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Abstract In this article we revisit the perturbation of exponential trichotomy of linear dif-
ference equation in Banach space by using a Perron-Lyapunov fixed point formulation for
the perturbed evolution operator. This approach allows us to directly re-construct the per-
turbed semiflow without using shift spectrum arguments. These arguments are presented to
the case of linear autonomous discrete time dynamical system. This result is then coupled
to Howland semigroup procedure to obtain the persistence of exponential trichotomy for
non-autonomous difference equations.
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1 Introduction

Let A € £ (X) be a bounded linear operator on a Banach space (X, ||.|). Recall that the
spectral radius of A is defined by

r(A) = nEToo A" ||1£/&) .

Assume that A has a state space decomposition, whenever A is regarded as the following
discrete time dynamical system

(1.1)

Xp41 = Ax,, forneN,
xo=x € X.
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Namely, we can find three closed subspaces X s the stable subspace, X . the central subspace,
and X, the unstable subspace such that

X=X X X,and A(Xy) C Xk, Vk=s,c,u.

Moreover if we define for each k = s, ¢, u, Ay € L (Xy) the part of A in X; (i.e. Axx =
Ax, Vx € Xi). Then there exists a constant o € (0, 1) such that

r(Ay;) <a<l1
the linear operator A, on X, is invertible and
r (A;l) <a<l1
and the operator A. on X, is invertible and
r(Ay) < o 'andr (Ac_l) <ol

We summarize the notion of state space decomposition into the following definition. In
the context of linear dynamical system (or linear skew-product semiflow) this notion also
corresponds to the notion of exponential trichotomy. The following definition corresponds
to the one introduced by Hale and Lin in [13].

Definition 1.1 Let A € £ (X) be a bounded linear operator on a Banach space (X, |.|). We
will say that A has an exponential trichotomy (or A is exponentially trichotomic) if there
exist three bounded linear projectors I, I1., [T, € £ (X) such that

X :X‘v @X(:@Xu,

and
A(Xy) C Xk, VYk=s,c,u,

where X := Iy (X), fork = s, ¢, u, and
Xc ® Xu = (I - Hs)(X)» Xs @ Xu = (l - HL)(X) and XS @ Xc = (I - Hu)(X)-
Moreover we assume that there exists aconstanta € (0, 1) satisfying the following properties:

(i) Let Ay € £ (X;) be the partof A in X (i.e. As(x) = A(x), Vx € X;) we assume that
r(As) <a;
(i) Let A, € £(X,) be the part of A in X, (i.e. A,(x) = A(x), Vx € X,) we assume
that A, is invertible and r (A;l) <a;
(iii) Let A, € L (X.) bethe partof Ain X, (i.e. Ac(x) = A(x), Vx € X.)we assume that
A is invertible and r (A.) < «~ ! and r (A;l) <o L

Let A : D(A) C X — X is a linear operator on a Banach space X . LetY C X isa
subspace of X. Recall that Ay : D (Ay) C Y — Y the part of A in Y is defined by

D(Ay):={xe D(A)NY : Ax € Y} and Ayx = Ax, Vx e D(Ay).

Note thatin Definition 1.1 only the forward information are used on the stable part X s, forward
and backward for the central part X, while only backward information are necessary on the
unstable part X,,. This remark motivates the following definition of exponential trichotomy
for unbounded linear operator operator that will be used throughout this work.

@ Springer



J Dyn Diff Equat (2016) 28:93-126 95

Definition 1.2 Let A : D(A) C X — X be a closed linear operator on a Banach space
(X, |I.1). We will say that A has an exponential trichotomy (or A is exponentially tri-
chotomic) if there exist three bounded linear projectors Iy, I1., [T, € £ (X) such that

X =X, X, ® Xy, where Xy :=1T1; (X)), Vk=s,c,u, (1.2)
and
Xe® Xy = —T)(X), Xy & Xy = (I —TI)(X) and Xy & X = (I — I1,)(X).
Moreover we assume that
D(A) = X; ® Xc ® (D(A) N Xy).

and
ADAYNXy) C X, Vk=s,c,u. (1.3)

Furthermore we assume that there exists a constant @ € (0, 1) satisfying the following
properties:

(i) Let Ay € L(Xj) be the part of A in X, we assume that
r(4s) S a; (1.4)

(i) Let A, : D(A,) C X, — X, be the part of A in X,,, we assume that A, is invertible
and
(A7) <o (1.5)

(iii) Let A, € L(X,) be the part of A in X, we assume that A, is invertible and
r(Ay) <ot andr(A;l) <ol (1.6)

Remark 1.3 The above properties (1.5)—(1.7) are also equivalent to say that there exist three
constants ¥ > 1 and 0 < pg < p such that

|AL] i, < €™, Vnez, (1.7)

| A% £ x,) S ke, VneN, (1.8)
0 € p (A,) the resolvent set of A, and

4" 2 x,) S xe™™, VneN. (1.9)

In the sequel, the above estimates will be referred as exponential trichotomy with exponents
Po < p, constant k and associated to the projectors {I1%},_; . .

Remark 1.4 Since the linear operator A is assumed to be closed, by the closed graph theorem,
Definition 1.2 coincides with Definition 1.1 if and only if D(A,) = X,,.

By using the definition of exponential trichotomy we may also define the notion of expo-
nential dichotomy.

Definition 1.5 Let A : D(A) C X — X be a closed linear operator on a Banach space

(X, |I.1). We will say that A has an exponential dichotomy if A has an exponential trichotomy
with X, = {0}.

@ Springer



96 J Dyn Diff Equat (2016) 28:93-126

The aim of this paper is to study the persistence of exponential trichotomy (according to
Definition 1.2) under small bounded additive perturbation. Before going to our main result
and application to non-autonomous problems, let us recall that exponential dichotomy (tri-
chotomy and more generally invariant exponential splitting) is a basic tool to study stability for
non-autonomous dynamical systems (see for instance [2, 11,20] and the references therein). It
is also a powerful ingredient to construct suitable invariant manifolds for non-linear problems
(see [2,6,10] and the references therein). In the last decades a lot of attention has been paid to
and much progress has been made in understanding invariant splitting for non-autonomous
linear dynamical systems (continuous time as well as linear difference equations) as well as
their persistence under small perturbations. We refer for instance to [8,9,13,14,19,21-24]
and the references cited therein.

Let us also mention the notion of non-uniform dichotomy and trichotomy in which the
boundedness of the projectors is relaxed allowing unbounded linear projectors (see for
instance [1—4] for non-autonomous dynamical systems and [27] for random linear differ-
ence equations).

The persistence of exponential splitting under small perturbation is also an important
problem with several applications in dynamical systems such as shadowing properties. We
refer to Palmer [16,17] and the references therein.

Finally we would like to compare our definition of exponential splitting with the one
recently considered by Potzsche in his monograph (see Chap. 3 in [20]). In the homogeneous
case, Potzsche considers exponential splitting for a pair of linear operators (A, B) € £(X,Y)
where X and Y denote two Banach spaces. Note that X can be different from Y so that this
framework applies to closed linear operators. Let us recall that when (A, B) € £(X, Y) one
may consider the corresponding (Y -valued) linear difference equation on X defined as

Bxyy1 = Axg, keZ.
We now recall the definition of exponential dichotomy used by Potzsche in [20]:

Definition 1.6 An operator pair (A, B) € £(X, Y)? acting between two Banach spaces X
and Y is said to have an exponential dichotomy if there exist« > 0, p > 0 and two orthogonal
and complementary projectors I, IT, € L£(X) such that, by setting X; = Il (X) for
k=s,u

X=X,®X,
ker Blx, = {0}, R (AIl,) C R (BIl,) =: Y,
ker Ajx, = {0}, R (BII,) C R (AIl,) =: Y,

and @, := (B‘}SlA)m € £(X,) and @, = (A"Yi B)m € £(X,) while

1DV cxy) < ke ™, and |}l ox,) < ke Vn >0.

Note that when A : D(A) C X — X is a closed linear operator, the application of this
theory to the pair (A, J) € L(D(A), X) (where J : D(A) — X denotes the canonical
embedding from D (A) into X i.e. J(x) = x, Vx € D (A)) would lead us to a splitting
of the Banach space D(A) (endowed with the graph norm). Let us also notice that when
A € L£(X) has an exponential dichotomy (according to Definition 1.1) then the pair (A, Ix) €
£(X)? has an exponential dichotomy in the above sense (Definition 1.6). In the same way
when A € £(X) has an exponential trichotomy (according to Definition 1.1) then the pair
(A, Ix) € £(X)?has 3-exponential invariant splitting in the sense of Potzsche [20, Definition
3.4.12, p. 135].
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Now let A : D(A) C X — X be an exponential dichotomic closed linear operator with
parameters k > 0, p > 0 and > 0 and projectors [1x k = s, u (see Definition 1.2). Consider
the linear operator Be L(X) defined by B= (A;1 I1, + HS) € L(X). Then by applying B
on the left side of (1.1), the linear difference equation x,,+; = Ax, becomes

Bx,+1 = BAx,

or equivalently
Bxy41 = Axy

where A = I, + ATy € £(X) is a bounded extension of BA : D(A) C X — X (the
unique bounded extension if A is densely defined). In order to deal with the above linear
difference equation, one may consider the operator pair (Z , §) Note that ker B = {0} and
B~':D(B~') C X — X is the closed linear operator defined by

D(B™') = R(B) = X, ® D(A) N X, = D(A) and B~" = A1, +I,.

