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1. INTRODUCTION

In this paper, we consider the problem of finding nontrivial periodic
solutions for a state dependent delay differential equation. The equation
under consideration was introduced in Arino et al. [2]. We also refer the
reader to Nussbaum [12, 13], Alt [1], Kuang and Smith [6, 7], and
Mallet-Paret and Nussbaum [10, 11], who consider different classes of
state dependent delay equations. The equation reads

{X(l)= —f(x(z=1(2))),
(1) = h(x(1), =(1)),

where f: R— R and h: Rx [1y, 7,] = R (with 0 <, <7,) are C' maps. The
existence of nontrivial slowly oscillating periodic solutions was shown in
[2] by application of the ejective fixed point theorem. In [2], a slowly
oscillating solution means a solution whose distance between two con-
secutive zeros is not less than the maximum delay 7,. Here, we will con-
sider two types of slow oscillations: we will use the notation 7—slow
oscillating solution (with =1, or 7,) to denote a solution whose distance
between two consecutive zeros is not less than 7 (for a more precise defini-
tion, see Definition 2.3). In [2], a Poincaré map is defined on a set of
initial values

(1)

Ye (¢, 7o) € Lip([ —75,0]) x[7;1, 2] : @ is non-decreasing on [ —7,, 0]
and ¢(0) =0, forsome e[ —1,,0] |’
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where 7, is the maximum delay. Conditions on f and / imply that the sub-
set {0} x[7y,7,] is an invariant stable manifold for the Poincaré map.
Therefore the trivial solution of the equation is not ejective. Thus, the
authors introduce a cone of the type

K:{((pa 7'-O)GA/: |T_T*| <I<”¢Hoo}9

and by restricting the Poincaré operator to this cone, they were able to
prove the ejectivity of the trivial fixed point.

Here, we use another approach to apply this method. We first take the
initial values of the problem in the set

Eo=1{(¢,70) € C'([ =75, 01) x[11, 721 : ¢'(5) >0
¥se [ —10, 01, ¢(—70) =0, ¢'(0)=0}.

As t—1(t) is increasing, the solution starting from such initial values will
only depend on the value of ¢ on [ —7,, 0]. From this remark, we deduce
that the fixed point problem that we need to solve only concerns the part
of ¢ on [ —7,, 0]. By identifying ¢ restricted to [ —7,, 0] to a certain func-
tion ¥ on [ —1, 0], we then obtain a Poincaré operator defined on

E;={(},19) e C([—1,0])x [71,75] : Y'(5)=0
Vse[—1,0], y(—1)=0, y'(0)=0}.

As in Arino et al. [ 2], the problem is the non ejectivity of the trivial fixed
point of the Poincaré operator. To overcome this difficulty, we apply a
semi-gjective fixed point theorem (see Theorem 1.1 in Magal and Arino
[9]) to the Poincaré operator, and we obtain the existence of a nontrivial
periodic solution of Eq. (1).

We now present the main result of this paper, for which we need to make
the following assumptions.

(H1) f(x)x>0, for all x#0.

(H2) h(x, 7)< L, for a certain L >0, for all (x,7)e Rx [y, 7,].
(H3) h(x,t,)>0,h(x, 1,)<0, for all xe R.
(H4)

{Im>0,3G >0, such that V(x, 1) e Rx [1y, 7,], (0, 7)< —m
and |2 (x,7)| <G.
(H5) 3r>0,36> [, such that |f(x)|>J |x|, if |x| <r

(H6) |f(x)| <M, |f"(x)| <M, for all xeR.
(H7) (t,—1,;) |f(x)| <|x], for all xeR.

Looking at (H3) and (H4) we can see that the equation /4(0, 7) =0 has a
unique root, which we will denote 7*. Then, it is clear that (0, 7*) is an
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equilibrium solution of Eq. (1). The problem that we are interested in is
finding another periodic solution.

The main result of this paper will depend first on the previous assump-
tions and then on some relation between 7,, 7,, t*, and m. For example in
Arino et al. [2] one crucial assumption was 7,<2t,, which will be
weakened here to 7,<2t* One can note that these parameters are
associated to the map 4. Two different sets of relationships will be con-
sidered each of them corresponding, to a specific class of functions 4.

Let us denote by E,l =ﬁ,1(fo, ly, 1y, &1, &) the class of C' maps
h: Rx[7,,1,] = R, satisfying assumptions (H2), (H3), (H4), where the
parameters 7, =1, (h), T, =1,(h), T* =1*(h), and m =m(h) may depend on
h and, moreover, satisfy the inequalities

T2+%<2T*<11T1. (2)
1

Here, £,>0, [, >0, [; >0 are fixed constants, and
m=& i (3)

where ¢, >0, 0>¢,> —1 are fixed constants.
The other class denoted by 4,,=h,,(&q, Iy, I, &1, &5, &5, E4) 1s obtained
by changing condition (3) to

Eme <t <Em, (4)

where £, >0, 0=>¢&,> —1, &3>0, £, >0 are fixed constants.
The following theorem is the main result of this paper.

TheoreM 1.1. Under assumptions (H1)-(H4) and (H6), let fz,l (respec-
tively h,,) be a class of maps h defined as_above. Then there exists t{ >0
(respectively, m* >0) such that for all he h, (respectively, heh,,) if

7, (h) >t (respectively, m >m*),
and
T
T*(h)f'(0)>§, /1(0) 7y (h) > 1,

then Eq. (1) has a ty-slowly oscillating periodic solution (x,t) with
x#£0, |x(2)| <to(h) M, ©(t)e[t,(h), T,(h)], and the period is exactly the
total length of two consecutive maximal intervals where the solution is
positive and then negative. If, in addition, (H7) holds, then this periodic solu-
tion is ty-slowly oscillating.
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Remarks. One can note that if f'(0) z,(#)>1, then the assumption
(H5) holds. Moreover, from assertion (2) we have 7, <2t*.

We now present some examples of applications in both cases, i.c., when
heh,, and heh,,. We start with the following system of equations where
7* is understood as a parameter taken large enough.

{ xX(t)= —f(x(t—1(2))),
(1) = ho(x(1), (1) — *).
Here the parameter is 7*, and as a direct application of Theorem 1.1, with

heh,, one has the following corollary, which extends Theorem 1.1 in
Arlno et al [2].

(5)

CoRrROLLARY 1.2. Consider Eq.(5), in which f"R—->R, hy: Rx[a,b]
— R, a<0<b, and f and hy are C'-functions and satisfy the following assump-
tions: for some M, M', G=0, L, m> 0,

(1) f(x)x>0, Vx #0.

(i) [f)l<sM, [f'(x)I<M, f(0)>0.
(i)  ho(x, 7)< £47, (x,7)eRx[a,b].
(iv) FO,0<-m |5 (x0I<G.

(v) lio(x, a)>0, hy(x, b) <0, 1y(0, 0) =0.

