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1 Introduction

In this article we consider the following nonhomogeneous nonautonomous problem

du(t)
dt

= (A+ B(t)u(t) + f(t), for t > to, and u(ty) = = € D(A), (1.1)

where tp € R, A: D(A) C X — X is a linear operator (possibly with non-dense domain
that is D(A) ¢ X) on a Banach space (X, | - ), {B(t)her C L(D(A), X) is a locally
bounded and strongly continuous family of bounded linear operators and f € L}OC(R, X).

Recall that the linear operator A is said to be a Hille-Yosida operator if there exist
two constants w € R and M > 1, such that the resolvent set of A contains (w,+0o0) and

the resolvent operator satisfies the usual condition

[T = A) ]| 0 S M A =)™ VA > w,Vk > 1.

In the following, we will not assume that A is a Hille-Yosida operator since in As-
sumption 1.1-7) the operator norm is taken into D(A) instead of X.

Assumption 1.1 We assume that

i) There exist two constants w € R and M > 1, such that (w,400) C p(A) and

I = A ) SM A =w) ™ VA>w, k> 1.

i) lim (A — A)"'z =0, Vo€ X.
A——+oo
Set
XQ = D(A)

and denote by Ag the part of A on X that is
Aoz = Az,Vx € D(Ap) and D(Ap) :={z € D(A) : Az € X,}.

Then it is known that Assumption 1.1 is equivalent to p(A) # @ and Ay is a densely de-
fined Hille-Yosida linear operator on X (see [33, Lemma 2.1 and Lemma 2.2]). Therefore
Ap generates a strongly continuous semigroup {7'a,(t)};~, C £L(Xo).

An important and useful approach to investigate such a non-densely defined Cauchy
problem (1.1) is to use the integrated semigroup theory. This notion was introduced
first by Arendt [3, 4]. The integrated semigroup generated by A, namely {Sa(t)},~, is
a strongly continuous family of bounded linear operators on X that is uniquely defined
for each t > 0 and each x € X by

Sa(t)xr = (ul — Ag) /Ot TAO(t)(pJ — A)ilxdt



when p > w.
In order to assure the existence of mild solutions of (1.1) we need the following extra
assumption.

Assumption 1.2 For each 7 > 0 and each f € C([0,7],X) we assume that there exists
up € C([0,7],Xo) an integrated (or mild) solution of

dug

prai Aug(t) + f(t), fort >0 and us(0) = 0. (1.2)

Moreover we assume that there exists a nondecreasing map 0 : [0,+00) — [0, 400) such
that
lug(8)] < 5(t) sup [1£(s)]], V¢ >0, (1.3)
s€[0,t]
with
5(t) =+ 0ast— 0%,

Let f € C([0,400), X) be fixed. The existence of mild solutions in Assumption 1.2
is equivalent to the continuous time differentiability of the map t — (Sa * f)(t) from
[0, +00) into X. Moreover by the uniqueness of the mild solutions of (1.2) (see Thieme
[40]) we have

up(t) = (545 )W > 0,

when it exists. Define
d
(Sao ) := @(SA * f)(¢), vt > 0.

The foregoing Assumption 1.2 needs justification. In fact if A is a Hille-Yosida operator,
then Assumption 1.2 holds true as long as ¢ — f(t) is continuous (see Kellermann and
Hieber [26]) and we have the following estimate

I(Sao F)(B)] <M / =) £(5)]|ds

and Assumption 1.2 is clearly satisfied. As presented in Magal and Ruan [31], it is
possible to obtain some necessary and sufficient conditions on the resolvent operator of
A to obtain LP (for p € [1,400)) estimation on ||(Sa ¢ f)(¢)]|. Such a result was also
investigated by using the notion of bounded semi-p-variation (for p € [1,+00)) Thieme
[42, Theorem 4.3]. Such a conditions was also investigated by Ducrot, Magal and Prevost
[17] in the almost sectorial case.

The following assumption will be required in order to deal with the existence of
integrated solutions for the nonhomogeneous equation (1.1).

Assumption 1.3 Let {B(t)her C L£(Xo,X) be a family of bounded linear operators.
We assume that t — B(t) is strongly continuous from R into L(Xg, X), that is for each
x € Xo the map t — B(t)x is continuous from R into X. We assume that for each
integer n > 1

sup ]IIB(t)IIaXO,X) < +o0.
te|—n,n



The foregoing assumptions will allow us to obtain the existence of an evolution family
(see Definition 1.4 below) for the homogeneous Cauchy problem (1.4). Before proceeding
let us introduce the notation

A:={(ts) eR*: t>s}
and recall the notion of an evolution family.

Definition 1.4 Let (Z,| - ||) be a Banach space. A two parameters family of bounded
linear operators on Z, {U(t,5)},s)en, is an evolution family if

i) For each t,r,s € R witht >r > s
Ut,t) =1z and U(t,r)U(r,s) =U(t,s).
ii) For each x € Z, the map (t,s) — U(t, s)x is continuous from A into Z.
If in addition there exist two constants M > 1 and @ € R such that
U, )l eez) < MePU=), Y(t,s) € A,
we say that {U(t,s)},s)ea is an exponentially bounded evolution family.

Consider the following homogeneous equation for each tg € R
du(t)

dt
By using [31, Theorem 5.2] and [32, Proposition 4.1] we obtain the following Proposition.

= (A+ B(t))u(t), for t >ty and u(ty) = z € Xp. (1.4)

Proposition 1.5 Let Assumptions 1.1, 1.2 and 1.3 be satisfied. Then the Cauchy prob-
lem (1.4) generates a unique evolution family {Up(t,s)}¢.sea C L(Xo). Moreover
Ug(-,to)xo € C([to, +00), Xo) is the unique solution of the fized point problem

d t
Un(t,to)z0 = Tay (£ — to)zo + %/ St — $)B(s)Un (s, to)ods, ¥t > to.  (1.5)
to

If we assume in addition that

sup || B(t)|| (x,,x) < 400,
teR

then the evolution family {Up(t,s)}q syea is exponentially bounded.

The following theorem provides an approximation formula of the solutions of equation
(1.1). This is the first main result.

Theorem 1.6 (Variation of constants formula) Let Assumptions 1.1, 1.2 and 1.3
be satisfied. Then for each ty € R, each xg € Xy and each f € C([to, +o0], X) the unique
integrated solution uy € C([tg, +00], Xo) of (1.1) is given by
¢
up(t) = Up(t, to)wo + lim Ug(t, s)\(\ — A) 71 f(s)ds, Vt > to, (1.6)

A—~+o0 to

where the limit exists in Xo. Moreover the convergence in (1.6) is uniform with respect
to t,tg € I for each compact interval I C R.



