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ABSTRACT. In this work we describe a hyperbolic model with cell-cell repulsion
with a dynamics in the population of cells. More precisely, we consider a
population of cells producing a field (which we call “pressure”) which induces
a motion of the cells following the opposite of the gradient. The field indicates
the local density of population and we assume that cells try to avoid crowded
areas and prefer locally empty spaces which are far away from the carrying
capacity. We analyze the well-posed property of the associated Cauchy problem
on the real line. Moreover we obtain a convergence result for bounded initial
distributions which are positive and stay away from zero uniformly on the real
line.

1. Introduction. In this article we are concerned with the following diffusion equa-
tion with logistic source:

pu(t,z) — X0 (u(t,x)0,p(t, ) = u(t,z)(1 — u(t,z)), t>0, z€R,
u(t =0,2) = up(x),

(1)

where x > 0 is a sensing coefficient and p(t,x) is an external pressure. Model (1)
describes the behavior of a population of cells u(t, z) living in a one-dimensional
habitat x € R, which undergo a logistic birth and death population dynamics, and
in which individual cells follow the gradient of a field p. The constant x characterizes
the response of the cells to the effective gradient p,. In this work we will consider
the case where p is itself determined by the state of the population u(t, z) as

— 02 0pep(t,x) + p(t,x) = u(t,z), t>0,2cR. (2)

This corresponds to a scenario in which the field p(t,x) is produced by the cells,
diffuses to the whole space with diffusivity o2 (for o > 0), and vanishes at rate one.
As a result cells are pushed away from crowded area to emptier region.

A similar model has been successfully used in our recent work [21] to describe the
motion of cancer cells in a Petri dish in the context of cell co-culture experiments of
Pasquier et al. [33]. Pasquier et al. [33] cultivated two types of breast cancer cells
to study the transfer of proteins between them in a study of multi-drug resistance.
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It was observed that the two types of cancer cells form segregated clusters of cells
of each kind after a 7-day co-culture experiment. In [21], the authors studied the
segregation property of a model similar to (1)—(2), set in a circular domain in two
spatial dimensions 2 € R? representing a Petri dish. The study aims at describing
the cancer cells motion in a Petri dish [21, 33] in the context of a batch culture. The
cell population should be regarded as a mono-layer attached to the bottom of the
Petri dish covered a large quantity of nutritional liquid (used in the cell culture),
which is constantly renewed.

Our model can be included in the family of non-local advection models for cell-
cell adhesion and repulsion. As pointed out by many biologists, cell-cell interactions
do not only exist in a local scope, but a long-range interaction should be taken into
account to guide the mathematical modeling. Armstrong, Painter and Sherratt
[1] in their early work proposed a model (APS model) in which a local diffusion
is added to the non-local attraction driven by the adhesion forces to describe the
phenomenon of cell mixing, full/partial engulfment and complete sorting in the cell
sorting problem. Based on the APS model, Murakawa and Togashi [32] thought that
the population pressure should come from the cell volume size instead of the linear
diffusion. Therefore, the linear diffusion was changed into a nonlinear diffusion in
order to capture the sharp fronts and the segregation in cell co-culture. Carrillo et
al. [11] recently proposed a new assumption on the adhesion velocity field and their
model showed a good agreement in the experiments in the work of Katsunuma et
al. [25]. The idea of the long-range attraction and short-range repulsion can also be
seen in the work of Leverentz, Topaz and Bernoff [28]. They considered a non-local
advection model to study the asymptotic behavior of the solution. By choosing
a Morse-type kernel which follows the attractive-repulsive interactions, they found
that the solution can asymptotically spread, contract (blow-up), or reach a steady-
state. Burger, Fetecau and Huang [8] considered a similar non-local adhesion model
with nonlinear diffusion, for which they investigated the well-posedness and proved
the existence of a compactly supported, non-constant steady state. Dyson et al. [19]
established the local existence of a classical solution for a non-local cell-cell adhesion
model in spaces of uniformly continuous functions. For Turing and Turing-Hopf
bifurcation due to the non-local effect, we refer to Ducrot et al. [16] and Song et
al. [37]. We also refer to Mogliner et al. [30], Eftimie et al. [20], Ducrot and Magal
[17], Ducrot and Manceau [18] for more topics on non-local advection equations.
For the derivation of such models, we refer to the work of Bellomo et al. [5] and
Morale, Capasso and Oelschléger [31].

It can be noticed that, in the limit of slow diffusivity ¢ — 0 (and under the
simplifying assumption that y = 1), we get u(t,x) = p(t,z) and (1) is equivalent to
an equation with porous medium-type diffusion and logistic reaction

1
Ug — §(u2)m =u(l —u). (3)
The propagation dynamics for this kind of equation was first studied, to the extent
of our knowledge, by Aronson [2], Atkinson, Reuter and Ridler-Rowe [3], and later
by de Pablo and Vazquez [15], in the more general context of nonlinear diffusion

up = (u™) e + u(l —w), with m > 1. 4)

We refer to the monograph of Vézquez [38] for a detailed study of solutions to
porous medium equations.
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The particular relation between the pressure p(t, z) and the density u(¢, x) in (2)
strongly reminds the celebrated model of chemotaxis studied by Patlak (1953) and
Keller and Segel (1970) [34, 26, 27] (parabolic-parabolic Keller-Segel model) and,
more specifically, the parabolic-elliptic Keller-Segel model which is derived from
the former by a quasi-stationary assumption on the diffusion of the chemical [24].
Indeed Equation (2) can be formally obtained as the quasistatic approximation of
the following parabolic equation

E(?ﬁp(t,fl:) = Xp$a:(t7$) + U(f,(E) - p(t,$)7

when € — 0.

A rigorous derivation of the limit has been achieved in the case of the Keller-Segel
model by Carrapatoso and Mischler [10]. We refer to [9, 23, 35] and the references
therein for a mathematical introduction and biological applications. In these mod-
els, the field p(¢, z) is interpreted as the concentration of a chemical produced by the
cells rather than a physical pressure. One of the difficulties in attractive chemotaxis
models is that two opposite forces compete to drive the behavior of the equations:
the diffusion due to the random motion of cells, on the one hand, and on the other
hand the non-local advection due to the attractive chemotaxis; the former tends to
regularize and homogenize the solution, while the latter promotes cell aggregation
and may lead to the blow-up of the solution in finite time [14, 24].

Since the pressure p(t, z) is a non-local function of the density u(¢, x) in (2), the
spatial derivative appears as a non-local advection term in (1). In fact, our problem
(1)=(2) can be rewritten as a transport equation in which the speed of particles is
non-local in the density,

{ Opu(t, ) — xO0z (u(t, 2)0x(p*x u)(t, x)) = u(t,z)(1 — u(t, x)) (5)
u(t =0,2) = up(x),
where

|

(pru) (z) = / oo = y)ult )y, o) = e 7 (6)

Traveling waves for a similar diffusive equation with logistic reaction have been
investigated for quite general non-local kernels by Hamel and Henderson [22], who
considered the model

ur + (u (K *w))e = Uze + u(l —u), (7)

where K € LP(R) is odd and p € [1, o0]. Notice that the attractive parabolic-elliptic
Keller-Segel model is included in this framework by the particular choice

K(z) = —Xsign(m)e_lw‘/‘/g/(%/a).

They proved a spreading result for this equation (initially compactly supported
solutions to the Cauchy problem propagate to the whole space with constant speed)
and explicit bounds on the speed of propagation. Diffusive non-local advection also
appears in the context of swarm formation [29]. Pattern formation for a model
similar to (7) by Ducrot, Fu and Magal [16]. Let us mention that the inviscid
equation (5) has been studied in a periodic cell by Ducrot and Magal [17]. A
substantial literature has been produced for conservative systems of interacting
particles and their kinetic limit (Balagué et al. [4], Carrillo et al. [12], Bernoff and
Topaz [6], Bertozzi, Laurent and Rosado [7], among others).

This paper is a part of a set of two papers. Here we study the well-posed character
of the Cauchy problem (1)—(2). In a forthcoming paper, we will build on these results
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to study the propagation dynamics of compactly supported initial conditions and
the existence of sharp discontinuous traveling waves for the model (1)—(2).

In this paper we focus on the particular case of (1)—(2) with o > 0 and x > 0.
The paper is organized as follows. In Section 2, we present our main results. Section
3 is devoted to the well-posedness of the Cauchy problem for system (1)—(2).

2. Main results. We begin by defining our notion of solution to equation (1).

Definition 2.1 (Integrated solutions). Let ug € L*(R). A measurable function
u(t,z) € L*>(]0,T] xR) is an integrated solution to (1) if the characteristic equation

%h(t, x) = —x(pa xu)(t, h(t, z))

h(t=0,z) = .

has a classical solution h(t,z) (i.e. for each x € R fixed, the function ¢t — h(t, z) is
in C1([0,7],R) and satisfies (8)), and for a.e. z € R, the function ¢ — u(t, h(t,))
is in C1([0, T],R) and satisfies

%%L(t, h(t,x)) = u(t, h(t, 2)) (1 + X(px w)(t, h(t, ) — (1 + Qu(t, h(t, 2))),

u(t =0,z) = ug(x),

(8)

(9)
where x 1= %.

We define weighted space L (R) as follows

L}7 (R) := {f : R — R measurable

[ 1@ < oo}

L} (R) is a Banach space endowed with the norm

n _
191y =3 [ 15 @le™ay.
R
Our first result concerns the existence of integrated solutions to (1).

Theorem 2.2 (Well-posedness). Let ug € L°(R) and fix n > 0. There exists
T*(up) € (0,400] such that for all T € (0,7*(ug)), there exists a unique integrated
solution u € C°([0,7], L} (R)) to (1) which satisfies u(t = 0,x) = ug(x). Moreover
u(t,) € L*(R) for eacht € [0,7*(up)) and the map t € [0, 7*(ug)) — Truo := u(t, )
is a semigroup which is continuous for the L, (R)-topology. The map ug € L>°(R) —
Tyug € Ly (R) is continuous.

Finally, if 0 < ug(x) <1, then 7*(up) = +00 and 0 < u(t,-) <1 for all t > 0.

Next we show that the semiflow preserves some properties satisfied by the initial
condition, namely the monotony, continuity and continuous differentiability. In
the case of a C*(R) initial condition, we show that the solution integrated along
the characteristics is actually a classical pointwise solution to the original problem

(1)-(2).
Proposition 1 (Regularity of solutions). Let u(t,z) be an integrated solution to
(1)

1. if up(zx) is continuous, then u(t,x) is continuous for each t > 0.

(
2. if ugp(x) is monotone, then u(t,x) has the same monotony for each t > 0.
3. if up(x) € CY(R), then u € C1([0,T] x R) and u is then a classical solution to

(1)~2).
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Next we show the long-time behavior of the solutions to (1).

Theorem 2.3 (Long-time behavior). Let 0 < ug(z) < 1 be a nontrivial non-
negative initial condition and u(t,x) be the corresponding integrated solution. Then
0 <u(t,z) <1 for allt >0 and x € R. If moreover there exists § > 0 such that
0 <wug(x) <1 then

u(t,x) =1, ast — oo
and the convergence holds uniformly in x € R.

The case of bounded initial conditions which are not positively bounded from
below is more complex. In the case of initial conditions which are compactly sup-
ported, we expect that the support will expand to the whole space with constant
speed and that the profile of the solution reaches an asymptotic shape (traveling
wave). This situation will be investigated in a forthcoming paper.

3. Well-posedness of the Cauchy problem. In this section we investigate the
existence and uniqueness of solutions for the system (8)-(9). The idea to construct
a fixed point problem is to consider the two variables

w(t,z) = u(t, h(t,x)) and p(t,x) = (pxu)(t,x).

Before we state the theorem, let us introduce some functional spaces and definitions.
We introduce the following weighted L' space for any n > 0, as

t@umwfmmx<m}

=1 [p |f(y)|e~"¥|dy. Then for any 1 > 0 the space
Ly (R) is a Banach space and for any 0 < 7 <7’ < 400 we have
L®(R) C L) (R) C L}, (R) C L, (R).

