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1. INTRODUCTION

In this paper we investigate the uniqueness of a nontrivial fixed point of
a map preserving a positive cone. This work is motivated by application to
age-structured density-dependent population dynamics models. The main
result of this paper shows that in certain situations all the fixed points are
comparable for the order induced by the positive cone. We then apply this
result to prove the uniqueness of the nontrivial equilibrium solution for
a discrete-time population dynamics model and its continuous-time
analogue.

Ž 5 5.Let K be a cone of a Banach space X, ? ; that is, K is a closed
� 4convex subset of X, satisfying tK ; K, for all t G 0, and if x g K _ 0 ,

then yx f K. Such a cone K induces a partial order on X, denoted by
F , and defined by x F y m y y x g K. In the sequel, we will also define

� 4x - y m y y x g K _ 0 and x < y m y y x g Int K ,Ž .

Ž . Ž 5 5.where Int K denotes the interior of K in X, ? .
Ž .Let L, d be a metric space, and l g L. Let F : L = K ª K be aL 0

Ž . Žcontinuous map, such that F l , ? is right differentiable at zero see0
w x .Deimling 2, p. 225 for the corresponding definition , for each l g L,

Ž . Ž w xF l, ? is asymptotically smooth see Hale 3, p. 11 for the corresponding
. Ž .definition , and F l, 0 s 0.

In the sequel, for each l g L, we will denote by F : K ª K the mapl

Ž . Ž . Ž .defined for all x g K by F x s F l, x . Moreover, given M, d a metricl
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m Ž .space, and T : M ª M a map, we will denote by T m g N the map
defined by

T 0 s Id and T m s T my 1 (T ;m G 1.

Given g : M ª X a map, and A a subset of M, we will denote by

5 5 5 5y1 5 5g s sup x y y g x y g y .Ž . Ž .Lip, A
x , ygA : x/y

We will make the following hypotheses on F.

Ž .H1 Zero is globally asymptotically stable for F .l0

Ž . Ž . Ž .H2 There exists ¨ g Int K such that D F 0 ¨ s ¨ , there ex-X q l0
� 4 Ž Ž . . Ž .ists ¨* g K* _ 0 with ¨* ¨ s 1 such that D F 0 *¨* s ¨*, andq l0

r Id y P D F 0 Id y P - 1,Ž . Ž . Ž .Ž .q l0

Ž . Ž .where D F 0 denotes the right derivative of F at zero, and P g LL Xq l l0 0

is defined by

P x s ¨* x ¨ , ; x g X .Ž . Ž .

Ž .H3 We assume that

5 5lim sup g s 0,Lip, B Ž0 , d .l K
dª0 Ž .lgL : d l , l FdL 0

Ž . � 5 5 4where B 0, d s x g K : x F d , and g : L = K ª X is defined byK

g l, x s F l, x y D F 0 x , ; x g K , ;l g L .Ž . Ž . Ž .q l0

Ž . Ž .H4 For each l g L, there exists a ) 0, such that B 0, a isl K l

Ž Ž Ž .. Ž ..positively invariant by F i.e., F B 0, a ; B 0, a , and for all x gl l K l K l

5 5 Ž . 5 mŽ .5K : x G a , there exists m s m x g N such that F x - a .l l l

Ž . � 4H5 If A is a subset family of K, such that for each l g L,l lg L

Ž w xA is maximal compact invariant for F see Hale 3, p. 17 for thel l

.corresponding definition , then there exists a compact subset C ; K such
that

lim d A , C s 0,D lž /qRª0 Ž .lgL : d l , l FRL 0

Ž . Ž . 5 5where d B , B is defined by d B , B s sup inf x y y .1 2 1 2
xgB2ygB1
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The following theorem is the main result of this paper.

Ž 5 5.THEOREM 1.1. Let K be a cone of a Banach space X, ? , such that
Ž . Ž .Int K / B. Let L, d be a metric space, and l g L. Let F: L = K ª KL 0

Ž .be a continuous map, such that F l , ? is right differentiable at zero, for0
Ž .each l g L, F is asymptotically smooth, F 0 s 0, and F satisfies assump-l l

Ž . Ž .tions H1 ] H5 .
� 4 Ž .Then there exists d ) 0, such that ;l g L _ l : d l , l F d , and if0 L 0

x , x g K are two distinct fixed points of F , then1 2 l

x < x or x 4 x .1 2 1 2

As consequence of Theorem 1.1, we will obtain a uniqueness result for
nontrivial equilibrium solutions of the model introduced by Liu and Cohen
w x4 . Consider the difference equation ; t g N

n n¡
x t q 1 s b ? x t ? exp y g ? x tŽ . Ž . Ž .˜Ý Ý1 i i i j jž /

is1 js1

n

x t q 1 s x t ? exp y M q g ? x tŽ . Ž . Ž .Ý2 1 1 1 j j~ ž / 1Ž .js1
...

n

x t q 1 s x t ? exp y M q g ? x t .Ž . Ž . Ž .Ýn ny1 ny1 ny1, j j¢ ž /js1

with

x 0 s x G 0, ; i s 1, . . . , n ,Ž .i i

where b G 0, g G 0, and M G 0, g G 0, ; i, j, l s 1, . . . , n, ;k s˜i i j k k l
1, . . . , n y 1.

