ce que l'histoire et la préhistoire nous
présentent comme la caractéristique constante de 'hnomme et de l'intelligence, nous ne dirions peut-étre
pas Homo sapiens, mais Homo faber. En définitive, l'intelligence, env  isagée dans ce qui en parait
étre la démarche originelle, est la faculté de fabr  iquer des objets artificiels, en particulier des
outils a faire des outils et d'en varier indéfinime nt la fabrication ."
Henri Bergson, L’ Evolution créatrice (1907), Ed. P UF, coll. "Quadrige", 1996, chap. II, pp.138-140

NEW FOUNDATION OF INFORMATION THEORY (Sapiens) by G EOMETRIC MECHANICS (Faber)
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Legendre Transform &
Minimal Surface:
Seminal Paper of Legendre
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Legendre Transform and Minimal Surface

¢ Legendre has introduced « Legendre Transform
Surface Problem

with x:d—w and y=
dp

» to solve Minimal

Z(X,y) = p.x+0g.y—a(p,q)

da
dg

+ Classical “Legendre transform” with our previous nota

s(Q)=BQ-®(8)=(B,Q) - ®(B)

_Ql}
it {¢(ﬁ)=z(x, VR I (e
s(Q)=aw(p,q)

Thales Air Systems
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Legendre Transform and Minimal Surface

+ In the following relation, we recover the definitio n of Entropy

xdp+ydg=do  (BdQ=ds Bl
<X dow and y = da):><ﬁ__
dp dg [ dQ

¢ But also relation with Mean Curvature

do

B firlQf ) 9 J1+ o

Q" <<1=1(B8) =-2H

HQH .w):_z_Hq,_i(g]
Qf >>1:%[2] o . aliq

)

Thales Air Systems dﬂ
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¢

Past Conferences

French/Indian Workshop on «  Matrix Information Geometry », Ecole Polytechnique &
Thales Research & Technology, 23-25th February 2011  (with Prof. Rajendra Bhatia)

o
SMAI'11l Congress, Mini-Symposium on «  Information Geometry », 23-27th Mai 2011
o

Symposium on « Information Geometry & Optimal Transport  », hosted at Institut Henri
Poincaré, 12th February 2012 (with GDR CNRS MIA)

o

SMF/SEE Conference on « Geometric Science of Information  », Ecole des Mines de
Paris, August 2013

o

SMF/SEE Conference on MaxEnt with special Issue "I  nformation, Entropy and their
Geometric Structures", Clos Lucé in Amboise, sponso red by Jaynes Foundation, 21-
26th Sept. 2014

o

Leon Brillouin Seminar on «  Geometric Science of Information  », Institut Henri
Poincaré & IRCAM, launched by THALES since December 2009, with Ecole
Polytechnque & INRIA/IRCAM

o
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Leon Nicolas Brillouin Seminar

SEmmCIII'E Leon Brillouin

s géométriques de l'information

|
Geometric Science of Information

Hosting lab:
IRCAM, Salle Igor Stravinsky
Projet INRIA/CNRS/Ircam MuSync (Arshia Cont)

Animation : Arshia Cont (IRCAM & INRIA), Frank Nielse  n (Ecole
Polytechnique), F. Barbaresco (Thales)

Web Site:
Abstracts, Videos & Slides:

T

s
T ..I / |
A

B g L
Yk

SCIENCES GEOMETRIQUES

SEMINAIRE LEON BRILLOUIN | PE LINFORMATION

Marc Amaudon (IMB, Bordeaux)

gy

\

Lin alg
feg mo

T,

T ke

AR5

Wi @i WE i
R | bk

|8 A ST TR

o & T
=

. |

@

== hudl BB NHED 000

ircam

== (entre Centre.  SESes
Pompidou Pompidou EESRE




Thank you for your attention

Si on ajoute que la critique qui accoutume
I'esprit, surtout en matiére de faits, a recevoir
de simples probabilités pour des preuves, est,
par cet endroit, moins propre a le former, que
ne le doit étre la géométrie qui Ilui fait
contracter I'habitude de n’acquiescer qu'a
I'évidence; nous répliquerons qu’a la rigueur
on pourrait conclure de cette différence méme,
que la critique donne, au contraire, plus
d’exercice a l'esprit que la géométrie: parce
que I'évidence, qui est une et absolue, le fixe
au premier aspect sans lui laisser ni la liberté
de douter, ni le mérite de choisir; au lieu que
les probabilités étant susceptibles du plus et
du moins, il faut, pour se mettre en état de
prendre un parti, les comparer ensemble, les
discuter et les peser. Un genre d’étude qui
rompt, pour ainsi dire, I'esprit a cette opération,
est certainement d’'un usage plus étendu que
celui ou tout est soumis a l'évidence; parce
que les occasions de se déterminer sur des
vraisemblances ou probabilités, sont plus
frequentes que celles qui exigent qu’'on
douceur qu’elles respirent, et de faire servir procede par démonstrations: pourquoi ne
les trésors dont elles [Ienrichissent, a dirions —nous pas que souvent elles tiennent
I'agrément de la société. aussi a des objets beaucoup plus importants ?

Nous avouerons gqu’'une des prérogatives de
la géométrie est de contribuer a rendre
I'esprit capable d'attention: mais on nous
accordera qu’il appartient aux lettres de
I'étendre en lui multipliant ses idées, de
'orner, de le polir, de lui communiquer la
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