We will say that a measurable set & C R is conull if |R\U| = 0, where |4| is the
Lebesgue measure of the set A. In what follows we need to work in the space of
regular bounded functions on a measurable set & C R. Let us recall that the space

L}7 (R) := {f : R — R measurable

endowed with the norm || f|

L2U) = {f:L{aR

wpumn<+m},
xeU

endowed with the norm || f|| zo 1) := sup,¢y |f(2)], is a Banach space. If ¢ is conull
then £%°(U) is continuously embedded in L>°(R) since
1 fllzoe @) < 1 fll2oe @)-

Finally we introduce the fixed point problem which is the key element of our
proof of Theorem 2.2. Let 7 > 0 and U C R be a conull set, we introduce the
function spaces:

X7, = C([0,7], £L2U)), X7 :=C([0,7], L U)),
Y7 = C%([0, 7], Wh™(R)),

YT :={peY|p(t-) e W>®(R) for all t € [0, 7] (10)
and  sup ||pee(t, )| L@ < 400},
tel0,7]

ZL =X, x YT, Zf =X xY.
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Clearly, X7, is closed in the Banach space CO([o, 7], L= (U)). Y7 is not closed in
C°([0, 7], Wh>°(R)), however for each K > 0, the set

Y ={peY"| sw [pult,)lr=@ <K} (11)

tel0,7]
is closed in Y. Indeed, let p™(t,z) — p(t, z) be a converging sequence in Y7. Since
C°([0,7], Wh°(R)) is a Banach space we have p € C°([0, 7], W'*>(R)). Moreover
for each t € [0, 7] there exists a measurable set E; C R such that fR\ g, 1dz =0,
p2(t,xz) and p,(t,x) are well-defined for any = € E; and lirf po(t,x) = py(t,x)
n—-—+0o0

for each x € E. Let =,y € E;, we have:

Ipe:(t,2) — pa(t,9)| < |pu(t,z) — Py (8, 2)| + [px (8 2) — pr (6 9)| + P2 (ty) — P (t,9)]

Taking the limit n — oo, we obtain

hence ||y~ < K and p € Y.
Given p € Y7, let h be the solution of the following equation

%h(ta S 1') = *Xpm(ta h(ta S5 ZL’)),
h(s,s;x) = x.

The existence of the solution A is ensured by p € Y. Moreover,

(i) for any x, the mapping t — p,(¢,x) is continuous;

(i) the vector field p,(t,x) is Lipschitz continuous with respect to z and the
Lipschitz coefficient is uniform with respect to t on [0,7]. In particular the
image of U by h(t,s;-) is still conull for any t,s € [0, 7].

We are now in the position to define the mapping 7,7 [uo] to which we aim at applying
a fixed-point theorem:

. . R T
o (o) esp (i1 el b, 0:2)) — (14 Ruw(l, 2)dl)
71-/{[ 0]( ap)( ) ) ( pr(I . h(t,O, Z))UQ(Z)GI& 1—w(l,z)dlq, )
(13)
where
(w,p) € Z}; .= X xY".

Remark 1. In formula (13), the function & must be understood as the solution of
(12) where p the argument of the function 7,7 [uo](w, p).

Remark 2. Since we only impose ug to be in L*> the time of local existence
will depend on each value ug(z). That is why we are not considering the class of
functions L™ for w(t,-). Instead we work in the space L>(U) for w(t,-).

Our first result is the well-definition of 7;] [up]. We start with a series technical
Lemma.

Lemma 3.1 (Lipschitz continuity of the characteristic flow). Let 7 > 0, K > 0
and p € Y[ be given (recall that by definition of Y7, Dy is uniformly bounded:
SUPyeo,r] [1Pra(ts )l o) < K < +00). Then, the solution h(t,s;x) to (12) satisfies

|h(t, s;2) — h(t, s;y)| < eKXlt_s||x -yl (14)
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Proof. The integrated form of (12) is

¢
h(t,s;z) = —|—/ —xpz(l, h(l, x; 2))dl,
therefore

t
Ih(t,5:2) — h(t, 55 9)] < |o — ] + x / (Da(t, h(t, 5 2)) — pa(t, h(t, 5:9))dy
t
<[yl 5 el / (L, 5:2) — h(l, 5;9)|dy
te |0, S

t
<z -y + Kx / Ih(L, 5:2) — h(l, 5;9)|dy,

since p € YIQ Gronwall’s inequality [13, Lemma 4.2.1] implies:

Ih(t, 5:2) — (t, )] < KXg — g,
Lemma 3.1 is proved. O
Lemma 3.2. Let p,p € Y (where Yi is defined as in (11)) and h, h be the cor-
responding characteristic flows defined in (12) with p and p respectively. Then for

any T >0 and t,s € [0, 7] we have
17t 53-) = h(t,55) |l L) < |t~ shx sup 12(0,7) = pa(l M zoe rye X1
Proof. Without loss of generality we suppose t > s, then
0: (h(t,s;x) = h(t, 52)) = =XPa(t, h(t, 52)) + XPa(t, h(t, 5; )
= —XBa(t, h(t, 52)) + xpa (b, h(t, 5:2)) = xpa (8, h(t, 552))
+ xPx (L, h(L, 57.2)).

Therefore, we have

|h(t, s;-) — h(t, s; M oo (m)

< |t —s|x sup ||pz(l,-) = Dz (l, )| Loo (m)
1€[s,t]

x5 sl i ce / 1L, 5:) — b1, 53 )| e gy .
S 7'

The result follows from Gronwall’s inequality and the definition of }712 O

Lemma 3.3 (Continuity properties). Let (w,p) € Z;, be given. Then, the function

u(t,x) ;= w(t, h(0,t;x)), defined for each t € [0,7] and a.e. x € R, is a continuous

function of time for the L%(R) topology (i.e., the map t — u(t,-) is continuous in
1 .

L;(R)). The maps t — (p*u)(t,-) and t = (pz x u)(t,-) are continuous for the

CP(R) topology and moreover (pxu)(t,-) € W2>(R) for all t € [0, 7].

Proof. Let (w,p) € le be given. We first remark that, since p, is Lipschitz con-
tinuous, the function h(t,s;-) is locally Lipschitz continuous for all t,s € [0, 7]
and therefore h(t,0;U) is conull. In particular, u(t,z) is well-defined for every
x € h(t,0;U), therefore almost everywhere, for each t € [0, 7].

We divide the rest of the proof in two steps.

Step 1. We show the continuity of ¢ — u(t, -).
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Let t € [0,7] and € > 0 be given. For s € [0, 7], we have:

ut, ) — uls, / lw(t, h(0, £ 2)) — w(s, h(0, 5; 2)) e~ d

< B /]R |w(t, h(0,t;2)) — w(tvh(oas;x)ﬂe*”'m‘dx

+ g / |w(t7 h(O, S3 .CE)) - ’LU(S7 h(O7 s; x))|e*77|17\dx
R

By the continuity of ¢t — w(t,-) in L>®(U), there is dy > 0 such that if |t — s| < do,
then [Jw(t, ) —w(s,-)||zeew) < 5. Therefore if [t — s| < 0o,

lutt, ) - u(s, )y
/ [w(t, h(0, £2)) — w(t, h(0, 5:2)) e~z + Juw(t, ) — w(s, e

\ /\

\ /\

3 [ 1wt h(0.6:2) — w(t. 00,50 e s+ 5.
R
Next we select R > 0 sufficiently large, so that
min(h(57 Oa R)v —h(S, Oa _R))

-1
> —1In c for all s € [t — do,t + do].
Ul 18 supye(o,7 1wl co @

By the density of compactly supported smooth function in L'(—R, R), there is
¢ € CY([—R, R]) such that

H,w SDHLl( RR) < %e—KX(Héo).

Then, we have:

Ju(t, ) — u(s, )y < =+ / ot 10, £ 2)) — w(t, h(0, 5; 2)) e~ dx
<5+ 3 [ lwth0ut2) = 0.t e (15)
+3 [Ieto.t) = e, sl (16)

+3 [ 1et0.5:0) — w(t.hO.sa)le e, ()

Next we estimate (16) and (17) (remark that (15) is a particular case of (17), for
s =1t), starting with (17). We have

n . ) —nlz
§/R|<p(h(0,s,1:))—w(t,h(O,s,x))\e 7l

n h(s,0;—R)
5/ |w (t,h(O,s;sc))|e_"|x|dx

n h(s,0;R)
+ 7/ |w(t7h(075,$)) —gO(h(O’s,x)”e_mﬂc‘dw
2 Jh(s,01—R)

“+oo
+ﬂ/ \w(t,h(O,s;x))\e_"“’”‘dx,
2 h(s,0;R)
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then:
+00 —nz ] Too
n _lz e
L ek sl < sup ol e~ | ]
8,0; €[0,7 h(s,0;R)
|| || efnh(sv(J?R) e
= sup ||w|ge—F < —.
te(0,7] 2 36

Similarly, we have

”/h(S’O;R) lw(t, h(0, s 2))e "l dz < =
2 B - 36

—0o0
Moreover, changing the variable in the integral, we have

h(s,0;R)

ﬂ/ |w(t, h(0, s;z)) — p(h(0, s; x))\e_"‘gcldx
2 h(s,0;—R)

R
=2 [ Juts) — )l O 5,01y
-R
M Kxs|y — < M Ex(s—t=80) €~ €
50 v =ellrm < ge 187 = 36
where we recall that |h,| < efXI*=5| by (14) and s <t + §p. We have shown that
5

ﬂ/ [p(h(0, 53 2)) — w(t, h(0, 53 ) e <
2 Jr 5

1
for each s € (t — do,t + do), which is our desired estimate for (17) (and therefore for
(15)).
Next we estimate (16). Let
R = sup max (h(s,0; R), —h(s,0; —R)),
SG(t*&g,t%*(so)

which is well-defined by the continuity of s — h(s,0; £R) on [t—0d¢, t+do]. Then the
functions & — ¢(h(0, s; x)) have their support in (—R’, R') for any s € (t—dg,t+dp)-
In particular,

IN

2 / [p(R(0, 1)) = @(h(0, 55 ) e "*lda

Rl
,'7 p— b
I leo-rmr / (0, 52) = (0, s52) e~

= ||50/||CO(—R’,R’) sup |h(t707$) - h(sa 0; QIJ)|
z€[—R,R]

A

Since (s, ) — h(s,0;x) is continuous on the compact set [t — dg, t + o] X [-R’, R'],
it is uniformly continuous on this set and there exists §; > 0 such that
€
sup |h(t,0:z) — h(s, 0z)| < = &
z€[—R,R] 6| HCO(—R',R')
whenever |t — s| < d;. This finishes our estimate of (16).
Summarizing, we have found §; > 0 such that for all s € [t — §;,t + 1], the
inequality
Hu(tv ) — u(s, ')HL}](]R) <e

holds. This finishes the proof of the continuity of u(¢,-) in L}7 (R).
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Step 2. Define p(t,z) := (p*u)(t,z) = [, p(x — y)u(t,y)dy in the scope of this

Step. We first show that for any ¢ € [0, 7] we have p(t,-) € W2 (R). Indeed, since
p € WH(R) it is classical that p,(t, ) exists for each t € [0,7] and € R and

pw(tax) = /Rpw(x - y)u(tay)dy

Next we remark that for z < y we have
1P (t,7) — palt,y)| = / (Pl — 2) — puly — 2))ult, 2)d>

< / 1pale — 2) — puly — 2)|dzlult, )| e e

< [ 10sl2) = pely =+ 2)ldslfu(t e
1 TV e | (y—ut))o
e Mm% gz | [ el o
0
+/ z/a+em y— z)/adz
+
+/ e z)/adz]
0

||U(t7 )||L°° R) _lz—y] 2
B ) (1= ) < St e le — ol
(18)
We deduce that
2
Ipe(t, ) — po(t,y)| < —||u(t, ')||LW(R)|9: —yl|, for all t € [0,T].
In particular p,(t,-) is globally Lipschitz continuous and thus p(t,-) € W2%>(R).
Next we prove that p,(t,z) = (p x u)(t,x) € C°([0,T] x R). Let ¢ > 0 and

6||u [=S] X
R :=1n (M) then we have [|p|l2(r\(—r,r)) = €/ (6]ullL(0,71xR))-
Let 0 < s < t, we have

|pa(t, ) _pw(svy)| < |pw(t,l‘) _pw(tay” + |pm(t7y) _px(say)l

2
< Sl otz —ol+ [ ety =2l futt =) — (s 2 o=

s

F [ ey 2t~ paly — 2Juls,2)|d:
\(—R,R)

2
< = ullzo oyl =yl + ol u(t) = (s, M (g

+ 1zl @®\(~r.R)) X 2[|ullL~ (0, 7)xR)
2 €
< 2 ull oy = ]+ ol [t ) = w52 () + 5

Hence, choosing |z — y| < m—r—2—— and |t — s| sufficiently small so that the
GHUHLOO([O T xR)
norm ||u(t,.) — u(s, .)||L1((7R’R)) is controlled by zr=— we have

Ipz(t, ) — pa(s,y)| < e.
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Hence p, is continuous. The continuity of ¢ — p(¢,:) in L*(R) can be shown
similarly. O

Theorem 3.4 (Local existence and uniqueness of solutions). Let U be conull and
ug € L>®U) be given. There exists T > 0 such that T [ug] has a unique fized
point in Z7. Moreover T can be chosen as a continuous function T ([uoll £ o)) of
luol| 2o ey and the mapping ug € L®U) — (w(t,x),p(t,z)) € Z7 is continuous in
a neighborhood of ug.

