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ABSTRACT. This paper is devoted to the study of a spatially and age structured
population dynamics model. We study the stability and Hopf bifurcation of the
positive equilibrium of the model by using a bifurcation theory in the context
of integrated semigroups. This problem is a first example for Hopf bifurcation
for a spatially and age/size structured population dynamics model. Bifurcation
analysis indicates that Hopf bifurcation occurs at a positive age/size depen-
dent steady state of the model. The results are confirmed by some numerical
simulations.

1. Introduction. In this article we consider a mathematical population dynamics
model to describe the growth of trees. The main characteristic taken into account
for the growth of such population are the size of trees and the spatial location.
Since the small trees are growing in the shade of the bigger trees, we should take
into account the competition for light between big and small trees. Therefore we
introduce a competition for light between the small trees and the big trees. The
model considered in this article is the following

6u(ta,t3,x) + 8u(gss, 2) = —pu(t,s,z) for s > 0 and z € (0,1),

(I —d?A;) u(t,0,z) = ah (f0+°° v(s)u(t, s,x)ds) for z € (0,1), 1)
u(0,.,.) = ug € L' ((0,400),LL(0,1)),

where p > 0 is the mortality rate, a > 0 is the birth rate in absence of birth limita-
tions and the birth limitations (competition for food, space or light) are described
by

h(z) = zexp(—px),
where 8 > 0. This function is known as Ricker’s [24, 25] type birth limitation. This
type of birth function has been commonly used in the literature. One may observe
that the Ricker’s type birth limitation was introduced for fishes population in order
to describe the cannibalism of adult fishes on lava during the reproduction season.
Here we refer to Ducrot, Magal and Seydi [17] for a mathematical justification of
the Ricker function by using a singular perturbation idea. For tree populations the
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process is similar since the large tree takes most of the light and the young tree can
not (or can almost not) grow in the shade of the adult trees.

Here the density of population w(t,s,z) depends on t the time, s the size of
individuals (which serves as a clock for the reproduction of trees), and x the spatial
location of tree. The density of population here means that

/ / u(t, s, z)dxds

is the number of trees with a size s € [s1, s2] and located in the region [z1,z2] at
time ¢.

The spatial displacement takes place here only at birth when the seeds are
spreading around the mother tree. More precisely, the Laplacian operator A, :
W21(0,1) — L*(0,1) is the diffusion operator with Neumann boundary conditions.
Therefore we assume a no flux condition at the boundary of the domain [0,1]. The

bounded linear operator (I — 112A3¢)71 : L1(0,1) — L'(0,1) is also defined by

» p—d?" =
(I —d’A;) p=p e with

The map v € L™ (0, +00) is defined by

AV0) = (0 )" O, 4y (0) = {

where 7 > 0, ¢ > 0,n € N. By using a convenient rescaling of @ and 8 (defined
above), we can always assume that

+oo
/ v(s)e H¥ds = 1.
0

In practice, the function v(s) should be understood as a probability to reproduce
at size s.

In this article we explore the oscillating properties of the solutions around the
positive equilibrium. One observe that similar model has been studied by Ducrot
[10]. In [10], the spatial domain is the real line and the existence of oscillating
traveling waves has been proved around the positive equilibrium. Here the domain
is bounded and we will analyze the oscillation by using a Hopf bifurcation theorem
for structured population dynamics models.

In the special case

O —7)"e <=7 ifg>r
0, otherwise,

7(9) = 1[T,+00)(9)7
by setting

+oo
Ul(t, ) :=/ u(t, s, z)ds,
we obtain
OU(t,.) = e (I —d®A,) " (ah (U(t —7,.))) — pU(t,.), fort>7.  (2)

Therefore the system (1) can also be regarded as a delay differential equation in
some special cases. We refer to Wu [32] for more results on this subject.

Recently based on the center manifold theorem proved in Magal and Ruan [19],
a Hopf bifurcation theorem has been presented for abstract non densely defined
Cauchy problem in Liu Magal and Ruan [16]. These theorems have been successfully
applied to study the existence of Hopf bifurcation for some age/size-structured
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models, see [2, 4, 5, 6, 19, 21, 26, 31]. More results can be found in the context of
cell population dynamics in Doumic et al. [12], and in the context of structured
neuron population in Pakdaman et al. [22]. We refer to Cushing [8, 9], Priiss [23],
Swart [27], Kostova and Li [15], Bertoni [1] for more results on this subject. Early
examples of periodic solutions suspected to appear by Hopf bifurcations in age/size-
structured models are mentioned in the literature (Castillo-Chavez et al. [3], Inaba
[13, 14], Zhang et al. [33]). In this article we consider a first example for Hopf
bifurcation appearing in a spatially and age/size structured population dynamics
model. As we will see, due to the spatial structure the bifurcation analysis is more
complex than for a model without spatial structure.

