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Everywhere in the text, p denotes a prime number.

Exercise 1
(1) Let pK, |.|q be a non archimedean valued field. Is the map |.| : K Ñ Rě0 continuous when Rě0 is
endowed with its “usual” topology? What if Rě0 is endowed with the discrete topology?
(2) What is the cardinality of Zp?
(3) Show that the unique unramified extension of degree n of Qp (in a fixed algebraic closure Qp of Qp) is
the decomposition field of Xpn ´X.
(4) Show that if p ‰ 2, then 1 is the only p-th root of unity in Qp.

(5) Let x “
8
ř

k“0

2k! P Q2. Show that x is transcendental over Q.

Exercise 2
Let K be a complete discretely valued field of characteristic 0, whose residue field κK has characteristic

p ą 0. We denote by vK : K Ñ ZYt8u its normalized valuation.
(1) Let L{K be a totally ramified finite extension and EpXq “ Xe ` ae´1X

e´1 ` ¨ ¨ ¨ ` a0 P OKrXs the
minimal polynomial over K of a uniformizer πL of L. Put cpLq “ vLpDL{Kq´e`1 (where vL : LÑ ZYt8u
is the normalized valuation and DL{K the different of L{K). Show that cpLq P Zě0 and that cpLq “ 0 if
and only if L{K is tamely ramified [hint: use the equality DL{K “ E1pπLqOL].
(2) Show that if L{K is not tamely ramified, then cpLq “ mintevKpeq, evKpaiq ´ e` iu1ďiăe.

Let K be a fixed separable closure of K and π a uniformizer of K. We denote by UK “ 1 ` πOK the
group of principal units of K. Henceforth, we assume that κK is finite: let q be its order.
(3) Show that an element u P OˆK can be written uniquely u “ rαsru where α P κˆK , rαs P OˆK is the unique
pq ´ 1q-th root of unity lifting α and ru P UK .

We denote by Σe the set of subextensions L{K of K that are totally ramified of degree e P Zą0.
(4) Assume that p - e. Recall that, being tamely ramified over K, elements in Σe are of the form Kθ :“ Kpθq
where θ P K is a root of the polynomial Xe ´ uπ for some u P OˆK .

(a) Let ru P UK . Show that there exists λ P UK such that λe “ ru. Deduce that we may restrict to
elements u of the form rαs with α P κˆK .

(b) Let α, α1 P κˆK and θ, θ1 P K such that θe “ rαsπ and θ1e “ rα1sπ. Show that Kθ “ Kθ1 if and only
if there exists β P κˆK such that α1 “ βeα and an e-th root of unity ζ P K such that θ1 “ rβsζθ.
Deduce that it is equivalent to the existence of γ P κˆK such that θ1 “ rγsθ.

(c) Show that #Σe “ e.
(5) In this question, we assume that p | e: by question (1), we have L P Σe ñ cpLq P t1, . . . , evKpequ.

(a) For each j P t1, . . . , e´ 1u, construct an element L P Σe such that cpLq “ j.
(b) Deduce that #Σe ě e.
(c) Assume #Σe “ e. Using (2), show that vKpeq “ 1, then that e “ p is a uniformizer of K [hint:

consider the extension generated by the roots of Xe ´ π, then that generated by a root of Xe ´ uπ
for an appropriate root of unity u P OˆK ].

(d) Deduce #Σe ą e.
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Exercise 3
Assume p ą 2 and let K{Qp be a totally ramified Galois extension of degree p. Denote by π a uniformizer of
K and vK its normalized valuation. Let EpXq “ Xp`ap´1X

p´1`¨ ¨ ¨`a0 P Zp be the minimal polynomial
of π over Qp. Recall that vKpDK{Qp

q “ mint2p´1, vKpaiq`i´1u1ďiăp (where DK{Qp
denotes the different

ideal of K{Qp).
(1) Show that p´ 1 | vKpDK{Qp

q [hint: use the ramification filtration].
(2) Deduce that vKpDK{Qp

q “ 2p´ 2.
(3) Compute GalpK{Qpqx for x P r´1,`8r.
(4) Deduce GalpK{Qpq

y for y P r´1,`8r.
(5) Assume L{Qp is a totally ramified Galois extension such that GalpL{Qpq » pZ {pZq

2.
(a) Show that L “ K1K2 where Ki{Qp is totally ramified Galois of degree p for i P t1, 2u.
(b) Show that GalpL{Qpq

y ãÑ GalpK1{Qpq
y ˆ GalpK2{Qpq

y for all y P r´1,`8r.
(c) Compute GalpL{Qpq

y for all y P r´1,`8r.
(d) Deduce GalpL{Qpq1{GalpL{Qpq2.
(e) Derive a contradiction and conclude that no such L exists.

Exercise 4
Let L{K be a totally ramified Galois extension of local fields of characteristic 0. Assume that its Galois
group G » t˘1,˘i,˘j,˘ku is the quaternion group1 (so that C :“ ZpGq » t˘1u), and that G4 “ tIdLu.
Show that G “ G0 “ G1, and G2 “ G3 “ C. What is the different of L{K? Show that

Gy “

$

’

&

’

%

G if y ď 1

C if 1 ă y ď 3
2

tIdLu if 3
2 ă y

1Recall that i2 “ j2 “ k2 “ ijk “ ´1.