Proof. We divide the proof in three steps.

Step 1. Stability of Z;; by Ty [ug]. We show that 7,7 [uo|(Z;) C Zj;. Define
(w', p) := T [uo](w, p). We first prove w! € X7 = C([0, 7], L2(U)). By definition
we have

wh(t,) —wh(s,) = wo(-) exp ( [ it p.00) - a4 -)dZ)
— uo(-) exp (/Os 14 xp(l,h(1,0;-)) — (1 + )w(l, ~)dl).

Let us denote O[u] := |ule/*!, v € R and recall the inequality e* —1 < |ule/*l = O[u]
for all w € R. We have

uo(-) exp ( [ w0 — 0+ ut ->dz)

~ uo(") exp ( / L (0 (0L0: ) — (1 Quwll ->dl>

Lo U)

= HU() H,COC (u)es(1+)ACHPHLOO((OYT)XR))

exp (/t 1+ %, h(1,05)) — (1 + Dw(l, -)dl) 1

X

L=(U)
< Jluo H[:OQ(Z,{)es(1_‘—)2”1)”1‘00((0,7))0[{))

X @[(t —5)(1+ Rllpll L= (0,7)xr) + (1 + X) ls%p] Jw(l, -)Hz:oo(u))}
€[0,7

This implies

lw'(t,) — w' (s, )| g @)
< Jollewaoe* HPI )0~ 5)(1+ Rllplly- + (1 + Dlhwllx-)]- (19)
Since x[u] — 0 as u — 0, the continuity of w! is proved.

Next we prove p' € Y7. Recall that, by definition of Y7 (see (10)), the second
derivative of p is uniformly bounded: sup,c(g , [|Pza(t; )| Lo ®) =1 K < +00. For
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any t,s € [0,7] and z € R, we have
1 1
’p (t7.’1,‘)—p (va)’

/ (p(a; — h(t,0; z))efot 1wl ( — h(s,0; 2))elo 1_w(l’2)dl>uo(z)
R

< o]l = oy (Heﬁf et el ettt e - b0z (20)
L>(R) Jr

+ Hef; 1—w<lv>le / lp(x — h(t,0;2)) — p(a — h(s,0; z))|dz>.
L>=(R) Jr

Since p € Y™ we have P2zl o< (0,ryxr) < K and thus, recalling the Lipschitz
property of h (14),

Hefg 1—w(l)dl _ [y 1—w(l,)dl < |t — s|(et + ¢ (1 + sup |lw(t, ')|L°°(L{)>

HLO" te[0,7]

< |t = s2e” (14 [lwllxg,) ,

/ |p(x — h(t,0;2))|dz = / plx —y)0,h(0,t;y)dy < XX,
R R

(21)
where we have used the classical inequality

le® —eY| < (e + eY)|x —y| for all 2,y € R. (22)

There remains to estimate the second term in the right-hand side of (20). Using
(22) we have

/R ol — h(£,0;2)) — p(a — (5,0; 2))dz

|z— h(tOz)| _ lz—h(s,052)|
= /‘ —e v dz

< — (e el +e“xih(;’ozz”)U_1|h(t,0;z) — h(s,0;2)|dz
20' R

1

. (/e ! x(o,t;y)dy+/em”yhx(o’“y)dy)
R R

< 0 A, 05-) = A, 03wy (€ 4 €
< 207 SXTA(t, 05) = (s, 05) | e ay-

Moreover, since

h(t,0;z) — h(s,0;2) = — /t xp(1, h(1,0;2))dl, (24)

we have [|h(t,0;-) — h(s,0; )| Lo ®) < [t = s[xSupe(o,r) IP2 (¢, )| Lo (r)- Combining
(20) and (23) we have

10", ) =2 (5, )| oo ) < 1t =81 2D g | oo @4y (1+ [l xg, + 0~ xllplly-)-

(25)
This proves p' € C([0, 7], L=(R)).
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Similarly, we compute for any t,s € [0,7] and = € R:
p3(t,x) — po(s,2)| < [t = s] x 207 "IV ]| poo gy (1 + [Jw]lxg,) (26)
llllmage? | ol = h(t.052) = prla = A, 052Dl

In order to estimate the last term in (26), suppose first that h(0,¢;z) < h(0, s; ).
We have

/R |px(x — h(t,0;2)) — pu(x — h(s,0; 2))|dz

1 h(0,t;z)

 @—h(t,0;2) _ @—h(s,052)
=552 N | —e 7 +e G dz
1 o0 @ —h(t,0;2 x—h(s,0;z
53 |e h(oO)—e h(UO)dz
20 h(0,s;x)
1 h(0,s;x) @—h(t,0;2) _ w—h(s,0:2)
53 e o +e a dz.
20 h(0,t;x)
Using (22) and (21) we have
/ 9@ = h(£,0:2)) — pale — h(s,0;2))|d>
h(o td?) T — t,0;2 €T — 5,052z
<50 (e_‘ npasl | gl )|)|h(t 0;2) — h(s,0;z)|d=
g —o0
1 /°° le—h(t.0;2)| l2=h(s,0:2)]
— e - +e” |h(t,0;2) — h(s,0; z)|dz
202 h(O,s;z)( )
. 1/}L(O7S§JJ) |eth(t,0;z) +e_a:7h(s,0;z) 1
202 h(0,t;x) (27)

|z—h(t,0;2)| _ lz—h(s,0:2)]
o +e o

1
< oallh(t.0:) = s, 0:) e [ (e )dz
g R

1 h(0,s;2)
+ 72/ 2dz
20% Jho,t;2)
<201 XTB(t, 0;-) = h(s,0; )| Lo m) + 020, 85 -) — B(0, ;) || Lo m)-

Moreover by (24) we have ||h(0,t;-) — h(0, s;-)|| @) < |t — s|x||p|ly-. Combining
(26) and (27) we have

[z (2, 7) = pa(s HLOO(]R)
<|t— 8| x Huollz:oo(mc7 (eI 4 wlxr) + xeT (25X + 07 plly-)-
(28)
This proves p. € C([0, 7], L°(R)). According to (25) and (28) we have
198 ) = 5151 Ml ey < ClE— 51 % ol oet™6H7, (29)

where (' is a constant depending on o, x, ||w|x- and ||p||y-. Therefore p! € Y.
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There remains to show that sup;c(o .1 |P5, ()L ®) < +o00. Let t,s € [0,7]
and x € R. We have

[pa(t,z) — py(t,y)l = '/R (palx = h(t,0; 2)) = paly — h(t, 0; 2)))ug(2)elo =) q,

sHmmwmwﬂémAm—a—pﬂy—amﬂauww
S 20'_16(KX+1)T||’LL0”L00(R) ‘(E — y|
Therefore

tsE)p] Hpiw(t, e < 20'_16(KX+1)T||U/0||£00(L[) < 4o00. (30)
€[0,7

We have shown the stability of le

Step 2. Local stability of a vicinity. We show the stability of the set

B, = {(w,p) € Z;| up, luo — w(t, )| gy < 7 and p € Vi
te|0,7
and [[p — (p*x uo)[[y~ < r}, (31)
y

for any 7 > 0 and 7 > 0 sufficiently small, where K := 40~ "||ugl| o). Note that

B, is closed in Z7, for any r > 0.
Let (w,p) € By, and define x := ||(ug, p* uo)|| ;- + 7. By definition, we have

||(w?p)||27 < Huo,p*u()”ZT +r==x.

On the one hand by (19) (with s = 0) we find that

Sup le(tv ) - uO(')HE"O(U) = sup le(ta )= w1(07 ')Hgoo(u)
te[0,7] te(0,7]

< luollc=@o® [r (1 + Klplly+ + (1 + Q) wllx-)]
< kX {7(1 +(1+ 2)2)/@)} 3 0<m,
where O[u] = |ule/*l. On the other hand, by (29) (with s = 0), for all ¢ € [0, 7],
I (t,2) — (p % uo)(x)|y+ = e I (t,-) = ' (0, )l wr.oo m)

< C7 X ||ug]| oo ye KXV

< CrreEXHDT 0 <,
7—0

Finally by (30),

tSE)P] D% (ts Ml e m)y < 20 XTI |ug| oo )
€|0,7

—1 —1 _
m 20 ||U0||£oo(u) < 4o ||U/O||£oo(u) =K.

We conclude that for any r > 0 there is 7 > 0 sufficiently small so that the inclusion
7.7 [wo](By) C By holds.

Step 3. T;|uo] is a contraction. More precisely, we show that 7;][ug] is con-
tracting for 7 sufficiently small.
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Let 7 > 0 be given and 7 > 0 be sufficiently small so that B, is left stable by
T7luo], and define k := ||(ug, p*xuo)|| ;- + 7 as in Step 2. Let (w,p) € B, and
(0, p) € B, be given, we observe that for any ¢,s € [0,7] and x € U,

| (t,2) — w'(t, z)|

< ||u0||L°°(u)‘ef0t 1+xp(LA(1L,052)) — (14 w(la)dl _ [y 1+ﬁ(l,ﬁ(l,0;z))f(1+>2)1D(l,z)dl‘

A+xllplly=) |1 — ofo Xﬁ(lvﬁ(l70;1))—5«0(17h(l»O;fﬂ))—(1+>2)(1D(l7r)—w(lyr))dl‘

< uol| g2 o€’
< rer (10 )1 ol f@(z,fz(l,o;x>>—>zp<z,h<z,o;x>>—<1+>z)(w(l,x)—w(l,x))dz’

< kem T8 7 (% sup [5(LA(1,052)) = p(I, h(1,0:2) 4+ (1 + )i = w]x- )]
l€[0,7]

where we have used the inequality |e* — 1| < |ule/*l =: O[u], Yu € R. Moreover, we
have

sup _[B(l, h(l,0:2)) = p(l, h(l, 0; 2)))|

1€[0,7]

< sup [|p(l,-) = p(l, Y ze@ + sup |p(l,h(l,0;2)) — p(l, h(1,0;z))|
lefo,7] 1€[0,7]

<|Ip=ply-+ sup [Ipa(ls)llL~@ sup [h(,0;-)
lefo,7] le[0,7]

—h(1,0;-)|| Lo (r)

<lp=ply-+ " Sup 1L, 05-) = h(l, 05 )| oo (my-
€|0,7

According to Lemma 3.2 we have

Hil(t705 ) - h(t707 )||L°°(R) < TXISFP] Hf)x(h ) - px(l7 ')HL"C(R)eKXTa
c[0,7

which yields
S (1, (1,05 2)) — p(1, h(1,0;2))| < || — pllg-+ (1 + rxTe™XT).
c[0,7

This implies
|8 —w' |l < e+ 00[r (Rl5—pllg- (1+axre™ ) +(1+0) |5 - w5 )| (32)

On the other hand, we have

‘ﬁl (t,z) — pl(t7 .13)’
= \ / <p<z — h(t, 0; 2))edo 1= _ i p(t,0; 2))elo 1w<lvz>dl)uo<z>dz
R

_ ‘/ <p(x _ ﬁ(t,O;z))(efot 1—a(Lz)dl _ oy 1—w(l,z)dl>
R
— (p(z - h(t,0;2)) — p(x — h(t,0; z)))efﬂt 1_w(l’z)‘”)uo(z)dz