The plan of the paper is the following. In section 2 we formulate the model (1)
as a non-densely defined Cauchy problem and recall the Hopf bifurcation theorem
for the abstract non-densely defined Cauchy problem obtained in [16]. In section
3 we investigate the existence and the uniqueness of the positive equilibrium and
consider the linearized system around this positive equilibrium. In section 4, we
derive a family of characteristic equations and the main result of this paper, that
is, the existence of Hopf bifurcation is obtained by analyzing the spectrum property
of the non-densely defined linear operator. In section 5 we present some numerical
simulations of the model.

2. Preliminaries. Consider the Banach space
X =L"((0,1),R) xL" ((0,+00),L" ((0,1),R)),

or equivalently
X =Y x L' ((0, +00),Y)
with
Y :=L'((0,1),R).
The space X is endowed with the product norm

(0%
ol = ey + Belloso sy Y= () €%

We consider the linear operator A : D(A) C X — X defined by
(5)-(%)
12 ¢ T Ky

D(A) = {0y} x W ((0, +00),Y).

with

Set

XO = D(A)

a(2)-(m(%)),

0L1((0,400),Y)

H, < 0;’ ) — (- A, <ah </O+OO ~(0)0(0, .)d@)) (2).

Then by identifying u(t) to v(t) =

Define H : Xy — X by

where

u(t) >, the problem (1) can be considered as

the following Cauchy problem
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d%it) = Av(t) + H(u(t)) for t > 0, v(0) = = = ( 1?0 ) € Xo. (3)

The resolvent of A is defined for each A > —u by

- (1) - (%)

ola,z) = e AWy (g) +/ e~ MW=y, (5, 1) do.
0
Therefore
(—p, +00) C p(A) (the resolvent set of A)
and .
M—-A)T" < 7, VA > —p,Vn > 1
[or-27 < 555 =

or equivalently A is a Hille-Yosida operator.
Consider Ag : D(Ap) C Xo — Xo the part of A in X, that is the linear operator
on Xg defined as follows

Agz = A(E, Va € D(A()) = {.’E € D(A) NXo: Az € X()}.

Since A is a Hille-Yosida operator, it follows that Ay generates a strongly continuous
semigroup of bounded linear operators {14, (t) }+>0 on Xy. This semigroup is defined

by Oy) Oy
() = (700 0)

e Mo(s—t,x), s>t
0L1((0,400),Y)s 8 <t

where
Tt = { (4)

The global existence, uniqueness and positive of solution of the equation (3) follow
from the results of Thieme [28], Magal [18] and Magal and Ruan [20]. Consider the
positive cone

Xy =Yy x LL ((0,+00),Y)
where
Yy =L ((0,1),R),
and
LY ((0,+00),Y) :={p € L' ((0,4+00),Y) : p(a) € Yy a.e. in (0,400)}.
Define
Xot = {0y} x L} ((0,400),Y).

Lemma 2.1. There exists a unique continuous semiflow {V (t)},5, on Xos, such
that for each x € Xoy the map t — V (t)x is the unique mild solution of (3), that is
to say that

t
/ V(s)uds € D(A), ¥t > 0,
0

and

V(t)r =x + A/Ot V(s)xds + /otH(V (s)x)ds,Vt > 0.
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In the following, we recall the Hopf bifurcation theorem obtained in [16] for the
following abstract Cauchy problem
du(t —
7;55 ) du(t) + F (s, u(t) ¥t > 0, u(0) = = € D(A), (5)

where A : D(A) C X — X is alinear operator on a Banach space X, F : RxD(A4) —
X is a C*¥ map with k > 4, and p € R is the bifurcation parameter. Set

Xo:=D(A) and A := Ax,,
where Ag is the part of A in Xg, which is defined by
Aoz = Az, Yz € D(Ag) ={x € D(A)N Xy : Az € Xo}.
We make the following assumptions on the linear operator A and F.

Assumption 2.2. Let A: D(A) C X — X be a linear operator on a Banach space
(X, |I[D- We assume that A is a Hille-Yosida operator. That is to say that there
exist two constants, wa € R and Ma > 1, such that (wa,+00) C p(A) and

(A‘ZWA)k, V)\>WA,V712 1.
—wa

Assumption 2.2 implies that Aq is the infinitesimal generator of a strongly con-
tinuous semigroup {7'4,(t)},~, of bounded linear operators on X, and A generates
a uniquely determined integrated semigroup {Sa(t)},~-

[ AL —=A)" lzx) <

Assumption 2.3. Lete >0 and F € C* ((—¢,¢) x By, (0,¢);X) for some k > 4.
Assume that the following conditions are satisfied:

(a) F (11,0) =0,Vu € (—e,¢), and 9, F (0,0) = 0.