Ž . w xThe difference equation 1 is investigated by Liu and Cohen 4 ; they
obtain an existence and uniqueness result for nontrivial equilibrium solu-
tions. Here we will obtain a new kind of condition for the uniqueness of
the nontrivial fixed point. Let us denote by

n
T nl s b , b , . . . , b g R , and R l s b l ,Ž . Ž . Ý1 2 n q j j

js1
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where

iy1

l s 1, and l s exp yM , ; i s 2, . . . , n. 2Ž .Ž .Ł1 i j
js1

Ž 0 0 0.T n Ž .Let l s b , b , . . . , b g R be fixed such that R l s 1, and as-0 1 2 n q 0
sume that

Ž . Ž 0 . Ž .i ; i s 1, . . . , n b ) 0 « g ) 0 .˜i i i

b0 b0 ??? ??? b0
1 2 n0

p 0 ??? ??? 01
. .0 p . .Ž . Ž .ii L s g M R is primitive,21 n. . 0. . .. . . 0 0. . .� 0

0 ??? 0 p 0n y10

Ž . �where p s exp yM , ; i s 1, . . . , n y 1, and n s max k gi i 0
� 4 0 4 n n n1, 2, . . . , n : b ) 0 . We denote by F: R = R ª R , the map associatedk q q q

Ž .to Eq. 1 , which is defined by

n n

b ? x exp y g ? x˜Ý Ýi i i j jž /
is1 js1

n

x exp y M q g ? xÝ1 1 1 j jž /F l, x s ,Ž . js1
...

n

x exp y M q g ? xÝny1 ny1 ny1, j jž /js1

;l g R n , ; x g R n .q q

Then by defining L as

L s l g R n : l F l F C l , for some C ) 1,� 4q 0 1 0 1

one has the following theorem.

Ž . Ž .THEOREM 1.2. Under assumptions i ] ii , there exists d ) 0, such that
� 4 5 5 nfor all l g L _ l : l y l F d , and F has at most one non-null fixedR0 0 lq

point.
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w xThe model of Liu and Cohen 4 is obtained by discretizing the following
partial derivative equation:

­ u ­ u¡ mq s y m a q H g a, s u t , s ds u t , a ,Ž . Ž . Ž . Ž .Ž .0~ ­ t ­ a 3Ž .
m m¢u t , 0 s H f a exp yH g a, s u t , s ds u t , a da.Ž . Ž . Ž . Ž . Ž .˜Ž .0 0

Ž .We now investigate the uniqueness of the nontrivial steady state of Eq. 3 .
w xSuch equations are extensively studied in the book by Webb 9 , and we

refer to this book for a survey on this subject. Integrating over age, the
Ž .problem of finding a steady state of Eq. 3 can be rewritten as the

0 w xfollowing fixed point problem: To find u g C 0, m , satisfyingq

a
w xu a s H u s a exp y V u s ds , ;a g 0, m , 4Ž . Ž . Ž . Ž . Ž . Ž .Hf

0

0 w x w xwhere for all u g C 0, m , for all a g 0, m ,q

m ˜ mV u a s H g a, s u s ds, V u a s H g a, s u s ds,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .˜0 0

m ˜H u s H f s exp yV u s u s ds,Ž . Ž . Ž . Ž . Ž .f 0

and
as a s exp yH m s ds .Ž . Ž .0

0w x 5 5In this example X s C 0, m , endowed with the norm ¨ s`

< Ž . < 0 w x ` w xsup ¨ a , K s C 0, m , and l s f g L 0, m . Let l s f gagw0, m x q q 0 0
` w x m Ž . Ž . x wL 0, m , such that H f a s a da s 1, and there exists « g 0, m , suchq 0 0

that

w xsupp f ; « , m .Ž .0

We will make the following assumptions,

Ž . w w a Ž . a Ž .yiii ;a g 0, m , H m s ds - q`, and lim H m s ds s q`.0 aª m 0

Ž . 0Žw x w x .iv g , g g C 0, m = 0, m , R .˜ q

Ž . w x Ž .v There exists C ) 0, such that for all a g 0, « , g a, s G0
Ž . w xC f s for almost every s g 0, m .0 0

Then by defining L as

` w xL s f g L 0, m : f F f F C f , for some C ) 1,� 4q 0 1 0 1

one has the following theorem.
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Ž . Ž .THEOREM 1.3. Under assumptions iii ] v , there exists d ) 0, such that
5 5 ` Ž .for all f g L: f y f - d , Eq. 4 has at most one non-null solution.L w0, m x0

2. ATTRACTORS EXISTENCE

w xIn this section we recall some results proved in Magal 6 using results
w xon dissipative discrete time dynamical systems of the book by Hale 3 .

w xThe following proposition is proved in Magal 6, Proposition 2.2 .

Ž 5 5.PROPOSITION 2.1. Let K be a cone of a Banach space X, ? , and let
Ž .L, d be a metric space. Let F: L = K ª K be a continuous map, suchL

that for l g L, F is asymptotically smooth. Assume in addition that Fl

Ž .satisfies Assumption H4 .
Ž .Then, for each l g L, there exists a subset A ; B 0, a maximall K l

compact and in¨ariant by F , which is stable and attracts the compact sets of Kl

by F .l

w xThe following proposition is proved in Magal 6, Proposition 2.5 .