This variation of constant formula has been proved by Giihring and Réabiger [22]
when A is a Hille-Yosida operator by using extrapolated semigroups. Some extensions of
this result have been proved in [10, 11] for nonautonomous Hille-Yosida operators A(t).

The arguments used in [22] strongly use the fact that A is a Hille-Yosida operator.
Actually the estimation used is the following

A
AN — A)*1||£(X) < Mm,%\ > max(0,w),

as a consequence when A\ — 400 we obtain

lim sup |[A(A] — A)_1||£(X) < +o00.

A—+oo
In the context of non-Hille-Yosida operator this last estimation is no longer true. There-
fore we need to find another approach to prove our result. In Sections 6 and 7 we will
consider some examples of parabolic and hyperbolic equations which lead us to the non-
Hille-Yosida case. For example, the linear operator A in Sections 6 which comes from a
parabolic equation in L? space, satisfies the following estimates (see Lemma 6.3)

0< liminf AT |[(AI— A)_1H < limsup AT |01 — A)_1H < 400
A(ER)>-+oo £0X) T A(eR)rtoo £(x)
where p € [1,+00). It follows that when p > 1
lim A H(M - A)‘1H = +o00

AS+oo LX)

Therefore proving our results will not consist in adapting arguments from the Hille-
Yosida case but require several intermediate technical lemmas in order to obtain the
limit )

lim [ Ug(t,s)\(A — A)~" f(s)ds, t > to.

A—+oo to

Our second main result deals with a necessary and sufficient condition for the evolu-
tion family (generated by the homogeneous problem associated to system (1.1)) to have
an exponential dichotomy. To be more precise let us first recall some definitions and
state our result.

Definition 1.7 Let (Z,] - ||z) be a Banach space. We say that {Il(t)}er C L(Z) is a
strongly continuous family of projectors on Z if

II(H)II(t) = II(¢), Vt € R,
and for each x € Z, t — II(t)x is continuous from R into Z.

The following notion of exponential dichotomy will be used in this paper. We refer
for instance to [18, 19, 22, 23, 24, 29] and the references therein.

Definition 1.8 Let (Z,] - ||z) be a Banach space. We say that an evolution family
{U(t,8)}t.59ea C L(Z) has an exponential dichotomy with constant k > 1 and exponent
B > 0 if and only if the following properties are satisfied



i) There exist two strongly continuous families of projectors {II* (¢) }ser and {T1~ (¢) }rer
on Z such that
H+(t)+H_(t)=I£(Z), vt e R.

Then we define for allt > s
Ut (t,s):=U(t,s)IT(s) and U~ (t,s):=U(t,s)II"(s).
ii) For all (t,s) € A we have IIT()U(t,s) = U(t,s)II*(s) and then I~ (£)U(t,s) =
U(t, s)II~(s).

iii) For all (t,s) € A the restricted linear operator U(t,s)II™(s) is invertible from
I~ (s)(Z2) into I~ (¢)(Z) with inverse denoted by U~ (s,t) and we set

U= (s,t) := U (s, t)IT" (¢).
iv) For all (t,s) € A
||U+(t,s)\|[;(z) < ke P9 and U™ (s, t)|lzz) < ke P9,

In the foregoing Definition 1.8 the notations + and — are used to refer respectively
the forward time and the backward time.

Definition 1.9 Let f € L} (R, X) be fized. A function u € C(R, Xy) is an integrated

loc

solution (or a weak solution) of (1.1) if and only if for each t > tg
t
/ u(r)dr € D(A)
to
and . .
u(t) = ulto) + A / u(r)dr + / B(r)u(r) + f(r)]dr.
to to
We will say that u is a mild solution of (1.1) if

t

u(t) = Ta, (t — to)ulto) +% t’SA(t — §)[B(s)uls) + f(s)]ds, ¥t > to.

Actually weak and mild notions of solutions are equivalent (see [31, Corollary 2.12.]).
Then our second main result splits into the following two theorems.

Theorem 1.10 Let Assumptions 1.1, 1.2 and 1.3 be satisfied. Assume in addition that

sup || B(t)|| £(x,,x) < +00-
teR

Then the following assertions are equivalent

i) The evolution family {Up(t,s)}x,s)ea has an exponential dichotomy.



ii) For each bounded function f € C(R,X), there exists a unique bounded integrated
solution v € C(R, Xo) of (1.1).

Theorem 1.11 Let Assumptions 1.1, 1.2 and 1.3 be satisfied. Assume in addition that

sup || B(t)] £(x,,x) < +00.
teR

If U has an exponential dichotomy with exponent B > 0, then for each n € [0,8) and
each f € BC"(R, X) with

BC"(R, X) := {f e CR,X):||flly:= suﬂge‘"‘“”f(t)” < —|—oo}
te

there exists a unique integrated solution u € BC"(R, Xg) of (1.1) which is given for each
teR by

t —+oo
up(t) = lim [/ U (t, s)AM\ — A) 1 f(s)ds — / Ug (£, 8)A(\ — A)lf(s)ds] .
A—+o0 oo t
(1.7)
Moreover the following properties hold true
i) The limit (1.7) exists uniformly on compact subsets of R.

it) If f is bounded and uniformly continuous with relatively compact range, then the
limit (1.7) is uniform on R.

i11) For each v € (—f3,0) there exists C(v,k, ) > 0 such that

H’LLan S O(V”{vﬂ)”fHTh VU € [Oa _V}'

The paper is organized as follows. In section 2 we recall some results concerning
integrated semigroups and define the notion of integrated solutions for system (1.1).
Section 3 is devoted to a the proof of Theorem 1.6 concerning the variation of constants
formula. In Section 4 we prove some uniform convergence results. Theorems 1.10 and
1.11 are proved in Section 5. Finally in Sections 6 and 7 we present two examples to
illustrate our results.

2 Preliminaries

In the following lemma we summarize some results proved in Magal and Ruan [33, Lemma
2.1 and Lemma 2.2].

Lemma 2.1 Let Assumption 1.1 be satisfied. Then we have

p(A) = p(Ao).

Moreover, we have the following properties



i) For each \ > w

D(Ao) = (M = A)"'Xo and (A —A)y = (A — Ag)~".

i1) D(Ap) = Xo.
i11) )\Erfoo)\()\f — Atz =1z, Vz € X,.
Remark 2.2 [t can be easily proved that /\EIEOOA(AI — A)~lx = uniformly for x in a
relatively compact subset of Xo. This property will be often used in this paper.
Note that if (A, D(A)) satisfies Assumption 1.1, then by Lemma 2.1 we have

1A — 4 SM(\-w)™, VA>w, k> 1and D(Ag) = X.

