THE DISTRIBUTION OF THE MAXIMUM OF PARTIAL SUMS OF
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ABSTRACT. In this paper, we investigate the distribution of the maximum of partial
sums of families of m-periodic complex valued functions satisfying certain conditions.
We obtain precise uniform estimates for the distribution function of this maximum
in a near optimal range. Our results apply to partial sums of Kloosterman sums and
other families of /-adic trace functions, and are as strong as those obtained by Bober,
Goldmakher, Granville and Koukoulopoulos for character sums. In particular, we im-
prove on the recent work of the third author for Birch sums. However, unlike character
sums, we are able to construct families of m-periodic complex valued functions which
satisfy our conditions, but for which the Pdlya-Vinogradov inequality is sharp.

1. INTRODUCTION

Let m > 2 be an integer, and ¢ : Z/mZ — C a complex valued function which
we extend to an m-periodic function ¢ : Z — C. An important problem in analytic
number theory is to obtain non-trivial estimates for the quantity

M(p) := max Z w(n)].

r<<m
0<n<zx

The special case where ¢ = y is a Dirichlet character modulo m has been extensively
studied over the last century, going back to the classical inequality proved by Pélya
and Vinogradov in 1918:

M(x) < v/mlogm.

A straightforward generalization of this bound for a general m-periodic complex valued
function ¢ gives

(1.1) M(p) < [|@lloev/mlogm,
where @ : Z — C is the normalized discrete Fourier transform of ¢, defined by
1

ph)=—= > en)en(hn),

n (mod m)
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where here and throughout we let e(z) := exp(2miz), and e,,(z) := e(z/m) is the
standard additive character modulo m. To see this, consider the discrete Plancherel
formula
(1.2) Yo=Y yu(hiz)(h),

0<n<z —m/2<h<m/2
where

Y (h; ) == % Z em (nh)

0<n<z

are the Fourier coefficients modulo m of the characteristic function of the interval [0, z].
The Pélya-Vinogradov bound (1.1) follows by using the elementary estimate (see for
example page 1501 of [19])
(13) i) = alh =1 o (%) ,
which holds uniformly for 1 < |h| < m/2.

We shall only consider those ¢ for which the Fourier transform ¢ is uniformly
bounded (this includes primitive Dirichlet characters), which in view of the Pdlya-

Vinogradov bound (1.1) gives
(1.4) M(p) < /mlogm.

In the case of character sums, Montgomery and Vaughan [22] proved that this bound
is not optimal conditionally on the generalized Riemann hypothesis GRH. Indeed, they
showed that assuming GRH we have

M(x) < v/mloglogm,

for all non-principal Dirichlet characters xy (mod m). This last bound is in fact optimal
in view of an old result of Paley [23] who showed that M(x,,) > /mloglogm for
infinitely many m, where y,, is the quadratic character modulo m.

Recently, Bober, Goldmakher, Granville and Koukoulopoulos [2] investigated the
distribution of M(x) over non-principal characters x modulo a large prime ¢. If we de-
note by ®cpar (V') the proportion of non-principal characters xy mod ¢ for which M(x)/\/q >
V, then the main result of [2] states that for C' <V < Cyloglogg — C' (where C' is an
absolute constant), one has

oV/Co+O(1)
)

where Cy = €7 /m, and ~ is the Euler-Mascheroni constant.

(15) CI)char(‘/) = exp (_

Building on the work of Kowalski and Sawin [19], Lamzouri [20] investigated a
similar question for the partial sums of certain exponential sums. For a prime p > 3 the
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Birch sum associated to a € I, is the following normalized complete cubic exponential

sum

1 3
— Z ep(n” + an).
\/]3 nel,

These sums were first considered by Birch [1] who conjectured that Bi,(a) becomes

Bi,(a) ==

equidistributed according to the Sato-Tate measure as a varies in F and p — oo. This
conjecture was subsequently proved by Livné in [21]. Let ¢4(n) = e,(n® 4+ an) and

define

chi(V):[% {aelﬁ‘;:%>‘/}

Lamzouri [20] proved that for V' in the range 1 < V' < (2/7) loglogp — 2log loglog p,

we have

(1.6) exp (— exp (gV + O(l))) < Opi(V) < exp (— exp <(g - 5) V+ O(D))

where § = % = 0.18880.... He also conjectured that the lower bound corresponds to
the true order of magnitude for ®p;(V'). The techniques are different in this setting, due
to the lack of multiplicativity for these exponential sums. Indeed, in the case of char-
acter sums, Bober, Goldmakher, Granville and Koukoulopoulos [2] exploit the relation
with L-functions and smooth numbers, while ingredients from algebraic geometry and
notably Deligne’s equidistribution theorem play a central role in [20].

Lamzouri also showed that the lower bound in (1.6) holds for the maximum of

partial sums of Kloosterman sums. The normalized classical Kloosterman sums are
defined by

Kl,(a,b) := Z ep(an + bn),

1
\/]_9 nefy
where  denotes the multiplicative inverse of n modulo p. Similarly to Birch sums, Katz
[15] proved that Kl,(a, 1) becomes equidistributed according to the Sato-Tate measure
as a varies in )Y and p — oo. Let ¢(qp)(n) = e,(an + bn). The method of [20] allows

one to prove that in the range 1 < V' < (2/7)loglogp — 2logloglog p we have

@_;1)2 {(a,b) EFX X F : W > v}‘ > exp (_exp (gv+0<1))) .

However, the argument is not strong enough to yield an upper bound for the distri-

(I)Kl(v) =

bution function ®k;(V') in this case, since it relies on strong bounds for short sums of
exponential sums, which are not currently known for Kloosterman sums.

In this paper, we prove Lamzouri’s conjecture for the maximum of partial sums of
Birch and Kloosterman sums, obtaining estimates for their distribution functions that
are as strong as (1.5) for character sums. We also obtain analogous results for families
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of periodic functions which satisfy certain hypotheses (see Theorem 1.2 below). A

corollary of our main theorem is the following result.

Corollary 1.1. Let p be a large prime. There exists a constant C' such that for all real
numbers C <V < (2/7)(loglogp — 2logloglogp) — C' we have

7T
Oy (V) = exp <— exp <§V + O(l)>> :
The same estimate also holds for ®g;(V').

There are two new ingredients that allow us to prove Lamzouri’s conjecture. The first
is a non-trivial upper bound for the fourth moment of the maximum over all intervals I
of length |I| < p'/?*¢ with £ > 0 (intervals at the edge of the Pélya-Vinogradov range),
of short sums of Kloosterman sums over I (see Lemma 3.1 for a general result of this
type). This allows us to obtain the analogue of (1.6) for ®x;(V'). The second ingredient
is a precise asymptotic formula for the maximum of a certain “random” exponential
sum (see Theorem 2.1 below), which we use to replace the constant 7/2 — by 7/2 in

the upper bound of (1.6), thus proving Lamzouri’s conjecture.

1.1. A general result for the maximum of partial sums of m-periodic func-
tions. We shall consider families of periodic functions F = {¢,}acq,,, where €, is a
non-empty finite set, and for each a € €2,,, ¢, : Z — C is m-periodic and its Fourier
transform @, is real-valued and uniformly bounded. For a positive real number V', we

define
— = |l . M(pa)
O (V) = ] { €y NG >V} :

We will obtain precise uniform estimates for this distribution function, assuming that

our family F satisfies certain hypotheses, which are mainly related to the distribution
of the Fourier transform @,. Such assumptions will be verified by several important
functions in analytic number theory, which arise naturally in applications and origi-
nate in the deep work of Deligne and others from algebraic geometry. These functions
correspond to certain Frobenius trace functions modulo m, and their analytic proper-
ties have been investigated by several authors, and notably in a series of recent works
by Fouvry, Kowalski, and Michel [8], [9], [10], [11], Fouvry, Kowalski, Michel, Raju,
Rivat, and Soundararajan [12], Kowalski and Sawin [19], and Perret-Gentil [24]. In
particular, these include the families of trace functions Fg; = {e,(n® + an)},erx and
Fri = {ep(an + bn)} , ) epx cmx, which give rise to partial sums of Birch and Klooster-
man sums respectively. More specifically, let F = {p,}scq,, be a family of m-periodic
complex valued functions, and consider the following assumptions:
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Assumption 1. Uniform boundedness
We have max,cq,, ||¢allooc < 1, where the implied constant is independent of m.

Assumption 2. Support of the Fourier transform
There exists an absolute constant N > 0 such that for all a € Q,, and h € Z/mZ
we have p,(h) € [N, N].
Assumption 3. Joint distribution of the Fourier transform
There exists a sequence of I.I.D. random variables {X(h) } ez« supported on [-N, N/,
and absolute constants n > 1/2 and Cy > 1, such that for all positive integers k <
logm/loglogm, and all k-uples (hy, ..., hy) € (—m/2,m/2]* with h; # 0 fori = 1,....k
we have
o X ) Falh) = (). () + 0 (1)
[$2m| a€Qm m?
Furthermore, if we let X be a random variable with the same distribution as the X(h),

then X verifies the following conditions:

3a. There exists a positive constant A such that for all ¢ € (0, 1] we have P(X >
N—g)>cet and P(X < —N +¢) > &t
3b. For all integers £ > 0 we have E (X**1) = 0.
Assumption 4. Strong bounds for short sums on average
There exist absolute constants oz > 1, and 0 < § < 1/2 such that for any interval [
of length |I| < m'/?>*% one has

1 ‘ 1
— — a(n)
O] 2 | 2 200

Our main result is the following theorem.

o < m—Y/2-3.

Theorem 1.2. Let m be large, and F = {@4}acq,, be a family of m-periodic complex

valued functions satisfying one of the following subsets of the above assumptions:

A. Assumption 2 and Assumption 3 with n > 1.

B. Assumptions 1, 2, and Assumption 3 with 1/2 <n < 1.

C. Assumptions 1, 2, 4, and Assumption 3 with n =1/2.
Then there ezists a constant B such that for all real numbers B <V < (N/x)(loglog m—
2logloglogm) — B we have

(1.7) Ox(V) = exp (- exp <%V+O(1)>>.

Remark 1.3. Case C) is the most interesting and difficult case of Theorem 1.2. In
particular, all the examples of trace functions we consider (including Kloosterman
sums, see Corollaries 1.11, 1.12 and 1.13) fall into this case. For these examples, the
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saving of 1/m in the error term of Assumption 3 follows from Deligne’s equidistribution

theorem.

Remark 1.4. Assumption 4 was first considered by Kowalski and Sawin [19] but for a
different purpose. The authors of [19] investigated Birch and Kloosterman paths, which
are the polygonal paths formed by linearly interpolating the partial sums of Birch and
Kloosterman sums. They used Assumption 4 to establish a weak-compactness property
known as tightness, which was necessary in order to show that the processes obtained
from Birch and Kloosterman paths converge in law (in the Banach space C[0,1]) to a
random Fourier series (which is the series inside the absolute value in (1.12) below). In
our case, we found a new argument that allows us to use Assumption 4 (which holds for
Kloosterman sums) instead of strong point wise bounds for short sums of exponential
sums, which were needed in [20].

Remark 1.5. One can wonder whether a condition on the size of €2, is necessary to
prove Theorem 1.2. In fact, such a condition is implicitly contained in Assumptions 2
and 3. More specifically, we show in Lemma 7.3 below that if F = {¢,}acq,, satisfies
these assumptions, then we must have [Q,,| > m.