< Jluol| o= =) (Hefo* L—di(l,)dl _  fi 1—w(l,.)le / Ip(z — Bt 0: 2))lde
L>(R) Jr

o [|ess 1] . / lp(z — h(t,0; 2)) — p(x — h(t,0; z>>|dz)-
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, We write

1—a(l,)dl _ ff kw(l,-)le
L>(R)

In order to estimate the term Hefo

Hefo‘ L=a(l)dl _  f¢ 1—“}”7')@”” < 2e”
L>=(R)

/tzf)(l,-) —w(l,)dl
0

<2re” [ — w| x-,

L=(U)

where we have used (22). Next we notice that that p € Y7 implies the inequality
1Pzl o< ((0,r)xr) < K, thus we obtain by a change of variable (recall the Lipschitz

continuity of h by Lemma 3.1)

/ |p(x — h(t,0;2))|dz = / plz — 2)8,h(0,t; 2)dz < 5XT,
R R

Finally we have

/R 1o — Bi(t,0; 2)) — p(z — (t,0; 2))|dz

\:: h(t 0;2)] _|:th(t,0;z)|
= / ‘ —e e ‘ dz

(e eohon) e "(““)'>|h(t 0;2) — h(t,0; 2)|dz
20’ R

~ 1 _le—h(t,052)]| _le—h(t,0:2)]
< IR 0:) = Bt 0 )y [ T e s
g Jr
< [JA(t, 05 ) — A(t, 05 ) || pow gy (€7X + €5XT)
< 2e"XT||0(t, 05 ) = R(t, 0 )| Lo ()
Applying Lemma 3.2 yields
/ |p(z = h(t,0;2)) — p(a — h(t,0; 2))|dz < 25T [|h(t,0; ) — h(t,0;-)|| L= (k)
R
< 2x7e” X7 [p — plly-..
We have shown the following estimate on p:

sup. 17160 (6 Ml ey < 26T il gt 2B
te[0,7]

(33)
Next we estimate the gradient of p. We have:
|ﬁglc(t, (E) - palc(t7 (E)|

- ‘ / (w — (0 2))eld LR p(2,0; 2))els 1‘“’”’”“)%@
R

< u0||Lm(R)<Hefol ] R)/ s (& — R(t,0; 2))|d=

[ 1—w(l, )dl _ _ .
+ e e / (e = (0,052)) = pale — h(1.0:2))

< 20 L eBXADT |1 — w)|x- + H@T/ |pa(z — h(t,0;2)) — pu(z — h(t,0; 2))|dz.
R
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For the need of this computation, let us introduce h~ := min (iNL(O,t;o:), h(O,t;a:))
and At := max (/3(07 t;x), h(0,t; x)) We have:

[ 1pate = h6.0:2)) = (o = hie,0:2))ds

1 h™ |z —R(t,0:2)] Lo —h(£,0:2)|
<— | (e e I Rt 05 2) — A(t,0;2)|dz
20% J_o
1 o0 | — A (t,052)] le—h(t,0;2)] \ ~
P - v - o h(t,0;z) — h(t,0; 2)|d
202 et ( + )l (7 72) (7 7Z)| z
1 h* _ Je—h(t,052)] _ le—h(t,0;2)]
+ 5= ‘e G +e G ‘dz
20' h—

1 -~ _ Je—h(t,052)] _le—h(t,0;2)]
< 272||h(f,0; -) = h(t,0; ')HLOO(]R)/ (e v +e o )dz
g R

1
+ﬁ/, 2dz
<207 e XT||A(E,05) — R(t, 05 )| oo ry + 020, 8 ) — B0, 85 -)|| Lo ()

According to Lemma 3.2 we have then

/R 1Pl — B(£,0;2)) — pala — h(1,0; 2))|dz

< 207 BN R(1,0) — h(t, 05 )| o (ry + 0 2lR(0,85) — A0, &) 1o ey

2K xT + 0'_2)(7'6

< (27’0'_1)(6 KXT)Hﬁ—pHyr.
This implies
sup ||pgc pz ||L<>°(]R) < 20 e XU HUN) - w”XT

t€[0,7]

+ (2rxo L rePEXFDT 4o T2 e XTI 15 — plly-. (34)

Combining (32), (33) and (34), there exists a mapping 7 +— L(7) with L(7) — 0 as
7 — 0 such that

1727 [uo] (@, p) = Tog [uo] (w, p)|| 2 < L(7) [[(@, P) = (w; p)l| 5~ - (35)

Thus for 7 > 0 sufficiently small we have L(7) < 1 in which case 7;][ug] is a
contraction on the complete metric space B, equipped with the topology induced
by Z,. By the Banach contraction principle, there exists then a unique fixed point
to 7,7 [uo]. Moreover T can be chosen as a continuous function of |ug||zoe 1)
Finally, the continuous dependency of (w,p) with respect to ug is a direct appli-
cation of the continuous dependency of the fixed point with respect to a parameter
[39, Proposition 1.2]. O

In order to show the semigroup property satisfied by (w, p) and to make the link
with the integrated solutions to (1), we need the following technical Lemma.

Lemma 3.5 (The derivatives of p and h). Let U C R be conull and T > 0 be given.

Let (w,p) € Zj, be a fived point of Tjj[ug]. Then there exists a conull set U' such
that
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(i) for any t,s € [0,7], the solution h(t,s;x) to (12) is differentiable for each
x € h(s,0;U") (therefore for almost every x € R) and we have

t
ha(t, s;x) = exp ()Z/ w(l, z) — p(l, h(l, s;x))dl) for a.e. x €U. (36)
(ii) for everyt € [0,7] and x € R we have

p(t,z) = /Rp(fc —y)w(t, h(0, £ y))dy and p.(t,x) = /Rpx(x = y)w(t, h(0, 4 y))dy.
(iii) for every x € U’', the function p,(t,-) is differentiable at h(t,0;2) and we have
0%paa(t, h(t,0;2)) = p(t, h(t,0;2)) — w(t, ).

Proof. We divide the proof in three steps.

Step 1. We prove item (i).
Let x <y and t,s € [0, 7] be given, we first remark that

Dz (t, h(t,0;9)) — po (¢, h(t, 0;))

= /]R (px(h(t7 0; y) - h(t> O; Z)) - pz(h’(ta 03 LL‘) - h(t, 0? Z)))UO(Z)efJ I_W(l72)dldz

= /w (px(h(ta 0? y) - h(t7 0; Z)) - pz(h(tv 0; x) - h(ta 0; Z)))UO(Z)efot I_W(l72)dldz

— 00

+ /+Oo (pm(h(ta 0; y) - h(tv 0; Z)) - pz(h(t, 0; x) - h(tv O; Z)))UO(Z)GIOf liw(l’Z)dle

B 2% v (ehu,o;y);h(t,o;z) n —h(t,o;wzjh(t,o;z))uo(z)efotl—w(l,z)dldz
U xT
= / (po(h(t,0;y) — h(t,0;2)) — pu(h(t,0;x) — h(t,0; z)))uo(z)efo‘ 1—w(l,z)dl g,

+oo
+ / (pm(h(ta 0; y) - h(t’ O; Z)) - pm(h(tv 0; ‘T) - h(ta O; Z)))UO(Z)QIOt liw(l’Z)dle

1 Y ( h(t,059)—h(t,0;z) —h(t,052)+h(t,02)
2 e o

%2 Juo()ehs (12
a x

_ 2u0(x)efot 1—w(l,ar)dldz _ @;Qx)uo(x)efot 1—w(l,z)dl
o

=: f(t;z,y)(h(t,0;y) — h(t,0;2)) — g(t; 2, y)

where

h(t,0;y) — h(t,0; )

% uo(z)ef(; 1—w(lz)dl g,

— o0

f(t; :my) — (/x + /+OO) (pm(h(tv O; y) B h(t’o; Z)) 7 pz(h(tv O,I) B h(ta O; Z)))

and

1 v h(t,05y)—h(t,052) —h(t,0;2)+h(t,0;2)
(e
x

g(t,.’]ﬁ, y) = ﬁ o +e p )uo(z)efot 1—w(l,z)dl

_ 2u0(z)ef0t 1—w(l,x)dl g, + (y;ﬁuo(x)efot L—w(l,z)dl
o
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Next we remark that, with those functions f and g, we have
t
0
t
=y—z-— x/ f(2,y)(h(1, 05 y) — (1, 0;2)) — g(I; 2, y)dl
t
= (y — z)e X Jo Gzl 4 X/ g(oy 2, y)e X Jo Flizv)dlq,
0
For a given x € R, we have

F(t:2,y) — —p(t, h(t,0:))

y—x O

uniformly in ¢, because of Lebesgue’s dominated convergence theorem.
Next we remark that, given ¢t € [0, 7], if « is a Lebesgue point of the function

2 ug(2)elo 1702l ¢ C0([0, 7], £5°(U)), then % has a limit as y — « and

lim g(ty xyy) — iz’u,o(l’)ef‘f 1—w(l,x)dm-
Y=z Yy — & o

Applying Lemma A.1, we conclude that there exists a conull set U4’ C U on which
h(t,0;-) is differentiable at every point # € U’ for all ¢ > 0 and we have

t
ho(t,0;2) = e~ X Jo p(LA(L0:))dl +x0*2/ ug(z)eld 1mwle)dl =% [7p(LhL0m)dl g 5
0
t
— % Jo ph(L0))dl <1 + )A(/ uo(x)efg’ 1+>2P(l7h(l70;r))—w(l@)dldU)
0

t
RS (A0l <1 +/ gw(a,x)e*fo”w“aw)dxda)
0

t t AP /
o (0wl <1+/ (el ottrar) dg>
0
t
—exp (i [ wlt) - 0.1 0s)at).
0

Since h(0,t;x) = [h(t,0;-)]~!(x), the function h(0,t;-) is differentiable at each point
x € h(t,0;U") and

1

hy(0,t;x) =
(0.8;) he(t,0;1(0,t;2))

= exp (—f( /Otw(l,h(O,t; x)) —p(Lh(l,t;x))dl) .

The formula (36) can be deduced from the remark h(t,s;z) = h(t,0;h(0,s;x)),
where the right-hand side is differentiable for all = € h(s, 0;U").

Step 2. We show item (ii).
We have, by definition,

pt.2) = [ plo = hit052)uo(z)eld 0 gs
R



20 XIAOMING FU, QUENTIN GRIETTE AND PIERRE MAGAL

and item (i) allows a change of variables which yields

/P (0 t y))efol w(l, h(Otz))dlh (0 t: Z)d

R

_ / p (0 ¢ y))efo 1—w(l, h(Otz))dle Xfo w(l,h(0,t;9))—p(L,h(l, ty))dldz
R
/p (0 t: y))efo 1+xp(l,h(1,t;2))— (1+X)w(l,h(0,t; Z))dle
R

- / ol — y)w(t, h(0, ty))dy.

The formula for p, is proven similarly. Item (ii) is proved.

Step 3. We show item (iii).
Using the formula for p, established in item (ii), we have

paltsy) — pa(t,x) = / (05 — 2) — pu(z — 2))uwlt, B0, £ 2))dz

(/ /+°°) (p2(y — 2) = pa(x — 2))w(t, h(0,t; 2))dz
o ]

therefore p, (¢, -) is differentiable each time x is a Lebesgue point of z — w(¢, h(0,¢; 2))
and we have

S tw s ) (t, h(0,¢; 2))dz,

P (t, ) = p(t, ) — w(t, h(0,t;x)).
To finish our statement, we show that there exists U C U’ (see the definition of U’
given in item (i)) such that every = = h(t,0;z¢) with zo € U” is a Lebesgue point
of z = w(t, h(0,1; 2)). Indeed, let U” be the set given by Lemma A.1 applied to the
function w € C([0, 7], L WU’)). If x = h(t,0;z0) we have:

1 Y
[l h0,652)) = (e, b0, )=

1 h(0,t;y)
= |w(t, z) — w(t, zg)|hs(t,0; 2)dz
Y =T Jho,t;z)
< 70 ty) = h(0, 8 ) 1
- y—x h(0,t;y) — h(0,;2)

h(0,t;y)
X / lw(t, z) —w(t,zo)|dz||he(t,0;)| Lo (m)-
h(0,t;z)

Since h(0,t; x) is differentiable for each = € h(t,0;U’) D h(t,0;U"), the right-hand
side converges to 0 as y — x when 2o € U” is a Lebesgue point of w(t,-). Lemma
3.5 is proved. O

Unfortunately, the solution (w,p) constructed in Theorem 3.4 does not satisfy a
semigroup property. The reason is that, for a semigroup property to hold, the
property p(t,z) = fR p(z — y)w(t,y)dy would have to hold so that the vector
(w(t,-),p(t,-)) can be taken as an initial condition; however, this is very unlikely in
view of Lemma 3.5. In order to continue our construction of the integrated solutions,
we first show that the solution can be defined in L°° with little modification.
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Given ug € L=(R), we define the operator induced by the family 7,7 [ug] : Z7 —
Z7 (for U C R conull) as

T [uo)(w, p) = T [uo](w, p) (37)
where T¢ [ug] is obtained by (13) with an initial condition equal to uy a.e. and
Z7:=C%[0,7],L=*(R)) x YT, Z7 := C°([0, 7], LY (R)) x Y. The fact that 77 [u]
is well-defined is shown in the following Corollary.