(b) (Transversality condition) For each p € (—¢,¢), there exists a pair of
conjugated simple eigenvalues of (A4 0, F(11,0))o, denoted by X (u) and A (u),
such that the map p — A (u) is continuously differentiable,

dRe (A (0))
dp

Im (A(0)) >0, Re(A(0)) =0, £0,

and
o (Ag) NiR = {)\(0) W} .
(c) The essential growth rate of {Ta,(t)},>q is strictly negative, that is
wo,ess (Ag) < 0.
The following result has been proved in [16].

Theorem 2.4 (Hopf Bifurcation). Let Assumptions 2.2-2.3 be satisfied. Then there
exist * > 0, three C*~1 maps, ¢ — p(e) from (0,€*) into R, ¢ — x. from (0,&*)
into D(A), and € — () from (0,¢*) into R, such that for each ¢ € (0,&*) there
exists a v (g)-periodic function u. € CF (R, Xy), which is an integrated solution of
(5) with the parameter value equals () and the initial value equals x.. So for each
t >0, ue satisfies

ug(t):xg—i—A/O ue(l)dl—s-/o F (), uo(1)) dL.

Moreover, we have the following properties
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(i) There exist a neighborhood N of 0 in Xo and an open interval I in R containing
0, such that fm" i € I and any periodic solution u(t) in N with minimal period

v close to ﬁg) of (5) for the parameter value fi, there exists € € (0,&*) such

that u(t) = ue(t +0) (for some 0 € [0,7v(¢))), ule) =@, and v () = 7.
(ii) The map € — p(e) is a C*~1 function and we have the Taylor expansion

(552

pe) = Y pane™ +0(F), Ve € (0,67,
n=1
where [552] is the integer part of £52
(i4i) The period v () of t — ug(t) is a C*¥=1 function and

v (e) = 2—) + Z Yone?" (e" 1), Ve € (0,€7),

where w(0) is the imaginary part of A (0) defined in Assumption 2.3.

Remark 1. The Crandall and Rabinowitz’s [7] condition applys here. If we only
assume that k > 2, and

o (Ag) Niw (0)Z = {A(O),W}

in Assumption 2.3, that is to say that the spectrum of Ay does not contain a multiple
of A (0). Then the first part Theorem 2.4 hold (excepted (ii) and (iii)).

Since wo,ess (Ag) < 0 implies that Ay has at most a finite number of eigenvalues
on the imaginary axis. Therefore the Crandall and Rabinowitz’s condition applies
if the Assumption 2.3-(b) is replaced by the following condition:

(bl) For each pu € (—¢,¢), there exists a pair of conjugated simple eigenvalues of
(A+ 0z F(1,0))o, denoted by A (u) and A (u), such that the map g — A (u) is
continuously differentiable,

dRe () (0))

Im(A(0) >0, Re(A(0)) =0, ==

# 0,
and

Im (A (0)) > Im (X) VA€ o (Ag) MR with A £ A (0).

3. Existence of equilibrium and linearized equation. If 7 = ( Oﬂy ) € Xo
is a equilibrium of system (3), we must have
7€ D(A) and A+ H () =0

which is equivalent to the following equations

%—i—uﬂzo, for s >0, and x € (0,1),
a(0,2) = (1 - a8,) " (ah (J;F~(60)a(0,)d6) ) (2).

Hence we can obtain

U= ( an ) with u(s,z) = x(x)e %,
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where x € L} ((0,1),R) is a solution of
1 +oo
x= (I -d°A,) <ah (X()/ 'y(a)e“ada>> .
0

+oo
/ ~v(a)e Hda = 1.
0

Note that

Then
-1
X(@) = (I —d*A;) " (ah(x(.) (@),
or equivalently x satisfies the non-linear boundary value problem
{ x(@) — d®x"(z) = ah (x(z)), Yz € (0,1) (6)
¥(0) = (1) = 0.
By using some boot strapping we deduce that y € C?([0,1],R) N Cy ([0,1],R)

and the following Lemma holds.

Lemma 3.1. If x € C?([0,1],R) N C4 ([0,1],R) is a solution of (6), then either
x(x) > 0,Vx € [0,1] or x(z) = 0,Vz € [0,1].
It is easy to observe that the constant fixed point of (6) are

_lna

= T,V"IJ S [0,1],

x(z)
and

x>0and x #0 < a > 1.

Lemma 3.2. Assume that o < 1. Then system (3) has a unique positive equilibrium
7=0.

Proof. By multiplying the first equation of (6) by x(z) and integrating on (0,1), we
obtain

/01 (x(2))? dz — d? /01 x(@) X" (x)dx = a/l X(@)h (x()) da.