One should note that the implicit upper bound for ®(V') in Theorem 1.2 holds
in the slightly larger range B’ < V < (N/m)(loglogm — logloglogm) — B’ for some
constant B’ that depends at most on the parameters in the assumptions of Theorem
1.2. Moreover, our proof of the implicit lower bound gives a much more precise estimate.
In this case only Assumptions 2 and 3 are needed.

Theorem 1.6. Let m be large, and F = {4 }acq,, be a family of m-periodic complex
valued functions satisfying Assumptions 2 and 8 above. For all real numbers 1 <V <
(N/m)(loglogm — 2logloglogm — B) we have

Qr(V) > exp (—AO exp (%V) (1+0 (Ve—”V/(QN)»)
where

N 1 Oofx(u)
(1.8) A0:§exp<—7—1—ﬁ/w .2 du ), B=1logAy+9,

v is the Euler-Mascheroni constant, and fx : R — R is defined by

log E(e™) if [t] < 1,

(1.9) f(t) = {logE(etx> ~ Nt il > 1,

where X is a random variable with the same distribution as the {X(h)}pez- in Assump-

tion 3 above.
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As an application of Theorem 1.6 (more specifically of Theorem 7.1 which is stronger),
we exhibit large values of partial sums in families of periodic functions {y,}acq,, satis-
fying Assumptions 2 and 3. This was obtained by Lamzouri [20] for Birch and Kloost-
erman sums, and independently by Bonolis [3] for more general trace functions (though
with a smaller constant).

Corollary 1.7. Let m be large, and F = {pa}acq,, be a family of m-periodic complex
valued functions satisfying Assumptions 2 and 3 above. There exist at least |(),,|' =1/ 108logm

elements a € €, such that

(1.10) > paln)| = (% +0(1)> Vmloglogm.

0<n<m/2

Given a family F = {©,}acq,, of m-periodic complex valued functions satisfying
the assumptions in Theorem 1.2, a natural question to ask is which of the bounds (1.4)
and (1.10) is optimal (up to a constant). If we suppose that the estimate (1.7) is valid
in the whole “viable” range, that is for 1 < V' < Viax := maxgeq,, M(©q)/+/m, then
we would have

1

exp (— exp <%Vmax + 0(1)>> = O r(Vipax —o(1)) > m,

and hence

N
Vmax S _ loglog |Qm| + 0(1)
s

In particular, if |©,,| < m? with an absolute constant B > 0 (which is the case in all
the families we consider), this simple heuristic argument suggests that

(1.11) max M (p,) < vmloglogm,

GEQ'm

a bound similar to the one proved by Montgomery and Vaughan for character sums
under the assumption of the Generalized Riemann Hypothesis. Surprisingly, we show
that unlike this case (in which multiplicativity plays a central role), the above heuristic
argument is false for certain families of m-periodic complex valued functions satisfying
the assumptions in case A) of Theorem 1.2 (namely Assumption 2, and Assumption 3
with 7 > 1). More precisely, we construct such a family F = {@,}acq,, With |Q,,| <
m3, for which the Pélya-Vinogradov inequality (1.4) is sharp (up to the value of the
implicit constant). This suggests the existence of a transition in the behavior of the
distribution function ®x(V') near the maximal values. It also confirms the common
belief in analytic number theory that the Pdlya-Vinogradov inequality, though simple
to derive, is extremely difficult to improve.
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Proposition 1.8. Let m be large. There exists a family F = {@q tacq,, of m-periodic
complex valued functions satisfying Assumption 2 with N = 1 and Assumption 3 with
n =4/3, such that |Q,| < m> and

max M(p,) > — \/_logm+ O(v'm).

aEQm

Remark 1.9. The family we construct in Proposition 1.8 does not satisfy Assumption
1. In fact one has max,cq,, ||@alloo =< +/m for this family. One therefore wonders whether
a similar result to Proposition 1.8 holds for certain families of m-periodic complex
valued functions satisfying the assumptions in case C) of Theorem 1.2, which is the case
of most interest. Unfortunately, we were unable to construct such families. However, it
seems plausible that in this case there are less fluctuations in the partial sums of ¢,
and that a bound similar to (1.11) holds.

It follows from the results of Kowalski and Sawin [19] that
lim (I)Kl(V) = lim (I)BI(V) = ]P)(Mst > V),
pP—00 pP—00

for any fixed V' for which P(Mj; > V') is continuous, where

(1.12) M, = max [aY(0) +

a€l0,1) — 27rzh

(h)],

and {Y(h)}nez is a sequence of independent random variables with Sato-Tate distribu-
tions on [—2,2]. A straightforward generalization of their argument shows that if m is
large and F = {©,}acq,, is a family of m-periodic complex valued functions satisfying
Assumptions 1, 2, 3, and 4, then for V' > 1 fixed we have

lim &£(V)=PMx > V),
m—00
where

My = X(0
£ arél%}f @ +Z 27Tzh

()]

and {X(h)}nez is a sequence of L.I.D. random variables supported on [—N, N] and
satisfying Assumptions 3a and 3b above. Combining this result with Theorem 1.2
leads to the following estimate for the large deviations of the random model My, which
improves on the estimates of Lamzouri [20] and Kowalski-Sawin [19] for the large
deviations of M;.

Corollary 1.10. Let {X(h)}rez be a sequence of 1.1.D. random variables supported on
[—N, N| and satisfying Assumptions 3a and 3b above. For all V > 1 we have

P(Mx > V) =exp <— exp (%V + O(l))) :
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1.2. Examples of families of /-adic trace functions satisfying our assump-
tions. We exhibit several examples of families of exponential sums that satisfy the
assumptions in part C) of Theorem 1.2, namely Assumptions 1, 2, 4, and Assumption
3 with n = 1/2. These correspond to families of ¢-adic trace functions which satisfy
several conditions, and notably that their arithmetic and geometric monodromy groups
are both equal to Sp,,.(C), for a certain integer r > 1. We shall describe these families
in details in section 9. In particular, we obtain the following applications of Theorem
1.2. In all of these examples, m = p is a large prime, and {2, = F or Q, = F X F.

The first corollary concerns generalizations of Birch sums ([16, 7.13, Sp-example (2)]).

Corollary 1.11. Let g € Z[t] be an odd polynomial of degree 2r + 1, such that r > 1.
Let Fi = {@a}qery where @o(n) = ey(an+ g(n)). There exists a constant By such that
for all real numbers B; <V < (2r/x)(loglogp — 2logloglogp) — By we have

Or (V) =exp (— exp (2%‘/ + O(l))) .

Here By and the implied constant depend only on r.

The next application concerns generalizations of the classical Kloosterman sums
([16, 7.12.3.1]).

Corollary 1.12. Let r > 1 be an odd integer, and F2 = {Q(ab)} (o pyery xp; where
Vap)(n) = ey(bn + (am)"). There exists a constant By such that for all real numbers
By <V < ((r+1)/m)(loglogp — 2logloglogp) — By we have

O, (V) = exp (— exp (%V + 0(1))> .

Finally our last application concerns additive twists of hyper-Kloosterman sums.
Recall that for an integer » > 2, the r-th hyper-Kloosterman sum on [F, is defined for
n € F; by

(_1)7’71

ylv'-wy?”E]F;
Yi-oYr=n

Corollary 1.13. Let r > 3 be an odd integer, and Fy = {Q(ab)} (o pyerx x5 where
wap(n) = Kl,.(am; p)e,(bn). There exists a constant Bs such that for all real numbers
B; <V < ((r+1)/m)(loglogp — 2logloglogp) — Bs we have

Oz, (V) = exp (— exp (%V + 0(1))) .

Our method also works in the case where the Fourier transforms @, are complex
valued, but yields weaker estimates for ® r in this case. This corresponds for example to
certain families of ¢-adic trace functions whose monodromy group is SLy(C) for some
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integer N > 3 (since in the case N = 2 we have SLy(C) = Sp,(C)). In this case we
need to change Assumption 3 to include all mixed moments of p,(h1), ..., Pa(hy) and
their complex conjugates. We also assume that the {X(h)},ez- are supported inside
the disk {z € C : |z|] < N}, and replace X by ReX in Assumption 3a. Then, given a
family F = {©4 tacq,, of m-periodic complex valued functions such that |p,(h)] < N,
and F verifies (the new) Assumption 3 with n > 1, or Assumptions 1 and 3 with
1/2 <n <1, or Assumptions 1, 4, and 3 with n = 1/2, we can prove that in the range
B <V < (N/7)(loglogm — 2logloglogm) — B we have !

exp (—exp (LV +0(1) ) £ @x(V) < exp (— exp <%v + 0(1))> .

The plan of the paper is as follows. In the next section we present the key ingredients
of the proof of the upper bound of Theorem 1.2, and show how to deduce this upper
bound in each of the cases A), B) and C) assuming these results. In section 3 we
prove Theorem 2.3 below, which shows that for almost all m-periodic functions in our
families, the maximum of all partial sums is very close to the maximum of a “small
number” of these sums. Section 4 will be devoted to the proof of Theorem 2.1 below,
which provides a precise asymptotic formula for the maximum of a certain “random”
exponential sum. In section 5, we collect several results on the probabilistic random
model. Section 6 contains the proof of Theorem 2.2 below, which is the last ingredient
of the proof of the upper bound of Theorem 1.2. In section 7, we prove Theorem 1.6.
Section 8 contains the construction of the family F which satisfies Proposition 1.8.
Finally, in section 9, we exhibit examples of families of /-adic trace functions satisfying
our assumptions, and prove Corollaries 1.11, 1.12 and 1.13.

Acknowledgements. We would like to thank the anonymous referees for carefully
reading the paper and for their remarks and suggestions.

2. PROOF OF THE UPPER BOUND IN THEOREM 1.2: MAIN IDEAS AND KEY
INGREDIENTS

Let {¢a}acq,, be a family of m-periodic complex valued functions satisfying As-
sumptions 2 and 3. Recall that

M(pa) = Jnax.

Z (Pa(n) .

0<n<zx

n the case of families of trace functions whose arithmetic and geometric monodromy groups are
both equal to SLy(C) for some odd integer N > 3, the constant /N should be replaced by the
larger constant 27w /(N(1 4 cos(w/N))) in the lower bound for ®#(V'), since the condition P(ReX <
—N +¢) > e in Assumption 3a is not satisfied in this case.
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Using the discrete Plancherel formula (1.2) and the estimate (1.3) we obtain

M(pa) _ 1 3 m UM =1l 0 1),

= — max
vm 27 0<j<m—1 h
1<|h|<m/2

Similarly as in [20], we shall treat the Fourier transforms @,(h) for small h as random
values in [—N, N]. This yields

M(QOG) N 1 €m (]h) -1 __
: <L - ML —
N A D Dy e 20 RS
H<|h|<m/2
where H is a positive integer and
h)—1
G(H) := max max Z &yh .
€0 (Yot yr o) ECLIPH | Sog
One has the trivial bounds
(2.2) 2log H+0O(1) < G(H) <4log H + O(1),

where the upper bound follows from the trivial inequality |e(ah) — 1] < 2, and the
lower bound follows by taking o = 1/2, y, = —1if h > 0 and y, = 1 if h < 0. Using
Fourier analytic techniques, the third author showed in [20] that

G(H) < (1 + %) log H + O(1),

and conjectured that the lower bound of (2.2) is closer to the true order of magnitude
of G(H). In section 4 we shall prove a stronger form of this conjecture.