Corollary 1 (Well-posedness in L (R)). Let ug € L>®(R) be given. Let U and U’

be two conull set and u¥ € L®U) and uYf € L>®U') be such that ug = v4 = u4’
almost everywhere. There exists T = T(||uol| o (r)) > 0 and a conull set U" C UNU'

such that the solutions w* € C°([0,74], L®MU)) and w¥ € CO([0, 7], L>U"))
given by Theorem 3. coincide for allt € [0,74]N[0,74'] and x € U". Moreover we

have T > max(74, 74").
In particular, let 49 € L(R) be such that ug = U almost everywhere and
ltollzoer) = |luollpo®) and define w(t,-) as the L> class of the solution W €

C°([0, 7], L=(R)) given by Theorem 5.4. Then w € C°([0, 7], L°(R)) and w is the
unique fized point on the operator T [ug] induced by the operator T¢ [to] defined in
(13).

Proof. Most of the arguments involved in the proof of Corollary 1 are very classical
therefore we concentrate on the most important point which is the well-definition
of w in L. The set U” C U NU’ mentioned in the corollary can be defined as

U =uUnu’ n{ug (z) < lluollz=}-

Since the existence time given by Theorem 3.4 depends only on ||u¥|| Loo Uy, We
have 7" > max(r¥, 74"). Moreover since U C U it follows from the uniqueness of
the fixed point of 7,7 [ug] that w and w"" coincide on U”, and similarly w"" = w”

on U"”. The remaining statements are classical. O

We are now equipped with a family of operators T; defined for u € L*°(R) and
t € [0,7(lluollz=)] as

Tyup(z) == w(t, h(0,t;)) € L=(R), (38)

where w and 7(JJug||Le) are given by Corollary 1. Next we show that the family T}
satisfies a semigroup property. We deduce the existence of a maximal solution for
each ug € L*(R).

Theorem 3.6 (Maximal solutions). Let ug € L (R) be given. The number
T*(ug) = sup{7 > 0| T " [ug] has a unique fized point}

is well-defined and belongs to (0, +00], where T [ug] is the operator defined in (37).
Moreover, there exists a conull set U C R and Ty € L2(U) such that the operator
77 [uo] has a unique fived point w € CO([0, 7], L>(U)) for each T € (0,7*(up)) and

w(t,x) = w(t,x) for a.e. x € R.

The map uy € L*°(R) — (w,p) € Zj; (and therefore ug € L°(R) — (w,p) € Z7) is
continuous for each T € (0,7*(ugp)).

Finally, the map t € [0,7*(ug)) — Tiug € L>®(R) is a semigroup which is con-
tinuous for the L},(R) topology for any n € (0,1), where Ty is defined by (38), and
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if 7" (up) < +oo then we have

limsup |[|Tyuol|poo(r) = +00.
t—1*(ug)~

The map ug € L>(R) = Tyug € L} (R) is continuous for each t € (0, 7*(ug)).

Proof. The positiveness of 7%(ug) is a consequence of Corollary 1. We show the
existence of U as defined in the Theorem. Let U° := R and let 19 € L>*(R) be a
bounded measurable function on R such that ||to|| o) = ||uol|Loc(r). In the rest
of the proof we identify ug and 4y and consequently drop the tilde. We recursively
construct a sequence of conull sets U™, n € R, such that &/" ! C U™, and a sequence
of functions uf € L>=(U™), such that:

(1) up ™ (x) == w™ (70, K0, 75 2)) where 7, := 7(|[ud|| L), (W™, p") is the unique
fixed point of the operator 7, (given by Theorem 3.4) with initial condition
ud and h™ is the solution of (12) corresponding to p™.

(i) U™ =U" R0, 7 U™) N [ug T (2) < Jlug ™ |~}

We let U := (| U™. Remark that, since each Y™ is conull, the set U is still conull.
neN
Next we show that 77 [uo] has a unique fixed point for each 7 € [0,3, . 7n)-

Let Ty = 0 and T;, := ZZ;& Tnt1, for all t € [T, T,, + 1) we define

w(t,z) :=w"(t — T, hn—1(mn, 0;z)) for all z € U,
p(t,z) == p"(t — Ty hn—1(Tn, 0;z)) for all z € R.

We show that (w,p) is the unique fixed point of 7;][ug] for all 7 € [0,T) by
induction. Indeed, the property is a consequence of Theorem 3.4 for all 7 < T3.
Suppose that (w,p) is the unique fixed point of 7;7[uo] for all 7 < T,,, n > 1. The
formula

t
wit,) = uo(o)exp ([ 1+ 500000 052) - (14 D))
0
is valid for all t < T,,. For t € [T}, Ty +1] we have
t—T,
w(t — Ty, x) = uf(x) exp (/ 1+ xp" (1, h"(1,0;2)) — (1 + X)w"(l,x)dl)
0

— w(T, h(Th, 0: 7)) exp (/0 LR ,002)) — (1 + )Z)w”(l,a:)dl)

= uo(h(0, Tn; )

Ty
X exp (/0 1+ xp(, AL, 0: 5(0, s 2))) — (1 + R)w(l, h(0, T a:))dl)

t_Tn
X exp (/ 14 xp" (1, h"(1,0;2)) — (1 + )w™(l, x)dl) ,
0
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so that

T,

w"(t — Ty, h(Ty, 0;2)) = up(z) exp (/0 "1 +xp(l,h(1,0;2)) — (1 + )Z)w(hx)dl)

n

t
X exp (/ 1+>A(pn(l_Tnahn(l_Tn70; h(Tn,va)))

— (1 +R)w"(l — Ty, h(Ty, 0; x))dl) . (39)
Next we remark that, by Lemma 3.5, the formula
p(Tn, ) = /Rp(x — y)w (T, h(0, T3 y))dy = /Rp(w —y)ug (y)dy = p" (0, z)

px(Tvux) = /Rpa:(x - y)w(Tru h(OaTn§ y))dy = /]Rpw(m - y)ug(y)dy = pn(07x)

hold, therefore p(t,z) can be extended to a function p € C°([0, Ty,11], W1 (R)) by
defining p(t,x) = p™(t — T, z) when ¢t > T,,, and moreover the extended function
h(t,s;z) defined on [0, T} +1] X [0, Th4+1] X R by

h(t,s;x) ift,s<T,

h(t —T,,0; h(Ty,s;2)) ifs<T,<t
h(t,Tn; B (0,8 — Tpsx)) it <T, <s

h™(t, s;x) if T, <ts

h(t,s;x) =

solves (12). Therefore (39) can be rewritten as:

Tn
w™(t — T, h(0,Th;x)) = up(z) exp </0 1+ xp(l,h(1,0;2)) — (1 + x)w(l, z)dl

t
T

= ug(z) exp </Ot 1+ xp(,h(1,0;2)) — (1 + X)w(l,x)dl) ,

where we have used the function w € C°([0,T,,11], £>°(U)) defined by the equality
w(t,z) = w"(t — Ty, h(0,T,;x)) when ¢ > T,,. Finally

p(tyil') = /Rp(l' — y)w(t, h(07t§ y))dy = /Rp(x — h(t, 0; ;y)w(j}7 Z)hx(t,o; z)dz
= [ ol 11,05 (el e,
R

We have shown that (w,p) is a fixed point of T[uo], for all ¢ < T, 4. Uniqueness
follows from the remark: let w,w of 72471"“ [uo] be two fixed points of 'ET"“. Then
w and W coincide in [0,T,] (by uniqueness of the fixed point) therefore w(T,,x) =
W(Th, x), w(Ty, h(0,Ty; ) = W(Ty, h(0,T,; x)) and by the uniqueness of the fixed
point in the interval [T}, T},+1] we conclude w(t,) = w(t,+). The uniqueness is
proved. We have shown by induction that 7,7 [uo] has a unique fixed point for all
T € [0, Tw]. As a by-product, this is also true for 77 [ug] and therefore To, < 7*(ug).
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Next we remark that 7, = 7(||u}|| L) is & positive continuous function of ||uy|| =

and therefore Too = > 7, < 400 implies | w(Ty, )|~ = [Juf|lpe — +oo. This
shows that 7*(ug) < T and therefore
7*(ug) = T

Obviously if To, = 400 then we have 7*(up) > Ty = +00. We have shown the
equality between the quantities.
Finally, the continuity of ug € L>(U) — (w,p) € Zj; is a consequence of the
continuity of the continuity of the map ugf — (w™,p") € Zj, given by Theorem 3.4.
Next we prove the semigroup property of ¢ — Tiug. This follows from a direct
computation: let 0 < ¢ < s < 7*(up), then for almost all z € R we have

t+s
Ty sti0(2) = o (B0, + 5;2)) exp ( | ot hi e i)
— (1T +)w(l, h(0,t+ s; x))dl)
= |ug(h(0,; h(t,t + s))) exp (/0 1+ xp(l, k(L t; h(t,t + s;2)))

— (14 x)w(l, h(0,t; h(t,t + s; x))dl)]

« eftt+3 1+xp(L,h(Lt+s;2))— (14 X)w(l,h(0,t+s;2))dl
S
= Tyugp(h(t,t + s;x)) exp </ 14+ xp(t+ LAt +1,t+s2))
0

— (1 + )w(t+ 1, h(0, & h(t,t + s;x)))dl).

Let p(t, z), h(t,s;x), w(t, x) be the quantities corresponding to the initial condition
tg = Tyug(x). By Lemma 3.5 we have

plt, z) = / ol — y)w(t, h(0, t;y))dy = / ol — )T (o) (y)dy,

R
therefore by the uniqueness of the fixed point we have

p(ly) =pt+1Ly), hlojx)=ht+lt+o;x), Wl z)=wt+1h0,t)).
We conclude that

Ty suo(x) = Tyug(h(0, s; ) exp (/ 14 xp(l, h(l, s;2)) — (1 + )w(l, h(0, s; x))dl) :
0
= TSTtUO (’JJ)

The continuity of t — Tiug in the L}, topology follows directly from Lemma 3.5 and

What remains to show is the continuity of ug € L*°(R) — Tyug € L}7 (R). We
use the sequential characterization of continuity. Let ug, ug € L°(R) be such that

[ug = woll L@ —= 0,

and let 0 < ¢t < 7*(ug). Let us recall that the map uy € L>® — (w,p) € Z7 is
continuous, therefore we have 7*(u,,) > t for n sufficiently large and

||wn(t7 ) - w(t7 ')HL‘”(]R) m 07
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where (w™,py,) is the fixed point of T*[uj]. Define h™ as the solution to (12)
associated with u™, then we have

n T] —n\xT n
Ju(t, ) =™ (t, )Ly w) = §/R€ Mt @) — " (t, )| de
= g/ff”'w‘lw(t, h(t,0;z)) — w"™(t, h"(t,0;z))|dx
R
< g/e_”'””‘ltt)(t, h(t,0;2)) — w(t, h"(t,0; 2))|dx
R

+g/e_’7‘””‘|w(t, ™ (t,0;2)) — w(t, h™(t, 0;z))|dz
R

< g/e‘”'www(t, h(t, 05 2)) — w(t, k" (t,0; x))|dz
R

+ lw(t, ) —w" (¢, )| L (®)-

Next we remark that the function w(t, h"™(¢,0;x)) converges to w(t, h(t,0;x)) for
a.e. © € R. Indeed, let € R be a Lebesgue point of w(t, h(t,0;-)), then we have