0
By integrating by parts, we get

/ x(@)x" (@)de = (@)X @) - / (' () do.
0 0

Notice that h (z) = zexp(—px). By using the boundary values x'(0) = x/(1) = 0,
we have

1x2x21':ﬂ2x:a1x2ex—x$
| @@t [ @) ar=a [ (@) e
Since a < 1, we obtain

1
d? / (X' ()’ dz < 0.
0
Thus
X' (z) =0,Vz € 0,1].
O

Lemma 3.3. Assume that o > 1. If x € C?([0,1],R) and x > 0 is a solution of
(6), then x(x) is a constant.
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Proof. Tt is sufficient to consider the case x # 0. Define

2.
_ o Jztifz>0
G(z) = max(z,0) —{ 0. if < 0.
Then G is C! and
2¢if x>0
’ ot =
Gl(z) =22 {o, if 2 <0,

where
7 = max(z,0).

In o

By multiplying the first equation of (6) by G (X(ac) — T) and integrating on (0, 1),

we obtain

/01 G (X(l‘) - hl;) x(x)dx — d? /01 G <X(x) - hl;) Y (z)dz

-/ e (x2) = =5 ) o (xa)

By integrating by parts, we obtain

/01 G (x(x) - hl;) X" (z)dz

= Jo(xw-27) x’(:v)]: - e (x0) =57 ) (o)

Now by using the boundary values x’(0) = x/(1) = 0, and the fact that ah(x) <

x,Vo > h‘TO‘, we deduce that
1 +
1
2 [ (xio) - B ) Wl
0

- | e (x)-22) fah (x(2) ~ xtol o <.

/0 1 (x<x> - h““)+ (' () dz = 0.

From this equality it follows that

Thus we obtain

x(z) < %,Vm € [0,1].

Indeed, assume that there exists zg € [0, 1] such that x(x¢) > 1“70‘ Let

1
a:min{O <z <mo:x(y) > %,Vy € [gc,xo}}
and |
b:max{l >x>x0: x(y) > %,Vy € [xo,x]}.
Then

x(z) > %,Vm € [a,b],
and by using (7) we deduce that
x(x) = x(x0),Vx € [a,b].
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Thus by the continuity of x we deduce that
Ina
x(z) = x(zo) > 7,Vm € [0,1],

which is impossible.

In o

By multiplying the first equation of (6) by G (T — X(m)) and integrating on
(0,1), we obtain

[ e (5 o)t [0 (2 o) i

_ /O1 G (1“60‘ - (@) oh (x(z)) dz.

By using the same arguments as above and the fact that ah(z) > z,Vz € [07 mTa} ,

[ 1 (= <ac>)+ ()’ do

we deduce that

7 - X
- [ (B~ (@) ) foh ()~ (o 2 0.
Thus
/0 1 (1“; - X(ac))+ ( (@))% do = 0 (9)
and the result follows. O

Theorem 3.4. Assume that o > 1. Then system (3) has two equilibria

[ Oy
Ox andva—(u(l >,

with T (5) := C (a) e and T () := 2.

Let’s compute the linearized equation around the positive equilibrium v,. We
can get that

o () (%)

( (1= a28.) ™" (aDh (7 20)6(0)a0) (J, 1(0)0(0)a9) ) (2) ) |

0
Thus we can get that

DH (va)< g ) _ ( (1-aa,) ™" (n(e)

where

)

S A(0)2(0)a0) () )
0

n(a)=a(l—-BC(a))exp(—BC (a)) =1—In(a).
The linearized equation of (3) around the equilibrium v, is

du(t)
dt

= Av(t) + DH(Ty)v(t) for t >0, v(0) =y = ( 1?0 ) € Xo. (10)

Define
Q:={AeC: Re(\) > —u},
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and B, : D(A) C X — X the linear operator defined by B, := A+ DH (7,), that
is to say that

5 ( 0 ) _ ( —(0) + (1 = dA,) ™" (n(@) J;7 (s)p(s)ds) )
"\ —¢' — up

We observe that Q@ C p (A) the resolvent set of A, and for each A € Q,

0

(A —A)~* ( Z ) = ( g ) & p(s) = e A HHsg 4 / e~ AF = (1)dl.

Lemma 3.5. The linear operator B, : D(A) C X — X is a Hille-Yosida operator
and its part (B, ), in Xo satisfies

WO,ess ((Boc)o) S — M. (11)

Proof. Since DH (v,) is a bounded linear operator and A is a Hille-Yosida operator,
it follows that B, = A+ DH(7,,) is a Hille-Yosida operator. From (4), we deduce
that wo,ess(Ao) < wo(Ao) < —p. Moreover, DH(7,) is compact. By using the
perturbation results in Thieme [30] or Ducrot, Liu and Magal [11], we obtain

wO,ess((Ba)o) S WO(AO) S — .

