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| also assume that you have followed previous courses in which the
following notions were presented

— Self-adjoint operators on Hilbert spaces : (Tx, y) = (x, Ty) for every
X,y

— compact operators : T(By) is compact (By unit ball of H)

or equivalently, for every bounded sequence (x»)nen C H, there exists
a subsequence of ( Tx,) that converges in H (stongly)

or equivalently, if the sequence (x»)nen € H is weakly convergent, then
(Txn)nen is strongly convergent.
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Spectral Theorem for compact self-adjoint
operators

Theorem (Spectral Theorem)

H Hilbert space. T opérator H — H compact, self-adjoint. Then
@ 1 a set | finite or countable

@ 1 a decomposition of H info mutually orthogonal subspaces
H= kerT@@Ei =ker T ©range T
iel
where each E; has finite dimension ;

@  areal sequence (\;)ic; with |\j| non-increasing and if | infinite,
Ai—0;
S.t
T= Z Aimi - w; orthogonal projection on E;.
i€l
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Spectral theorem - comments

Choose (e i)k=1,...n, (ni = dim E;) on o.n.b. of E;,

n;

TiX = Z <X7 ek,i>6'k,i

k=1

thus N
Tx = Z Z )\,'<X, ek,,->ek7,-.
iel k=1

That is, T is diagonalisable in an orthonormal basis of eigenvectors
Attention To obtain a basis of H, we mut complete with a basis of ker T
which requires ker T to be separable (thus H as well).
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We would then like to take, |\x| decreasing to 0 and (ex)xen 0.n.b. of H
and

Tx =) MlX, ex)ex
keN

To do so, rewrite the basis U(ek#-)k:tm,n[ and add a basis of ker T.
icl

If ker T has finite dimension, put this basis at the beginning if its

co-dimension is finite, put it at the end.

Otherwise we have to mix the 2 bases and lose the fact that |\«| is

non-increasing

Let us put it in practice
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gotoO.

Theorem (Spectral Theorem revisited)

H separable, infinite dimnesional, Hilbert space. T : H — H compact
self-adjoint operator.

3 (ex)ken Orthonormal basis of H ;

3 (Mk)ken real Ak — 0;

Tx = E )\k<X, ek)ek.
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Spectral theorem - Finite dimensional case

Finite dimensional case : self adjoint matrices are diagonalizable in an
orthonormal basis of eigenvectorsA = A* =3U unitary (U~ = U*)3D
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Spectral theorem - comments

one can also interpret this as T having a matrix of the form

ker T E1 E2
€11,--,6n 1 €12,...,6py2

ker T 0 0 0
€1,1 A 0

: 0 - 0
€n; 1 0 A
€12 Ag 0

: 0 .
€ny,2 0 A2

0
0 0
0

Philippe Jaming (Université de Bordeaux) Spectral Theorem Master Math & Applications 9/9



.
That’s all!

Thank you for your attention! J

Philippe Jaming (Université de Bordeaux) Spectral Theorem Master Math & Applications 10/9



.
That’s all!

Thank you for your attention! J

Next video : an example.

http://www.u-bordeaux.fr/” pjaming/enseignement/M1.htm!

Philippe Jaming (Université de Bordeaux) Spectral Theorem Master Math & Applications 10/9



