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1 Introduction

In this paper we are interested in the existence of non trivial fixed point
for completely continuous maps. In a large pumber of applications, one has
a trivial fixed point, and the main difficulty is to assure the existence of
another fixed point. To solve this problem Krasnoselskii [15] introduced first
conditions on the nonlinear eigenvalues. Another approach to solve this type
of problem is the one due to Browder [3] which use the notion of ejective
fixed points. Following those results, a large number of results appear on
the subject, and we refer to Gustafson and Schmitt [13], Turner [19], Amann
[1], Gatica and Smith [12], Fournier [8][9], Fournier and Peitgen [10][11],
Brown[4], Dajun [6], Canada and Zertiti [5], Magal and Pelletier [16}.

In Arino, Hadeler, and Hbid [2] the authors introduce a Poincaré map of
the following type. Let K be a cone of a Banach space (X, L), ie. K is
closed convex subset of X, satisfying

tK C K, fort >0, and KN—-K = {0}.
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Let a < 0 < b he twa real numbers. The map considered in Arino et al. [2],
denoted here by f : K x [a,b] = K x [a,b], has the following properties:

i) f(0)=0

u) £ ({0} x [a,]) C {0} X [a, 8]

114) For each M > 0, there exists C > 0, and 0 < v < 1, such that for all
z = (%1, 72) € K x [a,8], with |jz]} < M, and [|z,]| < C laa],

|f2 (xlnxQ)i S 7’1'.2'5

where f, (21, 3) denote the second component of f.

One can see that under 4¢) and %), the trivial fixed 0 can not be gjective,

because for all x € {0} x [g, b]

: T —
) =0

So the Browder’s ejective fixed point theorem does not apply. In Arino et
al. [2] to encompass this difficulty, the authors first prove the existence of
a subcone K, = {(z1,22) € K x [a,b} : ||z,]| > a|zz|} for a certain & > 0,
such that f(K,) C K,. Then, by showing that 0 is an ejective fixed point
f k., the authors were able to prove the existence of a non trivial fixed point
of F.

The purpose of this paper is to use the notion of semi-gjectivity instead
of the previous construction. More precisely, we want only Iocal condifions
around 0, to assure the existence of non trivial fixed point. Let C be a of
a Banach space (X, |l.}}), f : C — C be a map, A C C, and let 2y € dcA
be a fixed point of f. We will say that z) is a semi-ejective fixed point of
fon C\ A, if there exists a neighborhood V of zp in C, satisfying for all
y € V' \ A, there exists an integer m € IV, such that /™ (y) € C\ V. One may
see that the notion of semi-ejectivity coincide with the notion of ejectivity,
when A = {z;}. Such a neighborhood V of 7 will be call a semi-ejective
neighborhood of g for f on C'\ A.

The following theorem is used in Magal and Arino [17] to prove the exis-
tence of a non trivial periedic solution for a state dependent delay equation.

Theorem 1.1 : Let (X4, ||.il;) and (Xa, ||.ll,) be two Banack spaces, and let
K, be a cone of (X1,].|,), and let Cy be a bounded closed convexr subset of
X, containing Ox,. Let C = By, (0,71) x Cs, and let f : C — C be a compact
map satisfying f (0) = 0.



Assume in addition that:

iy 0 is a semi-ejective fived point of f on C\ A, with A= {0x,} x Cy,
it) There exists ro > 0, > 0, and 0 < «v < 1, such that

for all (z1,22) € C, with ||Z1 |}, + |Z2]l, < 1o, and ||Z:1]|, < n||Zall, imply

I fo ((z1, 2l < ¥ |2l

where fo ((z1,22)) is the second component of f((z1,22)).
iti) f(C\ A) C C\ A.
Then f has a fized point T € C \ {0} .

One may rewrite the previous result into a more compact form. To do
this we need to introduce some additional definition. We now, consider a
compact map f : C — €, where C is a closed convex subset of a Banach
space (X, ||.[}. Let zo € C be a fixed point of f. In theorem 1.1 one can first
note that, since K is a cone, the subset A = {0x, } ¥ Oy is extremal in C,
that isifz,y € C,0<t <l,and tz+ (1 —f)y€ A, then v € A, and y € A.