Then, there exists T* >0, such that for each t* =7* and each pair (a, b)
verifying the above conditions, Eq. (5) has a t,-slowly oscillating nontrivial
periodic solution (x, t), with x #0 and the delay t(t)e[t* +a,t*+b]. If in
addition f satisfies

(i) (b—a) /() <|xl],  for x#0,
then this periodic solution is t,-slowly oscillating.

Proof.  Corollary 1.2 is a consequence of Theorem 1.1, with 7,(%)=
™ +a,t*(h)=1% 1,(h)=7*+b, and m(h)=m, and the class h., with
10:09 11:39 60>09 él>03 62:0 I

Let us now consider another parametric example which corresponds to
the case when heh,,.

{x(l)= —f(x(t=1(1))), 6)
T

(1) = ho (x(2), alz(1) — 7).

Here the parameter is a«. As a direct application of Theorem 1.1, with
heh,,, we obtain the following corollary. The latter situation is in fact a
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small perturbation of the constant delay case as will be explained together
with several comparison remarks, in the conclusion of the paper.

CoroLLARY 1.3.  Consider Eq. (6), in which - R—> R, hy: Rx[a, b] - R,
a<0<b, and f and hy, are C'-functions and satisfy the assumptions: for
some M, M', G=0, L, m>0,

(1) f(x)x>0, Vx #0.

(i) |f)lsM, [f(x)I<M, f(0)>0.
(ili)  ho(x, 7)< £57, (x,7)eRx[a,b].
(iv) 320, 0)<-m, |5 (x1)|<G.

(v) ho(x,a)>0,hy(x,b)<0, ho(0,0)=0.

Then, there exists & >0, such that for each a =& and each pair (a, b) verify-
ing the above conditions, and f'(0) t* > %, Eq. (6) has a nontrivial t-slowly
oscillating periodic solution, (x,t), with x#0 and the delay 1(t)e
[t*+ 2, t* + 2. If, in addition, f satisfies

(vi) (b—a)|f(x)<Ix|,  for x#0,
then this periodic solution is t,-slowly oscillating.

Proof.  Corollary 1.3 is a consequence of Theorem 1.1, when z,(/) =
T +4 t*(h)=1* 15(h)=1*+2, and m(h) = wm, and of the class #,,, with
ly=0,1,=2,¢,>0, ¢ <7% &,=0,¢3>0, and £,>0. |

2. EXISTENCE OF OSCILLATING SOLUTIONS

In the following, we consider solutions starting from initial values in the
set

E= {((P, 7o) e Lip([ —17,,0]) x [71,72] : ¢(—79) =0

and ¢ is non-decreasing on [ —7,, 0]}.

This special class of initial values was already introduced in the paper by
Kuang and Smith [7].
The following result is proved in Arino et al. [ 2, Proposition 2.3].

ProrosiTiON 2.1, Under assumptions (H2) and (H3), for each (¢, 1) € E
there exists a unique solution (x(t), ©(t)) of Eq. (1) such that x(s) = ¢(s) on
[ —15,0] and ©(0) =1,. Moreover, ©(t)e [y, 1], for all t =0, and t —t(t)
is increasing on R .
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Let (@, 7o) € E. We then denote 1= —1,, & =0, and
ti=1,(p, 7o) =inf{7>0: x(¢, 70)(1) =0}.
The following lemma is an adaptation of proposition 5.18 in Arino et al.
[2].
LEmmA 2.2. Assume (H1), (H2), (H3), and (HS).

Let (¢, 1o) be given in E. Then, if »(0)< R (with R>r) one has
[1 ((pa 7’-O) < T(R);

where T(R)=3t,+ (R—r)/C, g and C, g=inf{ f(s):se[r, R]} >0.

DEerFINITION 2.3, Let x be a function defined on some interval [ ¢y, + oo[.
We will say that x is t-slowly (7 =7, or 7,) oscillating if the set of zeros of x
is a disjoint union of closed intervals, the distance between the left end of two
successive intervals being not less than 7, and x is alternatively >0 and <0
in between such intervals.

By adapting the proof of theorem 3.9 in Arino et al. [2], we obtain the
following theorem.

THEOREM 8. Assume (H1), (H2), (H3) and (H5). Let e { —1, 1} and let
(x(2), 7(t)) be the solution of Eq. (1), with (ep, ty) € E as its initial value.
Then we can define two sequences {t¥},>o and {t;};=,, such that for all
i=0,

tO= —To> Z(;'::Os Z‘i*gliﬁLla Z"Zl‘i*_‘[(l‘i*)a

and &(—1)"*' x(¢) is non increasing on [t},t¥ ], with x(t;)=0 and
x(t7)#0 if ¢(0) #0.

So (s(—l)i+1xt;.=,r(t;“))eE, for i=0, and x(t) is t,-slowly oscillating.
Moreover, if in addition we assume (H7) and ¢(0)#0, then x is t,-slowly
oscillating.

3. COMPLETE CONTINUITY OF THE POINCARE OPERATOR

From now on, we will use a different approach compared with Arino et
al. [2]. To construct the Poincaré operator we will first prove the following
lemma, which says that (x(¢, 74)(¢), ©(¢, 70)(¢)) depends only on the value
of p on [ —14,0].
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LemMA 3.1.  Under assumptions (H2) and (H3), let (¢, 7o) € E, then for
all t =0,

(x(, 70)(2), (@, T)(1)) = (x(@ ™, To)(1), (@ ™, To)(1))
where @7 (s)=q(s), Vse[ —14,0], and ¢ (s)=0, Vse[ —1,, —7o].
Proof. As t—(t) is increasing, one has
—To<t—1(1) <0, VeelO0,7,],

So, for all te[0, 7,],

X 7)) =9+ (0)+ [~ (o™ (s~ e, 7)) s

and

(g 7)) =70+ | Hx(5), o, 7))

Since, by construction, (x(¢ ¥, 74)(2), T(@ ™, 74)(2)) is the unique solution

satisfying the previous integral equation, one has

(x(@, 7o)(2), T(@, T0)(1)) = (x(@ ¥, 7o) (1), (@™, o)1), Vie[0,7,].

The proof for all t>=0 follows by induction on k>1 by considering the
intervals of the form [0, kz,]. |

From Lemma 3.1, in order to have existence of a nontrivial periodic
solution of Eq. (1), it is sufficient that there exist p,>1, and (¢, 7,) € E,
@(0) >0, such that

To=1(p, TO)(lng)
and (7)
9(s)=X5 (9. To)5).  forall se[—75,0].