Theorem 2.1. Let H be a positive integer. Then, we have
1
G(H) =2logH +2log2+2y+ 0 (E) .

In order to prove the upper bound in Theorem 1.2, it remains to show that for large

H, and for “most” a € €2y, the maximum of the sum [y, /0 em(j:)*l@(hﬂ is

“small”. To this end we prove the following result in section 6.

Theorem 2.2. Letm be large, and k be an integer such that 10°N? < k < (logm)/(50loglogm).
Let {¢q}acq,, be a family of m-periodic complex valued functions satisfying Assump-
tions 2 and 3. Let S be a non-empty subset of [0,1), and put y = 10°N?k. Then we

have
2%k

e(ah) —1__ Con  1S](4C) logm)B*
2omax) D, — ) <oy -

mn
a€llm y<|h|<m/2

1
|2
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In the case where {@, }acq,, satisfies Assumption 3 with n > 1, we can deduce the

upper bound of Theorem 1.2 from Theorems 2.1 and 2.2.

Proof of the upper bound in case A) of Theorem 1.2. Let k < (n—1)logm/(50loglogm)
be a large positive integer to be chosen, and put H = 10° N2k. First, combining equa-
tion (2.1) with Theorem 2.1 we deduce that

M(@a) N 1 €m (]h) -1
T Sploskt o max Y. T —m)|+ G,
H<|h|<m/2

for some positive constant Cjy. We assume that V' is sufficiently large and choose k =
[Cy exp(nV/N)], where Cy = exp(—%(Co + 5=)). Therefore, appealing to Theorem 2.2
with S = {j/m :0 < j <m — 1} we obtain

1 . Em (jh) -1

(V) < o€ Q ;| max > ()| > 1
H<|h|<m/2
(2.3) 2k
: 1 em (jh) —1__
a€Qm H<|h|<m/2
< e % 4 (4logm)Fm! " <« exp (—CZ exp <%V>) ,
as desired.

O

If {¢a}acq,, satisfies Assumption 3 with 7 < 1 (which corresponds to cases B) and
C) of Theorem 1.2), then the above argument no longer works since |{j/m : 0 < j <
m — 1}| = m is too big. To overcome this problem, we shall suppose that our family
satisfies Assumption 1, and use it to reduce the number of points j < m — 1 where the
maximum of ‘Zogngj gpa(n)‘ can occur. Let J < y/m be a parameter to be chosen, and
split the interval [0, m] into J intervals [; := [z}, x,;41] where for each j =0, ..., J we
put

xj = L.
J

We first consider case B) of Theorem 1.2 (where n € (1/2,1]) since it is easier.

Proof of the upper bound in case B) of Theorem 1.2. We choose J = [/m]. For a €
Q,, let 7, be an integer in the interval [0, m) such that

M(%)=’ > soa(n)“

0<n<r,
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Then there exists 0 < j < J — 1 such that r, € [z}, z;4+1], and hence

= X e[ <= 3 e e

T;<n<rq
1
< %Z pu(n)] +0(1)

since maxqeq,, ||¢ql| < 1 and |r, — ;] < m/J < y/m. This implies that

M\/(%) T odjeie ‘% ) Z %(”)‘ +O(1).

<n<z;

We now use the same argument leading up to (2.3) with the same choices of k <
(n —1/2)logm/(30loglogm) and H, but with S = {z;/m : 0 < j < J — 1} (and
perhaps a different choice for the constant Cj). This gives

2k

1 em (zjh) —1__
< — mA
q)}—(v) = ’Qm| GEZQ ogrgr‘lgaj(—l Z h Soa(h’)

H<|h|<m/2

< e % 1 (41ogm) %k m!/2" « exp <—02 exp (%V)) )

O

The above argument fails if {p,}acq,, satisfies Assumption 3 with n = 1/2, which
is the most interesting case of Theorem 1.2. In this case, to reduce the number of
points of S further (below m'/2=¢ for some ¢), we need power saving bounds for short
sums Y .. ..p Pa(n) in the Pélya-Vinogradov range, which corresponds to h being
of size around v/m. Unfortunately, such bounds are only known in very few cases (for
example they are known for Birch sums but not for Kloosterman sums). To overcome
this problem, we use Assumption 4 in order to obtain strong bounds for these short
sums uniformly over all intervals I of length |I| < m!'/?+%/2 (intervals at the edge of the
Pélya-Vinogradov range), in an average sense. In fact, it is this uniformity aspect (see
Lemma 3.1 below) that allows us to obtain the upper bound of Theorem 1.2 in this
case. Let a and 0 be as in Assumption 4. As before we will split the interval [0, m] into
J intervals I; := [z, ;41| where z; := %m, and where we now choose J = |m!/279/5].
We shall prove the following result in section 3.

Theorem 2.3. Let m be large and J = |m?>7/°|. Let {p4}acq,, be a family of m-
periodic complex valued functions satisfying Assumptions 1 and 4. There exists a set
Em C Qo with |E,,] < m™10Q,,| such that for all a € Q,, \ &, we have

M(p,) = max Z %(n)‘ +0 (m1/275/(8a)) .

0<j<J—-1
<n<z;
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We end this section by deducing the upper bound in case C) of Theorem 1.2 from
Theorems 2.1, 2.2 and 2.3.

Proof of the upper bound in case C) of Theorem 1.2. Let &,, be the exceptional set in
Theorem 2.3, and a € Q,, \ &,. Combining this result with the discrete Plancherel
formula (1.2) and the estimate (1.3) we obtain

M) —i max ‘ Z Em W) — 2 (xjh)_lﬁ(h) +0(1).

Vmo 2w o<j<i-1 h
1<|hl<m/2

Let k£ < d(logm)/(2001oglogm) be a large positive integer to be chosen, and put
H = 10°N?k. First, combining equation (2.1) with Theorem 2.1, we deduce that if
a € Qn\ &, we have

M(pa) _ N 1 em (x;h) — 1
< = — m A T2
< Tlogkton max | D

H<|h|<m/2

@(h) + COv

3

for some positive constant C. Repeating the same argument leading up to (2.3) with

the same choice of £k gives

em (z3h) =1 __ &0l
< — : em (xh) =1 S
Pr(V) < oy |y a € R\ x| ST TEEIEn) 2 10|+ 0 (g
H<Jh|<m/2
2%k
em (2ih) =1~ —5§/10
<o _—_—
= Q) 091oT Z h 2a(h)| +0O (m )
a€8m H<|h|<m/2
<e 4 (4log m)lokmfé/w < exp (—02 exp (%V)) _
U

3. CONTROLLING SHORT SUMS OF PERIODIC FUNCTIONS: PROOF OF THEOREM
2.3

In order to prove Theorem 2.3, we will use Assumptions 1 and 4 to obtain a non-
trivial upper bound for the a-th moment of the mazimum over intervals I (with length
up to a certain parameter L) of the short sum ) _; @a(n).

Lemma 3.1. Let m be large, and {@u}acq,, be a family of m-periodic complex valued
functions satisfying Assumptions 1 and 4. For any real number 1 < L < m!'/?+9/2 ye

have

1 1 @ —1/2-6/2 —5/4
mz‘rﬂiug \/—%Zgoa(n)) < Lm +m~,
™ aeQm T nel

where the maximum is taken over all intervals I = [z,y] C [0, m] with |I| < L.
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Proof. The intervals I = [z,y] with 0 < z <y < m, and |I| =y —x < L can be
parametrized by the set of points in the region of the plane delimited by the trapezoid

T ={(v,y) eR*:0<z<y<m, y<az+L})

Let 0 < B < y/m be a parameter to be chosen, and for any k,¢ € N we define
Skep = [kB,(k+1)B) x [({B, ({ +1)B). The set of squares given by

{Sken | SkesNTy # 0}

is a disjoint cover of T, of size

Nipg = {Skes | SeesNTL # 0} < Ag; 1) —I—%
mL m
SHE T
where A(D) denotes the area of D. For any a € Q,, let us denote by I, = [z,,y,] an

interval with |I,| < L such that

(3.1)

\Tlﬁn;mm\:lrﬂg]%;mml.

Then there exists k,, ¢, € N such that (z4,9.) € Sk,.r..5- Hence

St f St o bl

nel, kaB<n<{,B
= ¥ am+o(Z).
ke B<n</{,B

by Assumption 1. Using this estimate together with the elementary inequality |x+y|* <
(2max(|z], [y]))* < 2%(Jx]* 4 [y|*) we get

o E e Bl 5, 0

ko B<n<{,B

’Q ’ Z ‘ a(n)

k B<n<€a

[0}

«a B¢
me/2’

Furthermore, observe that

Z ’ $a(n)

(67

< Z > ’ﬁ Y. wauln)

kaB<n<€a keN: kB<n</(B
SkEBmTL7é@
o
= > Z ’ NG a(n)
k,leN: kB< <¢B
Sk,z,BﬂTL?é@

< m_1/2_5NL,B‘
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by Assumption 4, since B < m!/2. Therefore, we deduce from (3.1) that

1 1 o Lm1/2—5 m1/2—5 B«
‘Qm| aezg f}\lg'f \/ﬁ nze[ SOa(n) < B2 + B + me/2’
Choosing B = m!/?>=9/* gives the result. O

Proof of Theorem 2.3. It only suffices to prove the implicit upper bound, since one

trivially has
Mlga) = max | 37 guln)

T 1<<g1
0<n<z;

Let L = m/2t9/4 and define &, to be the set of elements a € Q,, such that

8a) )

1 ‘ —5/(
max |[—— o) >m
|1§L‘\/mnzelg0 (n)

Then, it follows from Lemma 3.1 that

|5m| m

|Qm| a f?%‘\/ﬁ SOa(n)‘ <m

’Qm| EQm nel

Moreover, for a € Q,,, let r, be an integer in the interval [0, m) such that
Mig) =| 32 walm)|
0<n<r,
Then there exists 0 < j < J — 1 such that r, € [z, 2;4+1], and hence

= T e <)o 3 am|+| = 2 am)]

zj<n<rq

Recall that J = [m!/27%/5] and hence r, — z; < zj4, — x; = m/J < L if m is large
enough. Therefore, we deduce that if a € Q,, \ &,, then
L 3 %(n)) < m0/60),

This implies

for all @ € Q,,, \ &, completing the proof. O
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4. AN ASYMPTOTIC ESTIMATE FOR THE MAXIMUM OF A RANDOM SUM: PROOF OF
THEOREM 2.1

Recall that

G(H) = max max Z %xh :

a€l0,1 €[—1,1]2H
[0,1] (xh)1<|n < €[-1,1] V< Ih<H

We shall deduce Theorem 2.1 from the following result, which is an exact formula for

G(H) when H is odd.

Proposition 4.1. If H is an odd positive integer, then

To prove this result, we need the following lemma.

