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Questions

Questions

Given S, c RY

@ is (S, X) weakly/strongly annihilating ?
@ estimate C(S, X) in terms of geometric quantities
depending on S and ¥ !
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Benedicks-Amrein-Berthier-Nazarov Theorem

Main Theorem

Let S, ¥ c RY have finite measure. Then
@ (Benedicks 1974-1985) (S, ¥) is weakly annihilating.
@ (Amrein-Berthier 1977) (S, ¥) is strongly annihilating.
@ (Nazarovd =1 1993) C(S, %) < ceclSII*|

° (J d>2 2007) C(S, Z) < Cecmin(|S|\Z|,\S|1/dw():),w(3)|2|1/d)
w(8S) = mean width of S.
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Optimal Theorem ?

0fe P _F S=y = B(0, R)

/ #(x)2dx < cel?r+F* / o271 i
RY R9\B(0,R)

+/ g 2mlel dg) :
R\ B(0,R)

@ Optimal: C(S,%) < ce@r+e)(ISII=)'/
@ The above is almost optimal if S, X have nice geometry!
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Benedick’s proof

S|, || < +oo, f € L2(R), suppf C S&suppf C X.
Q@ WLOG |S|=1/2
Q /01 > xs(€+k)d¢ =[] < +o0 =
fo[rva].al.(f € R, Card{k € Z : £ + k € X} finite
9/[01]ZXS(x+k)dx:|S\:1/2:>3FC[0,1],|F|>0
) k

=0 Of >1
st.Vxe F.keZ, f(x+k)=0.
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ZfX—i—k) 2/7r§X+k) fo"i‘k 2/7rkX
KEZ keZ

By 2, the RHS is a trigonometric polynomial Z(f)(x) in x
(for a.a. €)
By 3, the LHS is supported in [0,1] \ F

Q@ Z()=0=Ff=0=f=0.
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€ L'(RY), ¢ >0,

[SO / dow )) dv dvy(p) ~ /”X||>1¢(X)dx

kezda\{0}
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Random Periodization 2 : Proof

/so / Y ow ) dvdvg(p)

kezd\{0}

~ ¥ / o(kI1x) dx

kEZd\{O} 1<]|x[|<2

~ o(x)dx
2 I4E /knsnxsznk

kezd\{0}

1
_/X”>1 o(x) Z W dx

IklI<[lx]l <2kl

bdd above & bellow
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Second proof: scaling

S|, || < +oo, f € L2(R), suppf C S&suppf C ¥.
@ WLOG |S| = Cy small enough (see bellow)

2
2] / Zx:(vk)dV§ ClY| < +oo =
T k20
fora.a. ve[1,2], Card{k € Z : vk € X} finite

1 2
9/0/12Xs((x+k)/v) dvdx < (Cy +2)|S| :=1/2if Cy
k

—0 Of >1
small enough = 3F C [0,1],3V C [1,2],|F|>0]|V| >0
st.VxeF,veV,keZ f((x+k)/v)=0.
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© by Poisson Summation

Z f((x +k)/v) = vak 2imRx

keZ keZ

By 2, the RHS is a trigonometric polynomial P,(x) in x (for
a.a.v)
By 3, the LHS is supported in [0, 1] \ F for some v.

Q@ P,(x)=0=f=0outside [-1,1] = f = 0.
Q@ The polynomial has < 4C|x| for at least 3/4 of the v’s.
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Lemma (Nazarov, d = 1, Fontes-Merz d > 2)

my my
2i(r1 g, 01+, 0
@ p(by,...,0q) = Z Z Chy... ky € (11, 01 ra-ka?d) g
k=0  ky=0
trigonometric polynomial in d variables.
@ ECTI,
@ Then

sSup ‘p(01779d)|

(04,...,04)€Td
14g\ ™M Ftmd
§<|E]> sup  [p(01,...,0q)|
(917---79d)6E

—ordp:=my +---+ my is called the order of p.
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Lemma

@ Y be a relatively compact open set with0 € ¥
@ A= A(p,v) :={vi(j) : je 29} arandom lattice
@ M,,={keZ?: viph(k)eX}=ANX
@ then
E,yv(ord M, — d) < Cw(X).

If order — size of support, E, , (Card M, , — d) < C|Z|.
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Scale to have |S| = 29" and take f € L2 with suppf C S

1 p(k+1)

kezd
SetE,, ={te[0,1] :T,,(t) =0}
Fow(t) =ve2 >~ f(v!p(m))e? ™™ (Poisson summation)
mezd
— Z + Z = Pp7V + RP7V
meMp,v mgM/),V

with M, , = {m e 29 : vip(m) € £}
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From the Lattice averaging lemma, one can choose p, v s.i.
—IAuE=C [ HOF o wh

—ordP,, < C(w(X) + d) (w.h.p)
— |E,v| > 1/2 (certain)

—1(0) < |P,,(0)| (certain).

p, v s.t. all 4 properties hold.