The fixed point problem (7) can be rewritten in the following manner.
Consider the spaces

X0=C1([—12,0])X[‘L’1,‘L’2], and XIZCI([_LO])X[TDTZ]‘

In the following, X, and X, will be supposed to be respectively endowed
with the metrics induced by the norms

(@, To)lo= H(P”oo,[—rz,O] + H(ﬂ”oo [—7,,0] + 1701, for all (@, 10)eX,
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and

100 o)l = Wl 01+ Wl rog + Tols forall (f.7g)€ X,
We then denote

Ey={(.70)€ Xy : ¢/'(5) >0 ¥s €[ — 7, 0], ¢ — 7o) =0, and ¢'(0) =0},
Eq ={(p,70) € Xy : (=0, 79) € Eq},
and

Ey={(f1, 7o)€ X;: Y/(5) >0 Vs [ — 1,07, ¥((—1) =0, and y'(0) =0},

Efz{(tp,ro)eXl:(—lp,ro)eEl}

For each j>1, denote by P;, the Poincaré operator defined on E, by

Pj((ﬂa TO) = (xtj‘-"((pa TO)a T((ﬂa TO)(lj*))a

and

Pj+ (@, 79) =((—=1) x,j*((p, 7o), T( @, ‘[0)(tj*)),

We remark that, by construction if (¢, 7y) € E, then x(¢, 7,)(¢) is con-
tinuously differentiable on [ —17,, + o[, since ¢’ (0)=0, and 0=
Jlp(—14)) =x", (@, 79)(0). From this remark and by using Theorem 2.4,
we deduce that

Py Ey— Ey, for po=1.

So, in particular, P, : Eq — E,, for po>1.

Lemma 3.1 shows that we can restrict our attention to pairs (¢, t,) with
¢ defined on [ —1,, 0]. It will be convenient to represent the function ¢ in
terms of functions defined on a fixed interval. We will use functions defined
on [ —1,0]. On the other hand, E, is not convex (because of the condition
@(—19)=0), so in order to apply fixed point techniques, we really need to
identify E, with E,. To do this, we introduce Q: X; — X,, the operator
defined by

Q(ws TO) = ((p’ I-O)s

where

go(s)=1,b<>, forall se[ —z,,0],
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(=1
P) =0, (—to)ls ) = (s ), forall se[ e, —7o],
0

and we introduce L: X, — X, the operator defined by
L(g, 19) = (1, 7o),
where
Y(s)=p(ty8) for all se[—1,0].
We then have
O(E\)=Ey, Q(ET)=Ey , L(E))<E;, and  L(Ej)<Ey .

With the previous notations the fixed point problem (7) can be rewritten
as follows: Find (y, 7,) € E,, with {/(0) > 0 satisfying

(W, 70) = Fap, (Y, 70) (8)

for a certain po>1, where F,,:Ey > Ey, po=1, and Fp, 11 Ey > Ey,
Ppo=1, are defined by

F,=LoP, Q.
LemmA 3.2.  Under assumptions (H2) and (H3), one has
F, =Fh,
where F'' is defined by F7t'=F,cF7, for m>1, and F}=F,.

Proof. This result follows directly from Lemma 3.1 and from the
definitions of F, , L, and Q. |

From the previous lemma, we deduce that it is sufficient to study the
compactness of F, to deduce the compactness of F,, .

ProrosITION 3.3, Under assumptions (H1) through (H6), F,(E,) is
relatively compact in E,.

Proof. Let (W, T,) € E;. Denote by (x(7),7(¢)) the solution of Eq. (1)
with initial value (¢, 7,) = L({, ). Consider now (Y, 7o) = F, (¥, T,). One
has

To=1(p, To)(25),  and  Y(s)=x(e, To)(tos+1F) on [—1,0].
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So
U(5) =70 ¥(705 + 1) = — T f(x(Tos + 15 — (205 + 13)))
and since 7y < 75,
1] o, [ 1,07 < T2 M.

Since (—1)=0, one has

O) = —70 | fUx(ros+ 13 —(ros +15)) di,

SO

”lp”oo,[—l,0]<TZM'

On the other hand,

Y(s) = =70 f(x(Tos + 13 —2(To5 +15)))

and tos+ 15 €[t,, tF], Vse[—1,0].
Moreover, we have by definition

tF—1(t¥)=1t,, and tF—(t¥) =14,
and as 7, >t§¥, we deduce from the monotonicity of ¢z — 7(¢) that
t,zt—1(t) =14, Vie[t,y, t5F].
So, we deduce that
X(t—1(1) = —f(x(t =1(1) —1(1 —2(1)))),  Vie[ty, 5]
So, we deduce that 1// is differentiable, and
P(s) =15 /" (x(51)) flsy = 2(s)(1 = h(x(zo5 + 15), (705 + 15)))

where s, =15+ 15 — (795 + 15).
Finally, we have

H‘Mw,[%,O]S(Tz)Z MM’ sup [1—h(y, 1),

|y <M, tel7),7,]

and the conclusion on compactness follows by standard Ascoli-Arzela
arguments. |
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The remainder of this section is devoted to proving the continuity of F, .

LemMa 3.4. The operators Q: X, —» X,, L: Xy — X, are continuous.

Proof. We will not detail this proof. ||

Lemma 3.5 Assume (H1) through (H6) hold. Let (W, 7o) € E, and denote
(@, To) = O, To). Assume that the function (@, 1) — t{(@, o) is continuous

at (@, Ty) in Ey. Then Fy is continuous at (Y, T,).

Proof. This result is a direct consequence of the continuous dependence
of the system on its initial values. ||

The following proposition corresponds to proposition 4.12 in Arino et al.
[2].
ProposiTION 3.6.  Assume (H1) through (H6) hold. Then, the operator F,

is continuous at each (, T,) € Ey such that y(0)> 0.

Proof. By using Lemma 3.5 and the continuous dependence of the solu-
tions with respect to its initial values, one can adapt the proof of Proposi-
tion 4.12 in Arino ef al. [2] and the result follows. ||

The only problem for the continuity of F,, is for the second component
of F,, when (¥, 79) = (0, 7o) with %, #7*. This problem comes from the
fact that we do not know if lim, ., (o, 1’2“1,0((0, 7o) exists when T, #t*.
To encompass the difficulty, we will transform the map F, .

Denote for po>1, F;,: Ey > I'y, and F3, : E; - [7y, 7,], the operators
defined for (Y, 74) € E; by

F;po(l//’ TO)(S) :xt‘i‘po(w, 10)((p05 TO)(T((p’ TO)(ngO((P’ 7'-0)) S)’ on [ - 1’ 0]
and
F3, (0, 10) =19, 70)(13, (9, 7))

where (¢, 7o) = O(Y, 7o).
Then by definition of F,,, one has

FZpO(lp) TO) = (F;po(lpv T())a F%po(dja TO))) V(lﬂ, TO) € El'
LeEmMA 3.7. Assume (H1) through (H6) hold. Then, one has

im | F3, (4, 70) 1, —1,00=0

W, 79) — (0, fO)El
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and

lim F3 (Y, 1) =1*
W, T()) - (0, %O)El o

Proof. Let {(Y",13)}.>0 be a sequence in E; which converges to
(0,79)eE; as n— +o0. Then as Q@ is continuous, if we denote

(9", 75) = Q(Y", 75), we have
Fépo(lpn’ )= Xes(p, To)((p To)(t(@", To)(t 2p0((P T ))S)|[—1,0]’

and as Q is continuous we also have [|¢"|{ [ _, o7 = 0.
From Lemma 2.2, one has for a certain R >r,

155, (@, To) <2po(72+ T(R)) = 1%,
and
|‘F2po('Pna o)l oo [—-1,01 thz((p TO)((P T )Hoo,[O, *]-

