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Another Proof for Non-Supercyclicity in
Finite Dimensional Complex Banach Spaces

F. Galaz-Fontes

Abstract. We give an elementary proof, based on linear algebra and on a simple and well-
known technique from the theory of dynamical systems, for the non-existence of supercyclic
linear operators defined on a finite dimensional complex Banach space with dimension greater
than or equal to two.

1. INTRODUCTION. Consider X to be a real or complex Banach space X, and de-
note by £(X) the set consisting of all bounded linear operators going from X into
X. An operator T € L(X) is said to be supercyclic if there is some x € X such that
the set {AT"x : L € K,n =0, 1, ...} is dense in X. In this case, x is called a super-
cyclic vector for T. Supercyclicity is an intermediate property between cyclicity and
hypercyclicity [1].

Recall that any linear operator defined on a finite dimensional Banach space is
bounded. So, if dim X = 1, we have that any nonzero linear operator T : X — X
is supercyclic. When X is a real Banach space with dim X = 2, then X also has su-
percyclic operators. For example, in X := R? a rotation (with respect to the origin)
by an irrational number defines a supercyclic operator. G. Herzog established in 1992
that separable infinite dimensional Banach spaces always have supercyclic operators
and, on the other side, that finite dimensional complex Banach spaces with dimension
greater than 2 do not have supercyclic operators [2]. He also proved that in the real
case, this holds when dim X > 3. The proof we present for the complex case will fol-
low readily from two simple results. The first is based on linear algebra and the second
uses a simple and well-known technique from the theory of dynamical systems [3,
p. 6-8].)

2. THE PROOF.

Lemma 1. Let X be a two-dimensional complex Banach space. If T : X — X is a
linear operator, then T is not supercyclic.
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Proof. We will first consider the situation where T has two linearly independent eigen-
vectors, say v and w, corresponding to eigenvalues o and 5. We will also assume that
| @ |<| B | and, since the zero operator is not supercyclic, 0 < |B|. Consider a se-
quence {x,} C X, x, := a,v + b,w, a,, b, € C. Notice that x, — 0 in X, if and only
ifa, — Oand b, — 0.

If x € X with x := av + bw fora, b € C, then

T"x =ac"v+ bB"w, foralln € Nj. €))]

If a = 0or b = 0, then clearly x is not a supercyclic vector for 7. So we now sup-
pose that a # 0 and b # 0. Assume there are sequences {A;} C C and {n(k)} C Ny :=
N U {0} such that 1, 7"®x — cv + w, for some ¢ € C. Then from (1) we obtain that

are"® — ¢ b)»kﬂ"(k) — 1.

Since % < 1, this implies that

n(k)

a| .. |o
|c|= )—‘ lim
bl k- IB"(/‘)

3l
<|-l.
b

It follows that x is not a supercyclic vector for T'.

Let us now consider the case o (T) = {«a}. If dmn(T — «l) = 2, then we are in
the above situation and so T is not a supercyclic operator. So we now assume that
dimn(T — al) = 1. We can then find a basis {v, w} for X such that the associated
matrix for 7 with respect to this basis is

Hence

n n—1
A”:(“ o ) foralln € N.
0 «

If we now take x € X with x := av + bw, then
T"x = (ac" + bna" v + ba"w, foralln € N. 2)

If b = 0, then clearly x is not a supercyclic vector for 7. So we suppose that
b # 0. Take ¢ # 0, and let us assume there is a sequence {A;} C C and a sequence
{n(k)} C Ny such that

MT"Wx — (a+ c)v + bw. 3)

Since x and (a + c¢)v + bw are linearly independent, we must have n(k) € N for k
large enough. Hence, by (2) and (3) we have

M(aa"® + bn(k)a"®"y > a + ¢, and \ba"® — b. 4
It follows that A,a"® — 1 and An(k)a"®~" — £ Hence we have a # 0 and

n(k) k-1 1 c
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This allows us to conclude that there is K € N suchthatn(k) =m € N, forallk > K
and ¢ = % Thus x is not a supercyclic vector for 7. ]

Lemma 2. Let X be a finite dimensional complex Banach space and T € L(X). If
dim X > 3 and T is supercyclic, then there exists a Banach space Y with dimY =
dim X — 1 and a supercyclic operator S € L(Y).

Proof. Let a be an eigenvalue of 7. Take v to be a corresponding eigenvector and
M = {Av : L € C}. Then M is a closed subspace that is invariant under 7. Hence,
we can consider the quotient space X /M, and obtain a bounded linear operator T:
X/M — X/M by defining T[x] := [Tx]. In terms of the canonical map 7 : X —
X /M, this means that

Tm=nT.

It follows that 7" = 7 T", forall n € N. Since 7 preserves dense sets, this implies
that if x € X is a supercyclic vector for T, then [x] is a supercyclic vector for 7. ®

Theorem 1. Let X be a complex Banach space. If2 <dimX <ocoand T : X — X
is a linear operator, then T is not supercyclic.

Proof. Let A consist of those n € N such that, for any n-dimensional complex Banach
space X, the set £(X) does not not have a supercyclic operator. Lemma 1 indicates
that 2 € A. Using Lemma 2, it now follows that A = {2, 3, ...}, and so the proof is
complete. ]
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