—k

) HL(XO)
Therefore (Ag, D(Ao)) generates a strongly continuous semigroup {T'4,(t) }+>0 C L£(Xo)
with

T4y ()|l 2x0) < Me®t, Vit >0.

The characterization of an integrated semigroup is summarized in the definition below.

Definition 2.3 Let (X, || - ||) be a Banach space. A family of bounded linear operators
{S(t)}+>0 on X is called an integrated semigroup if

i) S(0)x =0,Vz € X.
ii) t — S(t)x is continuous on [0,+o0) for each x € X .

iii) For each t >0, S(t) satisfies

S(s)S(t) = /OS[S(r +1t)—S(r)]dr, ¥s > 0.

The integrated semigroup {S(t)}i>0 is said to be non-degenerate if
St)x=0,Vt>0=xz=0.
Moreover we will say that (A, D(A)) generates an integrated semigroup {Sa(t)}i>0 C
,C(X, X()) that is
t
x € D(A) andy = Az & Sa(t)x =tz +/ S(s)yds, Vt > 0.
0

The following result is well known in the context of integrated semigroups.

Proposition 2.4 Let Assumption 1.1 be satisfied. Then (A, D(A)) generates a uniquely
determined non-degenerate exponentially bounded integrated semigroup with

1Sa(t)|l2cx) < Me,

where M >0, & > 0 and (&, +o0) € p(A). Moreover the following properties hold



i) For each x € X, each t > 0, each u > w, Sa(t)z is given by

Sa(t)r = (ul — AO)/O Ta, (s)ds(ul — A)~,

or equivalently
t
Sa(t)r = u/ T, (8) (I — A) tads + [I — Ta, ()] (nI — A) " a.
0

it) The map t — Sa(t)x is continuously differentiable if and only if x € Xo and

dSa (t)a:
dt

=Ta,(t)z, YVt >0, Vo € X.

Next we give the notion of integrated solutions for system (1.1).

Definition 2.5 Let to € R and let f € L} ((to,+0),X) be fized. A function u €

loc

C([to, +00), Xo) is an integrated (or mild) solution of (1.1) if and only if for each t > to
t
/ u(r)dr € D(A)
to

and

w(t) =z + A / w(r)dr + / (Br)u(r) + f(r)]dr.

to to
The following result is a direct consequence of Theorem 2.10 in [32].
Theorem 2.6 Let Assumptions 1.1 and 1.2 be satisfied. Let tg € R be fized. Then for
all f € C([tg, +0), X), the map t — (Sa* f(to+-))(t—to) is continuously differentiable
from [tg, +00) into X and satisfies the following properties
i) (Sax f(to+-))(t —to) € D(A), Vt = to.
it) If we set
u(t) :== (Sao f(to+-))(t —to), Vt > to,
then the following hold
t t
u(t) = A/ u(s)ds+ | f(s)ds, ¥t > to,
to to

and
[u()]| < 6(t —to) sup [ f(s)]l, V> to.

s€[to,t]
iii) For all X € (w,+00) we have for each t > to

(M — A)*1%(SA s f(to + )t — to) = / Ta, (t — s)(AL — A)~1f(s)ds.

to



As a consequence of i) in Theorem 2.6, we obtain the following approximation
formula

d t t

— [ Sa(t—s)f(s)ds = lim Ta,(t — )M — A) " f(s)ds, YVt >ty (2.1)
dt to A——+oo to
It also follows that for each t,h > 0
(Sao f)(t+h)=Ta,(h)(Sao f)t)+ (Sao f(t+))(h) (2.2)

As an immediate consequence of Theorem 2.6 we obtain the following lemma.

Lemma 2.7 Let Assumptions 1.1 and 1.2 be satisfied. Let f € C(R, X). Then the map
(t,to) = (Sa o f(to+-))(t —to) is continuous from A into X.

Proof. Let (¢,1t0), (s, s0) € A. We have
I = (SAOf(to-i-'))(t—to)—(SAOf($0+'))(S—$0)

= (Sa< [f(to+) — f(so+-)])(t —to)
+(Sa o f(so+))(t —to) — (Sao f(so+-))(s— s0)

hence by using (2.2)
I = (Sao[flto+-)— f(so+-)])(t—to)

+ [T, ((t —to) — (s — s0)) — I](Sa o f(s0+))(s — so)
+(Sa o f(so+ (s —s0) +))((t —to) — (s — s0))

whenever t — tg > s — sg. The result follows by using the uniform continuity of f on
bounded intervals. m
By using [32, Proposition 4.1] we obtain the following lemma.

Lemma 2.8 Let Assumptions 1.1, 1.2 and 1.8 be satisfied. Let tg € R be fixed. Then
for each xy € Xo and f € C([to,+00),X) there exists a unique integrated solution
us € C([tg, +00), Xo) of (1.1) given by

ug(t) = Tay(t — to)xo + %(SA * ((Bug)(to + ) + f(to + ) (t — to), Vt = to,
or equivalently
up(t) =Ta,(t —to)xo + (Sa o (Bug)(to + ) + f(to +-))(t — to), Vi = to,
where we have used the notation (Buy)(t) := B(t)us(t) for every t > t.

The next result is due to Magal and Ruan [32, Proposition 2.14] and is one of the
main tools in studying integrated solutions for non-Hille-Yosida operators.

Proposition 2.9 Let Assumption 1.1 be satisfied. Let € > 0 be given and fized. Then,
for each 1. > 0 satisfying M(r.) < e, we have
d .
I (Sa * D) < Cle,7) sup I f(s)], ¥ >0,
dt s€[0,t]
whenever v € (w, +00), f € C(R4, X) with

2e max(1,e777)
1 — el

C(e,y) =

10



3 A wvariation of constants formula

In this section we will prove the first main result of this paper. It deals with the represen-
tation of the integrated solution of (1.1) in term of the evolution family {Up(t, 5)} (¢,s)ea -
This result generalizes [22, Theorem 2.2] to the context of non-Hille-Yosida operator. The
proof will be given by using several technical lemmas. Note that a direct consequence of
Theorem 1.6 is the following

Corollary 3.1 Let Assumptions 1.1, 1.2 and 1.8 be satisfied. Then for each ty €
R, each zy € Xo and each f € C([ty,+00),Xo) the unique integrated solution uy €
C([to, +00), Xo) of (1.1) is given by

t
Uf(t) = Ugp(t, to)xo +/ Ug(t,s)f(s)ds, ¥Vt > to.

to

Next we prove some technical lemmas that will be crucial for the proof of Theorem
1.6.