So from the continuous dependence of the solutions with respect to its
initial values, one has

W Tol)i_ffl(o’ ) thz*(q;, zo)((Pns 9l 0, [0, %] = 0.
Moreover,
thz*(q), TO)((/)ns 7o) (t(@", fﬁ)(t’zkpo(cﬂ”, 76)) ) oo, [ =1, 07
<, M’ thz*(w, ro)((/’ns o) | oo, [—7, %15
so one has

hm thz((p ro)(¢ TO)HCX) [—7p, t*] 0

n— + oo
from which we deduce that

lim HFépo(lﬁn, 7o)l 1,[=1,0]1= 0.

n— +

For the second limit, we note first that 7(0, 7*)(¢) =7*, for all t >0, so

[T* —1(@", 15)(13,(¢", TN < [2(0, T*)(23, (9", 75)) — (9", TE)(13,(@", 75))]
< |[2(0, 7) = 2(@", 7G)ll o, ro, 27>



PERIODIC SOLUTIONS FOR DDE 73

and, once again using continuous dependence with respect to the initial
values on bounded time interval, one deduces that

lim 7(¢", 75)(13, (9" 75)) =7*. 1

n— + oo

Denote for ¢ >0, szw: E, - E, the map defined by

Fap oW, 70) = (F3, (W, 7o), F3, (0, 70)) Yy, 7o) € E,
where
(A > 2 < < 14 >> .
- | F 1—¢| —— *if %
2p Y T0)= ¢<8|TO_T*| zpo(l/j, o)+ ¢ & |tg—1*| T i 1o # T,
T*, if To=1%

and ¢: R, — R is a continuous map satisfying

ds)=1,Vs=1,¢(s)e[1,0], Vse[1,0], ¢(0)=

The following theorem summarizes the previous results.

THEOREM 3.8.  Assume (H1) through (H6) hold. For each &>0, the
operator F, .. Ey — Ey is completely continuous and F,, ,(E,) is relatively
compact.

4. EXISTENCE OF NONTRIVIAL PERIODIC SOLUTIONS

In this section we use a new technique to prove the existence of non-
trivial periodic solutions. Compared to [2], the authors consider the map
denoted here by F,: E, — E,. Their idea was to apply the Browder ejective
fixed point theorem [3]. Let us recall that

E, =K, x[1,1,],
with
Klz{lpeCl([—l,O]) Y'(s)=0,¥Vse[ —1,0], y(—1)=0, and W’(O)zO}.

The difficulty that one has to encompass to apply the Browder ejective
fixed point theorem is the lack of ejectivity of 0 in the set {0} x [, 7,].
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In [2], in order to encompass this difficulty, the authors first proved the
existence of a subcone K,={(y, 1) €K; X [1y,7,]: Y] =a|to—1%|},
such that F,(K,) < K, for a certain > 0. Then, by showing that 0 is an
ejective fixed point of F,|g , the authors were able to prove the existence
of a nontrivial fixed point of F,.

Here, we use a different approach. We first remark that szo,&. has the
following properties:

(1) FZpo,s(O)ZO
(ii) FZpo,a({O} x[11,75]) = {0} X [1y,7,].

Moreover, we will prove that

(ii1)) for each M >0, there exists C>0 and 0 <y < 1, such that for all
(W, 1o) € Ky x [y, 75], with [{]l; + [zo| <M and ¢, < Clro—1%,

|F22p0,e(lp7 TO) _T*| <V |T0_T*|7

where F2

39, (W To) denotes the second component of 17“21,0,8( W, 79)-

One can see that under (ii) and (iii), the trivial fixed point 0 can not be
ejective, because for all (, 7o) € {0} x [7,, 7,],

lim  F3 (Y, 7o) =%

m— + oo

In order to circumvent this problem, we will use a notion weaker than
ejectivity, namely semi-ejectivity as defined in [8]. Let C be a subset of a
Banach space (X, [|.|), f/: C— C be a map, A=C, and let x, €04 be a
fixed point of f. We will say that x, is a semi-¢jective fixed point of f on
C\A4 if there exists a neighborhood V of x, in C such that for all y e V'\4,
there exists an integer me N, with f™(y)e C\V. One can see that the
notion of semi-gjectivity coincides with the notion of ejectivity when
A= {x,}.

For the following theorem we refer to Magal and Arino [9, Theorem
L.1].

THEOREM 4.1. Let (X4, |.|l1) and (X5, |.|l,) be two Banach spaces, K, a
cone of (X1, |.[1), and Cy a bounded closed convex subset of X, containing
Oy,. Let C=Bg (0,r,) X C,, and let f: C— C be a compact map satisfying
f(0)=0.
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Assume in addition that:

(i) 0 is a semi-ejective fixed point of f on C\A, with A= {0y} x C,.
(i1) There exists ro>0,7>0, and 0<y<]1, such that for all
(x1, x5) € C, with ||Xy |1 + X2 [2<ro, and | X1l <1 | XI5 it holds that

12((x1, X2 )2 <y %212,

where f,((x,, X,)) is the second component of f((x,, X,)).
(i) f(C\A4)<=C\A.
Then f has a fixed point xe€ C\{0}.

We will verify that assumptions (i)—(iii) of Theorem 4.1 are satisfied for
., for a certain ¢,>0 small enough with U, —{ v, 10)€E;:
HlpH 1 <é&ltog—1*|}. So, in view of Theorem 9, sz 5 Will have a non trivial
fixed point. To conclude, we will have to verify that this nontrivial fixed
point (y, 7,) is also a fixed point for Fp,- But under assumption (ii) of
Theorem 4.1, and since F,, coincides with sz 5 ON El\U (with
U,=1(Y. 1) € Ey: Y1 <& |r0—r*|} this latter fact will be automati-
cally verified.
We now prove that Theorem 4.1 applies to sz s fOr po=1, with X, =
CY[—1,0]), X,=R, and C,=[1,, 7,].

LemMA 4.2. Assume (HI1) through (H6) hold. Then, for each integer
Ppo=1 and each ¢ >0,

F2PO,G(E1) CEI"I(Oﬂ rl) X [Tln TZ];

with ri=1,[ M+ M'].

Proof. By construction of F, one has
F,(E)) CE,-l(O, r)x [y, 1],

with r; =1, M + M'] (see the proof of Proposition 3.3).
Moreover, from Lemma 3.2 we have Fop, =F5, so

szo(El)CErl(Os ri)x[ty, 2] |l
In the following we denote
C=EF1(O,12[M+M’])><[TI,T2], and A={0} x[7y,7,].

The following lemma shows that Assumption (iii) of Theorem 4.1 is
satisfied.
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LemMA 4.3. Assume (H1) through (H6) hold. Then for each integer
Ppo=1 and each ¢ >0,

F,, (C\A)= C\A4.