Then it is easy to check that if A : D(A) C X — X has an exponential dichotomy (see
Definition 1.2) then the pair (B, A) € £(X)? has an exponential dichotomy according to
Definition 1.6.

One can therefore try to use this operator pair framework to study the persistence of
exponential dichotomy provided by the extended Definition 1.2. Let recall that Potzsche
derived in his monograph a general roughness result using the operator pair framework (see
Theorem 3.6.5, p. 165). Let (A, B) € L(X, Y)2 be an exponential dichotomy operator pair
and let (X, B) e L(X,Y )% be a given perturbation. Then if

R(A) C R(B), R(A) C R(B) and R (B) C R(B)

then under suitable smallness assumptions the operator pair (A +A B+ E) has an expo-
nential dichotomy.

Consider an exponentially dichotomic closed linear operator A : D(A) C X — X as well
as a small perturbation C € £(X). Using the above transformation the linear difference
equation xx4+1 = (A 4 C)xy rewrites as studying the invariant splitting for the operator pair
(B, A+ BC) € £(X)?. In that context, note the compatibility condition R (A) C R (B)
re-writes as X, @ R (Ay) C (D(A) N X,) @ X, thatis true if and only if D(A) N X, = X,,,
that is D(A) = X and A € £(X). Here since A is closed the closed graph theorem implies
that A is bounded.

As a consequence, the general persistence results of Potzsche in [20] cannot directly apply
to study the persistence of the splitting for the class of linear unbounded operators.

In this work we propose to revisit the problem of persistence of exponential trichotomy
for the class of operators described in Definition 1.2 by dealing with a direct proof based
on Perron—Lyapunov fixed point argument for the perturbed semiflows and projectors. More
specifically if B € £ (X) (with || B|| z(x) small enough) we aim at investigating the persis-
tence of such the state space decomposition for a small bounded linear perturbation of an
exponentially trichotomic closed linear operator A : D(A) C X — X.

The main result of the manuscript is the following theorem.

Theorem 1.7 (Perturbation) Let A : D(A) C X — X be a closed linear operator on a
Banach space X, and assume that A has exponential trichotomy with exponents py < p,
constant k and associated to the projectors {I1},_; ., (see Remark 1.3). Then for each B €
L (X) with || Bll z(x) small enough the closed linear operator (A + B) : D(A) C X — X
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has an exponential trichotomy, which corresponds to the following state space decomposition
X=X, 0X® X,
and which corresponds to the bounded linear projectors ﬁs, ﬁc, ﬁu € L (X) satisfying
Xi =T (X), Vk=s,c,u,
and
X ®Xy=(U—-T)X), X ® Xy = (I —T)(X) and X5 & Xe = (I — T1,)(X).
Moreover precisely, let three constants py, p € (0, +00) and k be given such that

O<pyo<po<p<pandk > k.

There exists 8o = 8o (0o, PO, P, P, K, K) € (0 V2 - l) such that for each § € (0, K+5o) if

1Bllzcx)y <9, then (A + B) has an exponential trichotomy with exponent 00 and p and with
constant k.
Moreover, the three associated projectors g, I, I, € L (X) satisfy

~ K8
||l'[k _Hk||£(X) < ﬁ <6y < \/5—1 Vk =s,c,u,
and as a consequence the subspace ?k = ﬁk (X) is isomorphic to the subspace X =
i (X))
Furthermore the following estimates hold true for each n € N,
|a+ By T, — AT S
S E(X) — 50 8 k]
-n n K8 —ﬁn
A+ B)," T, M g ix) = So—58°
and for eachn € 7
i polnl
A+ B); e = APTLe | 1 ) < 5 — SePl,

In case of bounded linear operator the above result is a particular case of the result proved
by Potzsche in [20] and by Pliss and Sell [18] using perturbation of exponential dichotomy
for linear skew product semiflow and shifted operators. For the class of unbounded linear
operator we consider in this work this result is new.

In addition, the above result has some consequence for non-autonomous discrete time
linear equations by using Howland semigroup procedure to re-formulate such problems as
autonomous systems.

In the next subsection we will state some consequences of Theorem 1.7. Section 2 is
devoted to the proof of Theorem 1.7. Section 3 is concerned with the application of Theorem
1.7 for non-autonomous dynamical system (see Theorem 2.2). We also refer to Seydi [25]
for further application in the context random dynamical systems and shadowing of normally
hyperbolic dynamics.
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2 Consequences of Theorem 1.7 for Discrete Time Non-autonomous
Dynamical System

As mentioned above, exponential trichotomy or dichotomy play an important role in the
study of the asymptotic behaviour of non-autonomous dynamical systems. Roughly speaking
exponential trichotomy generalizes the usual spectral theory of linear semigroups to linear
evolution operators. It ensures an invariant state space decomposition at each time into three
sub-spaces: a stable, an unstable and central space in which the the evolution operator has
different exponential behaviours. Let A = {A,},cz : Z — L(Y) be a given sequence of
bounded linear operators on the Banach space (Y, || ||). Consider the linear non-autonomous
difference equation

x(n+1)=A,x(n), forn >m, x(m)=x,c¢€Y. 2.1)

Let us introduce the discrete evolution semigroup associated to A defined as the 2-parameters
linear operator on Ay := {(n,m) € Z* : n > m} by

Ur(n,m) :=A,_1...Ap, ifn>m, andly, ifn=m,

wherein /y denotes the identity operator in Y. In the following we will always use the notation
n > m as well as Up (n, m) for the evolution semigroup. Whenever Uy (m, n) is considered
this will mean that Uy (n, m) is invertible and

Us (m,n) = Ux (n,m)"".
Let us observe that Uy satisfies
Ua (n, k) U (k,m) = Up (n,m) foreachn >k > m.

Then let us recall the following definition taken from Hale and Lin [13].

Definition 2.1 (Exponential trichotomy) Let A = {A,},,cz : Z — L(Y) be given. Then Up
has an exponential trichotomy (or A is exponentially trichotomic) on Z with constant «,
exponents 0 < pg < p ifthere exist three families of projectors [1% = {l'lz} 27— L(Y),
with @ = u, s, ¢ satisfying the following properties:

nez

(i) Foralln € Zand «, B € {u, s, c} we have
MoTY =0, if o # B, and [T 4+ 1% + T1< = Iy.
(ii) For all n, m € Z with n > m we have
Ug (n,m) ;=TI Ux (n,m) = Up (n,m) 115, fora =u,s,c.

(iii) Ug (n, m) is invertible from IT3, (Y) into IT}; (Y) for all n» > m in Z, & = u, ¢ and its
inverse is denoted by UY (m, n) : II7 (Y) — I, (¥).
(iv) Foreach y € Y we have foralln,m € Z

U om) TG,y || < ceoln=0y, 2.2)
andifn >m

|Ux (0, m) T, || < ke |1y, 2.3)

UK (m.n) Ty | < ke |y (2.4)
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Let us observe that the operators U (n, p) € L (Y),forn > pinZanda = u, s, c (resp.
Ug (p,n), forn > pinZand a = u, c) inherit the evolution property of U, that reads as

Ug (n, p)UR (p,m) =Ug (n,m), VYn>p>minZanda =u,s,c,
respectively
U (m, p)US (p,n) =Uy (m,n), VYn>p>minZanda = u,c.

Before stating our result, let us notice that since IT; = UX (n,n), fora = u,s,c and
n € Z, property (iv) in Definition 2.1 implies that the projectors are uniformly bounded by
the constant «.

Using Howland’s semigroups like procedure (see Chicone and Latushkin [7]), as a con-
sequence of Theorem 1.7, we obtain the following version for non-autonomous dynamical
systems.