1 T+e
o [ b, 0:2)) — wlt, 7,0 2))az
1 x+€
< % lw(t, h(t,0; 2)) — w(t, h(t,0;z))|dz
1 x+e

1 x+e
— 2—5/ lw(t, h(t,0;2)) — w(t, h(t,0;z))|dz
r—¢€

1 h(0,t;R™(¢,0;24¢€))
€ Jh(0,t;h7 (t,0;z—¢))
x T (t, 05 h(t, 05 y))ha (L, 05 y)dy

1 x+e

C h(0,t;R™(¢t,0;24¢€))
27 ‘W(t,h(t,o,l‘)) _w(tvh(tvovy)”dya
€ Jh(0,t;h7 (t,0;z—¢))

where C := ||h2(t,0; )| Lo || hz(t,0; )| L=, so that

z+e
limsup/ lw(t, h(t,0; 2)) —w(t, A" (t,0; 2))|dz = o(e).

n—-+oo —e
Define
Es :={z € R| limsup |w(t, h(t,0;z)) — w(t, h"(t,0;x))| > 6},

n—oo

and take a compact set  C FEs which is contained in a open set O with finite
Lebesgue measure. Then K can be covered by a finite union of the interval in the

family €, of intervals I, ., := (z — ¢,z + ¢) such that z is a Lebesgue point of
w(t, h(t,0;-)), I C O and

limsup/ lw(t, h(t,0; 2)) — w(t, A" (t,0; 2))|dz < 2ue.
Loen

n—-+o0o



26 XIAOMING FU, QUENTIN GRIETTE AND PIERRE MAGAL

Applying the Vitali covering lemma [36, Theorem 8.5 p. 154], there is a finite dis-
joint subcollection I, o, = (2, €x) (1 < k < n < 4o00) such that [\ U I, c..n] =
0 and therefore

SIK| §/1imsup|w(t,h(t,0;a:))—w(t,h"(t,O;x))|dx
K

n—-4o0o

< Z/ lim sup |w(t, h(t,0;2)) —w(t, h"™(t,0;z))|dz
k=171

Bl n—-+oo
n
< Zlimsup/ |w(t, h(t,0;2)) — w(t, h"(t,0;x))|dz
k=1 V7T ey e
n n
< Z2M8k = /’LZ |I:1:k,€k,l»b| < ,U,|O|
k=1 k=1

Since O is independent of p we take the limit g — 0 to find || = 0 and therefore

|Es| = sup K| = 0.

K compact, KCEs

Since § > 0 arbitrary we have shown that the set of where w(t, h™(¢,0;)) does
not converge to w(t, h(t,0;x)) is included in (J,,~y E1/n, which is still negligible
for the Lebesgue measure. We have shown the convergence of w(t, h™(t,0;-)) to
w(t, h(t,0;-)) almost everywhere in R. The convergence of u”(t,-) to u(t,-) in L, (R)
is then a consequence of Lebesgue’s dominated convergence Theorem. O

We are now in the position to link the constructed maximal solution with the
integrated solutions to (1).

Proposition 2 (Integrated solutions). Let 7 > 0 and ug € L= (R).

(i) Ifue C([0,7], Li,.(R)) is an integrated solution to (1), then T*(ug) > 7 and
u(t, ) = Tyug for all t € [0,7].
(ii) Conversely, if u(t,z) = Tyuo(z) for allt € [0,7], then u(t,x) is an integrated

solution to (1).
Proof. We first prove Item (i). Assume u(t,z) € C°([0,7], L}, .(R) is an inte-

grated solution. Define p(t,z) := [, p(x — y)u(t,y)dy. We first show that p e
C°([0, 7], WH°(R)). We have:

Ip(t, 2) — p(s, )] < / ol — )t y) — u(s,1)|dy,

1Dat,) — pals, 2)] < / 1pa — W) llult, y) — u(s, 5)ldy,

and since t — u(t,-) is bounded in L*> and continuous in L] . both right-hand
sides can be made arbitrarily small (recall p and p, are in L'). This shows p €

Co([0, 7], Whe2(R)).



HYPERBOLIC KELLER-SEGEL EQUATION 27

Next we show that p(t,-) € W2>(R) for all ¢t € [0,7] and that the inequality
SUPye(o,7] I[Pz (t; )| L= < 400 holds. Indeed, take x <y, we have

Palt, ) — palt,y) = L/@Ax—@ pely — 2)) ult, 2)dz

</ /+OO) (po(z = 2) = paly — 2))ult, 2)dz

y—z

(e 7 e e

202 Yu(t, 2) — 2u(t, z)dz + o 2u(t, z),

therefore p, is differentiable at each Lebesgue point of u and we have
02 pes(t, ) = p(t,z) — u(t, z) for a.e. x € R.

Next, define the solution h to (12). According to Definition 2.1, there exists a
conull set U on which t — u(t, h(t,0;x)) is a classical solution to (9). Therefore, by
a direct integration, we have

w@w)w@ﬁwp<él+XMLML&@)(1+@w%xﬂo7

where w(t,z) = u(t, h(t,0;z)). In particular, w(t,z) € C°([0,7],£L>*U)). By
Lemma A.1, there exists a subset U’ C U such that for each x € U’ and all ¢ €
[0, 7], = is a Lebesgue point of w(t,x). Since h(t, s;-) is Lipschitz continuous for all
t,s € [0, 7], we have

1 (0,t;z+¢)
/ lu(t, z + ey) — u(t, z)|dy = / lu(t, h(t, 05 2)) — u(t, )| hs (2, 0; 2)d2

-1 h(0,t;x—e)

h(0,t;z+€)
< / |w(t, z) — w(t, h(0,t;x))|he(t,0; 2)dz
h(0,t;x—e)
h(0,t;x)+Ke
<K |w(t, z) — w(t, h(0,t; x))|dz,
h(0,t;2)—Ke
where K is the Lipschitz constant of h(t,0;-). Therefore x is a Lebesgue point
of u whenever h(0,¢;x) is a Lebesgue point of w. In particular, for z € U/,
Pza(t, h(t,0;2)) is the derivative of p, and we have

szm(t, h(t,0;2)) = p(t, h(t,0;z)) — w(t, ).

In particular, writing

fﬂﬁh@—h@&wzx—y—xépAUWJD—m@h@wﬁl

gy [ R0 a0 o
—o—y—x | L0y 0N

_ <,am,» e (.0510)

we find that the formula
ha(t,0;2) = eXJo wlho)=p(Lh(L0m)dl
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holds for all z € U’. Therefore
p(t ) = /Rp(w — yJult,y)dy = /]R pla — h(t,0;2))u(t, h(t,0; 2))hy (t,0; 2)dz
= / p(z — h(t,0;2))w(t, Z>e>z Jo wt,2)=p(L,h(1,0:2))dl g,
R
b -

Therefore (w, p) is a fixed point of 7,7 [ug).

Conversely if u(t,z) = Tiug(z) for all t € [0,7] then by definition u is a fixed
point of T7[ug] and we have see in Theorem 3.6 that there exists & C R conull
such that 7,7 [ug](w, p) = (w,p) for a p € Y7, with w(t,z) = u(t, h(t,0;x)). It then
follows from Lemma 3.5 that p = pxu and elementary computation then show that
u is indeed a classical solution to (9) for all x € Y. This proves Item (ii).

This finishes the proof of Proposition 2. O

Now we prove Lemma 3.2 which is used in the proof of Lemma 3.4. Next we
prove that the solutions remain bounded by 0 and 1.

Lemma 3.7 (Boundedness of the solutions). Let 7 > 0 be given and let ug € L>°(R)
satisfy 0 < up(x) < 1. Let u(t,z) be the corresponding integrated solution to (1).
Then

0<u(t,z) <1.
Proof. Let w(t,z) := u(t,h(t,0;x)) € C°([0,T]; £L>U)) for some T > 0 and a
conull set & C R (the continuity of ¢ — w(t,-) follows from Theorem 3.6) be such

that ¢t — w(t, x) is a classical solution to (9) for each x € U. We prove the uniform
bound:

lw(@ M@ < 1. (40)
Let € > 0 and assume by contradiction that there exists ¢ € [0,T") with
[w(t, )o@y > 1+
Define
t*:=1inf {t > 0| [Jw(t,.)||pe > 1+e} <T.

Then by the continuity of ¢ — [[w(t, )|z @) we have [|w(t*,-)||ze@) = 1+¢. In
particular there exists a sequence (t,,x,) with ¢, > t*, ¢, — t* as n — 400 and
x € U which satisfies

W(tn, ) = Jw(t™, )| oo @), as n — 0o,
W(tp,Ty) >14¢ vn € N. (41)

We claim that there exists a N such that for any n > N and ¢ € [t*,t,], we have

€ . €
w(t, zn) > |lw(t, )|l zoe @) — 2040 and [lw(t, )l zoo @y = Wt )l coo @y — 5=
(42)



HYPERBOLIC KELLER-SEGEL EQUATION 29
Indeed, for t € [t*,t,] we have

[w(t, zn) = [lw(t, )l o @)
< w(t,z,) — w(t*, x,)| + Jw(t™, z,) — w(tn, z,)|
+ w(tn, zn) = [w(t™, )o@l + Nwt, )z @y = llwt, )l @l
< lw(t, ) —wt™, )l gy + [lwt™, ) = wltn, )l e @)
+ [w(tn, zn) = lw@™, )o@yl + wt™, e @y = lwt, )z @l-

Due to the continuity of w in L£°(U) there exists dg > 0 such that ||w(¢, ) —
w(t*, )| goe @y < s i |t —t*| < g and by the continuity of ¢ — |lw(t,-)|| g @)

there exists 6; > 0 such that [||w(t*, )| zo @) — |w(t, )| 2o @] < s i [t —t*| <
1. Since t,, — t* as n — 400 and w(t,,rn) — ||w(t*,-)||z~@w) we can choose
N > 0 such that for all n > N, we have |t,, — t*| < min(dp,d1) and |w(tn, z,) —

lw(t*, ) oo @] < S5 1 which case we have the inequality [lw(t, )| 2o @y —
ot Me=an| < sy < 55 and

|w(t, n) — w(t, )| oo @] < o , for all t € [t*, t,].

_c
14+X)
Finally, using (42) we have for all ¢ € [t*,t,]:

Sl n) = wlty ) (14 o xu) (6, h(t,0500)) = (14 Qo 2)

. . €
Sw(t,zn) | 1+ Xwt, e~y — (L+ ) wlt, )l e @) + 2)

(
< w(t,z,) (1 + % — Jlw(t, -)Ilcw(m)
(143

« g
(e e + 5) <0

This implies
w(t,z,) <w(t*,z,) <1+4+e, Viet it
On the other hand, due to (41) we have

w(ty,zn) > 1+e¢.

This is a contradiction. Thus for any ¢ > 0, [Jw(t,-)|[ze@) < 1+ €. Since € is
arbitrary, (40) holds. O

In particular, the solution constructed in Step 1 and 2 can be extended up to
T = +o0o. We are now in the position to prove Theorem 2.2.

Proof of Theorem 2.2. Let ug € L™ (R).

Existence and uniqueness. The existence and uniqueness of the integrated
solution follows directly from Theorem 3.6 (existence and uniqueness of a fixed-point
problem) and Proposition 2 (consistency between the fixed-point problem and the
integrated solutions).

Continuity. The continuity in the space L%(R) and the continuity of ug €
L>(R) = Tyug € L},(R) have been shown in Theorem 3.6.

Other properties. The semigroup property follows directly from the form of the
operator has been shown in Theorem 3.6. The uniform bound when 0 < uy(z) <1
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has been shown in Lemma 3.7 and the fact that 7*(ug) = +o0 from the fact that
the L> norm of u(t,-) cannot blow-up in finite time.
This ends the proof of Theorem 2.2. O

Next we show that our model preserves certain properties of the initial condition.

Proposition 3 (Properties of the solutions). Let u(t,z) be an integrated solution
to (1) and suppose ug € L=(R) with 0 < ug < 1. Then
(i) if uo(z) is continuous, then u € C°([0,T] x R).
(ii) if uo(z) € CY(R), then u € C*([0,T] x R) and u is then a classical solution to
(1).

(iii) if uo(x) is monotone, then u(t,x) has the same monotony for each t > 0.