Proof. Let (Y, 1y)eC with Y(0)>0, and denote (¢, 79) = Q(Y, 7p).
Then ¢(0)=y(0)>0, and from Theorem 2.4 we have x(¢, ro)(l;“po(go, 7o)
>0. |

In the following, we will assume that
f1(0) 1,>1,
so this will imply that
M't,>1.

Moreover, we will always take (¢, 79)€ E, such that 0 < ¢(0)<r,. We
remark that the constant r in Assumption (HS5) can be chosen in order to
satisfy

r<ri=t,[M+M'],
and from Lemma 2.2, we will have for all integers i >0
Liv1(9,T0) = 175(p, 7o) < T(ry).

Lemma 4.4. Assume (H1) through (H6) hold and f'(0) t,> 1. Then for
eGCh ((p’ TO) EE0> f()}’ all te [0’ t;:po((pa TO)]s

|x(, To)(1)] < (12 M) |p(0)]
and
1
1T(@, To)(2) — T*| <e™™ |to — ¥ toG (12 M")*70 |(0)].

Proof. Let (@, 1) € E, with 0 <¢(0) <r,;. We have by construction

X, 2ol(1 (0. 70)) = | — flxls — ()

4
and since ¢ — 7(¢) is increasing we have

1x(@, To)(11 (@, To))| < (2 —11) M" |x(0)] <7, M" [9(0)].
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Using the same argument, we also have
1x(, To)(17, (@, To))| ST M [X(9, To)(17 (9, 7o),
and so
IX(@, 7o) (1) < (1, M) |@(0)],  Vi=1, .., 2p,,

and the first inequality is proved.
Under assumption (H4), we have for almost every e [0, z;;o( ®, 7)1,

d
7 17(@: 7)) =¥ < —m [r(@, 70)(1) —T¥| + G |x(9, 7o)(1)],

o)
— 2@, 1o)(1) —T*[ < —m |2(@, T)(1) — ¥ + G(1, M) |p(0)
and

t
2@, To)(1) —T¥| <e™™ |1g — ¥ +JO e " TIG (1, M) (0)] ds

1
[7(p, To)(1) —T¥| <e™™ |t —7¥| TG (12M')? |p(0)]. 1

The following proposition shows that Assumption (ii) of Theorem 4.1 is
satisfied and that all the nontrivial fixed points of £, , are also nontrivial
fixed points of F,, when ;>0 is suitably chosen.

ProposITION 4.5.  Assume (H1) through (H6) hold. Then for each integer
Po=1, there exist ¢g=¢4(py)>0 and 0<y=yp(py) <1 such that for all
(W, 79) € C,

Hlanl,[—l,O] <égolto—1*| = |F22p0,£0(llb’ To) —T*| <y ltg— ¥,

where F?

2po,go(lp, To) is the second component of F, , (J, 7).

Proof. Since

Fzzpo,eo(lpy To) = (XngO(lp’ ‘[0) +(1 _a) T*

for a certain a € [0, 1], it is sufficient to prove the result by replacing F’ 221,0,80
by F?

2p, *
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But
F3, (Y, 70) = (9. To)(1%, (9, T0))

Where (gﬂ, TO) = Q(lpa TO)'
Now, from Lemma 4.4, we have

. 1
[7(@, To)(15, ) — T* < e " 1o — ¥ +— (1, M) [p(0)],
2o mG

and as 1’2"1,022;7011 >0, we have
1
7. T)(t8,) = 7| < e 1 — 7| £ — = (1, M) (0.
Now taking &,> 0 small enough to have
—m2p,T 1 1\2
y=e MR 4 — (T, M")Prg,< 1
mG

and assuming that |@(0)| <eg, |70 —7*|, we obtain

[1(@, To)(13,)) —*[ <y lto—7*[. 1

From now on, we are interested in proving the semi-ejectivity of the tri-
vial fixed point (0, *). To prove this, we first need to obtain some estima-
tions locally around (0, t*).

In the following lemma we use classes of maps /7,1 and 7,,, as defined in
Section 1.

Lemma 4.6.  Assume (H1) through (H6) hold, f'(0) 1, > 1, and 27* > 1,.
Then for each po=1 there exists ¢, =¢,(po) >0, and C, >0 such that,

V(g,19) €Eg,  to—7*|+ [0(0)] <é;
= [0(0)] < C¥ [x(@, 7o)(13, (@, To))|.
Moreover, there exists 15 =15(&q, Ly, 11, E1, E5) > 0 such that for all heﬁ,1
T >1f=e”™C, <1,
and there exists m* =m*(&, Iy, 1, &, &y &5, E4) >0 such that for all heh,,
m>m*=e "1C, <.

Remark 1. In the previous lemma the delay is characterized by the
class &, , or h,,, of map h, and the map / can be any function in this class.
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By contrast, the map f remains the same and so all the parameters corre-
sponding to this map remain constant.

Remark 2. In comparison with the paper by Arino et al [2] (see
Proposition 5.19), semi-gjectivity allows us to replace the condition
7, <27, by the weaker condition 7, < 2t*. This is possible, because we will
only need the previous estimations for small values of |z, —7*| + |@(0)|.

Proof of Lemma 4.6. Let us start by noting that since f'(0) >0, and
under assumption (H1), there exists ¢’ >0 such that

Sl =0"Ixl,  Vxe[—ri,nl, 9)

where r; =1, M+ M']. Using Lemma 4.4, one can see that to prove
Lemma 4.6 it is sufficient to show that there exists ¢; € ]0,r,] and C, >0
such that for all (¢, 7y) € E,,

170 —7*[+ 19(0)] <& = [9(0)] < C, |x(o, 7o)(1{ (9, To))I.

In fact, it is clear that from lemma 9, given an integer p,>1, we may
choose ¢, >0 small enough to have

ITo— 7% + [@(0)[ <é&,
= |x((ﬂa 7'-0)(1‘)| + |T((p9 TO)(Z) _T*| Sé':la VZE [O) t;‘po((pa TO)])

and Lemma 4.6 follows by induction. Let ¢, € ]0, r;] be fixed such that

[27% —1,]

LM ey<n,  with 0<p<
2 17 4

1 —
+mG

Let (@, 19)€ Ey, with |7o—17*| +|@(0)] <¢&,. Denote by (x(z),7(¢)) the
solution of Eq. (1) with initial condition (¢, 7). Then from Lemma 4.4, we
have for all 7€ [0, t¥],

IX(O)] < (0 M")* |p(0) <7,

and (10)
(1) — T < e ro — ¥ 4 — (1, M) |(0)] <.
mG

Moreover since 0 < ¢(0)<r,, we deduce that |x(¢)|<r;, Vt=0, because
|x(¢)] <sup;en [x(27)], V=0, and 7, M <r,.