Theorem 2.2 (Perturbation) Let A : Z — L(Y) be given such that Ux has an exponential
trichotomy on Z with constant k, exponents O < pg < p and associated to the three families
of projectors {T1* : Z — L(Y)}y=s.cu- Let po < Po < p < p and & > k be given. Then

2
there exists 8o := 80 (po, 00, P, P, K, K) € (0, V2 — 1) such that for each § € (0, Kj_oéo)
and each B : Z — L(Y) with

sup [ B, |l < 4,

nez
the evolution semigroup U g has an exponential trichotomy on 7 with constant k, exponents
0, po and projectors {ﬁ"‘}azwqu. Foreachn € Zand o = u, s, c, the spaces R (Hz) and
R (ﬁg) are isomorphic. Moreover the following perturbation estimates hold true: we have
foralln > p,

Ko

|UA 8 (. p) = Ux (. p)|| < me‘ﬁ(”‘m, 2.5)
u u K6 —ptn—p)
H Upip (p,n) — Uy (1) H = me ) (2.6)
and for all (n, p) € Z
¢ ¢ K8 Soin—pl
|Us g (. p) —Ug (n. p)| < 505" . (2.7)

The proof of the above result will be obtained as a consequence of Theorem 1.7 by
using Howland procedure (we refer to the monograph of Chicone and Latushkin [7] and
the references therein). To be more precise, let ¢ € [1, oo] be given and let us introduce
the Banach space X = [9(Z, Y). Let us consider the closed linear operator A : D (A) C
19(Z; Y) — 19(Z; Y) defined by

DA ={ueX: {Aulez € X},

(2.8)
(Au)y = Ag_1ug—1, Vk € Z, Yu € 19(Z; Y).

Then we will show if A has an exponential trichotomy (according to Definition 2.1) then the
linear operator A also has an exponential trichotomy (see Definition 1.2). Note that Theorem
2.2 is not a new result (see Potzsche [20] and the reference therein). However since we do
not assume that the sequence A is uniformly bounded, the Howland evolution operator is not
bounded and therefore our proof of Theorem 2.2 is new.
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Note that since operator (A, D (A)), one can apply Theorem 1.7 with general small
perturbation 5 = (B,', j) . jyezr € L(X) to obtain the peristence of exponential dichotomy
or trichotomy for some advanced and retarded perturbation of (2.1) of the form:

Xn4+1 = Apxp + Z B,,,jxj.
jez

Of course, in such a setting the perturbed projectors 1% does not a simple form but are “full”
matrix operators.

To conclude this section, in view of Definition 1.2, we will introduce without any proof the
new class of sequence of closed linear operators A = {A,}, <z such that the corresponding
Howland evolution operator has an exponential trichotomy and for which perturbation result
(see Theorem 2.2) holds true. To do so let us consider for each n € Z a closed linear operator
A, D(A,) C Y — Y. Weintroduce the following definition:

Definition 2.3 We say that the sequence A = {A, : D(A,) C Y — Y},cz. A is exponen-
tially trichotomic) on Z with constant «x, exponents 0 < pg < p if there exist three families
of projectors 1% = {Hﬁ} 1 Z — L(Y), with @ = u,s, ¢ satisfying the following
properties:

nez

(i) Foralln € Zand «, B € {u, s, ¢} we have
M’ =0, ifa # B, and I3, + 1" + 115 = Iy.

(ii) Forall n € Z we have D(A,) = IT5(Y) & T5(Y) & (D(A,) NTI%4(Y)) and for each
a=s,c,ud, (DA,)NTLY)) C %, (V).

(iii) For each n € Z the operator A;, := (An)re (y) is invertible from IT}, (Y) onto I} ; (Y)
and the operator A% : D (A4) C ME(Y) — ¥, (Y) is invertible with (A~ e
£ (M, (Y), Ta(Y)).

Now for each n > m we set fora = s, c:

Ug (n,m) := AS_|.. . AY IS, ifn>m, and Iy if n = m,

R 1
and for each n > m we set for o = u, c:
Ug (m, n) := (Af‘n)7l ( g71)71 I3, ifn>m, and Iy ifn = m.
(iv) Foreachy € Y we have foralln,m € Z
|US (nym) T, | < ce™ =yl
andifn >m
|UX () T,y | < ke 1yl
|U% Gm.m) Ty | < e |y
Using the above definition, one can check that if A = {A, : D(A,) CY — Y},cz is

an exponentially trichotomic sequence of closed linear operators then the linear operator
A:D(A) C X — X defined by

D(A) ={ueX: ux € D(Ay), Yk € Zand (Ayun),ez € X},
(.Au)k = Akflukfl, k € Z, uebD (.A) .

has an exponential trichotomy according to Definition 1.2.
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3 Proof of Theorem 1.7
3.1 A Continuity Projector Lemma

The following lemma is inspired from [5, Lemma 4.1].

Lemma3.1 LetT1 : X — X and Tl : X — X be two bounded linear projectors on a
Banach space X. Assume that

|0 —T0] 4y < SwithO <8 <vV2—1. 3.1

Then 11 is invertible from n (X) into IT (X) and

)

i(S llxIl, Vx € IT (X). (3.2)

Remark 3.2 By symmetry, the bounded linear projector M is also invertible from I1 (X) into
IT(X) and

| (Fineo) ™« = 115 lxll, Vx e T (X) (3.3)

Proof We will first prove two claims.
Claim 3.3 Ifﬁl_l is invertible from ﬁ(X) into Tl (X) then Mis onto from I1 (X) into yi (X).

Proof of Claim 3.3 Let y e f (X) be glven Since the map TI is invertible on 1 (X), there
exmts a unique x € m (X) such that fIx = y. Therefore by settmg x =TIlx € T (X) we
have T = v, which implies the surjectivity of f from I (X) onto m (X). O

Claim 3.4 Ifl'[ﬁ is invertible from T1(X) into T1(X) then T is one to one from T1(X) into
I(Xx).

Proof of Claim 3.4 Let x € TI(X) be given such that [lx = 0. Then we have Tflx = 0.
Since ITIT is invertible from IT(X) into IT1(X) we deduce that x = 0 and the claim follows.
O

Let us now prove that [II is invertible from ﬁ(X ) into ﬁ(X ). First note that one has
0n =7 — (1 —1I).
Hence it is sufficient to prove that

= ﬁn||L(ﬁ(X)) <1 (3.4)

Letx € ﬁ(X ) be given. Then we have
x—ﬁl’[x:ﬁx—ﬁﬂx:[ﬁ—l’[]x—l—[ﬁ—l’[]nx.

Thus R N -
|lx = Tx | < |TT =T o el [T = 10| £ ) TR

and R
| — TITLx | <& flxl + &8 [ITTx] .

Since x € ﬁ(X) we have

I'[x=l'[x—x+x=1'[x—ﬁx+x, 3.5)
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hence
Il < [ = gy, + 1] Il < (1 +8) -

Then we obtain R R
|x —TMx| <8 @+8) Ixll, Vx e I(X).

Recalling that§ € (O, V2 - 1), thatreads$ (2 + &) < 1, and we deduce that [IIT is invertible

from ﬁ(X ) into ﬁ(X ). By symmetry it follows that TII is also invertible from [T1(X) into
I(x).

To conclude the proof let us estimate the norm of the inverse of g X)- Letx € ﬁ(X )
be given. From (3.5) one has

I = el = | Tl = M| = flxll = [T = 10| o ) el = (1= 8) Il
and the result follows. O

3.2 Derivation of the Fixed Point Problem

In this section we shall derive a fixed point formulation for perturbed trichotomy. All the
computations we will done for bounded linear operator. However one could remark that the
formulations summarized in the lemma below makes sense for unbounded exponentially
trichotomic linear operator as defined in Definition 1.2. This will be used to prove Theorem
1.7 for bounded perturbation of unbounded exponentially trichotomic linear operator.

Recall the discrete time variation of constant formula for bounded linear operators A, B €
L(X). We have

(A+B)"=AA+B)" " +BA+B)"!
=A*(A+B)"?+AB(A+B)" *+B(A+B)""!
thus by induction
(A+B)"=A"4+A"'B+...+ AB(A+B)" >+ B(A+B)"!, (3.6)

so that for each n > p we obtain

n—1
(A+B)" P =A"P+ > A" 'B(A+B)" 7. 3.7)

m=p

In the sequel and throughout this work we shall use the following summation convention:

m
Z:O ifm < n.
n

This notational convention is similar to the one used by Vanderbauwhede in [26] who specified
this using the symbol Z(+).