Lemma 4.2. Let o be a real number. If H > 1 is odd, then

XH: sin® ﬂah XH: 1-—

h=1 h=1

h

Proof. Since sin®(7(1 — a)h) = sin’*(rah) we may assume that o € [0,1/2]. Let g :
[0,1/2] — R be defined by

) H
cosQ tH) sin? th cosQ tH 1 — cos(2nth
> T ) |y e

4H 2h
1 h=1

g(t) ==

H
h=
Since g is differentiable and

/ - _z . .
g(t) = 5 sin(2rtH) + m hZ:; sin(27th)

207

=7 (— sin(mtH) cos(mtH) + sin(rt H) sin(rt (H + 1))) __sin®(wtH) cos(rt)

sin(7t) sin(7t)

we deduce that g is increasing on [0, 1/2]. This implies that for all « € [0, 1/2] we have

H . 9 H H
sin“(mah cos 27raH 1-— _cos 27TaH

> = < gj)- -3 < R

as desired. 0

Proof of Proposition 4.1. The lower bound follows easily by taking o = 1/2, z, = —1
if h >0 and z;, = 1if h < 0. Let us now show the upper bound. Let « € R and
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(xh)1§|h|§H € [-1, 1]2H. Put

H )

e(ah) — 1 sin“(mwach

B N TR L)
1<|h|<H h=1

On one hand, we have the relation

Im(S) =2 Z sin(mah) cos(mah)

Th+T_p

Moreover, using the Cauchy-Schwarz inequality we get

5 d sin?(wah) 7 cos? 7Tozh
Im(S) §4<Z T\xh+x,h|) (Z \xh+x,h|)
h=1 h=1

On the other hand, we have
H . 9
sin“(wah
o3

Observe that |, — x_p| + |xp + x_5| < 2. This implies the upper bound

7 sin? (rah)
|Re(S)| < 45, —QZ—\%-HELIJ-

h=1

We are now ready to estimate |S|*> = Re(S)? + Im(S5)%. We infer

9 9 d sin?(mah) 7 sin 7rah ul |xp + x_p|
ISP <1653~ 1680 > oy + | + (Z yxh+x_h|> o
h=1 h=1 h=1
2 7 sin 2(mah) 7
h=1 h=1
To finish the proof, let us study two cases:
H
1
i) If 25, > Z 7 then |S|? < 1652 and we conclude by applying Lemma 4.2.
h;l )
i) If 25, < Z =) then
h=1
H H H
1 1 1— (=1)"\2
2 2
S <1653 + 165 (D — 25 ) <4() E) (2> ——)"
h=1 h=1 h=1
Whence the result. O

We end this section by deducing Theorem 2.1.
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Proof of Theorem 2.1. It H > 1 is odd, the desired asymptotic follows directly from
Proposition 4.1, so it only remains to prove the result when H is even. To this end, we
observe that if £ > 1 is an integer, then we have

G(k+1) = max max Z

a€glo,1 €[—1,1]2k+2
[0,1] () 1<|n|<kt1€[-1,1] 1< [hl<k+1

which follows by taking xx.1 = z_;_1 = 0. Hence it follows from Proposition 4.1 applied
to G(H — 1) and G(H + 1), together with the inequality G(H — 1) < G(H) < G(H + 1)
that

D1 (=1 1 1
G(H) ZQZT+O <E) =2logH +2log2+2y+ 0O (E)’

h=1

as desired. O

Remark 4.3. Using the same method of proof as in Proposition 4.1, we can in fact

obtain the following exact formula for G(H) when H is even

G(H) = 2%%(1 — (=1)"cos Hﬁﬁl)'

5. INVESTIGATING THE PROBABILISTIC RANDOM MODEL

Let {X(h)}rez+ be asequence of independent random variables supported on [N, N]|
and satisfying Assumptions 3a and 3b above. In this section we shall study the moments
and the moment generating function of the sum of random variables - _;, ., c(h)X(h),
where ¢(h) are certain complex numbers such that ¢(h) < 1/|h| for |h| > 1.

It follows from the results of section 9 below that the families of f-adic trace func-
tions we consider in Corollaries 1.11, 1.12 and 1.13 satisfy Assumption 3, where the
random variables X(h) are distributed like the traces of random matrices on the com-
pact classical group USp,,. At the end of this section we will show that these random
variables satisfy Assumptions 3a and 3b.

5.1. The moments of 3~ _, . c¢(h)X(h). The purpose of this section is to prove the
following lemma, which is a generalization of Lemma 3.1 of [20].

Lemma 5.1. Let X(h) be a sequence of I.I.D. random variables satisfying Assumption
3b above. Let {c(h)}nez- be a sequence of complex numbers such that |c(h)| < co/|h|,

where ¢ is a positive constant. Let 1 < y < z be real numbers. Then, for all integers
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k > 1 we have

k
N 2 k/2
(5.1) El] Y cnxm) | < (M) .
y<|h|<z Y
Moreover, if k >y then
k
(5.2) E|| Y cmX(h)| | < (10coNlogk)*.
y<|h|<z

Proof. We first prove (5.1) when k = 2n is even. Expanding the moments we obtain
2n

(53)  E[| D c(h)X(h) <q" Y

y<|h|<z Y<| Ay hon|<z

|E (X(h) - - - X(h2n))|
|h1 ... h2n|

By the independence of the {X(h)} and Assumption 3b, we get

[E (X(h1) - - - X(han))|
Z 7y -+ Py

y§|h1\ ..... |h2n|<z

_ 2n O\ [EXG)™)]-- - [EX(G)™)]
(5.4) B Z Z Z (nl, .. ,n4> ' ]

nL, e
=1 j1<-<je ni,...,me>1 ’jl Je ‘
Y<| g1l lde| <z 1+ Hng=2n

- 2 1
LD D DD S U e

(=1 §1<<ge T1yere>1 Ji o de
Y<|G1 e |de| <z T1HHTe=n

where we have used that E(X(h)™) = 0 if m is odd, and |E(X(h)™)| < N™ if m is even,
since |X(h)| < N for all h. Furthermore, observe that

2n 2n! n n n
< — < (2n) )
211, ..., 21y n! \ry,...,r i, ..., Ty

Inserting this bound in (5.4) gives

n

E (X(h1) - - - X(han))| 2 \n 1
Z 1~ hon)| < (2N"n) Z 72

y<|h1l,eo|hon| <z y<[|jl<=z

Therefore, in view of (5.3) and the elementary inequality >
deduce that

172 < 4y we

y<|jl<=z

2n

(5.5) E{| Y cmxm)| |< (M) .

Y
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We now establish (5.1) when k is odd. By the Cauchy-Schwarz inequality and (5.5) we
have
k 2k /2

El] Y cmxm) | <E[] D). cnx(n) g(

y<|h|<z y<|h|<z

8(CON)2k)k/2
y )

as desired.
We now prove (5.2). By (5.1) and Minkowski’s inequality we have
o\ 1k o\ 1k o\ 17k

E[| D ch)X(h) <E|| D em)X(h) +E || Y c(h)X(h)

y<Ihl<z y<Ihl<k k<|hl<z

1
< coN Z m + \/gcoN < 10¢oN log k.

y<Ihl<k

This completes the proof. O

5.2. The moment generating function of a sum involving the X(h). In this sec-
tion we shall estimate the moment generating function of the sum of random variables

Y —mj2<h<m/2 Ym(R)X(h), where the 7,,(h) are defined by
h#0

1
m(h) = ——Im > em(nh).
0<n<m/2
This is in fact the probabilistic random model corresponding to the imaginary part of
the partial sum ), . ¢a(n) when z = m/2. Indeed, by (1.2) we have

1 —
(5.6) Im E Pa(n) = § Y (h)@a(h),
vV m
0<n<m/2 —m/2<h<m/2
h#0

since 7,,(0) = 0. For s € C we define

Lx(s) = E(exp (s : Z vm(h)X(h)> ) :

—m/2<h<m/2
h£0

We prove the following proposition, which generalizes Proposition 3.2 of [20], and will

be used to prove the lower bound of Theorem 1.2 in section 7.

Proposition 5.2. Let m be a large integer and 2 < s < mY3 be a real number. Then

we have

N
Lx(s) = exp <?slogs + Bps + O (log2 s)) ,
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fX(QU) du) .

where

N 1 o
By=— log2 —1 —
0 7T(’y—l— og og7r—|—2N/_oo

To prove this result we need the following lemma.

Lemma 5.3. Let X be a random variable with values in [—N, N|, such that E(X) =0
and X satisfies Assumption 3a. Let fx be the function defined in (1.9). Then we have

the following estimates

oD &@<ﬁ%wngm§i
and

] if It < 1,
(5.8) fx(t) < 10g|(t2;|t|) i1t > 1.

Proof of Lemma 5.3. We start by proving (5.7). If |[¢t| < 1, we use the Taylor expansion
E(e™®) = E(1 +tX + O(t*°X?)) = 1 + O(#?) since E(X) = 0 and |X| < N. This implies
the desired estimate for fx(¢) when [¢t| < 1.

We now suppose that |t] > 1. We will only prove the result when ¢ > 1, since the
proof in the case t < —1 is similar. Let ¢ > 0 be a parameter to be chosen. Then we

have
P(X > N —£)e/V=9) <E(e®) < eV,

Choosing € = 1/(2t) and using Assumption 3a we obtain

tN

G < B =

(5.9)

from which the desired estimate for fx(t) follows in this case.
Next, we establish (5.8). Note that fx is differentiable on R\ {—1,1} and we have

0 if |t] <1
E(Xe) ’
1 (1) = — i
(5.10) fx () E(c) +< =N ?ft > 1,
N ift < —1.

As before, in the case |t| < 1 the estimate of fg(t) follows from the Taylor expansions
E(e™®) =1+ O(t?) and E(Xe™®) = E(X + tX? + O(t3|X3|)) = tE(X?) + O(?).

We now suppose that ¢ > 1, and let 6 > 0 be a parameter to be chosen. Let A be
the event X > N — §, and A° be its complement. Then we have

E(Xe™) = E(14 - Xe™) + E(14 - Xe®) > (N — §)E(14 - ) + O(e!V=9)),
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where 15 denotes the indicator function of an event B. Hence, using that E(1 4 - '*) <

etV =9 we deduce

(5-11) E(Xe™) > (N = )E(e™) + O(e' ™).
We choose § = (A + 1)(log2t)/t. Then, it follows from (5.9) that

ol(N=3) _ et <<E(€tx)
(Qt)AJrl t

Inserting this estimate in (5.11), and using the bound X < N gives

log(2t) - E(Xe)
t  — E(etX)

for some positive constant C' which depends only on A. This implies the desired estimate

N-C

SNy

for f{ in this case. The proof in the case t < —1 follows along the same lines.
OJ

Proof of Proposition 5.2. First, note that for —m/2 < h < m/2 with h # 0 we have

Tm (em (h (2] +1)) - 1)

m (em (h) = 1)

1 1

(5.12) Y (R)| = ~ m|sin(wh/m)| = 2[h|’

since sin(ma)) > 2« for 0 < o < 1/2. Furthermore, it follows from (1.3) that

(l) _Jo) if h is even,
m/) | -2 +0(L) ifhisodd
By the independence of the X(h) we have

log Lx(s) = Z log E(exp (s - vm(h)X(h))).

—m/2<h<m/2
h£0

(5.13) () = Im <1 — eﬂih) +0

2mih

Using the estimate (5.13) and Lemma 5.3 we obtain

52 1
E log E(exp (s - ym(R)X(R)) ) < E < 5
—m/2<h<m/2 —m/2<h<m/2
h#0 is even h#0 is even

We now restrict ourselves to the case h = 2k + 1 is odd. First, it follows from (5.12)

and Lemma 5.3 that
2

Z logE(exp (s - vm(2k + 1)X(2k + 1)) ) < Z % < 1.

|k|>s2 |k|>s?
Moreover, when |k| < s we use (5.13) to get

log E(exp (s - v (2k + 1)X(2k + 1)) ) = logE (exp (—mx(zk + 1))>+0 (%) .
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Combining these estimates, and using Lemma 5.3 we obtain

(5.14)  log Lx(s) = gs Z Z fx < Okt 1) ) + O(1).