4. Hopf bifurcation. Recall that d?A, : D(d?A,) C L' (0,1) — L*(0,1) is con-
sidered as the linear operator

dQAl-(p — d2<p//
with
D(d?A,) = {v e W*0,1) : v'(z) =0 at x = 0, 1}.
Then it is well known that the spectrum of d2A,
o (dzAm) = {—cl2(j7r)2 :j €N}.

Let A € Q. Since AI — A is invertible, it follows that \I — B,, is invertible if and
only if I—DH (v,) (M —A)~! is invertible. Moreover, when I —DH () (AI —A)~!
is invertible we have

(M — By) ' = (M — A)™'(I — DH (5,) (M — A)~1)~ 1,

Consider the system

_ . 5\ _( ¢
(I — DH () (A — A) )( ) ) = ( (o) ) (12)
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Since

_ Tg, _ A1 AA
(I~ DH (5.) (M — A) ><¢(s)>

3 0
) > — DH (v,,) < - (s | f;e—(xﬂc)(s_z)@(l)dl >

~ o 1 oo e~ Aoy
( 12?8) > _ (Iﬁd Az) (77 () 0Jr 7(6) (() +f0 —(A+p)(6-1) QZ() > d9>
(

<)
w

~ . - e~ (Ao
0— (I —d*A,) <77 (@) o+ 7(6) ( +f A+:)(9 (3)1/,( 1)dl ) d0> ,
W(s)

system (12) can be written as the following

o~

{ 5 =8 (1-aA,) " (n(a) J;7=2(0) (e7O95 4 [ e=Crm0=D 1) ) do)
(s) = (s).
The first equation of the above system is rewritten as

o= [1-e(-aa,)]s

— () (I = dAy) " [;77(0) fy e OO0 (1)didg
with

0=0(a):=n( | e,

We have ’

[-O(I-d?A,) " = [I-0I-&A,] (I-d°A,) ",

Therefore I — O (I — d?A,) ~! is invertible if and only if I —©I —d?A, is invertible
and
—1
[-e(—da)| = (-aa) [1-er-da,]
Hence

-1

[I-@(z_dmw)‘lr —1+0[I-6I-dA,] (14)

and

-1

[1-e(-da,)] T -@a) T = 16l - @A, (15)

By using (13), (14) and (15), we have
5= [1 o (I-d2A,) } 5
(o) [1-0 (1) (1 d20,) ™" [ 4(0) 7 e 0001y diag
= [1+e[1-er-da,] "'
/() [T =0T = d?A,] 7" [ 4(6) f e~ OH0CO=Dys(1)didp.
Set e
Ava) = 1—O(ha)=1—7 (a)/o Y ()e= A0 g,



12 ZHIHUA LIU PIERRE MAGAL AND HUI TANG

It makes sense to consider the characteristic operator A(\ «) : D(A()\ «)) C
L'(0,1) — L'(0,1)

AN @) = AN, a)] — d*A, with D(A(X, @) = D (d*A,) .
From the above discussion, we obtain the following lemma.

Lemma 4.1. For the linear operator B, : D(A) C X — X, we have the following
properties:

()
0(Ba)NQ=0,(Ba)NQA={A€Q:Aj;(\, &) =0 for some j € N},
where

Aj(\a) = 1+ (jm)* — /(@) /Om (B0 g, (16)

(ii) If x € QN p(B,), we have the following explicit formula for the resolvent

a8\ [0
()‘I - BOL) ( w ) - )
& p(s) = [y e MWDy ()dl

[T+ 6\ a)AN )]s

—(At+u)s
e { 41 () AN, o)t 0+°° 7(0) foee—(”“)("—l)w(l)dlde '

Proof. We already proved that
0(Ba)NQC{AeQ:Aj(N a)=0 for some j € N}.
To prove the converse inclusion, let
X €e{AeQ:Aj(\a)=0 for some j € N}.

Then there exists jo € N such that
+oo
Arg,a) =1—1n (a)/ y(0)e~Potmbag — —a?(jom)?,
0

or equivalently
AXo,a) € 0 (d*A,) .
So there exists
Xjo = cos(jomz) € D(d*A,)\{0}

such that

d*Nuxjo = —d*(jom)?xjo = AN, @)Xy
Fix
— ¢~ Qotp)

©(s) *Xjo -

By recalling that

B ( 0 ) _ ( —p(0) + (1 = dA,) " (n(@) f; (s)p(s)ds) )

—¢' — pp
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and observing that
+o00
o0+ (1= 82 (@) [ (opls)is)

+oo
= (I — dQAm)_l |:(I - dzAz) Xijo + 77(04)/0 7(8)6(A0+M)Sdsxjo]

= (I - dQAz)il [A(A()v a)on - d2A$XjO]

— (I-a&A,)7"0,
n(2)-n(2)

{AeQ:A;(\,a) =0 for some j € N} C o (B,) N

we have

Thus

For each j € N,
Aj = —d?(jm)?

