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Exerise 1

Let p be a prime number.

(1) Assume p is odd. What is the p-adi development of
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(i.e. write

1

2
�

8

°

i�0

aip
i
with ai P t0, 1, . . . , p� 1u

for all i P Z
¥0).

(2) Is Qur

p (the maximal unrami�ed extension of Qp in Qp) omplete for the p-adi absolute value?

(3) For whih primes p is �1 a square in Qp?

(4) For i P Z
¡0, put Ui � 1� pi Zp. Let n P Z

¡0. Show that if y P U2vppnq�1, there exists x P U1 suh that

xn
� y. Dedue that Q

�

p {Q
�n
p is a �nite group, and give its order when p does not divide n.

Exerise 2

(1) Let R be a noetherian loal ring with maximal ideal m and residue �eld κ. Show that m{m2
is a κ-vetor

spae of �nite dimension, and that d � dimκpm{m
2
q is the minimal number of generators of the ideal m.

(2) Let A be a noetherian integral domain whih is not a �eld. Show that A is a Dedekind ring if and only

if for every maximal ideal p of A, there are no ideals I � R suh that p2 � I � p.

Exerise 3

Let pK, |.|q be a omplete disretely valued �eld and K an algebrai losure of K. We assume that the

residue �eld κK of K ontains the �nite �eld Fq (where q � pf with f P Z
¡0). Fix a uniformizer π of

K and let P pXq � Xq
� πX P KrXs. Choose a sequene pπnqnPZ

¥0
in K suh that π0 � 0, π1 � 0 and

P pπnq � πn�1 for all n P Z
¡0. For n P Z

¥0, we put Kn � Kpπnq.

(1) Explain why the group µq�1pKq of pq � 1q-th roots of unity is yli of order q � 1.

(2) Show that K1{K is totally rami�ed and that π1 is a uniformizer of K1.

(3) Show that K1{K is Galois and desribe its Galois group.

(4) Show that for all n P Z
¡0, the extension Kn�1{Kn is separable, totally rami�ed of degree q, and that

πn�1 is a uniformizer of Kn�1 [hint: use indution℄.

(5) Show that OKn
� OKrπns for all n P Z

¥0.

(6) Compute the di�erent DKn�1{Kn
[ do the ase n � 0 separately℄, and dedue DKn{K and the disrim-

inant dKn{K for all n P Z
¥0.

Exerise 4

Let pK, |.|q be a omplete disretely valued �eld of harateristi 0, with perfet residue �eld κK of hara-

teristi p. We denote by v the normalized valuation on K and by eK � vppq its absolute rami�ation index.

Let n P Z
¡0 be suh that Fpn

� κK and α P K suh that vpαq ¡ �

pneK
pn
�1

. Put P pXq � Xpn

�X�α P KrXs,

let λ P K be a root of P and L � Kpλq. We still denote by v its extension to L.

(1) Reall why there is a unique multipliative map r.s : Fpn
Ñ OK suh that π � r.s � IdFpn

, where

π : OK Ñ κK is the projetion.

Put QpXq � P pX � λq P LrXs.

(2) Assume vpαq   0. Show that vpλq �
vpαq

pn . Dedue that QpXq P OLrXs and ompute the image QpXq

of QpXq in κLrXs.
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(3) For x P Fpn
, ompute the images of Qprxsq and Q1

prxsq in κL. Dedue that P is split in L.

What preedes shows that L{K is Galois: put G � GalpL{Kq.

(4) Show that if σ P GztIdLu, we have |σpλq � λ| � 1.

(5) Assume now that p ∤ vpαq and vpαq   0.

(a) Show that L{K is totally rami�ed, and give a uniformizer πL in terms of a uniformizer πK of K

and λ [hint: use the fat that gcdppn, vpαqq � 1℄.

(b) Show that the rami�ation �ltration with lower numbering is given by

Gi �

#

G if i ¤ �vpαq

tIdLu if i ¡ �vpαq
.

() Compute the di�erent DL{K and the disriminant dL{K .

(6) Show that if α1 P K satis�es |α� α1|   1 and λ1 is a root of P1pXq � Xpn

�X�α1, thenKpλq � Kpλ1q.

(7) Assume now that α1, α2 P K are suh that vpα1q, vpα2q ¡ �eK and |α� α1 � α2|   1. Show that

L � Kpλq lies in the ompositum of Kpλ1qKpλ2q.