1<2k+1<s/m —52<k<s2

Next, we observe that

1 1 1 1 logs 1 1
= _ —+log?2 — | = log2 — 1 - .
Y sii=s X s +0(8) B8yt log ogmo(s)

1<2k+1<s/m 1<k<s/2m

Furthermore, by partial summation and Lemma 5.3 we get

> fx( 2k+1> ) —/: fx (—ﬁ) du+/082 fx (—m) du + O(log? s).

—52<k<s2
Finally, making the change of variables v = —s/((2u+1)7), the main term on the right
hand side of this estimate becomes

s [N f) s /5/” f(v)
27 J_s/n v? 2

s [T fx(v)
dv = o /Oo 7 dv + O(log s),

(@s2—1)m) V7

by Lemma 5.3. Inserting these estimates in (5.14) completes the proof. 0J

5.3. The distribution of traces of random matrices in the classical group
USp,,,. Fix a positive integer n and put N = 2n. Let us endow the unitary symplectic
group G = USp,, with its Haar measure p (which is normalized throughout), and
consider the random variable X : G — [=N, N| that maps M to Tr M. Assumption
3b is easy to check for X. Indeed, let ¢ be an odd positive integer. Observing that
—1I5, € USp,,, we get

/G (Tr MY du(M) = / (Te(— M) du(M) = — /G (Tx MY du(M),

whence E(X) = 0. In the same way, we have P(X > N —¢) = P(X < —N +¢) for
every € > (0. Let us now verify Assumption 3a.

Lemma 5.4. There exists a positive real number ¢, such that for every e € (0,2], one
has P(X > N — ) > ¢,e"(®n+1)/2,

Proof. Put

A:{Q:(el,---,en)e[OW

Z Sln }

and B={t € R? | tJ 4 --- + 12 < 1}. The Weyl integration formula (see for example
page 117 of [4]) gives

;20059;1 > N—s} = {06 [0, 7]

P(X>2n—¢)=

”'””/A H (cos By, — cosB;) Hsm 0,d6, ---dé,,.

1<j<k<n
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Let us remark that if 8 € A then

n

0 n
CoS §:H<1—Sm >>1—Zsm >1—Z

h=1 h=1

We infer that

2n+1

P(X> N —¢) nlﬂn /H sin? 22 — gin —) Hsm —cos —d@l -dé,,
2n(2n+1 9
Z /11— —/ H sin? k) H sin? 2 cos —d91 -dé,,
n(2n+1)/2 \/7 / H . H
n - - tk‘ thdtl
n'7r Bi<jck<n
. 2 . 6y

where we use the change of variables ¢;, = — sin —. Whence the result. U

Ve

6. COMPLETING THE PROOF OF THE UPPER BOUND IN THEOREM 1.2: PROOF OF
THEOREM 2.2

In this section, we assume that F = {@,}aecq,, is a family of m-periodic complex
valued functions satisfying Assumptions 2 and 3. We start by proving the following

lemma which follows from combining Assumption 3 with Lemma 5.1.

Lemma 6.1. Let m be a large positive integer, and 1 < y < z < m/2 be real numbers.
Let {pa}acq,, be a family of m-periodic complex valued functions satisfying Assumptions
2 and 3. Let {c(h)}nez- be a sequence of complex numbers such that |c(h)| < ¢o/|hl,
where ¢y is a positive constant. Then, for all positive integers k < (logm)/(5loglogm)
we have

2k

S DI O (0| I (16(C°N)2’“) | Wicologm)™

) m’

| m‘ a€llm y<|h|<z
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Proof. Expanding the moments and using Assumptions 2 and 3, we obtain
2k

= > | > c)pa(h)

m‘ a€Qm |y<|h|<z

= X )l ) gy 2 [[ @) [[E )

y<|hal,. [h <2
y<|rl,lril<z

k k
C Y el el ) (H it >)+Ek<y,z>,
y§\h1| ..... |hk|<2’ =1
Y1 |rrl<z
where the error term satisfies
2%k

Bt < So (S ) < S5 0y (Chcoloum)

mn mn
y<|h|<z y<|h|<z

by Assumption 3. The result follows upon noting that

> eh) - e(h)e(ry) - c(ry) B (H X(ha) [ X(m))

y<|h1|,...,|hi| <z u=1 v=1
y<|ril,rel<z

2k

=E || > c(h)X(h) < <w>k

)
by Lemma 5.1. U

We will deduce Theorem 2.2 from the following results, which generalize Propo-
sitions 6.1 and 6.2 of [20]. In both results we assume that {¢,}eeq,, is a family of
m-periodic complex valued functions satisfying Assumptions 2 and 3.

Proposition 6.2. Let m be large, and k be an integer such that 10°N? < k <
(logm)/(5loglogm). Let S be a non-empty subset of [0,1), and put y = 10°N?k.

Then we have
2%k

1 e(ah) —1
- —/; h —4k“
o 2| 2~ ) <
a€lm yS|h|<k2
Proposition 6.3. Let m be a large positive integer, and k be an integer such that

3 <k < (logm)/(50loglogm). Let S be a non-empty finite subset of [0,1). Then we

have
2%

_ 8k
Z max Z e(al”;L) 1@(@ <ot |S](2C1 logm)

mn
GEQm k:2§\h|<m/2
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We start by proving Proposition 6.2, as its proof is simpler since the inner sum over
|h| is short.

Proof of Proposition 6.2. Let Ay = {b/k*: 1 < b < k*}. Then for all @ € S, there exists
Ba € Ag such that |a — 8,] < 1/k*. In this case we have e(ah) = e(B,h) + O(h/k?),
and hence

> dBgm - > w0 ()

y<|h|<k? y<|h|<k?

Therefore, using the elementary inequality |z + y|** < 2% (|z|** + |y|**) we deduce that

(6.1)
2k 2k

max Z %@(h) < 92 ax Z %@(h) +(%>2k

a€Ees a€A
y<|h|<k? y<|h|<k?

2k

DI DI T R

a€A |y<|h|<k?

for some positive constant c¢;. Thus, it follows from Lemma 6.1 that in this case we

have

2k

(6.2) SQ%ZMLZ Z e(af;)—l@(h) +<%>2k

acAr T a€Qu |y<|h|<k?
k
< k% ((—64N2k> ;. (8Clogm) m)2k> + (ﬂ)% < ek
Yy mn k2
which completes the proof. 0

Proof of Proposition 6.3. Since the inner sum over |h| is long in this case, we shall
split it into dyadic intervals. Let J; = |log(k?)/log2| and Jy = |log(m/2)/log2]|. We
define zj5, := k?, 25,41 :=m/2, and z; := 27 for J; + 1 < j < J,. Then, using Holder’s
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inequality we obtain
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(6.3)
2k 2k
e(ah) —1__ 1 ) e(ah) —1__
ORI B I ST FLD S e o)
K2<|h|<m/2 n<<h? 2y<Ihl=z1
2k—1 2k
1 Ak G(Oéh)—l/\
= Z 4K/ (2k=1) Z J Z T%(h)
J1<j< T N<i<ds  |m<lhl<zi

2k+1
Co Ak e(ah) —1__

< - 7

- (log k:) Z J Z h Palh)]

J1<g<J2 ZjS‘h‘<Zj+1

for some constant co > 0. Therefore, this reduces the problem to bounding the corre-

sponding moments over each dyadic interval [z;, z;41], namely

2k

We shall consider two cases, depending on whether j is large in terms of |S|. First, if
47 > |S| then by Lemma 6.1 we have

(6.4)
2%
1 e(ah)—1__
Q] &~ 'ads 2 Pl
a€Qm ng‘h‘<2:j+1
2% .
1 e(ah) —1__ - (64N?k S| (8C) log m)?*

< e _— 4’ - .
S| 2 T Palh)| < ( 5 >+ —

a€esS a€EQm Zj§|h|<2j+1

since z; > 27 for J; < j < J,. We now suppose that 4/ < |S|, and let B; = {b/47 : 1 <
b < 47}, Then for all « € S there exists 3, € B, such that |o — 3,| < 1/47. In this case
we have e(ah) = e(f,h) + O(h/47), and hence we obtain
1
+0 (%),

1/\

e(ah) —1__ e(Bah) — (k)

o Pal(h)

2.

z<|h|<zj11
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since z;j41 < z; < 27. Therefore, similarly to (6.1) we derive

2%
e(ah) —1__
max| Y, ———uh)
zj<|h|<zj11
2%

h)—1 c3\ 2k
o clan =1l (2
<2 X > n Ca(h)| + 5 )

z<|h|<zj4+1

for some positive constant c3. Thus, appealing to Lemma 6.1 we get

2k

1 e(ah)—1__
Q] 2~ 'acs 2. pvel)

CLEQm ZjS|h|<Zj+1
2k

(6.5) < g Z mﬁ Z Z e(al;l) _1@(h) N (%)Qk

O{GBJ‘ CLEQm ZjS|h|<Zj+1

mn ’

k
<4 <28N2k> N |S|(16C log m)?*
97

since |B;| = 47 < |S|. Combining (6.4) and (6.5) we deduce that in all cases we have

2%k
1 e(ah) —1__ S 22N2N"18](16C log m)?*
g 2o > CEm) ww () PIECRETE
a€Qm ZjSlh‘<Zj+1
Inserting this bound in (6.3) gives
2%k
1 e(ah) —1__
0 2wy 2 =
a€Qm k2<|h|<m/2
(6.6) c (3" 15120, logm)®
k 4| =
< log k Z 27 + mn
J1<j<J2
< oy SICCI Togm)™
mn
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for some positive constant ¢, where the last estimate follows since j* < 27/ for j large

enough, and 27t < k2. This completes the proof.

Finally, we deduce Theorem 2.2.

O
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Proof of Theorem 2.2. By Minkowski’s inequality we have

or\ 1/2k
e(ah) —1__
> max| > — 7 a(h)
a€Qm y<|h|<m/2
o\ 1/2k
e(ah)—1__
< —~— 7 -
<[> max > o valh)
a€Qm y<|h|<k?
or\ 1/2k
e(ah)—1__
w2 )
a€m k2§|h|<m/2
The result follows upon using Propositions 6.2 and 6.3. U

7. PROOF OF THEOREM 1.6

In this section we shall investigate the distribution of the partial sums » o, ., ¢a(n)
in the special case z = m/2, where F = {¢,}4eq,, is a family of m-periodic complex

valued functions satisfying Assumptions 2 and 3. For a real number ¢, we define

{aEQm:%Im Z ©wa(n) >t} :

0<n<m/2

(7.1) UA(t) = ﬁ

and similarly we write U ~(¢) for the proportion of a € 2, such that \/Lalm > 0<n<my2 Paln) <
—V. We will prove the following result from which Theorem 1.6 follows.

Theorem 7.1. Let m be large and F = {@q}acq,, be a family of m-periodic complex
valued functions satisfying Assumptions 2 and 3. Uniformly for V in the range 1 <
V< %(log logm — 2logloglogm — B) we have

Ur(V) = exp <—A0 exp (%V> (1+0 (Ve_”v/(zN)))> :
Furthermore, in the same range of V we also have
UZ(V) =exp <—A0 exp (%V) (1 +0 (Ve*ﬂV/(QN)))> .