is a simple eigenvalue of d?A, associated to the eigenfunction

X;(x) = cos(jmz).
That is to say that
-1
lim (A — ;) (M —d?A,) =11,
(A=) ( ) i
where the convergence is understood in norm of operator and II; is the projector
defined by

Jy cos(imy)p(y)dy cos(imr)

() () = fol cos(jmo)2do

Lemma 4.2. Assume that there exists Xj € Q such that
A(Xj, a) =X\, and 8,\A(Xj, a) #0.
Then Xj 1s a simple and isolate eigenvalue of B, associated to the eigenfunction
@(s) = e~ Nt cog(jma)
and the projector of the generalized eigenspace of B, is defined by
(1) - (1)
o = () (ak,) "

<IL; |©(3;, )5 + 1 (a) /Omv(e) /Oge‘x”“)”%(ndlde .

Proof. Since 8AA(X3’, «) # 0, by the inverse function theorem there exists at most
one root A

AN @) = )
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in some neighborhood of B (&,6) . Therefore for each A € B (:\\j,s) \ {Xj} the
resolvent [A(X, a)] — d?A, ] ! is well defined. Moreover

m (A=) (A @) - A,

)\—>Xj
<>\ - Xj)
= lim

AFEN;
AR, (A(/\,a) . A(Xj,a))
A£N;

X (A()\, a) — AQN, a)) [AQ\ )T — d?A,]

-1

Thus

lim </\ - Xj) A\ )T — d?A,] ' = (aAA(Xj, a))_l I,
)\—)/Xj

A#EN;

Now by using the explicite formula for the resolvent B, we obtain

i (A=%;) (A= By~ < i ) = lim. (r-%) ( ;A )

Nty A3,
AR, AFEN;
where
()\ - XJ) ['25%
e
e O (3 =) [ +1/(a) A(, ogH e a)eA) (ffe Vit " (1)dids } |
Hence

lim ()\ — /):J) ©x
)\*):)\\\J‘

A#£N;

—(tp)s ( )

x A\, )t (@(A a)d + 1 (a 0) e Mﬂb)("—l)w(wdme) ] '

= lim
)\*}Xj

A#EN;
Thus

liIrAl ()\ - /XJ) 25\

)\*})\j
A£N;

O(\j,a)
4 (a) fi°4(0) [ e Catm) @Dy 1) dide

and the result follows. O

=~ —~ —1
= B (9A0y,0) Xy
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4.1. Existence of purely imaginary eigenvalues. One may first observe that
0 (Ba) NiR = {iw € iR : Aj(iw,a) = 0 for some j € N}

is finite. By using the formula

+oo
Aj(0,a) =1+ d*(jm)* —n (a)/ v(0)e 0dp,
0
it is easy to observe that
Jj# k= Aj(iw, a) # Ag(iw, o).
Next

Lemma 4.3. A = 0 is not a root of the characteristic equation A;(\, o) = 0, where
Aj(\ @) is explicitly defined in (16).

Proof. We have
Aj(0,a) =1+ d*(jm)* — 1+ In(a).
Since @ > 1 and 1 + d?(jm)? > 1 we obtain that
A;(0,00) >0
and the result follows. O

Theorem 4.4. If1 < «a < e, then the positive equilibrium v, of the system (3) is
locally asymptotically stable.

Proof. We consider the characteristic equation
+oo
1+ d*(jm)* =17 (a)/ y(B)e= P04,
0
Then we have

+oo
14 2(n)?| = \ma) [ e orrag

IN

0
+oo
I IO
0

If Re(X\) > 0, we must have

“+o0
11+ d(jn)?] < Jn (@) / 2(B)e 6 = [n (o).

By Lemma 4.2, we have
1—In(a) < |n(a)|.
So if
n(a) = 1—1n(a) > 0,
then there will be no roots of the characteristic equations in (16) with non-negative
real part, and the result follows. O

Next we will study the existence of Hopf bifurcation when « is regarded as the
bifurcation parameter of the system. By Theorem 4.4 we already knew that the
positive equilibrium T, of the system (3) is locally asymptoticlly stable if

l<a<e.

So we will study the existence of a bifurcation value o > e.
In the following we will consider 7 (a) as a special case
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7 (a) = 17 o0 (a) for some 7 > 0.

Then we have
67()‘+M)T

“+oo ( )
—(Atup)a da =
a)e a =
/0 v(a) A4 p
and we obtain a family of characteristic equations
ef()“‘rﬂ)T

A a) =1+ d(j)? ~ (o) = =0, (a7

7

for A€ Q,and j=0,1,2,...

Now we will consider the characteristic equations in (17). First we give the
following lemma to show that for any given a > e there exists at most one pair of
purely imaginary solutions of the characteristic equation in (17).