Ž 5 5.PROPOSITION 2.2. Let K be a cone of a Banach space X, ? , and let
Ž .L, d be a metric space. Let F: L = K ª K be a continuous map, suchL

Ž .that l g L, F is asymptotically smooth, F 0 s 0, and F satisfies assump-l l

Ž .Ž . Ž .tions H1 H4 and H5 .
Ž . Ž .Then ;« ) 0, 'h ) 0 such that A ; B 0, « , ;l g L: d l, l F h.l K L 0

3. A REDUCTION RESULT

In this section we adapt to invariant bounded sets the method developed
w xby Vanderbauwhede 7 . For a survey of this question, we also refer to the

w x w xpaper by Vanderbauwhede 8 and the book by Chow et al. 1, p. 1]48 .
Ž 5 5.We consider a Banach space X, ? , M a bounded subset of X, and T :

ŽM ª M a continuous map, and we assume that M is invariant by T i.e.,
Ž . .T M s M . The problem is then to reduce the following system:

¡x t q 1 s T x t , ; t g NŽ . Ž .Ž .~ 5with Ž .¢x 0 s x g M .Ž . 0

Ž . Ž .Here, to reduce the system 5 means that given P g LL X a bounded
Ž . Ž .Ž .linear operator of projection, we look for a map f : P M ª Id y P M
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such that ; x g M

x s P x q f P x .Ž . Ž .Ž .

Ž . Ž .Ž .In other words, we look for a map f : P M ª Id y P M such that the
Ž Ž . � Ž . Ž .4graph of f i.e., Gr f s y q f y : y g P M is equal to M. Then each

Ž .solution of system 5 corresponds to a solution of the following system
Ž .and conversely :

¡y t q 1 s P T y t q f P y t , ; t g NŽ . Ž . Ž .Ž .Ž .~ 6Ž .with¢y 0 s y g P M .Ž . Ž .0

We will make the following assumptions.

˜Ž . Ž Ž . .H1 M is invariant by T i.e., T M s M .
˜Ž . Ž . Ž . Ž . Ž .H2 ; x g M, T x s A x q g x where A g LL X , and g g

Ž .Lip M, X .
˜Ž .H3 X has a decomposition X s X [ X , where X and X are1 2 1 2

closed subspaces X which are positively invariant A and

< < < <a s sup l - b s inf l F 1
Ž .lgs AŽ . 2lgs A1

< Ž .where A s A g LL X , for i s 1, 2.Xi ii

Ž .In the sequel, we will denote by P g LL X the linear bounded operator
Ž . Ž .projection satisfying Im P s X , and Ker P s X , and for each h ) 0,2 1

yŽ . �we will denote by Y X the Banach space of all the sequences y s yh yp
4 5 5 y � p 5 5 4g X : p g N satisfying y s sup h y : p g N - q`, and weY Ž X . yph

yŽ . � 4denote Y M the subset of all sequence y s y g X : p g N ; M.h yp
wThe following lemma can be found in the paper by Vanderbauwhede 7,

xLemma 1, p. 410 .

Ž .LEMMA 3.1. Let A g LL X be bounded linear operator satisfying assump-
˜Ž . Ž .tion H3 . Then ;« ) 0, 'M s M « ) 0 such that ;m g N

m mm ym5 5 5 5A F M « a q « and b y « A F M « .Ž . Ž . Ž . Ž .1 2

The proof of the following lemma uses similar of arguments as in the
w xproof of Lemma 2, p. 411 in Vanderbauwhede 7 .

Ž 5 5.LEMMA 3.2. Let X, ? be a Banach space, M be a bounded subset of
˜ ˜ ˜Ž . Ž . Ž .X, and T : M ª M be a continuous map satisfying H1 , H2 , and H3 .
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� 4Let y s y : p g N ; M be a negatï e T-orbit, then ;p g N,yp

p `
Žq.yp ly1yp ly1y s A Py y A Pg y q A Id y P g y ,Ž . Ž . Ž .Ý Ýyp 2 0 2 yl 1 ypyl

ls1 ls1

7Ž .

where the notation ÝŽq. indicate that the corresponding sum is only present if
p G 1.

Ž . yŽ .Equation 7 can be rewritten in the more compact form y g Y M ,h

y s SP y q KG y , 8Ž . Ž . Ž .0

x w Ž yŽ ..where for each h g a, b , the operators S g LL X , Y X , K g2 h

Ž yŽ .. 0Ž yŽ . yŽ ..LL Y X , and G g C Y M , Y X are defined byh h h

Sx s Ayp x , ; x g X , ;p g N,Ž .yp2 2 2 2 2

p `
Žq. ly1yp ly1 yKy sy A Py q A IdyP y , ; ygY X ,Ž . Ž . Ž .yp Ý Ý2 yl 1 ypyl h

ls1 ls1

;p g N,

and

Gy s g y , ; y g Yy M , ;p g N.Ž . Ž . Ž .yp yp h

The fact that S and K are bounded linear operators follows from Lemma
yŽ .3.1. Moreover, one has for all y, y g Y X ,˜ h

