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Physical Distancing is a Game
For example:

Epidemiologically
If everyone else is staying away from the office then there is little
risk if you go into work. But if everyone follows this reasoning
then problems can clearly arise.

Economically
If you run a business then there is strong incentive to stay open if
customer are out. But this incentive is much weaker if most
people are physical distancing.
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Some Canonical Games
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Trivial Game Coordination Game

Diversification Game Prisoner’s Dilemma Game
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Overall Model Structure
A population of citizens or ‘agents’ who each act individually in
their own personal interest (e.g., physical distancing or not).
The population is large enough that any single agent makes up a
negligibly small component.
A government leader who can compel coordinated action among
agents if this would be to their benefit (e.g., stay-at-home orders
or back-to-work orders)

Questions:
How do an individual’s incentives change over the course of a
disease outbreak?
How should a government leader intervene?
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The Epidemiology
States {S , C, I ,RC ,RI}
Fraction of population in each state denoted by S,C, I,RC ,RI

Recovered individuals in states RC and RI are immune.

S C

I RI

RC

Not-yet-sick

Asymptomatic

Symptomatic
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The Decision Variable

S C

I RI

RC

Not-yet-sick

Asymptomatic

Symptomatic

δi(t) ∈ {0,1} is distancing strategy for an agent in state i
α ∈ (0, 1) is effectiveness of distancing (if δi(t) = 1 then contact
rate is proportional to 1− α)
di(t) = E[δi(t)] is frequency of state i agents with δi(t) = 1
Contact rate of class of state i individuals at time t is
proportional to di(t)× (1− α) + (1− di(t))× 1 = 1− αdi(t)
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Information States & Assumptions

S C

I RI

RC

Not-yet-sick

Asymptomatic

Symptomatic

All symptomatic infections distance (δI(t) ≡ 1, dI(t) ≡ 1)
Those recovered from symptomatic infection do not distance
(δRI (t) ≡ 0, dRI (t) ≡ 0)
States {S , C,RC} form a single information state, N , for
‘not-yet-sick’ (δS = δC = δRC = δN )

Troy Day Epidemiology and Economics of Physical Distancing During Infectious Disease Outbreaks28th October 2020 11 / 32



S C

I RI

RC

Not-yet-sick

Asymptomatic

Symptomatic

S′ = −λ(C, I,dN )(1− αdN )S
C′ = λ(C, I,dN )(1− αdN )S − σC − γC
I′ = σC − γI − vI

R′C = γC
R′I = γI

λ(C, I,dN ) = βC(1− αdN )C + βI(1− α)I
S(0) = 1− C(0)− I(0) , C(0) ≈ 0, I(0) ≈ 0, RC(0) = 0, RI(0) = 0
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Individual State Transitions
Let Y (t) ∈ {S , C, I ,RC ,RI} be a stochastic process (CTMC)
representing the state of an individual at time t . The probability, pi(t),
that Y (t) is in state i at time t is governed by:

p′S = −λ(C, I,dN )(1− αδN )pS
p′C = λ(C, I,dN )(1− αδN )pS − σpC − γpC
p′I = σpC − γpI − vpI

p′RC = γpC
p′RI = γpI

Initial conditions: pS(0), pC(0), pI(0), pRC(0), pRI (0)
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The Epidemiology
Population Dynamics: ẋ = g(x)

x =




S
C
I

RC
RI




g(x) =




−λ(C, I,dN )(1− αdN )S
λ(C, I,dN )(1− αdN )S − σC − γC

σC − γI − vI
γC
γI




Individual State Dynamics: ṗ = Q(x) · p

p =




pS
pC
pI

pRC
pRI




Q(x) =




−λ(C, I,dN )(1− αdN ) 0 0 0 0
λ(C, I,dN )(1− αdN ) −σ− γ 0 0 0

0 −σ −v − γ 0 0
0 γ 0 0 0
0 0 γ 0 0



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The Economy McAdams, D. 2020. Covid Economics: 16:115-134

The rate of economic flow to an individual agent at time t is

b(δi ;A(t)) = a0 + (1− αδi)F (A)

where A(t) = (1− αdN (t))N(t) + (1− α)I(t) + RI(t) is the average
availability of others for interactions and a0 >0.

F (A) represents the economic benefit of activity to an individual
agent, which depends on the activity of others (we assume
F (0) >0,F ′(A) >0)
We will typically take F (A) = a1 + a2A with a1 >0 and a2 >0.
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The Objective
Define:

pi|j (τ; t) = P(Y (τ) = i|Y (t) = j) with τ ≥ t
h is discounting rate (including other mortality, development of treatments, etc.)
Vi (x(t)) as present value of all economic flow from time t onward for an agent in state i

VS(x(t)) =
∫ ∞

t
e−h(τ−t) ((pS|S + pC|S + pRC |S)b(δN ;A) + pI|Sb(1;A) + pRI |Sb(0;A)

)
dτ

VC(x(t)) =
∫ ∞

t
e−h(τ−t) ((pC|C + pRC |C)b(δN ;A) + pI|Cb(1;A) + pRI |Cb(0;A)

)
dτ

VI(x(t)) =
∫ ∞

t
e−h(τ−t) (pI|Ib(1;A) + pRI |Ib(0;A)

)
dτ

VRC (x(t)) =
∫ ∞

t
e−h(τ−t)b(δN ;A)dτ

VRI (x(t)) =
∫ ∞

t
e−h(τ−t)b(0;A)dτ

Maximize: VN (x(t)) = pS
pN

VS(x(t)) + pC
pN

VC(x(t)) +
pRC
pN

VRC(x(t))
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Vi (x(t)) =
∫ ∞

t
e−h(τ−t) ((pS|i + pC|i + pRC |i )b(δN ;A) + pI|i b(1;A) + pRI |i b(0;A)

)
dτ

Consider a single agent’s decision in small interval of time from t to t + dt ,
assuming all agents’ strategies from t + dt onward are optimal (denoted by a ∗).