On the other hand, the property #) of theorem 1.1 can be formulated by
introducing the notion of conditional stability. In the sequel, given a subset
M of X, and z € X, we will denote by By (2,p) = {y € M : ||y — z|| < p},
and By (z,0) = {v€ M :|ly — 2|l < p}. Let U be a subset of C C X con-
taining xg, let f: U — C be a map such that f (zy) = 2. Then we will say
that zg is conditional stable for f, if for all p; > 0, there exists 0 < po < g1,
such that for all z € By (zo,p2), if f7(z) € U, for all j = 1,...,m, then
f? (z) € By (o, p), for all j = 1,...,m. We will say that z; is conditional
globally asymptotically stable for f, if xy is conditional stable for f, and for
all p > 0, and all ¥ € U, there exists an integer my € IV, such that

™ (y) € By (z0,p) U (X \ V).

One may note that if we assume that f (U) C U, then the conditional sta-
hility gives the classical stability for discrete time systems (see Hale [14]).
Moreover, if z; is conditional globally asymptotically stable for f,andz € U
is such that f™(z} € U for all m € IV, then

Indeed, let py > 0, then since %o is conditional stable for f, there exists 0 <
p2 < p1, such that for all z € By (%o, p2), if f7(z) € U, for all j = 1,...,m,
then f7 (z) € By (x4, p1), forall j =1,....,m.
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But, since x4 is conditional globally asymptotically stable for f, and f™ (z) €
U for all m € IV, there exists my € IV, such that

7™ (z) € By (29, p2), and f™*(z) e U, for all [ € IV,

850
J™t (z) € By (zo, p1), for alll € IV.

Finally, as g1 > 0, is shoosen arbitrary, we deduce that f™ (z) converge to
Tp, a8 m goes to infinity.

In theorem 1.1, if we denote by U = {{z1,23) € C : ||F1ll; < nl|F2llo}»
then the closer of U in C, is U = {(z1,z2) € C : ||Z1ll; < nl|Z2]l,} , and under
assumption 4i) of theorem 1.1, the trivial fixed point 0 is conditional stable
for f By (zoroy - 1Rdeed, let pr > 0, and 0 < p; < min (pl, 1—105) Then by
choosing the norm |[(z1, 2}|] = max (|jZ:], , 7 [[Z2]l,), if we assume that there
exists (z,,22) € By (0,p2), and 7 (z) € U, for all j = 1,...,m, one has

If (@) = max ([l £ ()|}, m 2 (2)ll,)

where f; (z) denote the " component of f {z}, and since f (z) € U, by using
assumption i) of theorem 1.1 one has

1f @) = nll/f2 @)l < izl < el
By induction one has f/(z) € U, for all j = 1,...,m,

|7 @) <+ li=ll-

So, assumption 7¢) of theorem 1.1 implies the conditional stability of 0, fgr
f !gngu(zo,m} . Moreover, it is clear that given a certain p > 0, if y € U,
then there exists my € IV, such that f™ (y) € By (0, p) U (C \ U) . Indeed,

assume that this not the case, then ™ (y) € U\ By (0,p), for all m € IV,
then as previously one has

“fji (Jf)“ <4 )eli, for all m e IV,

and we obtain a contradiction. This prove that 0 is conditional globally
asymptotically stable for f |7 .
To prove theorem 1.1 it remains so to prove the following theorem.

4



Theorem 1.2 : Let C be a closed convex subset of a Banach space (X, ||.l}),
and rg > 0. Let f: C =¥ C be a compact map, x5 € C be a fized point of f,
and let A C C be closed extremal subset of C, such that o € JcA.

Assume in addition that:

i) zo is a semi-ejective fized point of f on C'\ A.

ity There exists 7 C C a neighborhood of A\{0}, open in C, such that zo € U,
and xy is conditionally globally asymptotically stable for f |5 (2. roin -

?:?z?,) f (EC (1‘—0, 'P(y) 0 U) C EC (ivo, ’f'()) ) and f (FC ($U, Tg) \ A) C C\ A,
Then f has a fized point 1 € C\ {20} .

The rest of the paper is devoted to the proof of theorem 1.2. To prove
this theorem we will first verify in section 2, that the Browder’s ejective fixed
point theorem can be extended to the case where the fixed point is replaced
by an exiremal set, which is closed and ¢jective for the map. In sectionm 2,
we will follow the method used by Nussbaum [18] chapter 3. We will then
deduce from this preliminary result a consequence on the value of the fixed
point index locally around the semi-ejective fixed point, with the additional
assumptions of theorem 1.2.

2 Preliminary result

In the sequel, we use fixed point index, and we refer to Amann [1] for more
precisions on this subject.

