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© The renewal equation
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The renewal equation

Nishiura 2007: .
i(t):/o i(t— S)R(t — 5)d(s)ds.

where
@ i(t) : incidence curve, the number of daily tested positive registered.
@ R(t) : Effective Reproduction Number defined as the expected
number of secondary cases produced by a primary case at each time t.

@ ®(s) : The serial interval which gives the probability distribution of
the time between the onset of symptoms in a primary case and the
onset of symptoms in secondary cases.
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The renewal equation

Nishiura 2007:

it
~ - R =
JEi(t— 5)(s)ds D S
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L.Alvarez-M.Colom-J.M.Morel R(t) estimate. www.ipol.im/ern 2020/12/09 5/26



EpiEstim estimate of R(t)

EpiEstim (Cori et al. 2013): If j; is Poisson distributed with mean

R: ZS 1 it—s®s, and Ry = Ry, is constant in the time interval [t — 7 + 1, ]
and Gamma distributed prior, I'(a, b), then the posterior distribution of
R+ is also Gamma distributed with a posterior mean given by

E(R.,) = a+ ZE:HH Is
s T) T ; ,
b=t + Zzzt—r—i-l ZLl is— kP

default value of the parameters: 7 =7, a=1, b=5.
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EpiEstim estimate of R(t)

EpiEstim (Cori et al. 2013): If j; is Poisson distributed with mean

R: ZS 1 it—s®s, and Ry = Ry, is constant in the time interval [t — 7 + 1, ]
and Gamma distributed prior, I'(a, b), then the posterior distribution of
R+ is also Gamma distributed with a posterior mean given by

t .
a+ Zs:t—T—i-l Is
1 t . ’
b=t + > i1 2kt ik P

default value of the parameters: 7 =7, a=1, b=5.

E(Rt,T) =

Alvarez el al 2020: If a, b are time-variant and satisfy:

E(r(a, b)) —ab= - Zs t—7+1 s N E(Rtﬂ-) _ Zs t—7-+1 is

t
s=t—7+1 Zk 1is— kP s=t—7+1 Zk 1 is—kPr

that is, the means of the prior and posterior distributions are the same.
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A variational model to compute R(t)

Extending the Nishiura formula

o0

i(ty= [ i(t—s)R(t—s)®(s)ds — i(t)= i(t — s)R(t — s)®(s)ds
0

— 00
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A variational model to compute R(t)

Extending the Nishiura formula

i(l“):/0 i(t—s)R(t — s)P(s)ds — i(t):/OQ i(t — s)R(t — s)®(s)ds

Variational model

te

E{R}) =)

t=0

(

it - Zs it—th—s(bs

poo (/)

where t. is the current time

— 00

2 tC
) S We(Re— Re 1)+ S Bn(Rey — Rey )

t=1 m=0
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A variational model to compute R(t)

Extending the Nishiura formula

i(t):/o i(t— R(t— )b(s)ds  — i(t):/oo i(t — S)R(t — 5)b(s)ds

— 0o

Variational model

()= (el ey

o poo(i)

poo(f) is the 90th percentile of {i;}o .+ used to normalize the energy with
respect to the size of i
boundary conditions: R, = R for t <0 and R, = Ry, for t > t.

. {/oe"’floea(tl) if t<0;
It =

my - t+ ny if t>t.

t .
where Iy =37, o ik =~ lpe™.
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A variational model to compute R(t)

Extending the Nishiura formula

i(t) = /0 i(t—s)R(t—s)P(s)ds — i(t) = [m i(t — s)R(t — s)®(s)ds
Variational model
E({Re})= S w(Re— Re 1)+ ,
=1
= Gy, * i(t)
b poo(i)

where iy > 0 and G,,, * i(t) represents the convolution of i, with a Gaussian
kernel of standard deviation o,
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A variational model to compute R(t)

Extending the Nishiura formula

i(t) = /0 i(t—s)R(t—s)P(s)ds — i(t) = /:)o i(t — s)R(t — s)®(s)ds
Variational model
M —_
E({R:})= > Bm(Re, — Re,)?,
m=0

we can use any “a priori” estimate of Ry as the prescribed value I_?to (with
to = 0). For instance if we assume that /; = ZZZO i = lpe® then:

1—e°

RO ~ Zs(efsa _ ef($+1)a)q>s
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A variational model to compute R(t)