Lemma 3.2 Let Assumptions 1.1, 1.2 and 1.3 be satisfied. Then for each h € C(A, X)
the following equality holds

/tt % Ut Sat = r)h(r, S)dr} ds =
% /t: Sa(t—r) [/t: h(r, S)ds} dr

For convenience we will use the following notation

for all (t,tp) € A.

Ry(A) := (M — A1, VA € p(A).

Proof. Let ¢y € R be fixed. Let s > ¢y be given. Then observing that h(:,s) €
C([s,+0), X) one can apply Theorem 2.6 to obtain for all ¢ > s and A > w that

/t T, (t —1T)ARN(A)R(r, s)dr = )\RA(A)ZL / Sa(t —r)h(r,s)dr. (3.1)

Thus integrating both sides of (3.1) and using Fubini’s theorem we obtain for each t > tg
and A > w that

ARA(A) /t { = / Sa(t —r)h(r, s)dr] { T, (t — 1)ARN(A)R (ns)dr} ds
|

[
/.

/ Ta,(t —1T)ARA(A)R (r,s)ds] dr

=)

T, (t — r)ARA(A) { /t h(r, s)ds] dr.

11



Now observing that
t d t
/ {/ Sa(t—r)h(r, s)dr] ds € Xy, Vt > tg,
to dt S

the result follows since we have

AEIEOO)\RA(A) /t: [;lt /St Sa(t— r)h(r,s)dr] ds = /t: L(;t /St Sa(t—r)h(r, s)dr] ds

for all ¢t > ¢y and (see equality (2.1))
¢

lim [ Ta,(t—r)ARA(A) [/t h(r, s)ds} dr = di t Sa(t—r1) [/t h(r, s)ds] dr

A—+oo to t to

forallt >t;. m
Using Lemma 3.2 and Proposition 2.9 we can prove the following technical lemma.

Lemma 3.3 Let Assumptions 1.1, 1.2 and 1.3 be satisfied. Let f € C(R,X). Define
for each A > w and (t,tg) € A

a(toto) = / Ut $)ARA (A) f(s)ds

to

and
t

w(t, to) ;:% At = 9)1(e)ds = (Sa o flto+ )t ~to).

Then we have the following properties

i) For each A > w and (t,tp) € A

t
’U)\(t,to) = % SA(t — T)B(T)U)\(T, to)d’f + )\R)\(A)’w(t,to), Yt > tg.

to

i) If in addition sup,cg ||B(t)||z(xo,x) < +00, then there erists a constant vy >
max(0,w) such that for each A > w and (t,ty) € A

sup e Pllua(s,to)|| <2 sup e || ARN(A)w(s,to)]|
s€E[to,t] S€E[to,t]

and since w(s,tg) € Xo we have

M|A
IARA(A (s, o) € 2 (s, o), Vi € o ]
Proof. (i) By using formula (1.5) we obtain for each A > w and ¢ > ¢, that
t
(bt = [ Taylt - AR (5)ds
to

+ / th / Sa(t =) B(r)Us(r, s)ARA(A) f (s)dr | ds.

12



Now note that from Theorem 2.6 we have for each A > w

/ Ty, (t — s)ARA(A) f(s)ds = /\R)\(A)% /t Sa(t—s)f(s)ds, ¥t > to, (3.2)

and from Lemma 3.2 with h(r,s) = B(r)Ug(r, s)ARx(A) f(s)

t d t d t
/ [ / Sa(t—r)h(r, s)dr} ds=— [ Sa(t —r)va(r,to)dr, Yt > to. (3.3)
to dt s dt to

Then (i) follows by combining (3.2) and (3.3)
(ii) To do this we will make use of Proposition 2.9. Let £ > 0 be given such that

(3.4)

= =

2esup | B(t) |l £(x0,x) <
teR

Let 7. > 0 be given with M§(7.) < e. By combining Proposition 2.9 together with i) we
obtain for each A > w and t > tg that

loa(t, o)l < Cle,) sup [0 [1B(s) L cxx) oals, to)l] + INRA(A)w(t, o)l

s€E[to,t]
whenever v € (w, +00) with

2e max(1,e”77)

Cle,y) = ), (3.5)

so that

sup e lun(s, to)ll < C(e,7) sup | B(s)legxo ) sup e lloa(s, )1+ sup [ARx(A)u(s, to)]|
s€[to,t] seR s€[to,t] s€[to,t]

By using (3.5) and (3.4) it is easily seen that one can chose v > max(0,w) large enough
such that

1
0< C(E”Y) sup ||B(t)H[:(Xo,X) < 57
teR

and (i) follows. m
The next Lemma will be needed in the following.

Lemma 3.4 Let Assumptions 1.1 and 1.2 be satisfied. Then for each a,c € R witha < ¢
and each v € X, the map t — (Sa * x1(4 ) (+))(t) is differentiable on [0, +00) and

d 0 ifc<0or t<a,
£(SA * xhig0)())(t) =3 Salt—at)z if ¢ >0 and t € [a,c),
Ta,(t—c)Salc—at)x  ife>0andt>c

with a™ := max(0, a).
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Proof. The proof is straightforward. =
Now we have all the materials to prove Theorem 1.6.

Proof of Theorem 1.6. Since the proof is trivial when f(¢) = 0 it is sufficient to
prove our theorem for zg = 0. Let 5 € R be fixed. Recalling for each A\ > w

ua(t,to) = / Up(t,s)ARx(A) f(s)ds, ¥Vt > to,

to

we will show that the limit

'l_}(t,t()) = )\EIJI;IOO’U)\(t,to), Vi > to, (36)

is well defined and is an integrated solution of

du(t)
dt

=[A+ B@t)v(t) + f(t), t > to and v(tg) = 0. (3.7)

First of all note that by Lemma 2.8, problem (3.7) admits a unique integrated solution
v(+, to) € C([to, +00), Xo) satisfying

v(t, to) = (Sa o (Bu(-,to))(to+-))(t —to) + (Sao f(to+-))(t —to), YVt > to, (3.8)
where we used the notation (Buv(-,tg))(t) = B(t)v(t,to) for every ¢ > ty. Furthermore
by Lemma 3.3 we also have for each A > w and each t >t

¢
ua(t, to) = %/t Sa(t —r)B(r)ua(r,to)dr + AR (A)w(t, ty), Vt > to, (3.9)
0

with
¢

w(t, to) :% [t = 9)7()ds = (Sa0 110+ )t = t0). Ve > o (3.10)

Then (3.8) and (3.9) can be rewritten, for each A > w, as the following system

{ U)\(t,to) = (SA <o (BUA(', to))(to + ))(t — to) + )\R,\(A)’w(t,to), t>to
(3.11)

U(t,to) = (SA <o (BU(',t()))<t0 + ))(t — t()) + w(t7t0), t >t

where we used the notation (Bux(-,to))(t) = B(t)va(t,to) for every t > tg.