Then using the above constant variation formula, one obtains the following fixed point
formulation for a perturbed trichotomic semiflow in the bounded case:

Lemma 3.5 Let A € L(X) be given such that it has an exponential trichotomy with constant

K, exponents 0 < pyg < p and associated to the three projectors Iy, k = s,c,u. Let
B € L(X) be given such that A+ B has an exponential trichotonty with constant , exponents
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0 < Po < P such that py < Py < p < p and associated to the three projectors Ty, k =
s, ¢, u. Then one has for eachn € N,

n—1
(A+B)! Ty = AUTITI + > A" B (A + B)' T,
m=0
+00
= > [A '+ AT B (A + BT T, (3.8)
m=0

(A + B);n ﬁu = A;nnuﬁu
n—1

-> (AL B A+ By L

m=0
+oo
+ > [AUTI + AT B (A + B)," " T, (3.9)
m=0
n—1
(A+ B)! Tl = AT + > A" 'I.B(A+ B))' T,
m=0
+00
— Z A;mflnuB (A + B)T+n ﬁc
m=0
+oo
+ > AITLB(A+ B);" . (3.10)
m=0

n—1
(A+B);" Tl = A" — > A" 'TI.B (A + B)} " I,
m=0
+00 R
=D A'LB(A+ B! T,
m=0
+oo
+ > AITLB(A+ B);" T . (3.11)
m=0
+0o0
My, — > A'TLB[(A+B)," ', + (A+ B);" ' TI]

m=0

=
Il

+00
= > [A ', + AT ] B (A + B T, (3.12)

m=0

=)
=
Il

+00
M, + > [Al'Mle + AVTL] B (A+ B)," ' T,
=0

+00
+ > A LB[(A+ B! TIs + (A+ B)) T ], (3.13)

m=0
and

O,.=1-T1, -1, (3.14)
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+o00
=T, — > [ArM. + A7TI| B (A+ B)," ' T
m=0
+00

=D A" 'MLB[(A+ BT + (A+ B)! TI,|
m=0

+00

m=0
+00

+ > [A T, + A7) B (A + B! T,

m=0

+ > A'TLB[(A+B)," ' T, + (A+ B);" ' T]

Proof Derivation of formula (3.12) for f, : By applying M, on the right side of (3.7) we
obtain

n—1

A+ B Ty =A"PI,+ 3 A" 'B@A+B) ", Vnzp. (315
m=p

By fixing p = 0 and by applying A, "II, on the left side of the above formula we obtain
n—1
AL, (A + B)! Ty = 1,00, + > A" ', B (A + B)' TI,.

(3.16)
m=0
Since for each n > 0 one has

“A;nnu“E(X) < ke P! ”Hu”L(X) and “ (A =+ B)’:

;s ”[L(X) < ke " I ﬁs}
by letting n goes to +00 in (3.16) it follows that

|£(X)’

+00
M0 = — > A" 'T,B (A + B); T,. (3.17)
m=0

By fixing p = 0 and by applying A" I1. (instead of A, "I1,) on the left side of (3.15) we
obtain .
o0

— > A" 'MIB (A + B) T, (3.18)
m=0
Then combining (3.17) and (3.18) leads us to

M, = M, + I, T, + M1
+o00
=T, — > [A," ', + A" '] B (A + B T, (3.19)
m=0
It thus remains to reformulate IT; ﬁs by using

-~

M, = I, [7 — T, — T.].
Therefore we will compute H‘Yﬁu and IT; ﬁc.
Computation of I1;IT1,: By applying IT, on the right side of (3.7) we have

n—1

(A+ By, "My =A"PH,+ > A" 'BA+B), "M, Vn=p. (320
m=p
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By applying IT; on the left side of the above formula we obtain

n—1
My (A+ By, P T, = Ay PTLI, + D A" 'TB(A+ B)y "M, Vn=p,
m=p
(3.21)
and by applying (A + B), " TI,, on the right side of (3.21) we have
n—1
MM, = AL T (A4 B)y " T, + D A" 'TIiB(A+ B)y " Ty, Vn=p,
m=p
(3.22)
and since
HATPHS Lo = e PPl 2y
and
P=n —5(n—p) ||
H(A + B Il L0 <ke PP ||nu||z:(x) ’
by taking the limit when p goes to —oo in (3.22) yields
+00
MM, = D APTIB (A + B)," ' T, (3.23)
m=0

Computation of TT,T1.: Starting from the equality

n—1
A+ B o= A" P+ D A" IBA+ B T Vo= p.

m=p

and applying (A + B)? ™" T1,, on the right side of this formula we obtain for each n > p

n—1
MM = Ay PTg (A+ B)! " T+ ) AV 'TIB (A+ B) " T, Vn=p. (3.24)
k=p
and since
n—p —p(n—
R P e
and

< Keﬁo("-l’) H ﬁ

p—n 3y
|a+mp A, . ol coo
with pg < p, by letting p goes to —oo into ( 3.24) we derive

+oo
MM = > AI'TLB(A+ B);" ' L. (3.25)
m=0
Computation of I1; 3l s¢ By summing (3.23) and (3.25) it follows that
+00
M [0+ ] = D> AYTB [(A+ B);" ' Tl + (A + B), "' TL], (3.26)
m=0
and since ﬁc + ﬁu =1 - ﬁs it follows that

+00
MM =T — > APTB[(A+ B)," ' Tl + (A + B)," ' T, ]. (3.27)

m=0
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Finally the expressmn of l'[ in (3.12) follows by combining (3.19) and (3 27).
Computation of 1'[ and l'[ The der1vat10n of the formula (3.13) for l'[ uses the same
arguments as for y| 5. The formula (3.14) for H is obtained by using H = I -1 s — l'[u.
Computation of (A + B)” I, Next we derive (3.8). By applying (A + B)Y I on the right
side of (3.12) we obtain
+00
(A+B)! Ty =TIy (A+ B); Ty — > [A," "+ A" ' B(A+ B! T, (3.28)
m=0
In order to determine I1; (A + B)} ﬁs , we apply IT; on the left side of (3.15) and we obtain
n—1
My (A+ B) Ty = Ay "ILT + > A" 'TIB(A+ B)'Tl;, VneN, (3.29)
m=0
and (3.8) follows.
Computation of (A + B)! M. for n > 0: By applying (A + B)! Il on the right side of
(3.14) we obtain for eachn € N

+o00
(A+B)! Tl =T (A+ B)! Tl — > A" ',B(A+ B! . (3.30)
m=0
400
+ D ATILB (A + B L.
m=0

Next we compute I1. (A + B)” ﬁc. By using the variation of constant formula (3.7) with
p = 0, and applying I1. on the right side and I1. on the left side we obtain
n—1
M. (A+ B)} T, = AlTI.II. + > A2 'I.B (A + B)!' T, (3.31)
m=0
and (3.10) follows.
Computation of (A + B)! I1. for n < 0: By applying (A + B)." I1. on the right side of
(3.14) we obtain

(A4+B)"T. =TI, (A+ B)." T, (3.32)

+00
= > A 'LB(A+ B! T,
m=0
+00
+ D AMIB (A + B T
m=0
Next we compute I, (A + B)_.”" ﬁc. By applying (A + B)_." ﬁc on the right side of the
variation of constant formula (3.7) (with p = 0) we obtain
n—1
Me=A"(A+B)"Tl.+ > A" 'B(A+ B! " II,. (3.33)

m=0
By applying A" I1. on the left side of the above formula we get

n—1
AT T =T (A+ B)" Tle + D A" 'TIeB (A + B) " T, (3.34)
m=0
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and the result follows. O

3.3 Abstract Reformulation of the Fixed Point Problem

In this section we reformulate the fixed point problem (3.8)—(3.13) by using an abstract fixed
point formulation.
Let n > 0 be given. Define

L_, (N, L(X)):= [u N = L(X) :supe™ |lu,| < —I—oo] ,

neN

which is a Banach space endowed with the norm

lall,_, := Supe'm llzen |l .
n
neN

Define

nez

Ly (Z, £ (X)) := {v 1 Z— LX) rsupe” M v, |l £x) < +oo}
which is a Banach space endowed with the norm
IVlle, = supe ™™ flv,llz(x,) -
nez
Consider S_ the shift operators on L, (N, £ (X))

S_ (u),, = up+1 whenevern € Zorn € N.

Let C € £ (X). In the following we will use the linear operators

n—1 +00
ey = D C"tn—1-m, and Oc Wy = D C"tyim.
m=0 m=0

Reformulation of Eq. (3.8) on 5(\5 : Set for eachn € N: E) := (A+ B)} ﬁs. We require
E* € L_; (N, £ (X)), where p is the constant introduced in Theorem 1.7. Consider the linear
operators 5, Oy : L_5 (N, L (X)) — L_5 (N, £ (X)) defined by

O, = and ®,, = O .
K ATl cu (A;l Hc+Au_1Hu)

‘We observe that

n—1 n—1
®;0Bo(EY), = > ANBE,(A+B);”''TIy = > A" 'TI;B (A + B) T
=0 m=0

therefore the Eq. (3.8) can be rewritten for n € N as
Ej = AT, + @50 Bo (E*), — Ou((A; ' Ty + A7 'TIe) BE®),. (3.35)

In order to solve the fixed point problem we will use the following lemma.

Lemma 3.6 The operators ®; and O, map L_5 (N, L (X)) into itself and are bounded
linear operators on L_5 (N, L (X)). More precisely we have

KeP
||q>Y (u)”]L,ﬁ =< m ”ullﬂ‘*ﬁ’ Yu € L—/’)\ (N5 L (X))a
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and

K K
1O Wz, = [1 — T e_(pm} lull ;. Yue Lo, £(X).