Extending the Nishiura formula

i(t):/0 i(t—s)R(t — s)P(s)ds — i(t):/OQ i(t — s)R(t — s)®(s)ds

— 00

Variational model

M

E({R:})= > Bm(Re, — Re,)?,
m=0

to obtain a more robust estimate of R; we can combine the values of Ry,
computed the last 3 days to obtain an initial estimate of R;_ that we use as /_?tl.
Notice that the parameter (3, determines the confidence we assing to such
estimate. Moreover comparing this last estimate of R; and the three ones
obtained in the last 3 days provides a measure of the variability of R; in the last 3
days.
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we show the R; estimate obtained by EpiEstim (dotted line) and the variational
model (solid line). The vertical line represents the 9-day shift applied to the
EspiEstim estimate to fit the results of the variational technique.
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we show the R; estimate obtained by EpiEstim (dotted line) and the variational
model (solid line). The vertical line represents the 9-day shift applied to the

EspiEstim estimate to fit the results of the variational technique.
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we show the R; estimate obtained by EpiEstim (dotted line) and the variational
model (solid line). The vertical line represents the 9-day shift applied to the
EspiEstim estimate to fit the results of the variational technique.
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we show the R; estimate obtained by EpiEstim (dotted line) and the variational
model (solid line). The vertical line represents the 9-day shift applied to the
EspiEstim estimate to fit the results of the variational technique.
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Why do we have a shift between the EpiEstim and the

variational technique estimates of R(t)?

i(t):/o i(t— R(t— 5)d(s)ds  — i(t):R(t)/o i(t — 5)b(s)ds

Nishiura

~~

EpiEstim

We can expect approximately a shift between both estimates of R(t) close
to the mean of the serial interval ®(s) (6.7 in the case of Ma et al.).
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Why do we have a shift between the EpiEstim and the

variational technique estimates of R(t)?

i(t):/o i(t— R(t— 5)d(s)ds  — i(t):R(t)/o i(t — 5)b(s)ds

~~

EpiEstim

Nishiura

We can expect approximately a shift between both estimates of R(t) close
to the mean of the serial interval ®(s) (6.7 in the case of Ma et al.).

Moreover in EpiEstim R(t) is assumed to be constant in the last 7 days
(from t — 7 to t). That introduces an extra shift.

France | United Kingdom Spain USA
shift 8.60 8.46 9.18 8.33
RMSE | 0.073807 0.091506 0.081461 | 0.019639
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@ Removing weekly administrative noise
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In the case of Germany, we plot i; between September 9 and October 28. We

observe a clear weekly periodic pattern. For instance, on Monday, the number of

cases is systematically underestimated and on Saturday the opposite.
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In blue we plot the result of applying the Nishiura renewal equation

it = Y lt—sRe—sPs. Our main assumption is that the ratio ir/i; follows a 7-day

periodic dynamic.
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“— and in black its approximation using a 7-day

periodic function. In the case of Germany we can observe that this ratio follows
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Capturing the 7-day periodic dynamic

te 2

(i R.®)= argmin  E(R®.q)=) | ie-sRes®s— quigic
a=(90,91,92,93,94,95,96) t=t—T+1\ s

where T represents the number of days used in the estimation (in our
experiments we use T = 56, that is 8 weeks). We point out that the value
e = §yo47i; can be considered as an update of i; where we have removed
the weekly administrative noise. To preserve the number of accumulated
cases in the period of estimation, we add to the minimization problem the

constraint
tc te

tc
Y= ) k=D i

t=tc—T+1 t=tc—T+1 t=tc—T+1
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flnal /t Rt,
a(i,R,®)

i, ®s, compute update i stop it- | YES
Ri=R; Q(i,R.®) Te= ez erations?

NO

compute R;
from iz, O

Flowchart of the iterative update of 7, R; and q(’, R, ®). First R; is computed
from iy and @, using the variational method and IA?t R; is initialized. Next,

q(i, RCD) is obtained using the explained strategy. Then i; is updated as
At = Qus7ie. The iteration is stopped when the efficiency measure Z defined below
does not improve in the current iteration. Otherwise, Ry is updated by the
variational method from 7t and &, and the iteration goes on.