Recall from (5.6) that

= Y = Y En)

0<n<m/2 —m/2<h<m/2
h#£0

In order to prove Theorem 7.1, we will show that the moment generating function of
the sum >, /2ch<m/2 Ym(h)@a(h) (after removing a “small” set of “bad” points a)
he£0
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is very close to the moment generating function of the probabilistic random model

Y —mj2<h<m/2 Ym(R)X(h), which we already estimated in Proposition 5.2.
h£0

Proposition 7.2. Let m be large. There ezists a set E,, C §, with cardinality |E,,| <
m~Y10|Q,.| such that for all complex numbers s with N|s| < (logm)/(50loglogm)? we

have

a€Qm\Em —m/2<h<m/2
ho£0

Proof. Let &,, be the set of a € €2, such that

Z Ym (W) @a(h)| > 4N loglog m.

—m/2<h<m/2
ho£0

Using Assumption 2 together with the bound (5.12) we get

Y. m(@a(h)| < 3N loglogm + Y @),

—m/2<h<m/2 (logm)2<|h|<m/2
h£0

if m is sufficiently large. Therefore, it follows from Lemma 6.1 that for » = [logm/(10loglogm) |
we have

1Em| < Ha € Qe | Z fym(h)g/p;(h)’ > Nloglogm}‘

(log m)2<|h|<m/2
2r

< (Nloglogm)™*" Z Z Vi (h)Pa(h)

a€Qm |(logm)2<|h|<m/2

(7.2)

<m0,
Let L = |logm/(201oglogm)|. Then we have

m Z exXp | s~ Z Y (h)a(h)
M aeQm\Em —m/2<h<m,/2
h£0
(7.3) i’

k

i S| X wwamm | +m

a€Qm\Em | —m/2<h<m/2
ho£0
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where

B <<Z\s|k(4N1 1 )k<z 15N |s|loglogm k<< L
— og logm e
! K| slosm = L

k>L k>L
by Stirling’s formula and our assumption on s. Furthermore, note that

Z — N 1
‘f)/m(h%pa(h)' S 5 g m S 3N10gm,
—m/2<h<m/2 1<|h|<m/2

h#0

if m is sufficiently large. Therefore, it follows from equation (7.2) that for all integers
0 < k < L we have

1 —
|Q_| Z Z f)/m(h)gpa(h)
M aeQm\Em \ —m/2<h<m/2
h+#£0
k
(7.4) — QL > > qmWBalh) | +0 (m (3N logm)*)
€2 a€Qm _m/2h<72)§m/2

k
“E{ (X wmxm) | +0m),
—m/2<¢h§m/2
h#0

where the last equality follows from expanding the moments and using Assumption 3
as in the proof of Lemma 6.1.

Furthermore, it follows from equation (5.12), Lemma 5.1 and Stirling’s formula that

s k 15N |s|log k\* 15N|s|log L\*
Z? ‘ > vm(h)X(h)‘ <> e <> — ) <t

E>L —m/2<h<m/2 k>L
ho£0

Finally, combining this bound with (7.3) and (7.4), we derive

k>L

ﬁ S oep|s Y wmh@En)

a€Qm\Em —m/2<h<m/2
ho£0

’:E ( Z fym(h)X(h)y +0 (eiL + mfl/%e'S')

0o —m/2<h<m/2
h+#0

Lx(s)+0 (e7"),

S

Plﬁh

e
Il
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as desired. O
Using the saddle-point method and Propositions 5.2 and 7.2, we prove Theorem 7.1.

Proof Theorem 7.1. Let &, be the set in the statement of Proposition 7.2, and \i!;(t)
be the proportion of a € Q, \ &, such that >, /0cn<m/2 Ym(h)Pa(h) > t. Then, it
h#0

follows from equation (5.6) and Proposition 7.2 that
W(t) = Tr(t) + O (m/1).

Furthermore, it follows from Propositions 7.2 and 5.2 that for all positive real numbers
s such that 2N < Ns < (logm)/(50loglog m)2 we have

o 1 2 mj2<h<m/2 Ym(h)Pa(h)
st = z : A st

- aeQm\Em
1 —~
(75) = S’Q | Z eXp | S+ Z ’ym(h)@a(h)
T e \Em —m/2<h<m/2

h#0
N
= exp <—slog s+ Bys + O(log? s)) :
7r

The result trivially holds if V' is small, so we might assume that V' is a sufficiently
large real number such that V' < (N/x)(loglogm — 2logloglogm — B), where B =
log(N/7) + 8 — Bym/N. We shall choose s (the saddle point) such that

N ! T T
. S Bys — 0 e 5 = (— ——B—l).
(7.6) (Ws og s + Bys 3V> 0 s = exp NV ~ Do

Let 0 < € < 1 be a small parameter to be chosen, and put S = se®. Then, it follows
from (7.5) that

o0

/ T (t)dt < exp (s(1 — ¢)(V + Ne/r)) / ST (1)t
V+Ne/nm V+Ne/n
N N ,
<exp | s(1—e€)(V+ Ne/m) + —selog s + —se“e + Byse® + O(log” s)
T T
N N
= exp (—slogs + Bys + —s(1 4+ ¢ — ) + O(log? s)) :
T T

Therefore, choosing ¢ = Cy(log s)/+/s for a suitably large constant Cj and using (7.5)

/ A (t)dt < eV’ / S #(t)dt.
V+Ne/n —o0

we obtain
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A similar argument shows that

VNl styqy -V? = styqy
e UE(t)dt <e e W x(t)dt.

o0 o0

Combining these bounds with (7.5) gives

V+Ne/m ~ N
(7.7) / e W £(t)dt = exp <—s log s + Bys + O(log® s)) :
T

V—Ne/n

Furthermore, since W £(t) is non-increasing as a function of ¢ we can bound the above

integral as follows

_ V+Ne/n . —
eVFHOCNG (V4 Ne/m) < / U (t)dt < eV (V — Ne /).
V—Ne/m

Inserting these bounds in (7.7) and using the definition of s in terms of V', we obtain

Ur(V + Ne/m) < exp (_g exp (lv _ B, - 1) (1+ 0(5))) < UA(V — Ne/n),

N N
and thus
Ur(V) = exp (—% exp (%V — %Bo - 1) (1+0 (vewV/@N)))) 7
as desired.

O

We end this section by proving Corollary 1.7. By Theorem 7.1, it follows that there
are > |Q,|m~1/10818™ clements a € 2, such that

N
Z wa(n)| > (— —|—0(1)> vmloglog m.
0<n<m/2 g
Hence, in order to deduce Corollary 1.7 it suffices to show that |€2,,| is larger than a
multiple of m.

Lemma 7.3. Let F = {pa}acq,, be a family of m-periodic complex valued functions
satisfying Assumptions 2 and 3. Then, we must have |Q,,| > m, where the implied
constant depends only on the involved constants in the Assumptions.

Proof. Set J = (—m/2,m/2] N Z ~ {0}. Let us recall the following elementary result:
if M is a symmetric real matrix, then (TrM)?> < (rkM) Tr(M?); one sees this by
applying the Cauchy-Schwarz inequality to the non-zero eigenvalues of M. We use it
with M = [bp;]n; = ‘LL where L = [@,(h)]an (here the index a is in Q,, and h, j are
in J). Putting 8 = E(X?), Assumption 3 with k& = 2 gives

_ ||
bun = a(h)? = 1Qn| 6+ O —=
hh GGZQWLSO <\/ﬁ>
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for every h € J and

R W
brj = ag; Pa(h)pa(d) = O<ﬁ)
for every distinct h, j. We deduce the estimates
TrM = b = [Qul(Bm + O(Vm)) , Zb O(m|Qm[?) -
heJ
One gets
1 )2(8*m2 + O(m*?)) = (Tr M)* < (tkM) Tr(M?) < m|Q,|*rkM.

Whence m < rkM < rkL < |Q,,]|. O

8. AN EXAMPLE WITH VERY LARGE PARTIAL SUMS
In this section we shall prove Proposition 1.8. Let m > 7 be an integer. Put r =
T

|13logm/log2| and P = ZX%’I. Take a finite field €2, with 2" elements and ) :

k=1
Q,, — {—1,1} a non-trivial additive character. By Weil’s theorem [25] one has

‘Z@D(Pa

a€Qm

27’
<2 =227 50 [{a € Q| Y(P(a) = 1} = 5 — (r = 1)272 >
and the same is true for [{a € Q,, | ¥(P(a)) = —1}|. Putting J = (—m/2,m/2]| N Z,
we can therefore choose distinct elements (ap)pes of € such that ¢(P(ap)) = 1 if

h > 1 and ¢(P(ap)) = —1if h < 0. For every a € €2, we define ¢, in such a way that
Vh € J @a(h) = (P(apa)), that is, we put

Vn€Z @q(n \/_Zib (apa))en,(—nh).

heJ

Let {hi,---,ht} be a non-empty subset of J with at most r elements. By Vander-
monde’s formula, the polynomial P(ayp, X) + - + P(ay, X) has at least one non-zero
coefficient and has odd degree. Applying Weil’s theorem, we obtain

‘ Z Ca(h1) -+ pa(hy)| < (2r 2)2’”/2 < m*?logm.

a€Qm
This implies Assumption 3 with any 1 < 7 < 3/2. Indeed, take a sequence (X(h))nez
of L.ID. random variables such that P(X(h) = 1) = P(X(h) = —1) = 1/2. For every
positive integer k < 3logm/log?2 and every (hy,...,h;) € J*, one has

] 2 Foltn) - Falhe) = G --0) 0757

(one can in fact prove this estimate for all positive & < 2r). Thus, we deduce that our
family satisfies Assumption 2 with N = 1, and Assumption 3 with n = 4/3.
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To conclude the proof of Proposition 1.8, let us look at a = 1: we have p;(h) =1 if
h > 1 and p;(h) = —1 if h < 0. Using the estimate (1.3) we deduce

M(@l)Z‘ Z @1(@‘2’% Z 1_Z<—_1)n+0(\/%) mlogm—i—O(\/ﬁ).

N m
0<n<m/2 1<n<m/2

9. APPLICATIONS TO FAMILIES OF {-ADIC TRACE FUNCTIONS: PROOF OF
COROLLARIES 1.11, 1.12 AND 1.13

In this section we recall some notions of the formalism of /-adic trace functions and
list some examples of families of functions for which we can apply Theorem 1.2 and
Theorem 1.6. We are assuming the definition of a constructible /-adic sheaf, for which,
as well as for a general introduction on the subject, we refer the reader to [6, Section
1.1] and [14, Section 3.4.2]. We start by introducing the notion of a trace function
attached to a constructible -adic sheaf as in [16, 7.3.7].

In the following p,¢ > 2 are distinct prime numbers and ¢ : Q, — C is a fixed
embedding. Let F be a constructible f-adic sheaf on K;p. For any z € K;p (Fpn) one
defines

trn(z) == o(Tr(Frpn | Fz)),
where Fr,» is the geometric Frobenius automorphism of F,» and Fz is the stalk of F
at a geometric point T over x. The function tr,, is called the trace function attached to

F over Fyn. If there is not ambiguity, we denote by ¢r the trace function tr ;.