Reformulation of Eq. (3.9) on )?u: Set foreachn € N: E}! :== (A + B)," ﬁu. We require
E" € L_5 (N, £ (X)), where p is the constant introduced in Theorem 1.7. Consider the linear
operators @, Oy :L_5(N, L(X)) - L_5 N, L (X))

b, = ¢A;1Hu and Oy := O, MM,4+4.1,)-

We observe that
@, 0 (A, 'T,B) o S_(E"), ZA "M, (A, ', B) EX_,

n—1
= > [A,"'L] B(A+ B); " T,
m=0

therefore Eq. (3.9) can be rewritten for each n € N as
EY = A", T, — @, 0 (A, 'TI,B) o S_ (E*) +©s0BoS_(E") .  (3.36)
Lemma 3.7 The operators ®, and ©y. map L_5 (N, L (X)) into itself and are bounded
linear operators on L_z (N, L (X)). More precisely we have
o

Ke
[Py WL,_; = 1= 7 lall,_;, YueL_ 5N, LX),

and

K K
105 W, < [1 — o T T p} lulle ;. VueL ;N £(X).

Reformulation of Eq. (3.10)-(3.11) on )A(C: Set for each n € Z: ES := (A + B)! ﬁc. We
require E€ € L (Z, £ (X)). Define the linear operators

n—1
> A" ey, ifn>0
D), = "0
— > A" Mettyin, ifn <0
m=0
and
+00 +00
Ogy (W), 1= — Z A;milnuum+n + Z Agnnsunflfm, forn € Z,
m=0 m=0

therefore Egs. (3.10)—(3.11) can be rewritten for each n € Z as
¢i= A [1 — (TIg + T1y) ] + ®(BES), + O (BEO),. (3.37)

Lemma 3.8 The operators ®. and Oy, map Ly (Z, L (X)) into itself and are bounded
linear operators on Lz, (Z, L (X)). More precisely we have

Vil » ¥V € Ly (Z, £L(X)),

1@ Wiy < T
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and R

kel . ke P
1 — eﬁofﬁ 1 — eﬁ()*ﬁ

195 Wiy, < [ ] IVliy, WV € Ly (Z, £ (X).

Reformulation of Eqs. (3.12)—(3.13) for the projectors on )A(S and X, «+ Define the linear

operator
+0o

Os(u) = Oa,m, (o = Y AT Tty

m=0
then Eq. (3.12) becomes
My =TI, — O5 0 Bo S_(E" + x— (E)) + O (A, ' T, + A7 'TI) BED)y  (3.38)
where x_ : Ly (Z, L (X)) — Lz, (N, £ (X)) is defined by
X_ (EC)” = E¢, forn > 0.

Define
+o00

Ou) =0 1y o = D A" Tyt

m=0
and (3.13) re-writes as:
M, = I, + O 0 BoS_ (E"), + Oy (A, ' T B (E* + x4 (EY))). (3.39)
where x4 : Lz, (Z, £ (X)) = Lz (N, £ (X)) is defined by
pat (E”)n := E¢ forn > 0.
Lemma 3.9 The operators O and ®,, have the following properties:

(i) Oy and ©, map L, (N, L (X)) into L (X) with

K
18s Mlleao = 7 7= Wiz, - ¥V € L (N, £(X)),

1—
and

10 M) = IvllL, » Vv € Lz (N, £L(X));

1— gﬁo—p

(ii) Oy and O, map L_5 (N, L (X)) C Lz, (N, L (X)) into L (X) with

K

10 e < 755 IVl 0 YW € Lp (N L (X)),
K

104 Wl < 75 V5 W € Lz (N £(X)).

By using the expressions of f s and ﬁu obtained in (3.38) and (3.39), and by replacing
those expressions into A” T, TT, (respectively into A", T, and A7T1, [1- (ﬁs + ﬁu)] )
in Eq. (3.35) [(respectively in (3.36) and (3.37)] we will derive a new fixed point problem
only for E¥, E* and E° given explicitly as follow for each n € N:

+00
E) = AL — > AT B[EL L + B, ]
m=0
n—1 +o00
+ > ATTTUGBE), - > [A" T T, + AZ" T ] BE),,. (3.40)
m=0 m=0
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+o00
Ef = A", + > A" " ',B[E}, + Ej |
m=0
n—1 +o00
(AT I BEL o+ D (AN AT BEY . (GAD
=0

m=0

and for each n € Z:

+00 +00
E; =AM, — Y AM'TLBES  + » A" 'I.BE), (3.42)
m=0 m=0
n—1 —n—1
+ > Ar™UILBES, — > A" T'BEL,,
m=0 m=0
+00 +00
~ 2 AT TLBE;, + D AVTLBES, .,
m=0 m=0

Moreover with this notation the explicit formulas for ﬁk, k =s, c, ureads as

+00 +00
flo= M= > APTLB[ED, + 9, (] = 3 [A7" T, + A7 ] BES,
m=0 m=0
+00 +00
Mo =M+ > A LB [E), + B |+ D [AVTL + ATTL] Ejy
m=0 m=0
+00 +00
Mo =T.— > A'MLBEL  + > A" 'N.BE),
m=0 m=0
+00 +00
- > A"'LBES, + )" AI'TIGBES,, .
m=0 m=0

Observe that we have the following relation E’O‘ = ﬁk for each k = s, ¢, u, as well as the
following identity
Ey+EG+Ey =T, + . + 11, = I.

Furthermore the system (3.40)—(3.42) also re-writes as the following compact form

E* A TI ES
E' | = Ay, |+ [ E* ), and T = (Tij) o ;= (3.43)
E¢ AT, E€ T

wherein the linear operators {7;;}, _, j<3 are given by

Ji1 = ATl 0 Oy (Do (A, ' T, + A7) o B+ 50 B
—Ocy 0 (A, ', + A7 ') o B

Ji2 i =—AJli00;0B0S_

Ji3 = —ATl;00;0BoS_ox_

T = A, T, 00,0A, T, 0B

T = A, T, 00 ()goBoS_ —®,0A;'Tl,0BoS_
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+ Og.0BoS_
Jz i =A,Tl,00,0 A;ll_lu oBoyx+
Ja1 1= —A.Te 0 Oy (o 0 (A, ' TT, + A7 'TT) 0 B
—A.M.00,(-)o A, ', 0B
J i =AJlc0o®s0BoS_ — ATl 004 (-)go BoS_
J33 .= A Jlc0O;0BoS_ox_
ATl 00, 0A; T, 0 Box; + ®.0 B+ Oy, 0B.

In the sequel we define the Banach space
X=L ;N,LX)) xL_5(N,L(X)) xLg (Z, L(X)),

endowed with the usual product norm:

T

121 = max {| £, . | ovz= (e B E) e x.

el

The following lemma holds true:

Lemma 3.10 Let A : D(A) C X — X be a closed linear operator and let us assume that
the conditions of Theorem 1.7 are satisfied. Then the linear operator [J defined in (3.43)
satisfies J € L(X). More precisely there exists some constant C := C (k, p, po, P, po) Such
that

1T @)l < ClIBllzo I1Zlx, VZeX.

Proof Let us notice that x4 and y_ are bounded linear operator defined from L, (Z, £ (X))
into L, (N, £ (X)) . Furthermore we have

Il x+ ||1;(]L50 (Z.L£(X)). Ly, (N, L(X))) <1, (3.44)

and

llx— ”ﬁ(]L;,O (Z.L(X), Ly (N, L(X))) = 1. (3.45)

We also note that S_ € £ (Lz, (Z, £(X))) and S_ € £ (L_5 (N, £ (X))) with

IS- ||/;(]Lﬁo(z,/;(x))) < e and ||Sf||L(L,ﬁ(N,£(X))) <L (3.46)

Therefore by combining (3.44)—(3.46) together with lemmas (3.6)—(3.9) the result follows
easily by simple computations. O

As a consequence of the above lemma we obtain the following result:

Proposition 3.11 Let A : D(A) C X — X be given such that the conditions of The-
orem 1.7 are satisfied. Then there exists 8y := 8 (k, p, po, . po) € (0, C™1) such that

2
for each § € (O % ) and each B € L(X) with ||Bllzx) < 8, there exists a unique

> k+80

7 = (ES, E*, EC)T € X such that (3.43) [or equivalently (3.40 )—(3.42)] holds true. More-
over we have the following properties

(i) Foreachn € N

Ké ~ K6 ~
086_”" and ||E” 0_,—pn

”Ersz Hﬁ(X) = 807 n ||L(X) = m ’
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and for eachn € 7

155 e =

polnl
n”[l(X) = 50 — Bepo "

(ii) The following estimates hold:

s
| £, = AT | 2 ) < 50/{7_56_p”’ neN,
_ Ké ~

IE: = A || oy < %0 —s
and

. 5 =
5 = AT oy < 55" ez

(iii) One has
E; (X) C D(A), VneN,

ES(X) C D(A), VneZ,
E"(X) C D(A), Vn>1andTl, (D(A)) C D(A).

In particular one has ﬁk(X) C D(A) fork = s, c and foreachn > 0(A+ B)o E, €
L(X) while for eachn € Z, (A + B) o Ej, € L(X).

Proof Let§y € (0, C _1) be given. Assume that

82
B <swiths e 0, —2— ). 3.47
1Bllzoxy <8 wi ( - +50) (3.47)

Then since Ki(ZJ(SQ < §p, the existence and the uniqueness of a fixed point of (3.43) [or
equivalently (3.40)—(3.42)] follows from Lemma 3.10.