Vi (x(t)) ≈ b(δi ;A)dt

+

∫ ∞
t+dt

e−h(τ−t) ((pS|i + pC|i + pRC |i )b(δ
∗
N ;A) + pI|i b(1;A) + pRI |i b(0;A)

)
dτ

≈ b(δi ;A)dt + e−hdt
∑

k

P(Y (t + dt) = k |Y (t) = i)V∗k (x(t + dt))

≈ b(δi ;A)dt + V∗i (x(t))− hV∗i (x(t))dt

+
∑

k

Ṗ(Y (t) = k |Y (t) = i)V∗k (x(t))dt + V̇∗i (x(t))dt
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Hamilton-Jacobi-Bellman Equation

h~V = ~b + Q(x)T · ~V + J · g

~V =




VS
VC
VI

VRC
VRI




~b =




b(δN ;A)
b(δN ;A)
b(1;A)

b(δN ;A)
b(0;A)




J = Jacobian of ~V wrt x(t)

Maximize: VN (x(t)) = pS
pN

VS(x(t)) + pC
pN

VC(x(t)) +
pRC
pN

VRC(x(t))
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Agent’s Objective Function

Instantaneous Reward:
π(δN ,dN ) =

a0︸︷︷︸
baseline reward

+ (1− αδN )︸ ︷︷ ︸
agent’s activity level

[F (AdN )− qSλdN H(t)︸ ︷︷ ︸
net payoff for activity

] + (1− αdN )SλdN D(t)︸ ︷︷ ︸
payoff to agent of others’ actions

where H(t) = V ∗S − V ∗C , D(t) =
(∂V∗N
∂C −

∂V∗N
∂S

)
, qS = pS/pN

H(t) = cost to an N -agent of getting infected at time t
D(t) = payoff to an N -agent of others getting infected at time t
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Game Definitions
No-distancing, trivial game
π(0,dN ) >π(1,dN ) and π(0,0) >π(1,1)
Distancing, trivial game
π(0,dN ) <π(1,dN ) and π(0,0) <π(1,1)
No-distancing, prisoner’s dilemma
π(0,dN ) >π(1,dN ) and π(0,0) <π(1,1)
Distancing, prisoner’s dilemma
π(0,dN ) <π(1,dN ) and π(0,0) >π(1,1)
Coordination game
π(0,0) >π(1,0) and π(0,1) <π(1,1)
Diversification game
π(0,0) <π(1,0) and π(0,1) >π(1,1)
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Suppose both C(0) >0 and I(0) >0 are arbitrarily small.

Lemma (The outbreak is transient)
C → 0 and I → 0 as t →∞, regardless of agents’ behaviours.

Lemma (Nobody should distance before or after the outbreak)
In the limits t → 0 and t →∞, agents are engaged in a no-distancing, trivial
game.
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Theorem (Asymptomatic Transmission)
Part (A). Suppose βI = 0. If the outbreak grows large enough to incentivize
agents to distance, then they become engaged in a diversification game at
this point. Likewise, as the outbreak subsides and I → 0 and C → 0, agents
will again become engaged in a diversification game before all agents
cease distancing. Furthermore, if the outbreak is large enough, then there
is a period of time during the middle of the outbreak where all agents are
engaged in a distancing, trivial game (i.e., they all prefer to distance).

Part (B). Suppose further that the payoff for others becoming infected, D(t), is
always non-positive. Then agents will become engaged in a no-distancing,
prisoner’s dilemma immediately prior to, and immediately after, they engage
in the diversification game. At such times, all agents would benefit if a
government leader intervened and enforced a stay-at-home order.
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Individual Incentive
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Theorem (Symptomatic Transmission)
Part (A). Suppose βC = 0. If the outbreak grows large enough to incentivize
agents to distance, then they become engaged in a coordination game.
Likewise, as the outbreak subsides and I → 0 and C → 0, agents will
again become engaged in a coordination game before all agents cease
distancing. Furthermore, if the outbreak is large enough, then there is a
period of time during the middle of the outbreak where all agents are engaged
in a distancing, trivial game (i.e., they all prefer to distance).

Part (B). Suppose further that the payoff for others becoming infected, D(t),
is always non-negative. Then agents will become engaged in a distancing,
prisoner’s dilemma immediately prior to, and immediately after, the distan-
cing, trivial game. At such times, all agents would benefit if a government
leader intervened and enforced a back-to-work order.
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Stay-at-Home Order
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Acting on Incentives Changes the Game
Asymptomatic Transmission:
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Summary
1 Asymptomatic Transmission: Collective distancing increases activity payoff.
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2 Symptomatic Transmission: Collective distancing decreases activity payoff.
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3 Acting on incentives (individuals or government) can change the nature of the game.

Joint work with:

David McAdams, Fuqua School of Business and Economics Department, Duke University
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