Let (M,d) be a metric space, f : M — M be a map, A C M, then we
will say that A is ejective for f, if there exists a neighborhood U of A such
that for all x € U \ A there exists an integer m € IN, such that f™(z) ¢ U.
Such a neighborhood U of A will call an ejective neighborhood of A for f.
Moreover, if we replace U by U in the previous definition, then U will be call
a closed ejective neighborhood of A for f.

The following lemma is a direct extension of a lemma due to Browder [3].

Lemma 2.1 : Let (M,d) be e compact metric space, f M -+ M, ACM
be a closed subset of M, such that f (M \ A) C M\ A, with M\ A# &
Then if A is ejective for f, there exists o neighborhood W of A, such that for
all open neighborhood V of A, there exists an integer m (V) € IN such that

fMM\V)YCM\W, forallm>m(V).
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Proof: The proof can obtained using the same kind of arguments as in
the proof of lemma 3.6 p:81 in Nussbaum [18], and we will not detail further
this proof.O

Let us now recall, the corollary 3.1 p:79 in Nussbaum [18]. Here we only
state a particular version of this regult, because that is all need in the sequel.

Lemma 2.2 : Let C be ¢ closed conves subset of a Banach space (X, |||},
f € = C be a continuous map, and let G be relatively open subset of C,
such that [ |¢ is compact.

If there exists a compact subset B C O, which is homotope to o point in G,
and f™{G) C B C G for all m > my, then

ic(f,G) =L

Theorem 2.3 : Let C be a closed convex subset of a Banach space (X, ||.1]},
JF 1€ = C be a compact map, and let A be an extremal closed subset of C,
which is an ejective subset for f, and f (C\ A) C C'\ A.

If U is o relatively open neighborhood of A in C, such that all the fized points
of f in U are include in A, and C # A, then

ic (f,UY=0.

Proof: Since the map f is compact, the subset C; = co(f (C)) is a
compact convex subset, and from permanence property of the fixed point
index, we deduce that

ig(f,U)=‘iCl (f,UﬂCI)-

So by stating Uy =UMCy, A, = ANC,and fy = f |, it remain’to prove
that

'é‘Ci (flrUl) =0
where C| is a compact convex subset of (X, ||.]l), fi1 : C1 — C} is a continuous
map, 4; C C; is a closed extremal subset of C,, which is ejectif for f;.
Moreover, f(C) \ A1) C €1\ A1, and U, is a relatively open neighborhood of
A; in €. To conclude the proof it remains o apply the following lemma.O

Lemma 2.4 : Let C be a compact convez subset of a Banach space (X, ||},
f:C — C be a continuous map, f : C — C be a compact map, ond let A
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be an extremal closed subset of C, which is an ejective subset for f, and
FC\NA C C\ A

If U is a relatively open neighborhood of A in C, such that oll the fized points
of f in U are include in A, and C # A, then

ie (f,U)=0.

Proof: Let U be such a neighborhood, then if we denote by V, =
{z e C:d(z,A) < p} (where d(z, A} = infyeaile — y|l), one has by com-
pactness of A, the existence of a certain gy > (0 such that

V,(4) C U, for all p €10, g).

Moreaver, the additivity property of the fixed point index implies that

2C’(.f)br) E?’C(f:VP(A))i for &HPG}O,pu]

Since A is compact, we may also choose p1 € 10, g, such that V,, (A) is a
closed ejective neighborhood of A for f. We are now in the conditions of
lemma, 2.1, and there exists an open neighborhood W of A in C such that

W - VPI (A) ¥

and for all open neighborhood V of A in C, there exists an integer m (V) € IV
such that
fAC\V)c C\W, forallm >m (V).

Let @ € C\ A, we detiote by
B={I1-t)y+tz;:0<t<1, ye C\W}.

The subset B C C' is compact, AN B = @ (because A is extremal in C), and
Iy é A

Choosing a open neighborhood V of A in C, such that V N B = §. We now
may apply lemma 2.2 with G = C\ 'V, since by construction

™G CcBCC\WCG, forallm>m(V),

and B is homotope to z,, we deduce from lemma 2.2 that
iG (f,C\V) = 17
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and since € is convex, we deduce that

tc (f ’ C) =1
Finally, the additivity property of the fixed point index implies that

1=1ic(f,0) =ic(f.V) +ic (f,C\V),

thus
iC (fs V) = 0.