80 MAGAL AND ARINO

We either have x(7)>=x(0)/2, for —7,/2<t<0, or ¢(—1,/2)<x(0)/2.
In the latter case, 0<x(7)<x(0)/2, for —r,<t< —17,/2, so for all
te[0,7,/2] and for all M" > M’

1) = —fixtt () > —mr 2

and by integration we obtain

MU
x(1)2x(0) === x(0) 1. for te[O,?}zmdaHAl”)Af,
and
0
X(l)?%, for ZG{O, W}

Putting the two cases together, we have x(t)>@ in some interval of

length
‘ < 1 T1>
/I=min|{—, — |,
M" 2

contained in [ —7,/2, 7,/2]. We denote by [#{”, t{"] such an interval. We
denote by a;, i =1, 2, the solutions of the equation ¢\’ = a,— 7(a,). We have

19— 1© l T
2 1 a, >71’

L+l L+1° 2

a,—da; =

where L is the constant introduced in assumption (H2).
For te[ay, a,], we have t —z(¢) e [V, t], so from ( 9) we have

1X(0)] = [f(x(z =2(2)))[ = 9" |x(z — (1)) = 0" @, for relay,a,].

By integration of the above inequality, we deduce that there exists an interval
of length //4(L + 1) on which

I X0
|x(2)] ZM 0 5

Set

a1y
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With the above notations, we have |x(z)| = ylo’ @ for each ¢ in an interval
of length y/ to the right of 7,/2.

Let [#{", #("] be such an interval. Again, we denote by a;,i=1, 2, the
solutions of the equation 7" =a;—1(a;), and we have a;<a, and a, >
!V + 7, >37,/2. Moreover, a,—a;>yl/(L+1), and for each te€[ay, a,]
we have t—1(t)e[#{", tP], so from (9) we have

1X(0) = | f(x(t =2(0)))| Z 0" |x(1 —(1))]
x(0)

2(5’)2117, for telay,a,].

By the same arguments, we deduce that there exists an interval [ (>, %]
clay,a,], 19 >37,/2, such that |x(7)| = *I*?°?(x(0)/2), for te [, 1],
with 12— 1D = 2.

By induction, we construct two sequences {7}, ., i=1, 2, such that

0 . )
MOl Zp S forall re[d), )],

with
W1 =000 y, we=1 (11)
19— =L 1D = (54 (- 1) (12)

and
[(ljfl) < [(lj)_T(t(lj)) < [(2j) _T(l(zj)) < t(zjfl) . (13)

From (12) there exists j, € N such that

1Dy <.
So, either (¢/0=Y >t 0r 1) <1,) or (%=1 <t; and 1) >1,). Let us first
examine the second situation, that is, {0~V <, and {0 >r,. We will
show that this situation cannot occur. Assume that this situation occurs,
we then have from (13)
(Dt <ty + 1y SUF S < <P D 4 1(100) < 1PV 14 1, (14)

Assuming that 75 < (', we would have from ( 10)

(70—t D =¥ — - tF — 1y = (0F) +T(1§F) = 2% — 2.
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On the other hand, from (14) we know that

A A . 1 =
170 — 10~V <1, + =1, + min (M”’ 51 ;

with M” > M'. We obtain

. |
2r* — <2 s A~ |
T T, 7 + min <M” 2>

and since n <[2t* —7,]/4, we obtain a contradiction by taking

1 [2t*—1,]

MN 4q0 >

with ¢, > 1 large enough.
So, we have t5 >t >1¢,. In this case X(¢{0)) >0, so f(x(¢{0 — (1))
<0, and we deduce that

X1 —2(1{9)) <0.

From this inequality, we deduce that {0 —z(¢{0) < ¢,, and as {0 > ¢} we
have {0 —7(¢{?) > ¢,. So

t(lfo—l) < f < t(zjo_l) ,

which yields a contradiction since x(¢,) =0 while, by construction |x(7)| is
>0 at each point of [~V {17 We conclude that the second situa-
tion can not occur.

In the first situation, we have 1% <t, or t{%o=" >, Together with
19~V <t | we have either

o x(0)
] = (1) 2 0 S5
or
) x(0)
X = ) 2 1 o

To conclude, it remains to remark that from Lemma 2.2 we have
t¥<t,+ T(rq), and from (12), there exists an integer j,.. € N such that
0 < jo < jmax- Finally, by setting

c;l=1 min W;= min ;>0
OSijmax:tY71><tr 0<J < Jmax
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we have
x(0) < Cy [x(§)]-
It remains to prove the second part of the lemma. Let A efzrl. By con-

struction we have

—1_1 .
Ci =3 rmn{H) J758
0<J<Jmax:?1 <tf

and for 0 < j < jax such that /=Y <t we have

W= %(g)j le(j+l)+j+(j71)+ e+ 1 %(g)j lj}((j+2)/2
with

1
T

. |
/= min <M”’ 2>.

We can take M” >0 large enough to have /= and /<1; we also can
assume that ¢’ <1. From Equation (12), we have

G+ (=) <Y V<< + T(r),

and since we have supposed that /,7, >,, we have

T T 1 r—
jd ) s T sy LT,
7 7 7, C

r,r

where C, r=1inf{ f(s) :s€[r, R]} >0. So, we have

1 1 7\ 1 (j+2)/2
mt —1 mt "nJ : 1
emCT  ze 15((5) <m1n< -, 2>> <4( 1)> .

So for ;>0 large enough, and since 1/M" =[2t* —1,]/4q0 = &o/4q0Th,
and as we have supposed that m>¢; 752, with &, >0, and &, > —1, we
have

1 14 (7)) 1 (ry(71) +2)/2
’”TIC*I > 51"{+¢2 — 5’ xy(7y) <0 . 15
ermCrizen 75 00) 4qyTh AL+1) (13)
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Now it is not difficult to see that the right side of the previous inequality
goes to infinity when 7, goes to infinity. So, there exists a certain 7j >0
such that

>t =e™Cr > 1

Finally, using Eq. (15), it is not difficult to see that there exists m* >0,
such that for all heh,,,

m>m*=e "1C;<1. |

Lemma 4.7. Assume (H1) through (H6) hold, f"(0) 1,> 1, h efz,l (respec-
tively, he h,,), and assume that ©, >t (respectively, m > m*).

Then, for each py =1, there exist ¢, >0 and C,> 0 such that for each &3>0
and each (Y9, 7)€ E, satisfying
Y ©@0)>0, and |z — ¥ + [ (0)| <&y, VneN

(where (), T§") = Fy,

76" =¥ < [e(@™, 1615, (0 ™, 767)) — ¥

(YO, tM)), there exists n, >0 such that

< Gl D(0)], Vn=n,,

with (¢, 7%) = QW 7{)
Proof. From Lemma 4.6, there exists ¢; >0 and C, > 0 such that for all
((pa TO) € Ea

[to—7*| +|@(0) <&; = [9(0)] < C¥ [x(@, 7o)(15, (¢, To))|.  (16)
Let (Y9, t(V) € E,, satisfying for each ne N

Y@0)>0, and  |tf? =+ [y (0)| <e,

where (4™, 7§") = F3, (@, 7,
and denote for each ne N
(@™, (") = 0™, ().