5 5 y 5 5 5 5 yG y y G y F g y y y .Ž . Ž .˜ ˜Y Ž X . Lip Y Ž X .h h

Ž 5 5.THEOREM 3.3. Let X, ? be a Banach space, let M be a bounded
subset of X, and let T : M ª M be a continuous map satisfying Assumptions

˜ ˜ ˜Ž . Ž . Ž . x w Ž .H1 , H2 , and H3 and h g a, b . Then there exists C A, h ) 0, such1
that if

5 5C A , h g - 1,Ž . Lip1

Ž Ž . Ž .Ž ..there exists a map f g Lip P M , Id y P M such that ; x g M

x s P x q f P x ,Ž . Ž .Ž .
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Ž .and there exists C A, h ) 0 such that2

C A , hŽ .2
5 5 5 5f F g .Lip Lip5 51 y C A , h gŽ . Lip1

yŽ .Moreo¨er, ; x g M, there exists one and only one negatï e T-orbit y g Y Mh

through x.

Ž . 5 5 yProof. In the sequel we will take C A, h s K . We start byLL ŽY Ž X ..1 h

Ž . Ž .Ž .proving that there exists a map f : P M ª Id y P M such that for all
Ž .Ž . Ž .x g M, Id y P x s f Px . Let y , z g M such that Py s Pz . We0 0 0 0

Ž . Ž .now show that necessarily Id y P y s Id y P z . Indeed, since M is0 0
yŽ .invariant by T , we may find two negative T-orbits y, z g Y M such thath

Ž . Ž .y s y , and z s z . Then by Lemma 3.2, one has0 0 0 0

y s SP y q KG y , and z s SP z q KG z .Ž . Ž . Ž . Ž .0 0

Ž . Ž .But, since P y s P z one has0 0

y y KG y s z y KG z .Ž . Ž .

yŽ . yŽ . Ž . Ž .Let C: Y M ª Y X be the map defined by C x s x y KG x ,h h
yŽ . yŽ .; x g Y M . Let us show that C is injective. Let x , x g Y M ; thenh 1 2 h

x y x s C x y C x q KG x y KG x ,Ž . Ž . Ž . Ž .1 2 1 2 1 2

thus

5 5 yx y x Y Ž X .1 2 h

5 5 y 5 5 y 5 5 5 5 yF C x y C x q K g x y x ,Ž . Ž . Y Ž X . LL ŽY Ž X .. Lip Y Ž X .1 2 1 2h h h

and by stating that

5 5 y 5 5C s 1 y K g ) 0,LL ŽY Ž X .. Liph

one has

5 5 y y1 5 5 yyd x , x s x y x F C C x y C x . 9Ž . Ž . Ž . Ž .Y Ž X . Y Ž X .Y ŽM . 1 2 1 2 1 2h hh

Ž . Ž . Ž .From Eq. 9 , and since C y s C z we deduce that y s z. Finally we
obtain

Id y P y s Id y P z .Ž . Ž .0 0



UNIQUENESS RESULT FOR A POPULATION MODEL 157

Ž . Ž .Ž .So there exists a map f: P M ª Id y P M such that for all x g M

Id y P x s f Px .Ž . Ž . Ž .

The previous part of the proof also shows that given x g M, there exists
one and only one negative T-orbit through x. To prove that f is Lips-

yŽ . yŽ .chitzian, let us first come back to the map C: Y M ª Y X , and let ush h
˜ y yŽ . Ž Ž ..denote by C: Y M ª C Y M the map defined byh h

˜ yC x s C x , ; x g Y M .Ž . Ž . Ž .h

˜ ˜Ž .Then by construction of C, and from Eq. 9 , C is invertible. Moreover,
Ž . Ž yŽ ..one has from Eq. 9 for all x , x g C Y M1 2 h

˜ y1 ˜ y1 y1y y5 5 5 5C x y C x F C x y x . 10Ž . Ž . Ž .Y Ž X . Y Ž X .1 2 1 2h h

Ž . yŽ .Let x , y g P M , and x, y g Y M be the negative T-orbits through2 2 h

Ž . Ž .x q f x and y q f y , respectively. Then we have from Lemma 3.22 2 2 2
that

x s S x q KG x and y s S y q KG y ,Ž . Ž . Ž . Ž .2 2

so

˜ y1 ˜ y1x s C S x and y s C S y ,Ž . Ž .Ž . Ž .2 2

and

f x s Id y P S x q KG x andŽ . Ž . Ž . Ž .Ž .Ž .2 2 0

f y s Id y P S y q KG y .Ž . Ž . Ž . Ž .Ž .Ž .2 2 0

From this we deduce that

`
ly1f x s A Id y P g x andŽ . Ž . Ž .Ý2 1 yl

ls1

`
ly1f y s A Id y P g y ,Ž . Ž . Ž .Ý2 1 yl

ls1

so

5 5f x y f yŽ . Ž .2 2

q`
l yl5 5 5 5 5 5F g Id y P A hŽ . ÝLip LŽ X . LŽ X .1 1

ls0

˜ y1 ˜ y1 y5 5= C Sx y C Sy .Ž . Ž . Y Ž X .2 2 h
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Finally, one has

q`
l yl y5 5 5 5 5 5Id y P A h SŽ . ÝLŽ X . LŽ X . LŽ X , Y Ž X ..1 1 2 h

ls05 5 5 5f F g .Lip Lip
y5 5 5 51 y K gLŽY Ž X .. Liph

4. PROOF OF THEOREM 1.1

Ž .Under Assumption H4 Proposition 2.1 applies, and we deduce that for
each l g L, there exists A ; Y , which is compact maximal invariant byl l