In the sequel of this proof we denote by Zy = (A;I1y, A, T, A'CHC)T € X the fixed
point of 7 with B = 0. In order to obtain the properties (i) and (ii) we will make use of (
3.43). First of all since Zg € X, let us observe that using (1.7)—(1.9) we obtain

1Zollx < . (3.48)

Proof of (i): By using the fixed point problem (3.43 ) combined together with Lemma 3.10
and (3.47) we obtain (recalling the notation Z = (E*, E*, E C)T) that

1ZIlx <« + CSIIZIx,

so that (i) follows from the estimate:

< k8o .
1-Cé§ ~ 60—36
Proof of (ii): By using the fixed point problem ( 3.43) combined together with Lemma 3.10
and (3.47) we obtain that

1Zllx <

(3.49)

1Z - Zollx < CSZllx . (3.50)
so that plugging (3.49) into (3.50) yields

kCé Ko
< —.
1—C§ = 6pg—6

IZ — Zo|l =

This prove (ii).
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Proof of (iii): Let us recall that since (A, D(A)) is exponentially trichotomic (see Definition
1.2) then one has D(A) = X; @ X, & (D(A) N X,,). Hence the result directly follows from
right-hand side of (3.40)—(3.42). The boundedness of (A + B) o E} and (A + B) o E}, follows
from the closed graph theorem since A is closed and B bounded. O

3.4 Regularized Semigroup Property and Orthogonality Property

Definition 3.12 A family of bounded linear operators {W,},cny C £ (X) is a discrete time
regularized semigroup if
WoWp =Wuip, Vn,peN. (3.51)

Remark 3.13 If {W,},en C L (X) is a regularized semigroup then Wy is a bounded linear
projector on X.

Remark 3.14 Observe thatif {W,},cy C £ (X) is discrete time regularized semigroup then
by setting C := Wy, and using (3.51) we obtain W, W), = CW,,, forall n, p > 0. These
properties correspond to the notion of C-regularized semigroup given in [12, Definition
3.1, p. 13] for discrete time.

In the next lemmas we will show that {E’,j}n N’ k = s, c, u, are regularized semigroup
and that we have the orthogonality property namely for eachn € N

EXEL = 0px) ifk, [ =5, ¢, u with k # L.

The latter equality will allows us to obtain that the bounded linear projectors ﬁk = E’é , k=
s, ¢, u satisfy the orthogonality property

T = 0p(x) ifk, [ =5, ¢, u with k # L.

Lemma 3.15 Let the conditions of Theorem 1.7 be satisfied. If

82
B <3, withsel0, —2 3.52
I1Blloxy <38, wi ( . +50) (3.52)

where & is given in Proposition 3.11 then the following properties hold:

() for eachn,p € N we haveE E|, = E,
Z, p € Nwe have EZE; = 0zx).
(ii) ﬁu € L(X) is a projector on X and for each n > 0 one has E};(X) C ﬁu(X).

and EfLEZ = Oz(x), while for each n €

Proof First of all let us notice that since we have f, = E the property (ii) is a direct
consequence of the property (i). Therefore we will focus on the property (ii).

The idea of this proof is to derive a suitable closed system of equations for the following
three quantities (wherein p € N is fixed)

u ou u S pu cu
[EnEp B En+p}neN, {EnEp}nEN and [EnEp}nEZ.

Let p € N be given and fixed. Then observe that
N u u u u C u r
W= (EEy, E'Ej - B, E°E}) eX.
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Equation for {Ez EY —E,, p} N Letn € Nand p € N be given. Multiplying the right
ne
side of E}; given in (3.41) by E}; leads us to

+00
EVEY = A"TLES + > A" "1, B [EmEp + EmEp] (3.53)
m=0
+00
- Z [Auimilnu] E;lt m p + Z Amn + Am ]BE:+m+1EZ'
=l m=0

Next by using also (3.41) and replacing n with n + p we obtain

“+00
El =AM+ D> AT BB, + B (3.54)
m=0
n+p—1 +00
- Z [A;m_lnu] E;l‘+p —m + Z [Agnné‘ + Aznnc] BErLll+ﬂ+m+l'
=i m=0
Therefore by subtracting (3.54) from (3.53) we get
ENEy —En,, = A'TLE, — AP, (3.55)

= > AT N B ES, + ES

n+p—1

m=0
+00
+> a7, B [Efn EY + E, E;]
m=0
+00
+ > [ATTL + APTL] B [E,';+m+1E; - E,‘f+p_m] .
m=0
Now note that by using (3.41), replacing n with p in order to obtain E’) and multiply its left
side by A, ""I1,, we obtain

+00
AMTLES = AP+ D0 A TP L B ES, + G
m=0
_ Z [A;n—m—ll—[ ] BE% .
m=0
and since we have
n+p—1
- Z (A" "', BEY ,, =~ > [A,"'TL] BEY, , .
m= m=n
it follows that
+o00
AMTLEY = AP + 0 A TP L B[ ES, + E (3.56)
m=0
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n+p—1
- > (A" BEY, .

m=n

Therefore by plugging the expression of A, "I1, E}, given by (3.56) into (3.55) and recalling
(3.43) we obtain that
E'E, — EY , = (J21, 22, J23) W. (3.57)

Equation for {E;E;‘,} N :Letn € Nand p € N be given. Then by using (3.40) and
ne
multiply the right side of E;, by E}, we obtain

+00

EJEY = AMTLEY — > AP B [E;;HE; + Eim_lE;;] (3.58)
m=0
n—1 +00
+ > AUTUIGBELEY — > [A" T L, + A" L] BE), E.
m=0 m=0

Next by replacing n by p in (3.41) we obtain E'j and by multiplying its left side by A{TI,
we get

+00
AITIGES = )" ATPMTIEY, 4. (3.59)
m=0
Then plugging (3.59) into (3.58) yields
E’E, = (Ju. Ji2, J13) W. (3.60)

Equation for {E; E ;‘,} ’ :Letn € Z and p € N be given. By multiplying the right side of
ne
(3.42) by E7, we get

“+00 “+00
ESEY% = AMTILEY — > AMT'TILBES,  E4+ > A" 'N.BE},EY
m=0 m=0
n—1 —n—1
+ > AT BELEY — > AT T'ILBEL, , EY (3.61)
m=0 m=0
+00 +00
> A" 'n,BES,, E“ A1, BES E"
Z u u n+m P+Z s S —m—14+n"p*
=0 m=0

Next by replacing n by p in (3.41) we obatin Ej and by multiplying its left side by A{TI.
we get

~+00
AITIEY =" ATLEYS, .. (3.62)

m=0

Therefore by plugging (3.62) into (3.61) we get

E‘E), = (J31, J32, T33) W, (3.63)

Recalling (3.43), it follows that W satisfies W = 7(W). Hence we infer from Lemma
3.10 that since C || Bl £(xy < C8 < 1, one has W = Oy and this completes the proof of the
lemma. O
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Remark 3.16 The arguments for the proof of the next two lemmas are similar to the arguments
used for the proof of Lemma 3.15.

Lemma 3.17 Let the conditions of Theorem 1.7 and (3.52) be satisfied. Then the following
properties hold true:

() for each n,p € N we have E E), = E,_,
Z, p € Nwe have EL E}, = 0r(x).
(ii) ﬁs is a bounded linear projector on X and for each n > 0 one has E; (X) C ﬁs (X).

and E,'jE”;, = Og(x) while for each n €

Proof First of all let us notice that since we have ﬁs = E; the property (ii) is a direct
consequence of the property (i). Therefore we will focus on the property (ii).

The idea of this proof is to derive a suitable closed system of equations for the following
three quantities (wherein p € N is fixed):

s N N u s c s
[EnEp B En+p]nEN ’ [EnEp}nEN and [EnEp]nEZ.
Let p € N be given and fixed and let us observe that
) ) s u ) c ) r
W= (E'E) - By, E'E} E°E)) € X.
By proceeding as in the proof of Lemma 3.15 we obtain the following closed system of
equations W = 7 (W), that ensures that W = 0. This ends the proof of this lemma. m]
Lemma 3.18 Let the conditions of Theorem 1.7 and (3.52) be satisfied. Then the following
properties hold true:

(6] fo: ezzch n,up ce Z we have ELE, = Ej .,
EjE, = EYE) = Oc(x). R
(ii) Tl. is a bounded linear projector on X and for each n € Z one has E;,(X) C I1.(X).

and for each n € N, p € 7Z we have

Proof First of all let us notice that since we have I, = E the property (ii) is a direct
consequence of the property (i). Therefore we will focus on the property (ii).

The idea of this proof is to derive a suitable closed system of equations for the following
three quantities (wherein p € N is fixed):

c c c u c S c
{EnEp B Ener}neZ ’ {En Ep}neN and {EnEp}nEN '
Let p € Z be given and fixed and observe that:
T
o— S c urc C c c
W= (E Eg, E'E§ E°Ey — ES.,) € X.