From Lemma 4.4 we have

* 1 ’
o0, )(15,) = ¥ < e o) — 2 = (2, M) 9O (0)],
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and by construction we have l;“po >2p,7, and
1
©0) .(0) —m2pgt, |+(0) L "2 )
(29, T (1hy,) = T e o) — | 4 (2, M) 9O (0)]. - (17)
Let > 0 such that

cimemrn Ly cim LG, pprym] -
u m

NI

Solving for # is possible, since we have assumed that 7, >t (respectively
m>m*), and so C3P0 e~ < 1.

Then as @ @(0)=y@(0)>0, there exists 0<y,<u# such that
Yo 170 —7*| <|¢(0)|, and using (16-18), we have

(0@, )(1%,) — ¥

1 1
< e_mzp°fly*+% G(r, M) | CP0 |x(@, To)(15, (¢, 7o) -
0

Moreover, by construction of 17“21,0,80 we have
10 =ut(e, )15, ) + (1 —p) o*
for a certain e [0, 1] and
xX(@, 10)(13, (¢, 70)) = D (0).

We obtain

1 1
[T =T < T Gl MY O O (O)]
0

By induction, we obtain

1
e =¥ < W 0)].

n

where the sequence {u,},=, is defined by

1

1 1 .
= e*’”zl’ofl—-l-% G(tyM')%0 | C¥#o, Yn=0, with ug=1y,.

Up 11 U,
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The previous difference equation can be rewritten in the following manner:

Uy

Uy 41 =m, for all n>0, with Ug="7Y0, (18)

where 0, = CPo e 0 <0, <1, 0,=C¥#0 L G(r,M')*0 >0, and 0 < y, < iL.
It is not difficult to see that since 0 <6; <1, we have

So it is sufficient to take C, =%, and the result follows. [

The following lemma can be found in Hale [4].

LemMa 4.8. For each t* >0, such that t*f'(0)>7%, the characteristic
equation associated to the linear equation

dx_

o= —£"(0) x(t —1%) (19)

has roots with positive real part.

In the following, we will always assume that ¢*/’(0) >3, and from the
previous lemma the characteristic equation of (19) has two dominant roots,

Ay=atpf,

with a>0, f>0. We denote by U=vect{e* cos(f0), e*sin(p0)} the
corresponding eigenspace. Let us decompose C([ —t*,0])=U® V in the
usual manner, and let /7, be the usual projection on U. Let us denote

Iy={peC([—1*0]):¢(s)=0 on [ —7* 0] and ¢ is non-decreasing}.

The following lemma can be found in Hale [4].

LemMmA 4.9. Assume that t*f'(0) > 5. Then

inf  |Hy(g)|>0.

pel),, ¢(0)=1

We denote
1= inf HIy(e)l  and 9= sup 1Ty ()l
@el, p(0)=1 @eC([—7*0]), lol,=1

_ The following result shows that (0, t*) is a semi-ejective fixed point of
Fy,. 0 0n C\{0} x [74,7,], and this completes the proof of Theorem 1.1.
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PropOSITION 4.10. Assume (H1) through (H6), f'(0)1,>1, and let
heh, | (respectively heh ), and assume that t,> 1§ (respectively m>m*).
Then for each ?,¢€ 10, & o [, (0,7%) is a semi-ejective fixed of Fz,so on
C\{O} X [Tla 12]

Proof. Lethe %TI (respectively, # e 7,,) and assume that 7, > 7} (respec-
tively m > m*). Let &; > 0, such that the conclusions of Lemmas 4.6 and 4.7
hold when p,=1, and when p,= p, with p,>1 such that

Y1
V2

e b 1,

Assume that (0, 7*) is not a semi-gjective fixed point of F, & 0N C\{0} x
[71,7,]. Then for each ¢€ 10, ¢, ], there exists (y?, z{") e C, with [y ©||,
+ [t{ — 7*| <, such that
dy(F3, (W@, ), (0, 7%) <&, Vnel. (20)
We set for each ne N
(Y™, r(”)) ,ﬁ(o) ‘[(0)) and ((p(") r(”) =0 lﬁ(”) T(”))

Then from Lemma 4.6, there exists C; >0 such that

9™ (0)| < CT 9 *D(0)],  VneN,
and from Lemma 4.7, there exists C, >0 and n, € N such that

76" —t*I< Ca lp®(0),  Vn=ny.
In the following, we will assume that n, =0, and the problem is unchanged
because we can replace (¢, 7{") by (™, t{")). Moreover, from Eq. (20),
we also have

17{? — ¥ 4+ |™(0)| <&,  VneN. (21)

Moreover, since C,, and C, are fixed independently of ¢,>0, we can
choose ¢, in ]0, C{[. In this case by definition of F, , we have

|76 — ¥ < Ca 19" (0)] = Fy (™, 7§") = Fy(p ™, 7).
One can apply Lemma 3.2, and we deduce that for all p>1 and all n>0,

FE (™, 1) = F5p ™, o) = Fp, (0™, 7). (22)
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Denote for each ne N, m>1
XM (1) =x(", 7g”) (1), xP(1) = x(0 P, T")(0),
(1) =", 1g")(1), D) =2(p, g1,
and
B = U 0™, 707).
From assertion (22), one has, for all n >0, m =0,
x5, ) =@+ (0),

where ¢ is defined by

Vi —1,,

vVt =0,

(p(_t)(s):(), on [7725 71’8’)]’

and

eP(s)=¢"(s), on [—1§,0].

Then, from Lemma 3.1, we have

xM (1) =xP(¢), Vi = — 1", and ™ (1) =1"(1), V1 =0,

SO

t5,=135(", 10" =15 (e, 7g”),  VneN,

and

(p(”+”(0)=¢(”+1)(0)=x(f)(l§k,n)’ VneN.

Moreover, Vi =0,

AP g

= AP (0)
dxP() N N
= (0 X — )

+L10) xP(t — %) — fxPr —

)]

+ AP —7%) = f(x P = 2(0))) 1.

(23)
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Then, by using Lemmas 4.4 and 4.6, one can prove that for all #>1 and
all 0<1<13; .

dx?

dt

(1) = —£"(0) xP(t —7*) + 0(¢™(0)). (24)

From now on, we denote x,=x|,_.« ,;. Then, by projecting x onto U,
and denoting y™ (1) =11, x7),, the above equation leads to an ordinary

differential equation with a forcing term (see Hale [4]), namely,

dy(")
dt

(1) =Ayy™ +0(e™(0)) Iy (Xo),

where X, is the integral of the Dirac distribution J, (see Hale [4]). Select
a basis of U. Then the vectors of U are represented by their components
on the basis and 4, by a (2 x 2)-matrix. We can choose the basis in such
a way that

w5 )

s o

Using the canonical scalar product on R? and taking the scalar product of
the above equation with y™(¢), we then arrive at

d

7 |y ()2 =20y (1), Y™ (1))

=20 [y (0)]* +0(0™(0)) 20 ™ (1), T y(X,)).
But we have vVre [0, 13; 1,

(Y1), (X)) < Cs [y (0)]

"l :
+tlloo, [ —1,, tz,zov,,

< Csy, |Ix ]<C572(72M,)2ﬁ°|§9(n)(0)|»

for a certain C5>0. So, Vte [0, t;"ﬁo,n],
d (n) 2 (n) 2 ™ ()2
o |V OF =20 [y ()] + o(9™(0)%).