F , stable for F , and attracts all the compacts subsets of K by F . Underl l l

Ž . Ž . Ž .Assumptions H1 , H4 , and H5 Proposition 2.2 applies, and one has
;« ) 0, 'd ) 0 such that0

5 5� 4A ; B 0, « s x g K : x F « , ;l g B l , d .Ž . Ž .l K L 0 0

Ž .Consider now the projection operator P g LL X , the bounded linear
Ž . Ž .operator defined by P x s ¨* x ¨ , ; x g X introduced in Assumption

Ž . Ž .H2 . Then, since ¨ g Int K , there exists « ) 0 such thatX

¨ q B 0, « ; Int K . 11Ž . Ž . Ž .X X

Ž . � 5 5 4where B 0, « s x g X : x F « .X
x w ŽŽ . Ž .Ž ..Let h g a, 1 , where a s r Id y P D F 0 Id y P - 1. Then, underq l0
Ž . � 4Assumption H3 , and by upper semicontinuity of the family A atl lg L

Ž .l s l , there exists d ) 0 such that ;l g L: d l , l F d0 1 L 0 1

5 5C D F 0 , h g - 1 andŽ .Ž . Lip, A1 q l l l0

C D F 0 , h «Ž .Ž .2 q l0 5 5g F .Lip, Al 5 55 5 ¨1 y C D F 0 , h gŽ .Ž . Lip, A1 q l l0

<Thus we can apply Theorem 3.3 to F , and we deduce that for allAl l

Ž . Ž Ž . Ž .Ž ..l g L: d l , l F d there exists a map f g Lip P A , Id y P AL 0 1 l l l

such that ; x g Al

x s P x q f P xŽ . Ž .Ž .l

and
«

5 5f F .Lipl 5 5¨
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Ž .Let l* g L: d l , l* F d be fixed, and let x , x g A be fixed. ThenL 0 1 1 2 l*
Ž . Ž Ž .. Ž Ž .. Ž .x y x s P x y x q f P x y f P x s ¨* x y x ¨ q1 2 1 2 l 1 l 2 1 2

Ž Ž .. Ž Ž ..f P x y f P x , andl 1 l 2

5 5f P x y f P xŽ . Ž .Ž . Ž .l 1 l 2

«
5 5 5 5 5 5F f P x y P x F ¨* x y x ¨ .Ž . Ž . Ž .Lipl 1 2 1 25 5¨

Thus

5 5f P x y f P x F « ¨* x y x .Ž . Ž . Ž .Ž . Ž .l 1 l 2 1 2

Ž .From this we deduce using Eq. 11 that

x y x g ¨* x y x ¨ q B 0, « ; ¨* x y x Int K ,Ž . Ž . Ž . Ž .1 2 1 2 X 1 2

and the proof is complete.

5. PROOF OF THEOREM 1.2

Ž . Ž .We now prove that Assumptions H1 to H5 are satisfied for F. Here
n n 5 5 5 5K s R , and X s R is endowed with the norm ? defined by x s` `q

� < < 4 nmax x : i s 1, . . . , n , ; x g R . One may note thati q

F l, x s L l, x x , ; x g R n , ;l g L ,Ž . Ž . q

n Ž . nwhere the map L: L = R ª M R is a continuous map from L = Rq n q q
into the set of nonnegative matrices, defined by

L l, x 0Ž .1L l, x s ,Ž .
L l, x L l, xŽ . Ž .2 3

Ž Ž ..where under assumption ii , and the fact that l G l ;l g L, the block0
Ž . Ž . n Ž Ž ..matrix L l, x g M R is primitive ;l g L, ; x g R , with r L l , 01 n q 1 00

Ž Ž . . Ž Ž ..s 1 because L l , 0 s L , and r L l, 0 ) 1, ;l g L, and the block1 0 1 1
Ž . Ž Ž ..matrix L l , 0 satisfies r L l , 0 s 0.3 0 3 0

Ž .Assumption H1 can be verified using the Lyapunov method with the
Lyapunov function

xi
V x s max : i s 1, . . . , n ,Ž . ½ 5l i

Ž .where l is defined in Eq. 2 . Using this Lyapunov function with assump-i
Ž . Ž . Ž .tion i one may verify assumption H1 . Moreover, F l , ? is clearly0
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Ž .right differentiable at zero, and by using Assumption ii , one deduces
Ž Ž ..from non-negative matrix theory that r D F l , 0 s 1, 1 is a simpleq 0

eigenvalue of

L l , 0 0Ž .1 0D F l , 0 s ,Ž .q 0 L l , 0 L l , 0Ž . Ž .2 0 3 0

and there is no other eigenvalue into the peripheral spectrum of
Ž . nD F l , 0 . Moreover, by a direct computation, if we denote by ¨ g Rq 0 q