Let I C R be a compact subset of R. To show that (3.6) exists uniformly for ¢ > ¢
in I, we will make use of Proposition 2.9. We have from (3.11) that for each A > w and
each t >ty

uA(tsto) = v(t, to) = (Sa o (Blua(-sto) = v(:,%0)))(to +-))(t = to) + [ARA(A) — I]w((t, fo);
3.12
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with the notation
(B(U)\(-,to) — ’U(-,to)))(t) = B(t)(’l))\(t,to) — ’U(tﬂfo)), Vit 2 to.
Let € > 0 be given such that

1
2e sup|| B(t) |l £(x0,x) < 1 (3.13)
tel

Let 7. > 0 be given with M§(7.) < e. Then by using (3.12) and Proposition 2.9 we
obtain for each A > w and each t > tg with ¢,tg € I that

lor(t:to) = v(t.to)ll < C(e,) sup [ B(s) | £(x0,x) loa(s,t0) = v(s, t0)]]
s2lo
s,tg€l

FIARA(A) = Tw(t, to) |,
whenever v € (w, +00) with

_ 2emax(1,e777)

0(57 ’Y) = 1 _ e(W*’Y)Ts 9
so that
sup e [lux(s, to) —v(s,to)|| < Cl(e,) sup||B(s)| c(x,,x) sup e *[Jua(s,to) —v(s,to)
s>to sel s>to
s,tg€l s,toel
+ sup [IARA(A) — Tu(s, o) |-
s>to
s,tg€l

By using (3.13) one can chose v > 0 large enough such that

7

N | =

0<C(e,7) StuI;HB(t)Hﬁ(XO,x) <
S

providing for all A > w that
sup e~ "*||oa(s,t0) — v(s,t0)|| < 2 sup e *||[ARA(A) — Tw(s, to)]|-

SZto Szto
s,tg€el s,tg€l

Hence recalling that the limit )\lim AR)(A)y = y is uniform on relatively compact sets
—+o0

of Xy and by observing that w(-,-) maps I x I into a relatively compact set of Xy, we
obtain
lim sup e 7*||[ARA(A) — Tw(s, to)]| =0,

A—=400 >¢,
s,tg€l

that is
lim sup e 7%|lva(s,to) — v(s,to)|| = 0.
A—+oo s>to
s,tg€l
Since I is bounded, this implies
lim sup [lva(s,to) — v(s,t0)|| = 0.

A—+o0 s>to
s,tg€l

The proof is complete. m
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4 A uniform convergence result

Let BUC(R, X) be the space of all bounded and uniformly continuous functions on R.
The next proposition gives a uniform convergence result subject to f belonging to an
appropriate subspace of BUC(R, X).

Proposition 4.1 Let Assumptions 1.1, 1.2 and 1.3 be satisfied. Assume in addition
that

sup || B(t)] £(x,,x) < +00.
teR

Let f € BUC(R, X) with relatively compact range. Then, for any fixed to > 0 the limit

t
lim Up(t, s)A\Rx(A) f(s)ds,
A—+o0 t—to
exists uniformly for t € R.

Proof. Let ty > 0 be fixed. Recall that for each A > w we have
t
’U)\(t, t— t()) = / UB(t, s))\RA(A)f(s)ds, Vvt € R.
t—to

Thus by using similar arguments in the proof of (i) in Lemma 3.3 we have for each
t € R, each A > w and p > w that

sup e 7% [[ua(s, s—to)—vu(s,s—to)| <2 sup e V| [ARA(A)—pR,(A)w(s, s—to)|,
sE€[t—to,t] s€[t—to,t]

with v > max(0,w) (large enough) and
’w(tl,tg) = (SA <>f(t2 + ))(tl — tg), V(tl,tg) € A.
Hence for each t € R, each A > w and p > w

[oa(t,t —to) —vu(t,t —to)|| <2 [Sup ]e”“’s) [ARA(A) — pRyu(A)]w(s, s —to) ||
sE€[t—to,t
<2eM [Sup ]II[/\RA(A) — pRyu(A)w(s, s — to)||.
sE[t—to,t

Then to prove our proposition, it is sufficient to show that

lim sup||[ARx(A) — pR,(A)w(s,s —to)[| = 0.
A, u—>+00 5 R

This can be achieved by proving that w(-,-—tg) maps R into a relatively compact subset
of Xy. To do so we will prove that for any ¢ > 0, there exists a relatively compact set
K such that

w(t,t —tg) € K+ ceBx,(0,1), Vt € R,

for some constant ¢ > 0 and Bx, (0, 1) the closed unit ball of Xj.
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Let € > 0 be given and fixed. Then since f has its range in a relatively compact
subset of X, there exist n = % > 0, with n € N\ {0} and a function g : R — X such that
g is constant on each interval [kn, (k+1)n), k € Z. Moreover the range of g is contained
in a finite set Ky C X and

supl| f(t) —g(t)[| < e
teR

Note that g can be written as
g(t) = Zxkn[kﬁ»kﬂJrﬁ) (t), vVt € R,
kez

with xy, € Ky for all k € Z. Then by Lemma 3.4 it is easy to see that t — (S4 * g)(¢) is
differentiable on [0, +00) and we can write

w(t,t - to) = (SA Og(t —to+ ))(to) + (SA <o (f — g)(t —to+ '))(t()), Vvt € R.
Let t € R be fixed. Note that one can write
t =kon+r, withr €[0,n) and ko € Z,

providing that (recalling ty = nn)

(Saoglt—to+-))(to) = OSA(tO —5)g(t —to + s)ds

t

i,
J

_ 4 Sa(t—s)g(s)ds
dt Ji_4,
d kon+r
= —/ Sa(t—s)g(s)ds
At J (kg—n)n+r
n—1 d (ko—3)n+r
= Zd—/ Salkon+r —s)g(s)ds
i=0 t (ko—i—1)n+r
n-lg (ko—1)n
= df / SA(]CQU'FT’ — S):Ckofi,lds
oAt | Jko—i—1)ptr