By proceeding as in the proof of Lemma 3.15 we obtain the following closed system of
equations W = 7 (W). This completes the proof of this lemma. O

3.5 Proof of Theorem 1.7
In this section we complete the proof of Theorem 1.7. The main points are summarized in

the following lemma. Note that the proof of Theorem 1.7 becomes a direct consequence of
Proposition 3.11 and Lemma 3.19 below.
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Lemma 3.19 Let us assume that the conditions of Theorem 1.7 are satisfied. Up to reduce
the value of 6o provided by Proposition 3.11 so that §y) < min (C_1 L V2 - 1),

Y l—C
if B € L(X) satisfies
82
B <68, withs e |0, —2—
IBllzxy < ( K+80)

then the following properties hold:

(i) The three bounded linear projectors ﬁs, ﬁu and ﬁc provided by Lemmas 3.15, 3.17
and 3.18 satisfy R
11,11, :OL'(X) ifk #l, withk,l =s,u,c, (364)
and
| T

)
— | oy = 5o —5 =0 (3.65)

(ii) Foreachn e Nandk =s, cwe have Ek (A + B)" l'[k € [Z (X Hk(X))
(iii) For eachn € N (A + B)" 1'[ is mvemblefrom 1'[ (X) into 1'[ (X) with

¢ (A+B)'H.=(A+B)"T.E¢, =T1I,. (3.66)

(iv) One has (A + B) (D(A) N ,(X)) c T, (X). Consider (A+ B), : D(A)N f.(X) C
H (X) —> l'I (X) the part of (A + B) in 1'[ (X). Then one has 0 € p (A + B),) and

for eachn > 0:
E' = ((A+ B),) " T,. (3.67)

(v) Fork = s,u,c, the projector ﬁk satisfies ﬁk (D(A)) € D(A) and

(A+B)Tx =Tt (A+ B)x, Vx € D(A). (3.68)

Proof Proof of (i): By recalling that E(’§ = ﬁk it follows from Lemmas 3.15, 3.17 and
3.18 that (3.64) holds true. Moreover the condition (ii) of Proposition 3.11 together with

2
S e ( , i"so) provide that

" 5
[ o 30’(7—5 <de(0.v2-1). (3.69)

This completes the proof of (i).

Proof of (ii): Let n € N\ {0} be given. We will first prove that E; = (A + B)" H By
replacing n by n — 1 in (3.40), recalling that E}_,(X) C H (X)n D(A) [see Proposition
3.11 (iii)] and multiplying the left side of E}_, by A it follows that

AES_| =Ej— BE, | & Ey =(A+B)E}_,.

Heng\e by induction [see Prop(/)\sition 3.11 /giii)] one obtains that for each n > 0: (A +
B)"TI(X) C D(A), (A + B)"IIy € £ (X, TI;(X)) and
=(A+B)"Ej=(A+ B)"Ii,.

Next we prove that ES = (A + B)" M, foreachn € N.Letn € N\ {0} be given. By replacing
n by n — 11in (3.42), recalling that E{_,(X) C D(A) and multiplying the left side of E}_,
by A we obtain

AE, | =E,—BE, <= E,=(A+B)E,_,,
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providing that R R
Ey=(A+B)"Tl. € £L(X,TI.(X)). (3.70)

This completes the proof of (ii).
Proof of (iii): Let us prove that for each n € N the bounded linear operator (A 4+ B)" I, is
invertible from I1. (X) into I, (X) .
In fact each n € N by using Lemma 3.18 combined together with (3.70) we obtain
ES,(A+B)'Tl, = E° )ES = E§ =TI, = ECE®, = (A+ B)"TI.EC,.
This prove that (A + B)" ﬁc is invertible from ﬁc (X) into ﬁc (X) and (3.66) holds true.

Proof of (iv): In order to prove this point we claim that

Claim 3.20 The following holds true:

(a) Recalling that E{(X) C D(A) one has (A + B)E{ = ﬁ’y R
(b) Consider the closefi\ linear operatorgu : D(Cy) C M,(X) — TI1,(X) defined by
D (Cy,) = D(A) NI, (X)and C,, = I1,, (A + B). Then it satisfies 0 € p (Cy).

Before proving this claim let us complete the proof of (3.67). To do so let us first notice
that (a) and (b) implies that

(A+ B) (D(A) NTL(X)) = (A+ B) (C; ! (TTu(X))) = Tu(X).

Hence the linear operator (C,, D(C,)) coincide the part (A + B), of (A + B) in ﬁu(X).
Therefore 0 € p ((A + B)u) and using (a) and the orthogonality of the perturbed projectors
one gets:

-1 =
I =(A+B),) M.
Finally due to the semiflow property for E}f one gets
E'=((A+B),) "My, n>0,

and (3.67) follows.

It remains to prove Claim 3.20.
Proof of (a): Let us first recall that E1(X) C D(A) and let us multiply the left side of EY
given in (3.41) by A to obtain

AEY = EY — BEY <> (A + B) E' = Ell,

that completes the proof of (a).
Proof of (b): Before proceeding to the proof of this statement let us notice that since we
have Eé = Ik, k = s, u, c it follows from the condition (i) of Proposition 3.11 that

k8o

|z = Pt k=s,u,c. (3.71)

| T
Now recalling that D(A) = X, X ®(X, N D(A)) one has that foreach x € D(A)ﬁﬁ,,(X):
x = Igx + Ieox + I, x,

so that IT,x € X, N D(A). This re-writes as I, (D(A) N ﬁu(X)) C D(A)NTI,(X). Hence
one has
C, =TI, A[Il, + I, + I1.] + I, B.
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This re-writes as _
C,=A,+L,, (3.72)

wherein we have set Zu :D(Cy) C ﬁu (X) — ﬁu(X) defined as
Ayx =TI, ATlL,x, Vx € D(A) N T (X),
and L, € L (ﬁu (X)) defined by:
L, = O, A TI,00, + 0,A.TI.0, + 0, BT,.

Next observe that due to (3.69) Lemma 3.1 applies to T, and m 4 and provides that IT,, |ﬁu X)
is an isomorphism from ﬁu (X) onto IT,, (X) while ﬁu 11, (x) is an isomorphism from IT,, (X)
onto IT, (X). One furthermore has

IA

= —1
| (Pl o0) ™"« Il vx e M, 0, (3.73)

1—2389

and

—1 .
H(nu|ﬁ”(x)) x Ixll, Vax e M, (X). (3.74)

Then due to the above isomorphism one has

<
B T

M, (D(A) N T,(X)) = D(A) N I, (X).

Indeed first note that inclusion C has already been observed. Consider x € D(A) N I, (X).

Then there exists a unique y € ﬁu (X) such that TT,(y) = x. Then we write y = Iy +

Moy + I,y .Since D(A) = X;d X, D (D(A)N X,)and [T,y = x € D(A) NI, (X) one

obtains that y € D(A) N TI,(X) and x € T1, (D(A) N T1,(X)) and the equality follows.
As a consequence one gets:

— —1
D (€)= DA N0 = (Ml ) (DA N X)),

Using this relation and recalling that 0 € p (A,) it is easy to check that 0 € p (X,,) and

- -1 - _
(Au) l=(nu|ﬁu(X)) o Ayt o (Muln,c0) -

Finally due to (3.72), in order to complete the proof of point (b) it is sufficient to check
that

_ T-1
ILull (11, x)) | A “L(ﬁ“(x)) <1
To do so let us first notice that due to (3.73)—(3.74) one has

1

||AIIIHE AII X —< 1 2 || lll||£l_[ X <— ZK : ( : )
( ul )) (] _50) (I, (X)) (] _50)
On the other one has

L, = T, AT, + T, AT IT, + T, BTI,,
= M, AT [T, — T, ] + T, AT [TT, — T, ] + T, BT,

Then by using (3.65) and (3.71) and recalling that || Bl z(x) < o, it follows that

ILull £, 00) < 26280 + 26 2eP0 + 268y < bK2e . (3.76)
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Now combining (3.75) together with (3.76) provides that

~ 63
ILwll 21, ) |A! Hc(mm) = m&%

Hence up to reduce §p such that
[ 1—C!
50<m1n[c ]’46/<3+1—C—1]’ 3.77)

where C > 1 is the constant provided by Lemma 3.10 we obtain that

Il e, 1A | ooy < 1

This completes the proof of Claim 3.20 (b) and also t’l\w proof of (iv).
E’\roof of (v): Let us first notice that the inclusions ITx(X) C D(A) for any k = s, ¢ and
I1,(D(A)) C D(A) have been observed in Proposition 3.11 (iii) . Next recall that by (ii) we
have

EX=(A+ BT, Vk=s,c,

so that
T (A+ B) Ty = T EN = ESEY = Ef = (A+ B) Ty,
that is
A+B) T = (A+B) I, k=s,c. (3.78)

Moreover the property (iii) implies that (A + B) ﬁu maps D(A) into ﬁu, that is for any
x € D(A): R R R
(A+B)II,x =11, (A+ B) I, x. (3.79)

Therefore for each k = s, ¢, u by using (3.78) and (3.79) combined together with the orthog-
onality property in (3.64) we obtain for each x € D(A):

i (A + B)x = Tl (A+ B) [T, + T, + T ] x
= Tt (A + B) TIjx = (A + B) Tgx.