We use as efficiency the ratio of the RMSE after and before the application of the
weekly noise removal given by:
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For Germany we plot, in black, the incidence curve i, in blue, the Nishiura

~

o lt—sRi—s®s, and in green i;

(T =0.2717).
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The online interface at https://www.ipol.im/ern

Select input(s) Upload data Clear uploads

Input(s)

Parameters Reset

Regularization weight, 10" . Vi 3
Last ERN values regularization . Max: 5
weight, 10M Min: -5

Serial interval (if not uploaded by the user) ERVEIEER v

Show advanced filtering options J

EpiEstim's offset () “ Max: 12

Remove weekly administrative noise

Country (if not uploaded by the user)
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Effective reproduction number (ERN)

plots

as ERN in Germany
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Additional Info

Weekly administrative noise reduction:
RMSE Reduction factor : ©.246567

Infections in Germany
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S
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A 2o
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.
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Weekly noise correction factors (the last factor corresponds to the last day of the registered number of infections):

1.007298 - ©.836259 - ©.798128 - 0.800169 - 1.123279 - 1.52.
Download the output (CSV) of the algorithm and the figures:

2 Rn (csV)| (B Figure: ERN] [E Figure: infections |

3517 - 1.246714
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The online interface at https://www.ipol.im/ern

A B C D E F
1 Rt Nishiura formula original incidence variability the last 3 days
323 0.970097 18479.15233 10824 0.000359
324/ 0.970964 18327.05622 14419 0.000434
B25) 0.971989 18186.52475 17561 0.000518
326 0.973119 18077.91702 22609 0.000607
327 0.974665 18004.64462 23648 0.000692
328 0.977064 17951.38856 22964 0.000764
329 0.980588 17894.47728 15741 0.000822
330 0.985231 17824.16959 10864 0.000887
331) 0.99081 17756.83395 13554 0.001013
332 0.997283 17717.20916 18633 0.001271
833 1.004887 17715.26023 22268 0.001735
334 1.01381 17739.1558 22806 0.002453
335 1.023935 17766.56375 21695 0.003444
336 1.034627 17783.82993 14611 0.004698
337 1.044913 17792.48938 11169 0.006186
338/ 1.053719 17806.92637 13604 0.007874
339 1.060262 17849.09012 17270 0.009706
340 1.06416 17936.65328 22046 0.011624
341 1.065434 18076.54668 23448 0.013578
342 1.064605 18266.12333 23318 0.015542
343 1.062389 18484.96068 17767 0.017531
344 1.059378 18699.41155 12332 0.019874
345/ 1.056076 18887.3261 14055 0.02257
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Effective reproduction number (ERN)

plots
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Additional Info

Weekly administrative noise reduction:
RMSE Reduction factor : ©.664453
Weekly noise correction factors (the last factor corresponds to the last day

of the registered number of infections):
1.019808 - ©.958767 - ©.968317 - ©.851732 - 1.002146 - 1.197887 - 1.049581 -

Download the output (CSV) of the algorithm and the figures:

[BRn (csv))

2 Figure: ERNJ | B Figure: infect]ons\



https://www.ipol.im/ern

@ Conclusions

L.Alvarez-M.Colom-J.M.Morel R(t) estimate. www.ipol.im/ern 2020/12/09 24 /26



Conclusions

@ Based on the Nishiura formulation of the renewal equation we propose a
variational technique to compute Rt.

@ The method can use serial intervals with negative days (as it is the case for
the SARS-CoV-2). Thus, it avoids an artificial truncation of the distribution.

@ The method computes a point estimate of R; up to the current date. It
seems to provide a more to date (by more than 8 days) estimate of R; than
EpiEstim.

@ The method does not assume any statistical distribution for R;. The main
assumptions are that the R; estimate should follow the renewal equation but
keeping R; regular enough. We include this regularity hypothesis in the
model using standard techniques of calculus of variations.

@ we propose to capture and to remove the weekly administrative noise
assuming that the ratio of the evaluation of the Nishiura formula and the
incidence curve follows a 7-day periodic dynamics.

@ An implementation of the method is available online at
https://www.ipol.im/ern.
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Publications (MedRxiv preprints)
A variational model for computing the effective reproduction number of

SARS-CoV-2
https://www.medrxiv.org/content/10.1101/2020.08.01.20165142v3

Removing weekly administrative noise in the daily count of COVID-19 new
cases. Application to the computation of Rt.
https://www.medrxiv.org/content/10.1101/2020.11.16.20232405v1

Online interface: https://www.ipol.im/ern
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