Lemma 4.5. For each real number 61, there exists at most one d2 € (0,400) such
that if
A€ Q, Re(N) =01 and Aj(a, N) =0,

then
Proof. Since Aj(a, \) =0, we obtain
1+ d2(jm)? T o aeq
+ () — =0, AeQ.
(Gm)” =) ==
Then
A al (14 d(Gm)?) = [n(@)e O+
i.e.,

((Re(A) +p)? + (Im(A))Q) (1+d*(jm)?)? = |n(a)? 2-Re=m7,
Now set
fIm(A)) := ((Re(A) + 1) + (Im(A))Z) (1+d*(jm)%)° = |n(a)[? 2RO —m)7,
If Im(A) > 0, then
F/(Im(V)) = 2 (Im(A) (1 + d*(jm)?)* > 0.

Thus for any fixed Re(\), we can find at most one Im(\) > 0 satisfying the charac-
teristic equation in (17). The proof is complete. O

In the following, we will consider the existence of the purely imaginary solutions
of the characteristic equations in (17).

Proposition 1. Let 7 > 0, p > 0 be fized. Then the characteristic equation in (17)
has a pair of purely imaginary solutions Liw with w > 0 if and only if there exists
k € Z such that w > 0 is a solution of equation

arctan (w) + 7+ wr = 2k7 (18)
W

and

n(a) = — (L4 d?(jm)?) V/p2 + w2elT.
Moreover, for each k € N, there exists a unique wy, > 0 (which is a function of T,
w) satisfying equation (18).
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Proof. Fix j and let A = iw with w > 0 be a purely imaginary root of the charac-
teristic equation

0. o e~ (AT
Aj(A @) =1+ d°(jm) —n(a)ﬁ:() (19)
n (17). Then
14 (i) e~ liwtmr
+d*(jm)° = n(a) Tt
or ‘
] n(a)ef(loﬂru)‘r
=77 20
W+ [ 1+ 2(jm) (20)
Since

w4 = p?+ che(i‘"“C“’m(%))7 n(a) =1—In(e) and o > e,

(20) becomes

/ jarctan( < n(a)eiln —iwT
H2 + W2€( (”)) = HTWG (21)

with n(a) < 0. (21) is equivalent to
w . w
—V 1?4 w? (cos (arctan (M) + 7T> + isin (arctan <M) + 71'))

= 77(05)6_#7 < .
T 1ra(gne (cos(—wT) + isin(—wr)).

Therefore, the characteristic equation (19) has a purely imaginary solution A = iw
with w > 0 if and only if there exists k € Z such that w is a solution of equation

arctan (w) + 7+ wr = 2km
I

and
e n(e)entT
SR WP
The proof is complete. O
Since
n(a)=1—-Ina,

we obtain that the bifurcation curves are

o = exp <1 + (1 + &*(jm)?) /2 + (wk)%'”) , ke Nt (22)

and wy, is described in Proposition 1. Now we fix a = a% k € N*,j € N. From the
discussion above we have
. e—ll/‘l'
1+ d*(jm)? = —n (ai) —_—
1 + (wp)?

1+ d2(Gm)? # - (af) <

ViZ 4 wf

fori = kk+1,---,j>jandj €N,
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and
1—|—d2(‘/7'\71')2 7& —n (aj) e HT
k //,672—1—0.)1.2,
fori = 1,2,---,k, 3<j and}eN.

Thus we can obtain that at o = ai, k € NT,j € N the characteristic equations
Aj(A o) = 0, 7 € N have at most a finite number of pair of purely imaginary

eigenvalues. We denote the maximum of these purely imaginary eigenvalues by iwy..
Then

0 (Ba) NiwlZ = {iwi, —iwi} .
4.2. Transversality condition. In this subsection we will prove the transversality
condition for the model.

Lemma 4.6. Ifa >e, A € Q and Aj(o, ) =0, then
9A(a; A)

Do < 0.

Proof. Since
+oo
Aj(e,N) =14+ d?(jm)> —n (a)/ ~v(a)e=A+magqg
0

with
n(a)=1—-Ina,

8A;(Oz, )\) _ 7d77(a) / ,y(a)ef()\jtu)ada _ l/ 'y(a)efo‘ﬂ‘)“da.
0 0

Oa do e
Ifa>e AeQand Aj(a, ) =0, then we obtain

0A;(a, ) 1+ d?(jm)? B 1+ d?(jm)?
oo anla)  a(l—Ina)

Lemma 4.7. Ifa>e, A€ Q and Aj(a,\) =0, then

BAj(a,)\) . 1
— = (1+d?(jm)?) <T + /\+M) # 0.