Definition 9.1. Let F be a constructible ¢-adic sheaf on Kllgp and 7 : U — KIle the
largest dense open subset of K;Fp where F is lisse.
i) The sheaf F is said to be a middle-eztension (-adic sheaf if F = j,j*F (see [14,
4.4, 4.5] for the definition of j,j*F and its basic properties).
it) The sheaf F is said to be a middle-extension (-adic sheaf, punctually pure of
weight 0 if it is a middle-extension sheaf and if for every n > 1 and every
x € U(FFpn), the images of the eigenvalues of (Fry» |F7) via the fixed embedding
t: Q, = C, are complex numbers of modulus 1.

Remark 9.2. In accordance with [9, Definition 1.12], we will refer to trace functions
attached to punctually pure of weight 0 middle-extension ¢-adic sheaves on K]IFP as trace

functions.
9.1. Conductor and Fourier transform.

Definition 9.3 ([11], pp. 4 — 6). Let F be a constructible f-adic sheaf on K;Fp and
j:U — Kzlpp the largest dense open subset of K;p where F is lisse. The conductor of
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F is defined as
¢(F) := Rank(F) + [ Sing(F)| + Y Swan,(j.j*F) + dim H (&g , F),
2€Py, (Fp)
where

i) Rank(F) := dim F,, for any = where F is lisse.
it) Sing(F) :={z € EIFP(FP) : F is not lisse at x}.
iii) For any x € Elgp(Fp), Swan, (j.j*F) is the Swan conductor of F at x (see [15,
Chapter 1] for the definition of the Swan conductor).

Remark 9.4. Recall that if F is a middle-extension sheaf then
¢(F) = Rank(F) + [ Sing(F)|+ Y Swan,(F),
2€P, (Fy)

since in this case F = j,j*F and dim HB(K;F, F)=0.

Let F be a middle-extension f-adic sheaf on K]IFP and let ¢z, be the trace function

attached to F over F,». We recall that the normalized Fourier transform of ¢ £, is given

by
1

VP

In what follows, we recall some key results about the Fourier transform in the trace

FT(trn)(2) = — Z trn(y)ep(Trr,. /r, (TY)).

yEFpn

functions setting.

Definition 9.5 ([15], Definition 8.2.1.2). A middle-extension ¢-adic sheaf F over Kép
is said to be a Fourier sheaf if it does not contain any Artin-Schreier sheaf L. (,7) in
its geometric Jordan-Holder decomposition.

Theorem 9.6. Let F be a middle-extension (-adic Fourier sheaf over KIIFP. Then there
exists a middle-extension (-adic sheaf FT(F) over K%p such that
1
tFT(f),n(I) Y] Z tf,n(y)ep(Tern/Fp(xy))7
p yE]Fpn
for any n > 1 and any x € Fyn. Moreover one has that:
i) If F is geometrically irreducible, punctually pure of weight 0 then the same holds
for FT(F). Moreover FT(F) is a Fourier sheaf with the property
FT(FT(F)) = [x(=D]"F,

where [x(—1)]*F denotes the inverse image sheaf [v — —z|*F.
it) Rank(FT(F)) <> Swan,(F) + | Sing(F)| - Rank(F),
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i11) | Sing(FT(F))| < 2+ Rank(F),
iv) Swan, (FT(F)) < ¢(F).

In particular, c(FT(F)) < 10¢(F)%.

Proof. The construction of the sheaf FT(F) and the proof of (i) can be found in [15,
Definition 8.2.3], [15, Theorem 8.2.5] and [15, Theorem 8.4.1]. For the part (i), (i)
and (iv), we refer to the proof of [9, Proposition 8.2]. O

Here the main examples of trace functions we should keep in mind (many of them
already appearing in Paragraph 1.2):

(i) For any f,g € F,(T), and any multiplicative character x on F), the function
xz+— e(f(x)/p)x(g(x)) is the trace function attached to the Artln Schreier sheaf

Ley(1(T)xto(r)-
(77) The r-th hyper-Kloosterman sums: the map

(= v+t
z = Kl (2;p) = 577 E 6(—>
D p
Ylyeees yTEIFp
Y1 Yr=2o

can be seen as the trace function attached to the Kloosterman sheaf KC, (see
[15] for the definition of such sheaf and for its basic properties).

i17) The Birch sums, a — —Bi,(a), can be seen as the trace function attached to
the sheaf FT(L,,13)).

9.2. A-parameter families.

Definition 9.7. Let r > 2 be an integer. A middle-extension ¢-adic sheaf I is said of
Sps,-type if
i) K is punctually pure of weight 0,
i) one has Gt = GF°™ = Sp,,(C) (see [15, Chapter 3] for the definition of the
monodromy groups).

We are finally ready to introduce the notion of a A-parameter family which is a
refinement of [24, Definition 2.6]:

Definition 9.8. Let r > 2 and A > 1 be integers. A family {Fa}, e is said to be a
A-parameter family of Sp,,-type if the following conditions hold

i) for any a € (IF;))‘, Fa is a Fourier, irreducible middle-extension ¢-adic sheaf on
K]IFP punctually pure of weight 0,
i) there exists C' > 1 such that

co(Fa) <C



THE DISTRIBUTION OF THE MAXIMUM OF PARTIAL SUMS OF TRACE FUNCTIONS 39

for any a € (IF;)A. We call the smallest C' with this property the conductor of
the family and we denote it by Cj,

i1) for any a’ € (F))*~" the (-adic sheaf Ky 1 = FT(Fa 1) is of Spy,-type,

w) for any a,z € FY and a’ € (F)*"!, there exists 7. € PGLy(F,) such that

t;ca,’a (Z) - t’Ca’,l (Vz(a)%

and v, # 7. if 2 # 2/,
v) for any a’ € (F)* ! and any 21,2 € F), if 21 # 2 then

[’72172_21]*’Ca’,1 7égeom K:a’,l ® L

for any (-adic sheaf £ of rank 1,
vi) there exists 6, > 0 such that for any interval I of length |I| < p'/2*9_ one has

1 1 o
oy ‘_Zta(n)‘ <p

Proposition 9.9. Let \,r > 1 be integers. Let {Fa}ae(]F;)/\ be a A-parameter family of
Spy,-type. Then Theorem 1.2 and 1.6 hold for {t;a}ae(F;)A.

Proof. It is enough to show that the set {t;a}ae(F;)A satisfies Assumptions 1, 2, 3 and
4. We start with Assumption 1: for any a € (F))* one has that ||tz,[|« < Rank(Fa,)
thanks to [6, Lemma 1.8.1]. Hence, using (i¢) in the definition of a A-parameter family
we get ||tz |loo < ¢(Fa) < Cs. Assumption 2 is just an application of [24, Lemma 3.2].
Let us check Assumption 3. Let (hy, ..., ht) € (—p/2,p/2]* with h; # 0 fori =1,....k
and consider
(9.1) o X 3t ()t )

a’'e(Fy)* 1 acFy
We know that for any a’ € (F)*' and any a,h; € F), it holds that ticy (i) =
tic,, (ni(a)) for some 4, € PGLy(F,) ((iv) in Definition 9.8). Thus we can rewrite
equation (9.1) as

1
Go L 2 e (m (@) i, (m (@)
ac(F, )1 acFy
Thanks to the property (v) in Definition 9.8, we can argue as in [24, 4.2.1] to obtain
(1" D ey, (i (@) -ty (i (@) = E(X(h1).. X(he)) (p — 1) + O(c(H)/P),
a€Fy

where H = [y, |"Kaa ® -+ @ [, ]"Ka1 and the X(h;)’s are independent random
variables uniformly distributed with respect to the Haar measure on USp,, which satisfy
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Assumptions 3a (Lemma 5.4) and 3b. Let us bound ¢(H). Recall that

c(H) = Rank(H) + | Sing(H)| + Y _ Swan, (¥

One has that Rank(#) = ], Rank([y;,]*Kar1) = Rank(Ka 1)* and that |Sing(H)| <
> I Sing([va, ] Kar1)| < k| Sing(Ka1)|. On the other hand, [15, Lemma 1.3] implies
that

k
Swan, () < Rank(#) - (Z Swanx([fyhi]*lCa/71)) < Rank(Ku 1) ke(Ka 1 ).

Thus we have that
c(M) < Rank(Ka1)" + k| Sing(Kar,1)| + k| Sing(Kar,1)| - Rank(Kar,1) ke (Kar1)
< o(Kara)* + ke(Karp) + K e(Kaa)
< ¥,

where in the last step we used property (i7) in Definition 9.8 together with Theorem
9.6. Thus (9.1) becomes

Z Zm,ahl tfca,,a<hk>=E<X<h1>...x<hk>>+0(c—j]3),

as we wanted. Finally, Assumption 4 simply follows from the definition of a A-parameter
family (property (vi)).
O

9.3. Examples of l-parameter families. Let g € Z[t] be an odd polynomial of
degree 2r + 1, such that » > 1. For p large enough

{ﬁep(ﬂTJrg(T))},BeF;
is a 1-parameter family of Sp,,.-type.

i) For any 8 € F), the Artin-Schreier sheaf L., sr44(r)) is a Fourier, irreducible
middle—extensmn (-adic sheaf on AFP punctually pure of weight 0. Moreover its
trace function is tx, : = e,(Br + g(x)).

ii) One has that Sing(L.,sr1g(r))) = {00} for any 3 € F,\. Moreover, if p > 2r +1
then Swan.(Le,(s744(1))) = degg = 2r + 1. Thus, c(Eep(gTJrg(T))) = 2r + 3 for
any 5 € F}.

iii) In [16, 7.13 Sp-example (2)], it is shown that the sheaf K; is such that G =
Sp,, (C). Moreover, as explained in [24, 7.2.(1)], this implies that G = Ga“th.
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iv) Let B € F)'. By definition of the Fourier transform we have that

tis (2 :——Zeprz:Jrg +(B+2z—1)x)
IEF
:t/ﬁ(ﬁ—'—z_l)

and therefore tx,(z) = tx, (7.(8)) for v, := <(1) - I 1).

v) This is done in [24, Proposition 7.5].

vi) By Weyl’s method (see for example [13, Lemma 20.3]), there exists n > 0 such
that

p(nB+g(n)| < p”7

‘\/_nel

for any interval I of length |I| < p'/?*7. Moreover, n and the implied constant
depend only on deg g. Thus, for any «,

Z‘ Zepnﬁ+9

5 Fy nEI

<< -

Choosing a suitable a > 1, property (vi) in Definition 9.8 is satisfied.

9.4. Examples of 2-parameter families. In this section we present some examples
of families of Sp,,-type. In the following, for a sheaf F,; we denote ICyp = FT(Fop).

9.4.1. Ezponential sums II. Let d € N> with d odd. For p large enough

{Eep(bT+(aT)d)) }(a,b)enr; xFy
is a 2-parameter family of Sp,, ;-type.

i) For any (a,b) € Fy x Fy, the Artin-Schreier sheaf L, ;7 7)) is a Fourier,

irreducible middle-extension /-adic sheaf on AFP punctually pure of weight 0.
Moreover, its trace function is tx, , : 2 — e,(bx + (aT)?).

i) One has that Sing(L, 7 (o7)e)) = {0, 00} for any (a,b) € F x F;'. Moreover,
if d < p then

Swan()(ﬁep(bT—f—(aT)d)) =d, SW&HOO(‘Cep(bT—i—(aT)d)) =1L

Thus (L., 474(a7)e)) = d + 4 for any (a,b) € F x F.
iii) In [16, Theorem 7.12.3.1] is it shown that for any a € F;,

Ggeom . Spd+1(c> if d is odd
Kaz = SL4y1(C) if d is even.