(ko—3)n+r
+/ Sa(kon +r — s)xg,—ids|,
(ko—1)n
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therefore we obtain

(Saog(t—to+))(t) = [Salin+n) = Salin+m)]ar,-i1
+i [Sa(in+1) = Salin)] zr,—
i=0

= [Salin) = Sa(in —n+1)] ki
=1

+Z [Sa(in+ 1) — Sa(in)] Trg—i
~ Sa(n) = St = 1+ s,
+3 [Salin+1) = Salin —n+7)] wkg—i + Sa(r)a,
= Ta,(nn —2_77114- 7)Sa(n — 7)o —n
3T in = 1 1) Sa () + Sa(r)r,
i=1

so that we can claim that ¢ — (S4 ¢ g(t —to + -))(to) has its range in

= {ZTAO(Sk)SA(lk)xk :0< Sk,lk <ty and zj € Ky, k= 0,... ,n} .
k=0

Then recalling that
(t,z) € [0,400) x X — S(t)x and (¢,z) € [0,400) X Xog = T(t)x

are continuous, K is clearly compact.
To complete the proof it remains to give an estimate of z(-,- — tg) with

2(t1,t2) == (Sa o (f —g)(t2 +))(t1 — t2), V(t1,t2) € A.
By using Proposition 2.9 one obtains

[2(t1, t2)|| < 0(1770)t6[()81tlpt ]€7°(t1_t2_t)||f(t2 +1) = g(ta + 1), V(t1,t2) € A.
01 —Ul2

with y9 > max(0,w), Md§(m1) <1 and

2max(1,e 707)

C(1,7%) := oo
Therefore
sup [|z(t1, t2)|| < C(1,70)e "~ sup)|| f(t) — g(t)
(t1,t2)EA teR
S C(leO)eWO(tl_t2)€7
that is

sup [|z(t,t — to)[| < C(1,70)e™" e,
teR

and the result follows. m
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5 Exponential dichotomy

In this section we consider the complete orbits of the Cauchy problem (1.1). Namely we
consider a continuous map u : (—oo, +00) — Xj as a mild solution of
du(t)
dt

= (A+ B(®))u(t) + f(t), for t € R. (5.1)

This part is devoted to the proof of Theorems 1.10 and 1.11. We will give necessary
and sufficient conditions for the evolution family {Up(t,s)}.s)ea C £(Xo) to have an
exponential dichotomy. More precisely we will prove that the existence of an exponential
dichotomy for {Up(t,s)},s)ea is equivalent to the existence of an integrated solution
u € C(R, Xj) for all f in an appropriate subspace of C(R, X).

In what follows when {U(t, 5)}1,s)ea C £(Z) has an exponential dichotomy we define
its associate Green’s operator function by

[ Ut(t,s), ift>s,
L(t. ) := { U~ (s,t), ift <s.

Remark 5.1 It is well known that when {U(t,s)}x sea C L(Z) has an exponential
dichotomy, then for each x € Z, the map (t,s) € R? — U~ (t,s)x is continuous from R?
into Z (see [37, Lemma VI.9.15] or [20, Lemma 9.17]).

Remark 5.2 [t is easy to obtain from condition i) in Definition 1.8 that
I (OIT () = I (I (t) = 0g(z2).
We also trivially have
Ut(t,t)=1"(t) and UT(t,r)UT(r,))=U"(t,1), Vt>r>I,

while
U (t,t)y=1I"(t) and U (t,r)U (r,])=U"(t,1). Vt,r,l €R,

It follows that U™ (respectively U™ ) is a strongly continuous semiflow (respectively flow).
One may also observe that

U (t,r)U(r, ) =U"(t,1), Y(rt),(r]) €A

and
Utt,r)U(r, 1) =U"(t,1), Y(tr),(r]) € A.

Notation 5.3 Let (Z,| - ||) be a Banach space. The following weighted Banach space
will be used in the following

BC"(R, Z) := {f ceCR,2) |\ flly:= supef’”t‘Hf(t)HZ < —|—oo}, n>0.
teR

Note that we have the following continuous embedding

BC™(R,Z) C BC™(R,Z) if m <.
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If n =0 we set
BO®.2) = {1 € C@®.2): I = supl ()] < 00}

and define
Co(R,2) := {f € BC(R, Z) :t_l)irinoof(t) = 0}.

The following result is well known in the context of exponential dichotomy. We refer
for instance to [6, 27, 28].

Theorem 5.4 Let Z be a Banach space. Let {U(t,s)} . syea C L(Z) be an exponentially
bounded evolution family. Consider the following integral equation

w(t) = Ut to)u(to) + / Ut ) f(s)ds, (.to) € A. (5.2)

Then the following properties are equivalent
i) {U(t,s)}¢t,sea C L(Z) has an exponential dichotomy.

it) Let F(R,Z) be the space BC(R, Z) or Co(R, Z). Then for any f € F(R,Z) there
exists a unique solution u € F(R, Z) of (5.2).

Moreover, if {U(t, 8)} +,s)ea has an exponential dichotomy, then for each f € F(R, Z)
the unique solution v € F(R,Z) of (5.2) is given by

“+o0
u(t) = / I'(t,s)f(s)ds, Vt € R,
where {T'(t, 5) }(+,s)erz C L(Z) is the Green’s operator function associated to {U(t, s)}(¢,.s)en-

In what follows we will give an analogue of Theorem 5.4 for the evolution family
{UB(t,5) }(t,s)ea C L(Xo). To do so we will first prove some estimates.

Proposition 5.5 Let Assumptions 1.1, 1.2 and 1.3 be satisfied. Assume in addition
that

sup || B(t)] £(x,,x) < +00.
teR

Then there exists a non-decreasing function §* : [0,4+00) — [0, +00) with §*(t) — 0 as
t — 0% such that for each f € C(R, X) and A > w + 1 the map

t

ox(t.to) = / U (t, s)\Rx(A)f(s)ds, (t,t5) € A,
to

satisfies

[o(t, to)[| < 6% (t —to) sup [If(s)ll, V(£,%0) € A.

s€[to,t]
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Proof. Let A > w be given. Thus by Lemma 3.3 there exists v > max(0,w) large
enough (independent of ¢y) such that for each ¢t > ¢

sup e "%|lua(s,to)|l <2 sup e Y| ARN(A)w(s,to)]l
s€[to,t] s€[to,t]

with
’w(tl,tg) = (SA Of(tg + '))(tl — t2)7 V(tl,tg) e A.

