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Let S, ¥ subsets of RY.
@ (S,Y) is a annihilating pair if

suppfc S & supp?cz = f=0;

® (S,X) is a strong annihilating pair if 3D = D(S, ¥) s.t.
vf € L2(RY), suppf C ¥
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Questions

Questions

Given S, c RY

@ is (S, X) weakly/strongly annihilating ?
@ estimate C(S, X) in terms of geometric quantities
depending on S and ¥ !
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Benedicks-Amrein-Berthier-Nazarov Theorem

Main Theorem

Let S, ¥ c RY have finite measure. Then
@ (Benedicks 1974-1985) (S, ¥) is weakly annihilating.
@ (Amrein-Berthier 1977) (S, ¥) is strongly annihilating.
@ (Nazarovd =1 1993) C(S, %) < ceclSII*|

° (J d>2 2007) C(S, Z) < Cecmin(|S|\Z|,\S|1/dw():),w(3)|2|1/d)
w(8S) = mean width of S.
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Optimal Theorem ?

Optimal Theorem ?

0fe P _F S=y = B(0, R)

/ #(x)2dx < cel?r+F* / o271 i
RY R9\B(0,R)

+/ g 2mlel dg) :
R\ B(0,R)

@ Optimal: C(S,%) < ce@r+e)(ISII=)'/
@ The above is almost optimal if S, X have nice geometry!
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Proof 1/2

S|, || < +oo, f € L2(R), suppf C S&suppf C X.
Q@ WLOG |S| < 1

9/ Exz(£+k)d£:|2|<+oo:>
[071] k
fora.a. { e R, Card{k € Z : £ + k € X} finite
o / ZXS(§+k)d€=|S|<1:>3FC[0,1],|F|>Os.t.
[071] k

=0 Of >1
Vxe F.keZ, f(x+k)=0.
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Proof 2/2

© by Poisson Summation

ZfX—i—k) 2/7r§X+k) fo‘i‘k 2!7rkX
keZ KEZ

By 2, the RHS is a trigonometric polynomial Z(f)(x) in x
(for a.a. €)
By 3, the LHS is supported in [0,1] \ F

Q@ Z(H)=0=Ff=0=f=0.
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Random Periodization

Lemma (Nazarov, d = 1)

e L'(RY), ¢ >0,

[SO / > ow )) dv dvy(p) ~ /”X||>1¢(X)dx

kezda\{0}
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Random Periodization 2 : Proof

/S y / S o(va(k) dvdug(p)

kezd\{0}
= > [ ellklxdx
kEZd\{O} <HX||<2
~ Z d/ o(x)dx
kervgoy KN Jiki<ixi<zix

1
_/X||21¢(x) 2 (A

[kl <[lxl<2]lk]
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Random Periodization 2 : Proof

/SO/ Y ow ) dvdry(p)

kezd\{0}
= 3 [ ekl dx
kEZd\{O} 1<]Ix][<2
= > o p(x) dx
kezavop KN Jiki<ixi<zix
]
=1 Ikl <[Ixl|<2IlK]|

bdd above & bellow
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Turan type Lemma

Lemma (Nazarov, d = 1, Fontes-Merz d > 2)

my my
2i(r1 ., 01+ 0
0 Pl )= D D Gy, kSO T
k=0  ky=0
trigonometric polynomial in d variables.
@ ECTI,
@ Then

sSup ‘p(01779d)|

(04,...,04)€Td
14g\ ™M Ftmd
§<|E]> sup  [p(01,...,0q)|
(917---79d)6E

—ordp:=my +---+ my is called the order of p.
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Lemma

@ Y be a relatively compact open set with0 € ¥
@ A= A(p,v) :={vi(j) : je 29} arandom lattice
@ M,,={keZ?: viphk)eX}=ANX
@ then
E,yv(ord M, — d) < Cw(X).

If order — size of support, E, , (Card M, , — d) < C|Z|.
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Scale to have |S| = 29" and take f € L2 with suppf C S

1 p(k+1)

kezd
SetE,, ={te[0,1] :T,,(t) =0}
Fow(t) =va2 >~ f(v!p(m))e? ™™ (Poisson summation)
mezd
— Z + Z = Pp7V + HP7V
meMp,v mgM/),V

with M, , = {m e 29 : vip(m) € £}
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From the Lattice averaging lemma, one can choose p, v s.i.
—IAuE=C [ THOF o who

—ordP,, < C(w(X) + d) (w.h.p)
— |E,v| > 1/2 (certain)

—1(0) < |P,,(0)| (certain).

p, v s.t. all 4 properties hold.
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OnE,,,wehavel,, =0,thus P,, = —R,, so
/ P (t)2dt = / R (Rdt<c [ [He)Rde
Epv E,v RAT

S0 E = {tc E,y :|Py(t)2 <16C? fua 5 [F(€)[2 d¢} has
|E| > 1/4.
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2
02 < [P,y (0)2 < (Zﬁ;v(k)) < (sup |P,y(x)])?
kezd xeT?
o 2
14d OI'de’Vfdl
< - sup |P, v(x
< (&) selpat >r]
r 3 1/272
14d Ol‘de,v‘I -
< (142 4 c/ F(e)2 d
(14) ( [, o g) ]
< Cel®) IF(€)[2 de.

RI\E

Apply to f — f,(x) = f(x)e 2™ ¥ -~ ¥, =% — y and
integrate over y € ¥ QED
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