Hence, when d is odd one concludes also that G’ = G (by [24, 7.2.(1)]).
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iv) Let (a,b) € Fy x F)\. By definition of the Fourier transform we have

1
ti,,(2) = 7 Z e, (b + (aT)® + )
wEFg

1 —d
—% wGZFX ep((aZ)® + (b+ z)x)

= t]Ca,l(b+ Z = 1)

and thus tx, , () = ti,, (7:(b)) for 7. = ((1) ) I 1)'

v) For any a, 21, 29 # 0 with 2; # 23, we need to prove that

(92) [’YZI’Y;;]*’CM #geom ICa,l & E,
for any ¢-adic sheaf £ of rank 1, where 7.,, 7., are as in (iv). First of all, observe
_ 1 2z —=% .
that v.,7,,' = <O ! 1 2). Let us denote Koo = FT(L, ((o7)e))- Arguing as

11

in (iv), one has that o1 =geom [7] Ky With 7 = <O 1

). Thus, in order to
check (9.2) it is enough to show that

[’Y;]*]Ca,() #geom Ka,O X E,

for any (-adic sheaf £ of rank 1, where 7, = (1 with z # 0. Since £, 7)4)

z
01
is lisse at {oo}, then Ko = FT(L, (7)) is singular at {0, 00} ([15, Corollary
8.5.8]). Moreover, using Laumon’s theory of the f-adic Fourier transform, one
gets that K, has an unique slope at d/(d + 1) at oo, and that it is tame at 0

([16, Theorem 7.5.4]). Thus,
Swang(Kq0) =0, Swan, (Kq o) = d.

Then for any a, z one has Sing([v.]*/Ca0) = {—2, 00}. Moreover, [7.]*/C, 0 has an
unique slope at d/(d+ 1) at oo and it is tame at —z. By contradiction, assume
that there exists a rank 1 sheaf £ such that [7]*ICq 0 =geom Koo @ L. Without
loss of generality, we may assume that £ is punctually pure of weight 0 since
K is punctually pure of weight 0. From the discussion above it would follow
that {0, —z} C Sing(L) C {0, —z, 00}, and that £ is tame everywhere. At this
point it is useful to compute some data about FT(L):
a) Sing(FT(L)) = {0, 00}, since L is tame at oo ([15, Corollary 8.5.8]),
b) Rank(FT(L)) = dim(Hcl(Klle,E ® Le,ar))) for any a # 0. On the other
hand, the Grothendieck-Ogg-Shafarevich formula ([18, Chapter 14]) implies
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that
dim(H (&g, L @ L., (1)) = — Rank(L & Lo, (1)
+ > Drop, (£ ® Le,(or))

xe&lgp

+ ) Swan,(£ ® Le,(ar))
xeﬁép

= —14+2+1=2,

where for a constructible (-adic sheaf F, Drop,(F) = Rank F — dim F,.
Hence, Rank(FT(L£)) = 2.
¢) Since L is not lisse on K;p\{O}, [15, Corollary 8.5.8] implies that FT(L)(o0)
has a break at 1. Thus Swan..(FT(L£)) > 1.
Since we are assuming that [7.]*Ks0 =geom Kao @ L, it follows that

FT (Koo ® L) =geom FT([7:]"Ka) = Lo, (—or—(ay)-

Hence, for any n > 1 there exists a complex number w,, of modulus 1 such that
for any s € F' one has

ep(Trr, /i, (=28 = (a5)*)) = FT(t0+k,00) ()
= Wp - FT(t]CaO n tﬁn)( )
(9.3) = ZFT ten)(y) FT(tk,0m)(s — y)

m ZFT tn)(y)ep(Tre, m, (a(T=3))Y).

The next step is to show that we can see FT(K,o ® L) as a cohomological
transform in the sense of [11]. Let us start with the Artin-Schreier sheaf on
Kllgp X K;p, L., (a=T)a) (see [11, Definition 2.2]), and consider the (-adic sheaf
G:= ?1p1,;§p§ FT(1£> ® L, (o7=T)2)(1/2), where pi, py are the two projections
pi: Ap, XA — Ag . As pointed out in [11, Remark 2.4.(1)], G is a constructible
(-adic sheaf. Let 7 : U — K]IFP be the largest dense open subset on which G is
lisse (we remark that Sing(G) < ¢(G) <4 1, thanks to [11, Theorem 2.3]), and
consider the sheaf H = 7,7*G; this is a middle-extension ¢-adic sheaf punctually
pure of weight 0 on U, such that Rank ’H = Rank G and for any n > 1 and any
se U(Fm)

tyn(s) = tgn(s) = ZFT ten)(W)ep(Trr,. e, ((aly = 5))%),
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thanks to [11, Corollary 5.3]. Moreover, one has that

S )P = S a9+ 0u1/5")

SEFpn SEU(]Fpn)

2=

Y lep(Tram, (—sw = (a3))F + Oa(1/p")

SGU(]FPn)

= 1 + Od(l/pn)

==

Hence, using [17, Lemma 7.0.3], we conclude that H is geometrically irreducible.
Since the trace functions attached to the irreducible middle-extension sheaves
L. (—.r—(ar)? and H coincide up to a multiplicative factor of modulus 1 on
U(F,) and c(H), (L, (—.r—mys) <a 1 ([11, Theorem 2.3]), it follows that
L, (—r—(aT)yt) =geom M thanks to [7, Corollary 3.6]. In particular, Rank H =
Rank(L, _.7_ (7)) To get a contradiction it is enough to show that Rank H =
RankG > d + 1: in this case we would get that 1 = Rank(L, _.r_ (7)) =
RankG > d + 1 > 1 which is absurd. We know that Rank G is equal to the
dimension of the stalk G, for any s € A]le, where G is lisse. Using the Proper
Base-Change Theorem ([5, Arcata, IV, Theorem 5.4]) one gets

G = (R'pLi(ps FT(L) ® L., (a@=T)4))s
—1
= HCI(AF,,a FT(L) @ L, ((a@=s))-
Thus we need to compute
, —1
N = dlm(Hcl(AFp> FT(L) ® L, (a@=s))):

for some s ¢ Sing(G). To simplify the notation let us denote N := FT(L) ®
-1

Le,(a7=s) Where s € Ag, \ {0}.

Observe that Rank(N) = Rank(FT(£)) - Rank(L, ,=5)4s)) = 2. Moreover,
since Sing(FT(L)) = {0, 00} and Sing(L, ((,v=3))) = {5} we have that Sing(N) =
{0, 5,00} and

Swang(N) = Swang( FT(L)) =0, Swany(N) = Swan(FT(L)) > 1,

Swan,(N) = Swan, (L, (ov—s)) = d-

Thus, using the Grothendieck-Ogg-Shafarevich formula we get
N = — Rank(N) + Dropy(N) + Drop,(N)
+ Swan., (N) + Swang(N) + Swan,(N),
> 24+14+14+14+d=d+1

as we wanted.
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vi) We start by bounding

ZZ‘\/_HEI% (bn + an?)

a€lFy, beF,

422 > ep(blng +ny —my —my) + a(m® + w3t — mrt — mY)).

a€lFp beFp n1,m2,m1,ma€l

4

We use the same strategy as in [19, page 1505]: the orthogonality of the additive
characters implies that

5 YT et et )

a€lFp ni1,mn2,m1,ma€l
ni+na=mi+ma

and then

M4:i2 > oo

n1,m2,m1,mo€l
ni+ng=mi+ma
nd+nd=md+md

For ny 4+ ny # 0, the system

ny +ng = my + Mo

n{ +ng§ = m{ + mjg
has at most 2d pairs of solutions (mq, my). On the other hand, if ny +ny =0
then m; +my = 0. Thus we can bound M, as My <4 |I[*p~2. Now, by positivity

we get that
—ZZ‘ Zep (bn + (am)?) §(d,p—l)]\/[4<<d|I\2p’2
a€Fy beFy nel

Choosing |I| < p'/?+1/6 we obtain the result.

9.4.2. Hyper-Kloosterman sums. For any r > 2, let K/, denote the r-th Kloosterman
sheaf. For any r > 3 odd the family
{[ZL’ — ﬁ]*]CET X ‘Cep(bT)}(a,b)elF; X
is a 2-parameter family of Sp, -type.
i) For any (a,b) € FxF), the sheaf [z — az]"KCl, @ L., ) is a Fourier, irreducible

middle-extension ¢-adic sheaf on Kl punctually pure of weight 0. Moreover, the
trace function attached to [z — ax] Kl ® Le, @) is given by

tr., + © — KL.(@%; p)e,(bx).

it) Thanks to [9, Proposition 8.2] and [15, 11.0.2], one has that ¢(F,;) < 5e([z —
az)* Kt c(Le, wr))? = 45¢([z — az|* KL, )?* = 45(r + 3)°.
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iii) We start with computing the Fourier transform of ¢, ,:

e, () = —% S KL(@: p)ey (b + 2)1)

N _Zﬁ Z < Z ep(T1+ -+ @y +m)>€p((b+z)@

J:EIF; L1,y :cr,lelF;f
1

:_W Z ep(x1 + -+ 221+ (b4 2)x +azzy - Tr—q).

X
T,%1,..,Tr—1€EF)

If z # —b, then we apply the change of variables t = x(b + z) getting

1 -
ti,,(2) = —W Z ep(r1+ -+ xmg +t+ (b+ 2)atzy - x,-1)

t,x1,..., xr_le]F;f
= Kl,11(@( + 2);p).
Thus, we have that tx,,(z) = Klj1(a(b + 2);p) = Klpa(a(l + 7.(0));p) =
1 z2—-1
0 1
iv) For any a,b € ]FX the monodromy of Ky p = [Yap)*KCl41 is the same as the one

of Kt,11. Thus, Ga“th Gk, and G = Sp,1(C).
v) We need to show that for any a, z1, 22 € F,\ with 21 # 2y, one has

.k, (D), where 7, =

[’Yzﬂz;l]*’ca,l %geom ICa,l & E,

for any (-adic sheaf £ of rank 1. This is just a consequence of ([10, Proposition
3.6]).
vi) We Compute

Z Z ‘ ZKI an;p)e,(bn)

acFy bEFy nEI

T Z > > Kl(any;p) Kl (@ng; p) KL (—amy; p) Kl (—amy; p) x

acFy belFy ni,n2,m1,ma€l

4

X e,(b(ng + ng —my —my)).
By orthogonality of the additive characters, we get

Mi="7% Z > Kl(ang; p) Kl (@ng; p) Kl,(—amy; p) Kl,.(—amg; p).

aEFX ni,n2,mi,mo€l
ni+ng=mi+msa

On the other hand, the sum

(9.4) > Kl (am; p) K1, (any; p) KL (—amy; p) K1, (—amy; p)

aeF?
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is of size p if and only if either (ny = —ny and m; = —msy) or (n; = my and

ng = mg) or (n; = my and ny = my), and it has size O,(,/p) otherwise ([10,

Corollary 3.3]). Choose ny,ns € I. We need to distinguish between two cases:

(1) nq # —ng, thus we have at most two choices of my, my such that the sum
in (9.4) has size p,

(2) ny = —ng, then the sum in (9.4) has size p for at most |I| couples (my, my).

Thus we obtain

M4 <, |I‘2p72 + ’[’3p75/2.
Choosing |I| < p'/?*1/® we get the result.
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