Ž .the eigenvector of D F l , 0 associated to the eigenvalue 1, one hasq 0

T n¨ s l l ??? l g Int R ,Ž . Ž .1 2 n q

Ž . Ž .where l is defined in Eq. 2 , and Assumption H2 is satisfied.i
Ž .Assumption H3 is an immediate consequence of the regularity of the

Ž .exponential map. We are now interested in Assumption H4 . From
Ž .Assumption i the constant

g̃ i i 0C s min : i s 1, . . . , n , and b ) 0 ) 02 i0½ 5bi

is well defined, and one has

C1
C x exp C x F , ; x G 0.Ž .1 2 C e2

The ball

˜ n ˜5 5nB 0, M s x g R : x F MŽ . � 4`R qq

˜Ž Ž . . Ž .with M s C rC e q 1 is then positively invariant by F l, ? , and1 2
; x g R n one also hasq

C1n ˜n n nF x g B 0, ; Int B 0, M ,Ž . Ž .l R R Rq q qž /C e2

˜ Ž .and by taking a s M, Assumption H4 is satisfied.l

Ž .Assumption H5 is then automatically satisfied, because from Proposi-
Ž .tion 2.1, we know that under Assumption H4 , if A is compact, maximal,l

˜ ˜Ž . Ž . Ž .n nand invariant by F l, ? , then A ; B 0, M . So by taking C s B 0, Ml R Rq q
Ž . Ž .in Assumption H5 , we deduce that Assumption H5 is satisfied.

One may now apply Theorem 1.1, and we deduce that there exists d ) 0
n� 4 Ž .such that ;l g L _ l : d l , l F d , if x , x g R are two distinct0 L 0 1 2 q

fixed points of F , then x < x or x 4 x .l 1 2 1 2
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� 4 Ž .Assume that there exists l g L _ l : d l , l F d , and there exist0 L 0
n � 4x , x g R _ 0 , two distinct fixed points of F . Then from Theorem 1.11 2 q l

one has

0 < x < x or 0 < x < x .1 2 2 1

But then since

F l, x s L l, x x , ; x g R n , ;l g L ,Ž . Ž . q

where

L l, x 0Ž .1 nL l, x s , ; x g R ,Ž . qL l, x L l, xŽ . Ž .2 3

Ž . nand L l, x is an irreducible matrix ; x g R , we deduce that1 q

r L l, x s r L l, x s 1.Ž . Ž .Ž . Ž .1 1 1 2

UOn the other hand, assume, for example, that 0 < x < x , then by1 2
construction one has

L l, x ) L l, x ,Ž . Ž .1 1 1 2

Ž . nand since L l, x is an irreducible matrix ; x g R , this implies that1 q

r L l, x ) r L l, x ,Ž . Ž .Ž . Ž .1 1 1 2

and we obtain a contradiction. From this contradiction, we deduce that
� 4 Ž .there exists d ) 0, such that ;l g L _ l : d l , l F d , and F has at0 L 0 l

most one nontrivial fixed point. The proof is complete.

6. PROOF OF THEOREM 1.3

Ž .We first remark that to find a solution of Eq. 4 is equivalent to solving
0 w xthe following fixed point problem: Find ¨ g C 0, m , satisfying for allq

w xa g 0, m

a
¨ a s H s ¨ exp y V s ¨ s ds . 12Ž . Ž . Ž . Ž . Ž .Hf

0

` w x 0w x 0w xLet F: L 0, m = C 0, m ª C 0, m , the map defined for each f gq
` w x 0w xL 0, m , for all ¨ g C 0, m , byq

a
w xF ¨ a s H s ¨ exp y V s ¨ s ds , ;a g 0, m ,Ž . Ž . Ž . Ž . Ž .Hf f

0
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where

m
˜H s ¨ s f s exp yV s ¨ s s s ¨ s ds.Ž . Ž . Ž . Ž . Ž . Ž .Hf

0

To prove Theorem 1.3, we start by proving the following proposition.

PROPOSITION 6.1. Under the assumptions of Theorem 1.3, there exists
5 5 `

0 w xd ) 0, such that for all f g L: f y f - d , if ¨ , ¨ g C 0, m areL w0, m x0 1 2 q
two distinct fixed points of F , thenf

¨ < ¨ or ¨ < ¨ .1 2 2 1

To prove Proposition 6.1, we will apply Theorem 1.1 of F 2. We start byf
proving some preliminary lemmas.

LEMMA 6.2. Under the assumptions of Theorem 1.3, there exists M ) 0,
such that

5 2 5 0 w xF ¨ F M , ; f g L , ;¨ g C 0, m .Ž . `f q

0 w x w xProof. Let ¨ g C 0, m , and f g L. Then for all a g 0, m ,q

a
2F ¨ a s H F ¨ exp y V s F ¨ s ds ;Ž . Ž . Ž . Ž . Ž .Ž . Ž .Hf f f f

0

thus

2 m m a5 5F ¨ F H f s s s ¨ s dsH f a s a exp yH V s ¨ s ds da,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .`f 0 0 0

2 m m «5 5F ¨ F H f s s s ¨ s dsH f a s a da exp yH V s ¨ s ds .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .`f « « 0

