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Exercise 1
(1) Find the limit of the sequence of integers p3, 33, 333, 3333, . . .q (written in base 10) in Q5.
(2) Let p be a prime integer and x P Z such that gcdpp, xq “ 1. Show that the sequence pxp

n

qnPZě0
converges

in Qp. Show that the limit is a root of unity, that depends only on the image of x in Fˆp .
(3) Let p be a prime integer. Prove that Xp ´X ´ 1 is irreducible in QprXs.

Exercise 2
Let pK, |.|q be a non archimedean valued field such that charpKq “ charpκKq. Show that if x, y P K are
distinct roots of unity, then |x´ y| “ 1.

Exercise 3
Show that the polynomial pX2´ 2qpX2´ 17qpX2´ 34q has a root in R and in Zp for every prime p, but no
root in Q.

Exercise 4
Let A “ Z

“?
´5

‰

and K “ FracpAq “ Qp
?
´5q. Explain why I “ 3A ` p1 `

?
´5qA Ă K is a projective

A-module. Show it explicitely as a direct factor of A2. Show that it is not free.

Exercise 5
Let A be a Dedekind ring, K its fraction field and X an indeterminate.
(1) The content of a polynomial P P ArXs is the ideal cpP q generated by the coefficients of P . Show that
cpPQq “ cpP qcpQq for all P,Q P ArXs.
(2) Let S “ tP P ArXs ; cpP q “ Au. Show that S is a multiplicative part in ArXs: let

B “ S´1pArXsq Ă FracpArXsq

be the associated localization. Show that if P,Q P ArXs and Q ‰ 0, then P
Q P B if and only if cpP q Ă cpQq.

(3) Show that K XB “ A. Let J Ă B be an ideal: show that J “ IB where I “ J XA, and that the map
I ÞÑ IB is a bijection between the set of ideals of A onto the set of ideals of B.
(4) Prove that B is a PID.

Exercise 6
Show that every non-trivial non archimedean absolute value on R has divisible value group and algebraically
closed residue field.