Thus, by integrating, we obtain Vze [0, t;‘ﬁo,n],

YOO = [y ()2 = o(@™(0)] | e ds,

0

1
> | 1O =3 lolg® (0] |
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Now, as ¢ eI',, we may apply Lemma 4.9 and we have
[P (0)2 =97 19 (02,
o)

1

Iy"‘)(li‘ﬁo,n)|2>ezazm{Vf—zot|0(1)|} o™ (0)]2.

Let us remark that

YO (U5, ) = Hy(x Py )= y(27) + (257,

+1350.n
with

2s)=x Py (5), on [—%,0]0 [tz ). 0,

z{M(s)=0, elsewhere,
and

z0(s) zx(f)t;ﬁo’n(s) —z{M(s), on [ —17%0].
We have
2P el,, and  z{(0)=xP(e3; ),

o)

[y (z7)] <75 [xP(835, ) <72 lo" TP (0)].

For convenience, we recall the formula of the formal dual product: for
Yy e C([0,7*]), pe C([ —7*,0]), we have

0
s 9> =4(0) 9(0) — f7(0) J Y(E+ %) p(&) de.

—*

By construction, we have z{”(0) =0, and the support of z{”(0) is contained
in an interval of length less than or equal to [t* —t{(¢3; ), so from the
form of the formal dual product, we deduce that

[ y(z57)| <7y 7% — 723

2,70,n)| x4

*
+l‘*2’70’,l H 0, [ =1, T(f)(tzio, w12

and as above, by using Lemmas 4.4, 4.6, and 4.7, we have

(1 (25")] = lo(@™(0))].



PERIODIC SOLUTIONS FOR DDE 91

So, finally we obtain

_ " 1
(220 O+ olp ™ (O) > 28 | 3y =5 lo( )| 1™ (O

Let no>1 be fixed. Since the sequence {0 *%0(0)} ., is bounded, for
each 1 < C<2 there exists an integer ¢, € N such that

C(p(no+qoﬁo)(0) > (p(n0+(qo+ DA (0),

so we obtain for all 1 < C<2,

~ 1
[73 C+o(1)]> > &2 {y%—za "’“"]’

and when ¢ — 0, C— 1, we obtain a contradiction with

R P

V2

5. CONCLUSION

In this paper, we have extended the result by Arino et al. concerning the
existence of slowly oscillating periodic solutions, thus providing a signifi-
cant improvement with respect to the assumptions made in [2]. The
improvements are mainly due to the use of two different types of
arguments. First, we consider solutions starting from initial values in the
subset

K= {((ﬂ’ T0) € C([ =75, 0], R) x [71, 75] : 9(—79) =0,

and ¢ is increasing on [ —7,, 0]}.

This special class of initial values was already introduced in the paper by
Kuang and Smith [7]. Here, this remark is useful because ¢—1(¢) is
increasing, and this allows us to consider the Poincaré operator on a subset
bigger than the one introduced in Arino et al. [2]. In this framework, we
are able to relax two fundamental restrictions made in Arino et al. [2] as
follows: (1) Assumption (H7) is only optional here and, is only necessary
if we want to ensure that the periodic solutions (whose existence is
ascertained by Theorem 1.1) are slowly oscillating. (2) The condition
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(to—11)(H(t*)+ 1) <1 given in Arino et al. [2] to ensure that the projec-
tion onto the linear unstable manifold is nondegenerate is not needed here
(see proposition 6.27 in Arino et al. [2]).

Another improvement in this paper concerns the technique used in prov-
ing the existence of the nontrivial fixed point of the Poincaré operator.
Here the main problem is the lack of ejectivity of the trivial fixed point. In
order to encompass this problem, we employ the notion of semi-ejectivity
which extends the previous notion of ejectivity. Finally, by applying a semi-
ejective fixed point theorem proved in Magal and Arino [9] we have
obtained the existence of a nontrivial fixed point for the Poincaré operator.

The values 7 >0 and m* >0 of Theorem 1.1 are given by the formula
(15). So those constants are fully specified. On the other hand, if we intro-
duce a multiplicative factor 1> 1 before f in Eq. (1), then the results are
unchanged. This result has to be compared with the constant delay case,

)= —M(x(t—1*

in which slowly oscillating periodic solutions are shown to exist for all
A>(m/2)(1/7*f'(0)). Here we reach the same result. Indeed the constraints
given in the conclusion of Theorem 1.1 are related to the state dependent
delay. Also, when b —a goes to zero the statement obtained in Corollary
1.3 approaches the corresponding constant delay result.

In this paper we concentrated on explaining a technique that can be used
to prove the existence of periodic solutions, the semi-ejective fixed point
theorem. We left untouched all other dynamical aspects associated with the
system.

With regard the stability of the trivial equilibrium solution (0, t*), one
may verify that when 4 =1*f"(0)) <7 the linearized equation is stable, and
the same holds for the state dependent delay equation.

Let us now consider the super-critical case for the Hopf bifurcation of
the fixed delay equation. In this situation, when A=1*f"(0)>7% (close
enough to 5) the fixed delay equation

x'(1) = —f(x(1—1%))

and the state dependent delay equation both have slowly oscillating solu-
tions. The point 4 =1*f"(0) =% is a Hopf bifurcation point for both equa-
tions. Moreover, for A=1*f"(0) >3 (close enough to %) both equations
have the same characteristics and the bifurcations are on the same side. So
we can conclude that if the bifurcating solution of the constant delay equa-
tion is stable, it is the same for the state dependent delay equation (and the
converse). But since we do not know that the bifurcation branch is the one
defined by the periodic solutions of Theorem 1.1 we cannot reach a conclu-
sion on the stability of these periodic solutions.
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Numerically, we have dealt with an example which verifies the assump-

tions of Theorem 1.1,
x'(1) = —f(x(1—1(1)))
(1) =10f(x(¢)) — 100(z(1) — 7*),

where f(x)=xe " and 1.5 <7*.
For numerical simulations, we have used the initial values

x(t) = —cos(t) + Tr, Vie[ —1,,0],

where Tr is a parameter representing a shift of the origin.
When 4 =1*f"(0) =1* > 7, we observe globally stable periodic oscillating

solutions (see Figs. 1 and 2 where 7* =10 and Tr= —3, 0, or 3).

We finally observe (see Fig. 3) that when A=rt*f"(0)=1t* > % the
nontrivial periodic solution tends to zero. It is possible to see that the
periodic solutions found are on the bifurcation branch and that the branch
is super-critical. In both the constant delay case and the time dependent
delay case one observes numerically a Hopf bifucation (see Fig. 3 in which

1.5<7t*<10 and Tr=0).

x(1)

L
150

300

-4
50 100
t

FIG. 1. First component of the solution.
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FIG. 2. Time-dependent delay.
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tau*

each vertical line representing the periodic orbit reached

FIG. 3. Hopf bifurcation graph,
asymptotically from an arbitrary initial value.
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