Proof of Nazarov
L]
End of Proof 3/4

OnE,,,wehaverl,, =0,thus P,, = —R,, so

/ P (t)2dt = / R (Rdt<c [ [He)Rde

Epv Eyv RAT



Proof of Nazarov
L]
End of Proof 3/4

OnE,,,wehaverl,, =0,thus P,, = —R,, so
/ P (t)2dt = / R (Rdt<c [ [He)Rde
Epv Eyv RAT

S0 E = {t€ E,y : |Ppy(t)2 < 4C fpo5 7€)} has
|E| > 1/a.
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End of Proof 4/4

I£(0)[2

IN

IN

IN

<

2
Pou(0)2 < (Z ﬁp\,v(m) < (sup [P,u(x)])

d
kezd xeT

2
14d OI'de’Vfdl
(ra) sup \Pp,v(X)!]

xeE

2
14d ordP,, y—1 N 1/2
— 4C f(€)2d
(+74) ( [, T 5)

Cel(*) IF(€)[2 de.
RIS

Apply to f — f,(x) = f(x)e 2™ ¥ -~ ¥, =% — yand
integrate over y € ¥ QED
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Almost time & band-limited functions: Landau-Slepian-Pollak

S.7q = feL2:/ I£(1)[2dt < <||f|2
[t|>T

& f(¢)2d fl|2
/Mus)r < u}

Theorem (Landau-Slepian-Pollak)

3 an orthonormal system {yx}x—0,1,. s.t., Vf € S. 70,

gooe

|f — Paraf| < 7)|f|.

fe 2(R)suppf C [-Q,Q], h< 7/Q

(=S f(kh)sinc%(t — kh).
keZ
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The Umbrella Theorem (J.-Powell)

@, € L2(R). 3N = N(p, ) s.t.

@ (ex)kes C L?(R) orthonormal
@ Vk c I, |ex| < pand [ex] <,
then #/ < N.
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@::>0etT7,2>0s.t.
[ letipde<e L[ poldx<e
[x|>T [x|>%
@ Landau-Pollak-Slepian, 3{vx} o.n.b. (ex) = Py, .. y4ro €k

@ coordinates of the ex’s in v1, ..., y41q) — “spherical code
in C4TQ ~ R8T

@ A spherical code is finite !
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Estimates on spherical codes

Estimates on spherical codes

(é1,...,en) € SU"" [~a, o]-spherical code if (e}, &) € [—a,al.
@ (linear independence) a < & = N < d;

d
. 2—« .
@ (volume counting) N < (—1,a) ;

@ (Delsarte-Goethals-Siedel) a < ﬁ N < 11:a"22dd and

equality only possible for {—«, a}-codes.

@ (Siedel) {—a, a}-codes have cardinality < @ (best
> 20°)

@ DSG bound met for some «a’s.

@ (J - Guedon 20??) a = d=1+7)/2/6, 4 > 0 then

Nmax > ed/C.



References

— W. O. AMREIN & A. M. BERTHIER On support properties of
LP-functions and their Fourier transforms. J. Functional
Analysis 24 (1977) 258-267.

— M. BENEDICKS On Fourier transforms of functions supported
on sets of finite Lebesgue measure. J. Math. Anal. Appl. 106
(1985) 180—-183.

— F. L. NAzAROV Local estimates for exponential polynomials
and their applications to inequalities of the uncertainty principle
type. (Russian) Algebra i Analiz 5 (1993) 3-66; translation in
St. Petersburg Math. J. 5 (1994) 663—-717.

— PH. JAMING Nazarov'’s uncertainty principle in higher
dimension J. Approx. Theory (2007) available in Arxiv.

—PH. JAMING & A. POWELL, Uncertainty principles for
orthonormal bases. J. Funct. Anal., 243 (2007), 611-630.



	The problem
	Definitions
	Motivation
	Questions
	Benedicks-Amrein-Berthier-Nazarov Theorem

	Benedicks's proof
	Benedick's proof
	Proof 2/2
	Random Periodization
	Random Periodization 2 : Proof
	Second proof: scaling
	Proof 2/2

	Proof of Nazarov
	Turan type Lemma
	Average order
	End of Proof 1/4
	End of Proof 2/4
	End of Proof 3/4
	End of Proof 4/4

	Almost time & band-limited
	Almost time & band-limited functions: Landau-Slepian-Pollak

	The Umbrella Theorem
	The Umbrella Theorem
	Proof
	Estimates on spherical codes

	References