Proof. From (9) we can directly solve the solution w(t, ) = u(t, h(t,0;x)) as

wit, z) = uo() expt(fg 1+ l;g(p*u)(z, h(l,0; z))dl) |
1+ (L4 X)uo(x) [y exp ( [y 1+ X(p*u)(o, h(o,0;2))do)dl
for all £ > 0 and almost all x € R, which is equivalent to
i) wo(h(0, ) exp (Ji1 + X(pxw)(LhEERNAD)
’ 1+ (1+ X)uo(h(0, t5.2)) fo exp (fo 1+ X(p*w)(o, h(o, t;2))do)dl

Since (t,x) — h(t, s;x) is continuous, the right-hand side is a continuous function.
This shows (%).

Let us show (7). By (i) we have u € C°([0,T] x R). Thus, the spatial derivative
of the vector field of (8) satisfies

—02(pa % )t ) = ult,x) — (pxu)(t,x) € C°0,T) x R).

Therefore, the characteristic flow (¢,s,z) — h(t,s;x) € CY([0,T] x [0,T] x R). If
we denote

b(t,z) = efot 1+>z(p*u)(l,h(l,o,gg))dl7 (43)

then (t,x) + ¢(t,x) is C', which implies w € C1([0,T] x R). Since u(t,z) =
w(t, h(0,t;x)) we have u € C1([0,T] x R).

Finally we show (743). We will assume that ug(z) is decreasing (the increasing
case can be treated with a similar argument). We let w(t, x) := u(t, h(t, z)) where
u is the solution to (1) starting from u(t = 0,2) = wo(x), and h(t,s;z) be the
corresponding characteristic flow, i.e. the solution to (12) with p(t,z) := [; p(x —
2)w(t, h(0,t; 2))dz. Our aim is to show that w is a fixed point of the map

T C°([0,7], L®(R)) — CO([O,tT],LOO(R))
uo(x) exp (/0 1+ xp(s, h(s,0; x))ds)

w— ; ; ;
1+(1+ X)uo(x)/o exp (/0 14 p(s, h(s,O;x))ds) di

where p(t, x) is defined in the above formula by

Bt ) = /R oz — 2)@(t, h(0, £ 2))d=

we stress that h is the characteristic flow corresponding to the “real” solution to
(1) and is independent of .
As the proof is more involved, we subdivide it in four steps.
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Step one: Let r > 0, we show that there exists 7y such that the ball

B, = {w € CO([O,T],LOO(R))|||w(t,x) — uo(x)HCO([o;LLOO(R)) < 7”}

is left stable by 7, for 0 < 7 < 7.
Let wg € B,.. We compute:

T2 (8) — uol)| =

uo (x)efﬂt 1+xp(s,h(s,0;z))ds
1+ (1+ X)uo(@) fi efo 1HXPR(s0:m)ds g
elo 1HXP(s:h(5,0m)ds 1 (1 4 QJug () [y efo 1HRPE(s0:m)dsq

1+ (1+ X)uo(x) fi elo 1HXP(sh(s:0@)ds g

uo(x)

< uo ()|

t
< Jluol| () (e“*'“‘)”mmr / 14 XB(s, h(s,0;z))ds

0

+(1+ X>||UO||Lm(R)t6t(1+xluolLoo<m+>2r)>

< Cr,

where C' depends on |[ug|| ), 7, and X. The existence of 7q is proved.

Step two: Let r > 0, we show that there exists 71 > 0 such that 75 is contracting
on B, for 0 < 7 < 71.

Let @1, € By, and let k := 1 4 7 so that ||w:||p®) < & and |Jwa| @) < k.
For notational compactness we define in advance

Di(t,x) == /Rp(x — 2)w;(t, h(0,t; 2))dz, i€ {1,2},

t !
D;(t,z) =14 (14 X)uo(x)/o exp </0 1 +]5¢(s7h(s,0;m))ds> di, ie{1,2}.

‘We compute:

T (wy)(t, @) — ;ﬁ(wz)(tvﬂf)’

ug (x)efot 14+Xxp1 (s,h(s,O;z))dsl)2 (t, 1,) — ug (x)efot 1+)Zﬁg(s,h(s,0;z))dsD1 (t, 1‘)
Dl(tvx)DQ(ta CE)

< uo(x) ‘efg L (5,h(5,0:2))ds _ [ 14KB2(5,h(s,052))ds

t
F (14 R)ug(a)eterr / ‘ef(f L1 (s, (5,0:))ds+ [ 1452 (s,h(s.02))ds
0

_ o 1HXP2(5,h(s,052))ds+ [ 14851 (s,h(s,0:2))ds |

< (te(l-l-ﬁx) 201+ X)t2e(1+mx)(t+l)> IxB1 — XPallcoo.r1.L(®))
< xr (61+nx 201+ )Z)Te(lJrnX)(TH)) 1 — s o (0,011 (R)»
where we have used the inequalities |[ug||L®) < 1 and [|p1 — Pallco(o,7], o ®)) <

[ = | coo.7].Loe )
The existence of 71 is proved.
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Step three: We show that the map 7, preserves the monotony of ug, i.e. the
set
D= {w € C°([0,7], L(R)) | w(t,-) is nonincreasing}

is left stable by 7. ~
Indeed, let w be nonincreasing with respect to x. Let w'(t,z) := T, (w)(t, ).
We first show that P is nonincreasing;:

ﬁ(t :L‘) - ﬁ(f, y) = /RP(Z) (UN)(tv h(07 tr — Z)) - ’(I)(t, h(oa Ly — Z)))dz <0,

since the characteristic flow h(t, s;-) is increasing. Next we let

t 1
D(t,z):=1+(1+ )A(uo(m)/ exp (/ 1+ Xﬁ(s,h(s,O;x))ds) dl.
0 0
We compute:

W' (t,x) — ' (t,y)
ug(z)elo 1HXP(s:h(s.00)ds Dy ) — gy (y)eo 1HXB(5:h(s.0))ds D (¢ 7)
D(t,z)D(t,y)
uo(x)efJ 14+%5(s,h(s,0;7))ds _ uO(y)efot 14+%5(s,h(s,0;y))ds
D(t,z)D(t,y)
o (z)uo(y) /t SRt (.0:0))dy-+ [ 14%(s.h(s,0:2))ds
D(t,2)D(t,y) Jo
_ efol 1+%B(t,h(s,052))dy+ [5 1+RB(s,h(s,0:9))ds

uo(2)uo(y) / LR (3.0:2))dy+ [ 14+X5(s.h(5.059))ds
~ D(t,z)D(t,y)
a

(exf, 5,h(5,0;2))=P(s,h(s,05y))ds _ 1) di <o,

since P is nonincreasing. This shows the stability of D.

Step four: We conclude.

Let 7 := min(7g, 71) where 79, 7 are as in Step 1 and 2. By a direct application
of the Banach contraction principle, 7, has a unique fixed point in B,, which is w
(since w happens to be a fixed point). Moreover w can be obtained as the limit of
the iteration scheme:

w(t, ) == uo(z), w" L (t, x) == T (w™)(t, x).

Since g is nonincreasing and 7, preserves the monotony, it follows that w is non-
increasing (D is closed for the considered topology).

Since 7 does not depend on ug, the monotony of u(t,-) for all ¢ > 0 follows from
an induction argument. O

Theorem 3.8 (Long-time behavior). Let 6 € (0,1) and ug(z) be such that 6 <
uo(x) < 1. Let u(t,z) be the corresponding integrated solution to (1). Then

(1=, ) ooy = 0.
Proof. Let 0 be defined as

0 := liminf inf u(t, x),
t—+o0 z€R
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and assume by contradiction that § < 1. We first remark that for any z € R we
have

atw(t? 1') = w(ta ‘T) (1 + X(p* u)(t7 h(tv 0; :E)) - (1 + )A()w(tﬂ 'T))

> w(t,z)(1— (14 R)w(t, z))
w(0,z) >6.

t>0,

Thus, for each = € R,
(t x) >0, zeRt>0.
In particular (p* u)(t, h(t,0;2)) = [; p(h(t,0;2) — y)u(t,y)dy > 6 [, p(h(t,0;z) —
y)dy = 0. We deduce that
Ow(t,z) =w(t,z) (1 + x(p*u)(t, h(t,0;2)) — (1 + x)w(t,x))
> w(t,z) (14 %6 — (14 X)w(t,z))
w(0,z) >4.

t>0,

This implies for any ¢ > 0,z € R

Set1X9) oo 14 X0
w(t,x) 2 (A+X)8 ( t(1+%6) 1+x°
1 + W (6 X0) — 1) X
In particular
1+ %6 1
0> . 44
“ 155 T 1+% (44)
It is not difficult to see that for each a € (0,1) there exists T, such that, for all

t > T,, we have

inf w(t,z) > af.
z€R

Therefore for all t > T,
(e )t h(t,0:2) 2 a6 [ p(h(t,05) = )y = o,
R

which yields
Ow(t,z) = w(t,z) (1 + (p*u)(t, h(t,0;2)) — (1 + x)w(t, z))
> w(t,z) (1+ af — (14 X)w(t,x))

1+%$
w(Ty,x) > 1%22

t>Ty,zreR

and finally

145
0 = liminf inf w(t,z) > + X?e.
t— 400 zER 14+ x

This is a contradiction if « is chosen as

1 /1
=1-=(=-1
“ >2<9 )

and this choice is admissible because
1/1 1
—(z-1)<=-@+x-1)=1
X(9 ) x( )

by (44). This concludes the proof of Theorem 3.8. O
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Appendix

Appendix A. Lebesgue points along continuous trajectories. Here we show
that the space L (U) is well-behaved with respect to Lebesgue points when U/ is a
subset of R.

Lemma A.1 (Lebesgue points along continuous trajectories). Let U C R be conull.
Let w € CO([0, 7], L>*(U)) be given, then there exists a conull set U' C U such that
each x € U' is a Lebesgue points of w(t,-) for all t € [0, 7].

Proof. Recall that a Lebesgue point of a measurable function f : 4/ — R is charac-
terized by the property

T+e
lim — / F(2) — f@)ldz =0

or, equivalently,
1

im > [ [f(+ey) — f(2)ldz =0,

e—0 1
Let w € C°([0, 7], L2(U)) be given. Given ¢ € QN [0, 7] we define the failure set
Fy:={x €U |z is a not a Lebesgue point of w (g,-)} .

It is classical that for each ¢ the set F, is negligible for the Lebesgue measure A,
i.e. N(Fq) = 0. Since the family (F,),cqno,7] is countable, we have

MU A =0
q€QN0,7]
therefore the set U" := U\ U eqno,- o is conull.
Let us show that U’ is composed of Lebesgue points of w(t,-). Let € Y’ and
t € [0, 7], then there exists a sequence of rational numbers ¢,, € Q such that ¢, — t.
By definition of U’, x is not in any F;, and therefore x is a Lebesgue point of the
functions w(t,, ) for all n € N. We have:

/ lw(t,z + ey) — w(t, x)|dy

-1

1 1
< / it =+ ey) — wtn, 2 + ey)ldy + / w(tn, @ + 9) — wltn, )ldy
—1

-1

+ / [t ) — w(t, 2)|dy

-1

1
< / |w(tn7 T+ 53/) - U](tn, $)|dy + 2||U)(t, ) - w(tna ')Hlloc(b{)a
—1
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therefore the right-hand side is arbitrarily small when e — 0. We conclude that x

is a Lebesgue point of w(t, ). Lemma A.1 is proved. O
REFERENCES
[1] N. J. Armstrong, K. J. Painter and J. A. Sherratt, A continuum approach to modelling cell-

2]

(3]

[4]

(5]

[9]

(10]

(11]

(12]

(13]

14]

(15]

(16]

(17]

18]

cell adhesion, J. Theoret. Biol., 243 (2006), 98-113, URL https://doi.org/10.1016/j.jtbi.
2006.05.030.

D. G. Aronson, Density-dependent interaction-diffusion systems, in Dynamics and modelling
of reactive systems (Proc. Adv. Sem., Math. Res. Center, Univ. Wisconsin, Madison, Wis.,
1979), vol. 44 of Publ. Math. Res. Center Univ. Wisconsin, Academic Press, New York-
London, 1980, 161-176.