Under assumption made on f , and by construction of L, one has0

« « m
V s ¨ s ds s g s, j s j ¨ j dj dsŽ . Ž . Ž . Ž . Ž .H H H

0 0 0

« mC0G f j s j ¨ j dj ds;Ž . Ž . Ž .H HC 0 01

thus

« mC0
V s ¨ s ds G « f j s j ¨ j dj .Ž . Ž . Ž . Ž . Ž .H HC0 «1
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So, we obtain, using in addition that

5 2 5 m mF ¨ F H f a s a daH f j s j ¨ j djŽ . Ž . Ž . Ž . Ž . Ž .`f « «

C0 m= exp y «H f j s j ¨ j dj ,Ž . Ž . Ž .«C1

5 2 5 mF ¨ F C H f j s j ¨ j djŽ . Ž . Ž . Ž .`f 1 «

C0 m= exp y «H f j s j ¨ j dj ;Ž . Ž . Ž .«C1

thus

C 2
125 5F ¨ F .Ž . `f C «0

< 0LEMMA 6.3. Under assumptions of Theorem 1.3, for each f g L, F C w0, m xf q

is completely continuous.

Proof. The proof is a direct consequence of the Ascoli]Arzela criteria
0w xof compactness in C 0, m , and we will not detail further the proof.

Ž .LEMMA 6.4. Under assumptions of Theorem 1.3, Assumption H1 is
2 < 0satisfied for F .C w0, m xf q0

Proof. From the proof of Lemma 6.2, we already know that for all
0 w x¨ g C 0, m ,q

m m
25 5F ¨ F f a s a da f j s j ¨ j djŽ . Ž . Ž . Ž . Ž . Ž .` H Hf 0 00

« «

mC0
= exp y « f j s j ¨ j dj ,Ž . Ž . Ž .H 0C «1

m Ž . Ž .and as H f a s a da s 1, one has« 0

m mC025 5F ¨ F f j s j ¨ j dj exp y « f j s j ¨ j dj .Ž . Ž . Ž . Ž . Ž . Ž . Ž .` H Hf 0 00 C« «1

0 w xFrom this we deduce that for all ¨ g C 0, m ,q

5 2 5 5 5F ¨ F ¨ ,Ž . ` `f 0
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2 0 w xand zero is a stable fixed point of F . Moreover, since for all ¨ g C 0, m ,f q

m 2 5 2 5H f j s j F ¨ dj F F ¨Ž . Ž . Ž . Ž . `« 0 f f 0

F Hm f j s j ¨ j djŽ . Ž . Ž .« 0

C0 m= exp y «H f j s j ¨ j dj ,Ž . Ž . Ž .« 0C1

one also has global asymptotic stability using the Lyapunov function

m
0 w xL ¨ s f a s a ¨ a da, ;¨ g C 0, m .Ž . Ž . Ž . Ž .H 0 q

«

Ž .LEMMA 6.5. Under the assumptions of Theorem 1.3, Assumption H2 is
2 < 0satisfied for F .C w0, m xf q0

< 0 2 < 0Proof. F , F , are clearly right differentiable at zero, andC w0, m x C w0, m xf fq q0 0 0 w xone has for each ¨ g C 0, mq

m
w xD F 0 ¨ s s f a s a ¨ a da, ;s g 0, m .Ž . Ž . Ž . Ž . Ž . Ž .Hq f 00

0

Ž . Ž . � 4D F 0 is a projection operator, so the spectrum of D F 0 is 0, 1 ,q f q f0 0

5 5 w xD F 0 ¨ s ¨ and ¨ s 1 m ¨ a s 1, ;a g 0, m ,Ž . Ž .`q f 0

and by taking

m
0 w x¨* y s f a s a y a da, ; y g C 0, m ,Ž . Ž . Ž . Ž .H 0 q

0

Ž .Assumption H2 is satisfied.

Ž .LEMMA 6.6. Under the assumptions of Theorem 1.3, Assumption H3 is
2 0 w x 0 w xsatisfied for F : L = C 0, m ª C 0, m , the map defined byq q

2 2 0 w xF f , ¨ s F ¨ , ; f , ¨ g L = C 0, m .Ž . Ž . Ž .f q

Proof. To prove the lemma, it is sufficient to remark that for each
0 w x 2 0w x 0w xf g L, and each ¨ g C 0, m , F : C 0, m ª C 0, m is differentiableq f

2Ž .at ¨ , and DF ¨ depends continuously on f and ¨. Indeed, by definitionf

2 2 0 w xg ¨ s F ¨ y D F 0 ¨ , ;¨ g C 0, m .Ž . Ž . Ž .f f q f 0 q
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0 w xLet « ) 0, ¨ , ¨ g C 0, m ; then1 2 q

g ¨ y g ¨Ž . Ž .f 1 f 2

1 2 w xs DF s¨ q 1 y s ¨ s ¨ y ¨Ž .Ž . Ž .H f 1 2 1 2
0

2 w xy D F 0 s ¨ y ¨ ds,Ž . Ž .q f 1 20

and one has

2 25 5g F sup DF ¨ y D F 0 .Ž . Ž .Lip, B Ž0 , d .f f q fK 0
Ž .¨gB 0, dK

2Ž .Using now the continuity of DF ¨ in ¨ and f , one hasf

5 5lim sup g s 0.Lip, B Ž0 , d .l K
dª0 Ž .lgL : d l , l FdL 0

Ž .LEMMA 6.7. Under the assumptions of Theorem 1.3, Assumption H4 is
2 0 w x 0 w xsatisfied for F : L = C 0, m ª C 0, m , with a s M q 1, ; f g L.q q f

Proof. Using Lemma 6.2, we know that there exists M ) 0, such that

5 2 5 0 w xF ¨ F M , ; f g L , ;¨ g C 0, m .Ž . `f q

Ž .So to verify Assumption H4 , it is sufficient to take

a s M q 1, ; f g L .f

Ž .To prove Assumption H5 , we will use the following proposition, which
w xis proved in Magal 5, Corollary 3.6.2, p. 90 .