Proof. We have

—(A+u)T
Aj(a,\) =1+ d%(jm)* — ne)e T

A+p
and
9Aj(a, ) T(e)e” AT (A 4 p) +p(a)e” AT
oA (A + 1)’
a)e— At 1
- )A+u (T+ A+u>'

If Aj(a, A) =0, then we obtain

6Aj(a, )\)

o = (14 d*(jm)?) (T—l— 1) . (23)

A4 p
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A (a . .
Note that 22492 — ( if and only if

N
1
(14 d?*(jm)?) (7’ + A+u> =0. (24)
Since n(a) < 0 for o > e, we have for A € R and A > —p that
o nla)e”AHmT

At

So the solutions of the characteristic equation in €2 can not be real numbers. If
A€ C\R, then 7 + ﬁ € C\ R and we deduce that equation (24) can not be
satisfied. The proof is complete. O

Aj(a,\) =1+ d*(jm) > 0.

Theorem 4.8. Let iwi be the mazimum purely imaginary root of the characteristic

equations in (17) associated to o, > 0 defined in (22). Then there exist p?; >0
(small enough) and a C*-map X, : (o, — pi., o, + pi.) = C such that

Mad) = iw], As(a, M. (@)) =0, for somej € N and

. o , AN (o
Voo € (af —pl, o +py), and Re (’Zl(;k)>>0.

Proof. By Lemma 4.6 we can use the implicit function theorem around each (ai, zwi)

and obtain that there exists p'li > 0 and a C'-map )\i : (a',i — pi, ai + p{c) — C such
that

M(ad) = iwl, A(a, M () =0, for some jeN,
and Va € (a — pl,aq + p})-
Moreover, we have

o35 (@) 05 (03400 g

ety e =0 Yac (al = plad )
So
A\ 1 aAg(a,Ai(a)) o (o — o] od o
do 05 (aN () O » Vo€ (ag, = py, o+ py.)-
—ax

By using Lemma 4.6, we deduce Va € (ai — pi, O‘i + pfc) that

J A= (o, X (a)
e (D)) e (2200 NO))
da OA

In particular, we have

dN (o ON- (o s iw?
Re M >0 Re M > 0.
da 7))

Using the equation (23), we get

- (;i»iwj) = (1+&Gm°) <T+ z‘wi1+ u)
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and
8A3 <ai, zwi)

Re B\

:(1+d2(37r)2) +—F >0

The result follows. O

Now we are in the position to present the main result of this paper. By using
the Crandall and Rabinowitz’s [7] condition for their Hopf bifurcation theorem (see
Remark 1), we obtain the following result.

Theorem 4.9. The spatially and age structured population model (1) undergoes a
Hopf bifurcation at o = o, and Gy = ﬂ“i given in theorem 3.4, where o, > 0,
k=1,2,...,j €N are defined in (22). In particular, a non-trivial periodic solution
bifurcates from the equilibrium T, = T,; when o = o

k

5. An example and numerical simulations. In the following, we provide some
numerical simulations to illustrate the Hopf bifurcation for the model (1). We
consider system (1) with the parameters taking the values in the following

nw=0.2,d=0.01, 3=0.5, a=10,20 or 30 (25)
and
Y(0) = 1110, 100) (0)- (26)
We choose the following initial distribution
u(0,s,x) = 25025~ (52-2.5)" (27)

In the figures 1-3 we only modify the parameter a. As predicted by the theory
when the parameter a passes from o = 10 (in Figure 1) to a = 20 (in Figure 2)
and o = 30 (in Figure 3) we observe a Hopf bifurcation of the positive equilibrium.
In figure 1 we observe the global stability of the positive equilibrium. In figures
2-3 the positive equilibrium is destabilized and the solutions converge to a periodic
orbit.

(ARG
"n“"“s\“"

X0

(b)

FIGURE 1. In this ﬁgure we fix « = 10. In figure (a) we plot
the distribution u(t, ) fo u(t, s, x)ds and in figure (b) we plot
the total number of individuals U (t fo u(t, s, xz)dsdx. We

observe the global stability of the posztwe constant equilibrium dis-
tribution.
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u(t,x)
)

[ 50 100 150 200
t

(b)

FIGURE 2. In this ﬁgure we fit « = 20. In figure (a) we plot
the distribution u(t, x) fo u(t, s x)ds and in figure (b) we plot
the total number of individuals U (t fo u(t, s, z)dsdx. The
positive equilibrium admits a Hopf bzfurcatwn and the distribution
of population oscillates in time and converges to a periodic solution.

(b)

FIGURE 3. In this ﬁgure we fit « = 30. In figure (a) we plot
the distribution u(t, x) fo u(t, s x)ds and in figure (b) we plot

the total number of individuals U (t fo u(t,s,x)dsdx. As
in Figure 2 the solution oscillates around posztwe equilibrium and
converges to a periodic solution. Moreover we observe that the am-
plitude of the oscillations increases with a.
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