This completes the proof of this lemma. O

4 Proof of Theorem 2.2

The aim of this section is to complete the proof of Theorem 2.2.

Let g € [1, oo] be given. Recall that we denote the Banach space X = [9(Z; Y). Recall
also the definition of the linear operator (A, D (.A)) in (2.8). Next let us consider the three
bounded linear operators P, € L£(X) defined for « = s, ¢, u by

(Pou)y = Mfug, VkeZ, VYueX.

Using the above notations let us notice that for each o = s, ¢, u, Py is a projector on X that
satisfies

o PyPpg =0rx) forall a # B.
e Ps+Pc+Py= IL(X)~
e foreach o =, ¢, u, one has A (D (A) NPy (X)) C Py (X).
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Next we set X* = Py (X) for @ = s, ¢, u and the following straightforward lemma holds
true:

Lemma 4.1 The following holds true:

(1) The part As of A in X® satisfies D (Ay) = X* and r (Ay) < eP. We furthermore have
for eachu € X* and each (n, k) € N x Z:

(Afu), = Uy (k. k —n) T, _ug—p

(ii) The part A, of A in X" satisfies 0 € p (Ay) and satisfies r (.A;l) < e ". We further-
more have for each u € X" and each (n, k) € N x Z:

(A "), = Uk, k 4TI, ticn
(iii) The part A. of Ain X€ satisfies D (A;) = X€. It is invertible on X and satisfies:
r(A) < e”andr (A;') < e.
We furthermore have for each u € X" and each (n, k) € Z x Z:
(Afu), = Ug (k. k — n)TT;_ ug—n

Remark 4.2 The above discussion and the above lemma imply that the closed linear operator
A has an exponential trichotomy according to Definition 1.2.

Let B = {B,,},ez be abounded sequence in £(Y). Then let us consider the bounded linear
operator 3 € L(X) defined by

(Bu)y, = Br—1uk—1, Yk e€Z, YuclX.
Then note that one has:

1Bl cexy < sup [l Bllceyy- 4.1
keZ

We are now interesting in the spectral properties of .4 + B by applying Theorem 1.7. We fix
0 <po<po<p<pandx > k. Using the constant §y > 0 provided by Theorem 1.7, we
fix a bounded sequence B = {B, },cz in L(Y) such that

2

sup || B < 0.

neIZ) Bullery = P
In view of (4.1), Theorem 1.7 applies to the perturbation problem .44 and operator (A+B)
has an exponential trichotomy with exponent po and p and with constant «. If we denote the
three corresponding projectors by Pv, Pe, Pu € L£(X) and X¥ = P (X) we have:

A+B) P l=td—-D7 AP . (4.2)
(A+B), P, AP

wherein the bounded linear operator 7 acting on the Banach space X := L_5(N, £(X)) x
L_5(N, L(X)) x Lz (Z, L(X)) is defined in (3.43). One furthermore has the following esti-
mates

[(A+B): P p o, <R®M, Vn ez, 4.3)
[(A+B); Py gy <Re™”, VneN, 4.4)
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and R R
|[(A+B)," Pul ) <Ke™ ™. VneN, 4.5)
as well as the following estimates for eachn € N,
~ k6
A+ B Ps = AL Py || £y < perLid (4.6)
o~ _ K8  _~
[CA+ B Pu = A" Pul 1y < L n (4.7)
and foreachn € Z
|(A+B)E Pe — AP oy < ePolnl, (4.8)

)
In order to prove our perturbation result, namely Theorem 2.2, we will show that the

perturbed projectors exhibit a suitable structure inherited from the one of the shift operators
A and B that reads as

(ﬁau)k = ﬁguk, YueX, a=s,c,u,

and wherein for each k € Z and o« = s, c, u, ﬁg denotes a projector of Y. To do so, let us
introduce for each p € Z the linear bounded operator D, € L£(X) defined for each u € X
and k € Z by

u, ifk=p
Dpu), =17

Together with this notation, let us notice that for each p € Z the following commutativity
properties hold true:

DP.A?PS = A?PJDP_,,, Vn >0, VpeZzZ,
Dy A" Pu=A"PuDptn, Yn>0, VpelZ, 4.9)
D, A'P, = A"P,Dp_, VneZ, Vpel.
One may also notice that 3 satisfies:
D,B=BD,_1, VpeL (4.10)

If one considers the closed subspace Z C X defined by

£ D,E’ — E’D,_.
z=1(E")ex: | DE — EDpi | =0k, Vpezy,
E* D,E® — ED,_.

then we claim that
Claim 4.3 The linear bounded operator J : X — X satisfies TZ C Z.

We postpone the proof of this claim and complete the proof of Theorem 2.2.
Using the above claim and recalling that Z is a closed subspace of X lead us to

I-7n"'zcz

Indeed since || J|lzx) < 1 then (1 — D= Z/fio J¥*. Hence due to (4.9) one obtains
that ’
(A Py, Ay Py, AP) € Z,
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while (4.2) ensures that .
(A+B), P

(A+B); P, | ez
(A+B), P

The above statement completes the proof of Theorem 2.2. Indeed let us first notice that the
above result implies that for each p € Zand @ = s, ¢, u,

D, Py = PyD
This means that for each p € 7Z there exists three projectors ﬁ‘;‘, € L(Y) fora = s, ¢, u such

that:

~

(7/50&{)]7 = H‘;,up forall p e Z,u € Xanda = s, ¢, u.

Note that the properties 7/50,7/5,«5 =0 fora # B and Py+P.4+P, =Ix directly re-write as
for each p € Z:

[er[h s e —Hu _

I, = 0 for o # B and I, + I, + 1T, = Iy.

It remains to check that A + B has an exponential trichotomy with constant ¥, exponents
Po < p and associated to the projectors {I'[z}kEZ witha = s, ¢, u.

Property (ii) of Definition 2.1: For each k € Z and o = s, ¢, u one has for each u € D(A):
[P (A+ B)u], = TI§ [(A+ B)uly, = T{Uasnk, k — Dug—1.

Since for each u € D(A) one has 730, A+Bu=(A+B) 730,u and for each k € Z and
each u € Y the sequences uf = {up}pez defined by u, =0for p #k —landuy_| = u
belongs to D (.A), one obtains:

g Unsn(k, k= Du = Usin(k k= D [Bon] = Unsntko k= DI .
As a consequence one gets that foreach k € Zand o = s, ¢, u:
A¢Us+p(k, k — 1) = Uayn(k, k — DIZ_,.
This proves statement (ii). ]

Proof of (iii) in Definition 2.1: Let us set for each k € 7Z the subspaces Yk = I'I“(Y) Recall
that 0 € p ((A + B), ) Hence for each v € Xu there exists a unique u € D (A) N X,, such
that (A 4+ B) u = v. This re-writes as for each k € Z:

UasB(k, k — Dug—1 = vy.

This proves that for each k € Z the linear operator Ua(k, k — 1) is invertible from ?,? |
onto Y} i - Due to composition argument for each k € Z and n = 1, the linear operator
Ua4B(k, k — n) is invertible from Y _p onto Yk Furthermore one has for each n > 0 and
p € Z:

[(«A + B)in Pu U]p =Uar+B(p, p+ n)nl;ﬂ»n Up+n-

The same arguments hold true for the central part and one obtains that for each k € Z and
n > 0 the linear operator Ua B (k, k — n) is invertible from Y, onto Y. Furthermore one
has for eachn € Z and p € Z:

[(A+B)" Pov], = Ussn(p, p — )T, v

This proves that (iii) is true. O
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Proof of (iv) in Definition 2.1: The proof of the growth estimates directly follow from the
trichotomy estimates for (A + B);, recalled in (4.3)-(4.5).

Finally the perturbed estimates for projected evolution semiflow stated in Theorem 2.2
directly follows from (4.6) to (4.8). This completes the proof of the result.

To complete the proof of Theorem 2.2 it remains to prove Claim 4.3. O

Proof of Claim 4.3 Let (E*, E*, ES)T € X be given. Let us set (F*, F*, FO)T =
J (E*, E*, EC)T. Then according to the definition of J [see (3.43) and (3.40)—(3.42)] for
each n > 0 one has

—+00
Fy = APy = > AV PB[Ep .y + ES,, ]
m=0
n—1 +00
+ > ATIPBES, — > [A T Py + AT P BES .
m=0 m=0

Recalling (4.9) and (4.10) one directly checks that for eachn > 0 and p € Z: D,F; =
F}D,_,. Using the formula described in (3.41) and (3.42) one may directly check the claim.
]
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