Since w(ty,t2) € Xo for all (¢1,t2) € A and by Assumption 1.3

l[w(ts, t2)l| < 6(t2 —t1) sup ]IIf(S)H, V(t1,12) € A,
s€(ty,t2

it follows that for each A > w and t > t; that

sup e~ [[ua(s, o)l <2 sup e~ ARA(Ao)u(s, to)]

s€[to,t] s€[to,t]
M\
<2 ML e (s, to)]
— Wselto,t]
M|
<o ML o esa(s — to) sup IIFD)]| -
— Wselto, 1 l€[to,s]

Then by using the fact that ¢ is non-decreasing and v > 0 we obtain for each A > w and
t > to that

M|X
sup e lux (s, to)l| < 22 et — tg) sup [1£(5)], ¥t > to,
s€E[to,t] A—w s€E[to,t]
providing that
M|\ _
for e, )l < 220 01504 1) sup [I£(5)], Ve > to.
—w s€E[to,t]

This conclusion follows by using the fact that

A
)\>w+1:>L<1+|w\.
A—w

In the rest of this paper, the following assumption will be used.

Assumption 5.6 Assume that {Up(t,s)}x s)ea C L(Xo) has an exponential dichotomy
with exponent B > 0, constant k > 1 and strongly continuous projectors {Hg(t)}teﬂa -
»C(X(]) and {Hg(t)}tek C [,(X())

Note that if {Up(t, 5)}(t,s)e A has an exponential dichotomy, then combining Remark
5.2 and condition iv) in Definition 1.8 we have

sup|[I5(¢)|| z(z) < & and sup||I5(t)||z(z) < k. (5.3)
teR teR
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Proposition 5.7 Let Assumption 1.1 be satisfied. Let {U(t,s)}u sea C L(Xo) be a
given evolution family such that there exist M >1,weR and

U, )| cexy) < MePE), ¥(t,5) € A.
Assume that for each f € C(R,X) the map

v,\(t,to):/ Ut s)ARy(A) f(s)ds, (£, t0) € A,

to

satisfies

l[oa(t, to)l] < 6™ (¢ — to) sup ]Ilf( s)|l, V(t,to) € A,
s€|to,t

with 6** : [0, +00) — [0, +00) a non-decreasing function such that 6**(t) — 0 ast — 0T.
Let € > 0 be given and fized. Then, for each 1. > 0 satisfying M6**(1.) < & and each
A>w+1 we have

loa(t,t0)| < C(e,7,@, M) sup 9| f(s)], V(t,t0) € A,

be[to, ]
whenever v > & and f € C(R, X) with

2e max(1,e777)

~ ~ 77 — A7, max(0,3)Te
C(e,y,0,M) := Me T oe—m

Proof. Without loss of generality we can assume that tg = 0. Let 7. > 0 be given
such that .
Mé**(s) <e, Vs € [0,7].

Let t > 0 be fixed. Then since we can write ¢ = n7. + 6 with 8 € [0,7.) and n € N we
obtain

N / U(t, s)\Rx(A) f(5)ds
_SO:/(HDTEUt ARA(A)f(s)d /t U(t, s)ARx(A) f(s)d
. (t,s)ARA(A) f(s)ds + . (t, s)ARA(A) f(s)ds

(k+1)7e
Z Lk + 1) /k U((k 4 1)72, s)ARx(A) f(s)ds

— Te

t

+U(t,n7’5)/ U(nte, $)ARA(A) f(s)ds

n71 NTe
=3 U(t, (k+ D)r)oa((k + 1)7e, k7o) + U(t, nre)va(t, nre),
k=0
so that
n—1
vA(t,0) = U(t,n7e) > U(nre, (k + Dr)oa((k + 17, k) + Ut nre)oa(t,nre). (5.4)
k=0
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Next observe that for all (rg,71) € A and r > ro with 0 < rg — 7 < 7. we have

U (r,ro)va(ro, 1) < MePT=m0) [l (rg, )|

< e@(T*TO)]/\J\(s*(TO —r1) sup ||f(s)||
. s€[r1,mo] (5'5)
e“r=ro)e sup || f(s)]-

s€[r1,70]

IN

Let v > & be fixed. Set €1 := max(1,e™77). Let k € N and r € [k7., (k + 1)7.] be given
and fixed. Then if v > 0 we have

e sup [[f(s)[[=¢ sup e ™| f(s)|| <ere” sup e[| f(s)]| (5.6)
s€kTe,r) s€lkTe,r) s€lkTe,r)

while if v < 0

e sup [[f(s)| =¢ sup e e f(s)]
s€lkTe,r] s€lkTe,r]

<ee’*= sup e70| f(s)]|
s€[kTe,r]

<eeme R sup e f(s)|

s€lkTe,r]
<come sup e £(s)]
s€lkTe,r]

<ee? sup e f(s)]|-

s€lkTe,r]

Therefore for each k € N, each r € [k7., (k4 1)7.] and v > & we obtain

e sup | f(s)| <ere™ sup e f(s)]|. (5.7)
s€[kTe,r] s€lkTe,r]

By (5.5) and (5.7) we obtain for each k € N, each r > (k + 1)7. and v > @ that

U (r, (k + D7e)or((k + V7o, kre) || < e@ 0D 07 sup 77 f(s)]].
s€lkTe,(k+1)7e]
(5.8)
Since t — n7. € [0,7.) we have from (5.5) and (5.7) that

Ut nre)oa(t,nre)| - < et e sup [|f(s)l]

R SG[nTa7t]
< Pl e sup e | f(s)]|
~ sG[nTs’t}
< emax(0@)7ec e sup e ()],
SG[”Tsvt]
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and by using (5.4) and (5.8) we obtain

n—1
[oa(t 0)[| - < MePC=mTN U (e, (k 4+ V)re)oa((k + V7, ko) | + U (¢, nre)oa (t, 07|
k=0
n—1
< MeP(t=mm)y @bt img e qup e f(s)]
=0 ~ s€lkTe,(k+1)7e]
4O, sup e 1 (9)]

s€[nTe,t

IN

n—1
J/\J\e@(tfnTa)e’YﬂTg z:e(‘:’_'”("_1—1‘3))TE €1 Sup 6_78‘|f(s)||
— ) SE[Ovt]
+emax(0,w)75616’7t S[up ]6_75”‘}“(8)”
s€(nTe,t

n—1
TR [Ze@-wkn] c1 sup e £(5)]
= s€l0.1]
+emax(0,w)75516’7t sup e—’YSHf(S)H'
s€[0,t]

IN

Then since @ — v < 0 we obtain

||U>\ (t, O)H < ]/M\emax(O,G)TE et

+oo
1+ Z(e@‘%)’“} e1 sup e[| f(s)]|

k=0 s€[0,t]

—~ . 2
< Memm@2eet L e } &1 sup e f(s)]].
—€ € s€10,t]

The proof is complete. m
As a direct consequence of Propositions 5.7 and 5.5 we obtain the following result.