Ž . Ž .PROPOSITION 6.8. Let L, d be a metric space, l g L, let M, d be aL 0
� 4metric space, and let T : L = M ª M be continuous map. Let A be al lg L

family of subsets of M, such that for each l g L, A is maximal compactl

in¨ariant for T . Assume in addition thatl

Ž .i T is completely continuous.l0

Ž .ii There exists a bounded subset U ; M, such that D A ; U.lg L l

Ž . Ž . Ž .iii T y ª T y as l ª l uniformly on y in U.l l 00
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Then there exists a compact subset C ; M such that

lim d A , C s 0,D lž /qRª0 Ž .lgL : d l , l FRL 0

Ž . Ž . Ž .where d B , B is defined by d B , B s sup inf d x, y .1 2 1 2
xgB2ygB1

Ž .LEMMA 6.9. Under the assumptions of Theorem 1.3, Assumption H5 is
2 0 w x 0 w xsatisfied for F : L = C 0, m ª C 0, m .q q

Ž .Proof. From Lemma 6.7, we know that Assumption H4 is satisfied for
2 0 w x 0 w xF : L = C 0, m ª C 0, m , with a s M q 1, ; f g L. So, from Propo-q q f

� 4 0 w xsition 2.1 we deduce that if A is a subset family of C 0, m , suchf f g L q
that for each f g L, A is maximal compact invariant for F 2, thenf f

Ž . � 0 w x 5 5 40A ; B 0, M q 1 s ¨ g C 0, m : ¨ F M q 1 . To prove`f C w0, m x qq
Ž .Lemma 6.9, it remains to verify Assumption iii of Proposition 6.8. But

one can verify that there exists C ) 0, such that

5 2 2 5 5 5 `F ¨ y F ¨ F C f y f ,Ž . Ž . ` L w0, m xf f 00

;¨ g B 0 0, M q 1 , ; f g L .Ž .C w0, m xq

Ž .Proof of Proposition 6.1 . From Lemmas 6.4, 6.5, 6.6, 6.7, and 6.9,
Theorem 1.1 applies to F 2, and we deduce that there exists d ) 0, such

0
`� 4 5 5 w xthat ; f g L _ f : f y f F d , if ¨ , ¨ g C 0, m are two dis-L w0, m x0 0 1 2 q

tinct fixed points of F 2, thenl

¨ < ¨ or ¨ 4 ¨ .1 2 1 2

As every fixed point of F is a fixed point F 2, the same conclusion hold forl l

F .l

Ž .Proof of Theorem 1.3 . By Proposition 6.1, we know that there exists
0

`� 4 5 5 w xd ) 0, such that ; f g L _ f : f y f F d , if ¨ , ¨ g C 0, mL w0, m x0 0 1 2 q
are two distinct fixed points of F , thenl

¨ < ¨ or ¨ 4 ¨ .1 2 1 2

On the other hand, for each f g L, F has the formf

0 w xF ¨ s L ¨ ¨ , ;¨ g C 0, m ,Ž . Ž .f f q

0 w x Ž 0w x.where L: L = C 0, m ª LL C 0, m , is defined for each f g L, ¨ gq
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0 w x 0w x w xC 0, m , y g C 0, m , and each a g 0, m , byq

L ¨ y aŽ . Ž . Ž .f

m a
˜s f s exp yV s ¨ s s s y s ds exp y V s ¨ s ds .Ž . Ž . Ž . Ž . Ž . Ž . Ž .H H

0 0

0 w xOne may note that, for each f g L, ¨ g C 0, m ,q

L ¨ s r f , ¨ Q ¨ ,Ž . Ž . Ž .f f

Ž .where Q ¨ is a projection operator, andf

m a
˜r f , ¨ s f a exp yV s ¨ a s a exp y V s ¨ s ds da.Ž . Ž . Ž . Ž . Ž . Ž . Ž .H H

0 0

`� 4 5 5Let f g L _ f : f y f F d . Suppose that there exists ¨ , ¨ gL w0, m x0 0 1 2
0 w x � 4C 0, m _ 0 , two distinct fixed points of F ; thenq f

0 < ¨ < ¨ or ¨ 4 ¨ 4 0.1 2 1 2

Assume for example that 0 < ¨ < ¨ , then1 2

¨ s r f , ¨ Q ¨ , ; i s 1, 2,Ž .Ž .i i f i

so

r f , ¨ s r f , ¨ s 1.Ž . Ž .1 2

Ž .On the other hand, by using Assumption vi of Theorem 1.3, one has

r f , ¨ ) r f , ¨ ,Ž . Ž .1 2

and we obtain a contradiction. The proof is complete.
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