C. Atkinson, G. E. H. Reuter and C. J. Ridler-Rowe, Traveling wave solution for some
nonlinear diffusion equations, SIAM J. Math. Anal., 12 (1981), 880-892, URL https:
//doi.org/10.1137/0512074.

D. Balagué, J. A. Carrillo, T. Laurent and G. Raoul, Nonlocal interactions by repulsive-
attractive potentials: radial ins/stability, Phys. D, 260 (2013), 5-25, URL https://doi.org/
10.1016/j.physd.2012.10.002.

N. Bellomo, A. Bellouquid, J. Nieto and J. Soler, On the asymptotic theory from microscopic
to macroscopic growing tissue models: an overview with perspectives, Math. Models Methods
Appl. Sci., 22 (2012), 1130001, 37, URL https://dx.doi.org/10.1142/S0218202512005885.
A. J. Bernoff and C. M. Topaz, Nonlocal aggregation models: a primer of swarm equilibria
[reprint of mr2788924], SIAM Rev., 55 (2013), 709-747, URL https://dx.doi.org/10.1137/
130925669.

A. L. Bertozzi, T. Laurent and J. Rosado, L? theory for the multidimensional aggregation
equation, Comm. Pure Appl. Math., 64 (2011), 45-83, URL https://dx.doi.org/10.1002/
cpa.20334.

M. Burger, R. Fetecau and Y. Huang, Stationary states and asymptotic behavior of aggrega-
tion models with nonlinear local repulsion, SIAM J. Appl. Dyn. Syst., 13 (2014), 397-424,
URL https://doi.org/10.1137/130923786.

V. Calvez and L. Corrias, The parabolic-parabolic Keller-Segel model in R?, Commun. Math.
Sci., 6 (2008), 417-447, URL http://projecteuclid.org/euclid.cms/1214949930.

K. Carrapatoso and S. Mischler, Uniqueness and long time asymptotics for the parabolic-
parabolic Keller-Segel equation, Comm. Partial Differential Equations, 42 (2017), 291-345,
URL https://dx.doi.org/10.1080/03605302.2017 . 1280682.

J. A. Carrillo, H. Murakawa, M. Sato, H. Togashi and O. Trush, A population dynamics model
of cell-cell adhesion incorporating population pressure and density saturation, J. Theoret.
Biol., 474 (2019), 14-24, URL https://doi.org/10.1016/j.jtbi.2019.04.023.

J. A. Carrillo, M. Di Francesco, A. Figalli, T. Laurent and D. Slep¢ev, Confinement in nonlocal
interaction equations, Nonlinear Anal., 75 (2012), 550-558, URL https://doi.org/10.1016/
j.na.2011.08.057.

T. Cazenave and A. Haraux, An introduction to semilinear evolution equations, vol. 13 of
Oxford Lecture Series in Mathematics and its Applications, The Clarendon Press, Oxford
University Press, New York, 1998, Translated from the 1990 French original by Yvan Martel
and revised by the authors.

S. Childress, Chemotactic collapse in two dimensions, in Modelling of patterns in space and
time (Heidelberg, 1983), vol. 55 of Lecture Notes in Biomath., Springer, Berlin, 1984, 61-66,
URL https://doi.org/10.1007/978-3-642-45589-6_6.

A. de Pablo and J. L. Vazquez, Travelling waves and finite propagation in a reaction-
diffusion equation, J. Differential Equations, 93 (1991), 19-61, URL https://doi.org/10.
1016/0022-0396(91)90021-Z.

A. Ducrot, X. Fu and P. Magal, Turing and Turing-Hopf bifurcations for a reaction diffusion
equation with nonlocal advection, J. Nonlinear Sci., 28 (2018), 1959-1997, URL https:
//doi.org/10.1007/s00332-018-9472-z.

A. Ducrot and P. Magal, Asymptotic behavior of a nonlocal diffusive logistic equation, STAM
J. Math. Anal., 46 (2014), 1731-1753, URL https://doi.org/10.1137/130922100.

A. Ducrot and D. Manceau, A one-dimensional logistic like equation with nonlinear and
nonlocal diffusion: strong convergence to equilibrium, Proc. Amer. Math. Soc., 148 (2020),
3381-3392, URL https://doi.org/10.1090/proc/14971.


https://doi.org/10.1016/j.jtbi.2006.05.030
https://doi.org/10.1016/j.jtbi.2006.05.030
https://doi.org/10.1137/0512074
https://doi.org/10.1137/0512074
https://doi.org/10.1016/j.physd.2012.10.002
https://doi.org/10.1016/j.physd.2012.10.002
https://dx.doi.org/10.1142/S0218202512005885
https://dx.doi.org/10.1137/130925669
https://dx.doi.org/10.1137/130925669
https://dx.doi.org/10.1002/cpa.20334
https://dx.doi.org/10.1002/cpa.20334
https://doi.org/10.1137/130923786
http://projecteuclid.org/euclid.cms/1214949930
https://dx.doi.org/10.1080/03605302.2017.1280682
https://doi.org/10.1016/j.jtbi.2019.04.023
https://doi.org/10.1016/j.na.2011.08.057
https://doi.org/10.1016/j.na.2011.08.057
https://doi.org/10.1007/978-3-642-45589-6_6
https://doi.org/10.1016/0022-0396(91)90021-Z
https://doi.org/10.1016/0022-0396(91)90021-Z
https://doi.org/10.1007/s00332-018-9472-z
https://doi.org/10.1007/s00332-018-9472-z
https://doi.org/10.1137/130922100
https://doi.org/10.1090/proc/14971

36

19]

20]

21]

(22]

23]

[24]

[25]

[26]

27)

(28]

29]

(30]

(31]

(32]

(33]

34]

(35]

(36]

37)

(38]

(39]

XIAOMING FU, QUENTIN GRIETTE AND PIERRE MAGAL

J. Dyson, S. A. Gourley, R. Villella-Bressan and G. F. Webb, Existence and asymptotic
properties of solutions of a nonlocal evolution equation modeling cell-cell adhesion, STAM J.
Math. Anal., 42 (2010), 1784-1804, URL https://doi.org/10.1137/090765663.

R. Eftimie, G. de Vries, M. A. Lewis and F. Lutscher, Modeling group formation and activity
patterns in self-organizing collectives of individuals, Bull. Math. Biol., 69 (2007), 1537-1565,
URL https://doi.org/10.1007/s115638-006-9175-8.

X. Fu, Q. Griette and P. Magal, A cell-cell repulsion model on a hyperbolic Keller-
Segel equation, J. Math. Biol., 80 (2020), 22572300, URL https://dx.doi.org/10.1007/
s00285-020-01495-w.

F. Hamel and C. Henderson, Propagation in a Fisher-KPP equation with non-local advec-
tion, J. Funct. Anal., 278 (2020), 108426, 53, URL https://doi.org/10.1016/j.jfa.2019.
108426.

T. Hillen and K. J. Painter, A user’s guide to PDE models for chemotaxis, J. Math. Biol.,
58 (2009), 183-217, URL https://dx.doi.org/10.1007/s00285-008-0201-3.

W. Jager and S. Luckhaus, On explosions of solutions to a system of partial differential
equations modelling chemotaxis, Trans. Amer. Math. Soc., 329 (1992), 819-824, URL https:
//doi.org/10.2307/2153966.

S. Katsunuma, H. Honda, T. Shinoda, Y. Ishimoto, T. Miyata, H. Kiyonari, T. Abe, K.-i.
Nibu, Y. Takai and H. Togashi, Synergistic action of nectins and cadherins generates the
mosaic cellular pattern of the olfactory epithelium, Journal of Cell Biology, 212 (2016), 561—
575, URL https://doi.org/10.1083/jcb.201509020.

E. F. Keller and L. A. Segel, Initiation of slime mold aggregation viewed as an instability, J.
Theor. Biol., 26 (1970), 399-415, URL https://doi.org/10.1016/0022-5193(70)90092-5.
E. F. Keller and L. A. Segel, Model for chemotaxis, J. theoret. biol., 30 (1971), 225-234.

A. J. Leverentz, C. M. Topaz and A. J. Bernoff, Asymptotic dynamics of attractive-repulsive
swarms, SIAM J. Appl. Dyn. Syst., 8 (2009), 880-908, URL https://doi.org/10.1137/
090749037.

A. Mogilner and L. Edelstein-Keshet, A non-local model for a swarm, J. Math. Biol., 38
(1999), 534-570, URL https://doi.org/10.1007/s002850050158.

A. Mogilner, L. Edelstein-Keshet, L. Bent and A. Spiros, Mutual interactions, potentials,
and individual distance in a social aggregation, J. Math. Biol., 47 (2003), 353-389, URL
https://doi.org/10.1007/s00285-003-0209-7.

D. Morale, V. Capasso and K. Oelschldger, An interacting particle system modelling aggre-
gation behavior: from individuals to populations, J. Math. Biol., 50 (2005), 49-66, URL
https://dx.doi.org/10.1007/s00285-004-0279-1.

H. Murakawa and H. Togashi, Continuous models for cell-cell adhesion, Journal of theoretical
biology, 374 (2015), 1-12.

J. Pasquier, P. Magal, C. Boulangé-Lecomte, G. Webb and F. Le Foll, Consequences of
cell-to-cell p-glycoprotein transfer on acquired multidrug resistance in breast cancer: a cell
population dynamics model, Biol. direct, 6 (2011), 5.

C. S. Patlak, Random walk with persistence and external bias, Bull. Math. Biophys., 15
(1953), 311-338, URL https://doi.org/10.1007/bf02476407.

B. Perthame and A.-L. Dalibard, Existence of solutions of the hyperbolic Keller-Segel
model, Trans. Amer. Math. Soc., 361 (2009), 2319-2335, URL https://dx.doi.org/10.
1090/S0002-9947-08-04656-4.

W. Rudin, Real and complex analysis, McGraw-Hill Book Co., New York-Toronto, Ont.-
London, 1966.

Y. Song, S. Wu and H. Wang, Spatiotemporal dynamics in the single population model with
memory-based diffusion and nonlocal effect, J. Differential Equations, 267 (2019), 6316-6351,
URL https://doi.org/10.1016/j.jde.2019.06.025.

J. L. Vazquez, The porous medium equation, Oxford Mathematical Monographs, The Claren-
don Press, Oxford University Press, Oxford, 2007, Mathematical theory.

E. Zeidler, Nonlinear functional analysis and its applications. I, Springer-Verlag, New York,
1986, URL http://dx.doi.org/10.1007/978-1-4612-4838-5, Fixed-point theorems, Trans-
lated from the German by Peter R. Wadsack.

Received xxxx 20xx; revised xxxx 20xx.


https://doi.org/10.1137/090765663
https://doi.org/10.1007/s11538-006-9175-8
https://dx.doi.org/10.1007/s00285-020-01495-w
https://dx.doi.org/10.1007/s00285-020-01495-w
https://doi.org/10.1016/j.jfa.2019.108426
https://doi.org/10.1016/j.jfa.2019.108426
https://dx.doi.org/10.1007/s00285-008-0201-3
https://doi.org/10.2307/2153966
https://doi.org/10.2307/2153966
https://doi.org/10.1083/jcb.201509020
https://doi.org/10.1016/0022-5193(70)90092-5
https://doi.org/10.1137/090749037
https://doi.org/10.1137/090749037
https://doi.org/10.1007/s002850050158
https://doi.org/10.1007/s00285-003-0209-7
https://dx.doi.org/10.1007/s00285-004-0279-1
https://doi.org/10.1007/bf02476407
https://dx.doi.org/10.1090/S0002-9947-08-04656-4
https://dx.doi.org/10.1090/S0002-9947-08-04656-4
https://doi.org/10.1016/j.jde.2019.06.025
http://dx.doi.org/10.1007/978-1-4612-4838-5

HYPERBOLIC KELLER-SEGEL EQUATION

E-mail address: xmfu@ecust.edu.cn
E-mail address: quentin.griette@u-bordeaux.fr
E-mail address: pierre.magal@u-bordeaux.fr

37


mailto:xmfu@ecust.edu.cn
mailto:quentin.griette@u-bordeaux.fr
mailto:pierre.magal@u-bordeaux.fr

	1. Introduction
	2. Main results
	3. Well-posedness of the Cauchy problem
	Acknowledgements
	Appendix A. Lebesgue points along continuous trajectories
	REFERENCES