To conclude it remains to see that V,, (4} is an ejective neighborhood of 4
for f,and V. C W C V,, (4), we obtain i¢ (f,V,, (4)) =ic (f,V) = 0.0

3 Consequences of semi-ejectivity.

Theorem 3.1 : With the notations, and under the assumptions of theorem
1.2. If V. C C is a neighborhood of Ty, such that o s the only fived point f
in 'V, then

’i:C (f}.V) == 0-

Proof: From the additivity property of the fixed point index, ic (f,V)
is independent of V| for V' as in theorem 3.1. So it is sufficiently to prove
the theorem for a neighborhood V of zy sufficient small. Let us choose
£ € ]0,7], such that for all p €10, p/],

1 (Be (20, 9)) € Be (o, o),

and Be (xo, p1) is  semi-ejective neighborhood of z for f on C'\ A. Since x4
is conditionally globally asymptotically stable for f |75 olzosre)r WE deduce

that =, is the only fixed point of f in U N Be (xq,70) . From the additivity
property of the fixed point index, one has

ic{f,V} =ic{f, Bc(zo,p)), for all p€0, p}.

Using again the additivity property of the fixed point index, one also has
ic (£, V) =ic (£, Bc (2o, p)) =ic (f, Be (20, p) U (U N B (70, 70))) s
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and as f (BC (o, p) U (U N Bg (mg,rﬂ))) C Bg (xg,70) , one deduce from the
permancnce property of the fixed point index that

ic (f, Be (20, P)) = i5,40,r) (f> Be (20, p) U (U N Bg (20, 70))) -

Consider now the map R : C — B¢ (zg,7¢), the map defined by

tr + (1 — €) o, with £ = 22— I ||z — zo]j > .

ltm—zall?

Rz) = { z, I fjx — zpl} < 1,

One may note that R (C' \ A) C C\ A, since A is extremal in C, and z, € A.
We denote by ¢ : B¢ (wg,70) = Be (g, 70}, the map defined by

g(z) = R(f (z})), for all z € Bg (zy, 1) .

By stating C; = B¢ (20,70), 41 = ANCy, and Uy = UNC,, and from the
permanence property of the fixed point index, one has

ic (f; BC (Eﬂs P)) = iCI (g: BCl (Z'O,P) U Ul)?

since by construction f and g coincide on B¢ (x9,p) U Ui, and from the
property of conditional global asymptotic stability, there is no fixed point of
f }'ﬂ U-I \ {3’)0} .

It remains to show that for p > 0 small encugh one has

z.C'1 (g; BCI (301 P} U Ul) =0.

To prove thig fact, we now have to show that we are in the conditions of
theorem 2.3 {with 4 = 4, C = C, U = Bg, (zg,p) U Uy, f = g). It i8
clear that C; is a closed convex subset of (X, ||.||}, A: is close and extremal
of C1, and by construction of the map R : C — B¢ (zy, 70}, one also have
g(Ci \A) € Gy \ A;. So, it only remains to prove that for p > 0 small
enough,

UP = BCI (ﬁo, P) Ul

is an ejective neighborhood of A, for g. Since f and ¢ coincide on U,,, we
deduce that zp is an semi-ejective fixed point of g on C) \ A;, and zo is
conditionally globally asymptotically stable for ¢ |;;, . We now prove that U,
is an ejective neighborhood of A; for g, for all p > 0 small enough.
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Let py € ]0, py] such that Bg, (o, o) is a semi-ejective neighborhood of z4
for g on K \ A;. Let py € ]0, ug) such that

q (ECI (xﬂnul)) c ECI (Eg, 1”*0) .

Now, as g is conditionally stable for g |5, , one may choose py € |0, t] such
that for all y € Be, (zg, ta) , if 7 (¥) € Uy, for all j = 1,...,my, then

F(y) e B, (zo, 1), forall j =1,...,mg.

Let us prove by contradiction that U,, = Bg, (34, p2) U U, is an ejective
neighborhood of A, for g. If U, is not an ejective neighborhood of A, for g,
then there exists y € U, \ A; such that f™ (y) € U,, for all m € IN.

But since z, is conditionally globally asymptotically stable for ¢ lgl, there
existe an integer mqg € IV such that

g™ (y) € B, (o, p2)

and by construction, one obtain
gmot! (v} € Bg, (zg, 1)}, for alll € IN.

This give a contradiction, because by construction Bg, (zo, u1) is a semi-
ejective neighborhood of zy for g on C; \ 4,.0
Proof: (of theorem 1.2)
Sinee ' is convex, one has ig(f,C) = 1, and from theorem 3.1, we know that
ic(f, Be (2, 70)) = 0. So, by using the additivity property of the fixed point
index, one has

= ZC(f,C) = iC (faC\BC (:L'U:TU)) 3

and f has a fixed point z; € C'\ {z,} .0
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