Proposition 5.8 Let Assumptions 1.1, 1.2, 1.3 and 5.6 be satisfied. Assume in addition
that

sup || B(t)]| £(x,,x) < 400
teR

Let ¢ > 0 be given and fized. Then, for each 7. > 0 satisfying k6* (1) < € and each
A>w+1, the map

t
nn(tito) = [ Un(tsARA(A)F(6)ds, (t,t0) € A,
to
satisfies R
[TTF (#)ua(t, o)l < Cle, ) sup ]ev(t_s)llf(é’)II, Y(t,to) € A,
sE€[to,t

whenever v > —f and f € C(R, X) with

2e max(1,e777)

C(&’Y) =K 1_ e—(ﬂ"l"Y)Ts

(5.9)
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Proposition 5.9 Let Assumptions 1.1, 1.2, 1.3 and 5.6 be satisfied. Assume in addition
that

sup || B(t)| £(x0.x) < +00.

teR

Let € > 0 be given and fixred. Then, for each 1. > 0 satisfying k6*(7.) < € and each
A>w+ 1 the map

on(t:t0) = [ Unlt, ) ARAAf(5)ds. (t,10) € A,

to

satisfies

U (to, )oa(t,to)| < Cle,y) sup 7= f(s)], W(t ko) € A,

s€E[to,t]
whenever v > —f and f € C(R, X) with C(e,~) defined in (5.9).

Proof. Let (t,t9) € A be given. Without loss of generality one can assume that
t = 0. From now on fix ¢ty < 0. Let 7. > 0 be given such that

k6" (s) < e, Vs €[0,7.].
Then since we can write tg = —n7. — 6 with 6 € [0,7.) and n € N we obtain

0
U5 (0, t0)0r (0, t0) = / U (0, s)ARA(A)f(s)ds

kTe
fZ/ 5 (0, ARA(A)f()ds

(kJrl)‘r6
+/ Ug(0,s)ARx(A) f(s)ds
n—1 fo —kTe
= ZU§ (0, —k7e) / Ug (—k7e, s)ARA(A) f(s)ds
h—0 —(k4+1)7e
U0, -nm) [ U (o AR f(5)ds,
to
so that
n—1
II7(0)va(0,tg) = ZUg (0, =k )on(—=k7e, —(k + 1)72) + U5 (0, =n7o )un(—n7e, to).
k=0

(5.10)
Since Ug (0, t) is invertible from II™ (o) (Xo) into II7(0)(Xo) with inverse Ug (9, 0), by
applying U (t0,0) to (5.10) we obtain

n—1

Ug (t0,0)vr(0,t0) = ZU§(t0a —kte)on(—kte, —(k + 1)72) + Ug (to, —n7e)ua(—n7e, to).
k=0
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and by using the evolution property of Uy it follows that

n—1
Ug (t0,0)vr(0,t0) = Ug (to, —’I’LTE)ZUB_(—TLTE, —kte)on(—kre, —(k + 1)72) (5.11)
k=0 ’
+UE_; (th *TLTE)’UA(*HTE, tO)
Next observe that for all (rg,r1) € A and r < ry with 0 <rg —r; < 7., we have
|Ug (r,r0)o(ro, 1) | Sﬂe‘(ﬁ(m_;)llw(ro,ﬁ)ll
< e Pk (rg —r1) sup |[f(s)]]
s€[r1,ro) (512)
< e Plrome sup | £(s)l.
s€[ry,mo]

Let v > —f be fixed. Set £1 := max(1,e 7"=). Let k € N and r € [—(k + 1)7., —k7] be
given and fixed. Then if v > 0 we have

e sup [f(s)l[=¢ sup e e f(s)| Sere”™ sup €| f(s)]],
s€[r,—k7e] s€[r,—kTe] s€[r,—kTe]

while if v < 0

e sup | f(s)l =e sup e e f(s)]l
s€[r,—kT:] s€r,—k7e]

<ee?™ sup ¥ f(s)]
s€[r,—kTe]

< e TR qup e8| f(s)]|
s€[r,—k7e]
<ee MMe = gup e8| f(s)]]
s€[r,—k7e]
<ee " sup e f(s)].
s€[r,—kTe]

Therefore, for each k € N, each r € [—(k + 1)7., —k7:] and v > — we obtain

€ sup ]Ilf(8)||§€1€_” sup e[| f(s)[l- (5.13)

selr,—k7e s€lr,—k7e]
By (5.12) and (5.13) we obtain for each k € N, each r < —(k + 1)7. and v > —f that

U (r, =k7e)ua(=kTe, —(k + 1)7o) || < PN HEIT) e=0rey sup eI f(s)]l-
s€[—(k+1)71e,—kTe]

Since —n7. —to = 0 € [0,7.) we obtain from (5.11) and (5.13)

U5 (to, —n7e)oa(—n7e, to) || < ePlotn™e sup [ f(s)]

s€[to,—nTe]
.14
< 65(t0+”75)516_7t0 sup 6”s||f(5)|\7 (5 )

s€[to,—nTe]
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and by using (5.11) and (5.14) it follows that

n—1
U5 (to, 0)TI~ (0)v (0, to)]| < gePltotnTe) Ze(ﬁ+v)(—n+k+1)n€7m@€1 sup V|| f ()|l
k=0 S€[—(k+1)7e,— k7]

Fefltotnte)e e=vt  qup €75 f(s)|
s€[to,—nTe]

n—1
< Keﬂ(to—i-n'rg)e'ynn lze(ﬁ+7)(—n+k+1)75€1 sup e'ys||f(s)||1
k=0

s€[to,0]

+efllotnte)g e~ sup 75| f(s)]|

s€[to,0]

0

< relBH1)(totnTe) g0 Z (eBHNTNke sup €| f(s)]|

i S$€[to,0]
+efltotnme)g e~ sup 7% f(s)].

s€[t0,0]

Finally, since v+ 8 > 0 and ty + n7. < 0 we get

U (t0, )T~ (0)ux (0, t0)|| < & |1 + Z e(B+1)7e) ] sup ¥ f(s)|
L k=—n+1 5€[to,0]

0

<k |14 3 (PN e sup &7 f(s))|

L k=—oc0 s€[t0,0]

2 —t
<K|———=—|e1e 7 sup 7% f(s)]-
] e s A

This completes the proof. m

Lemma 5.10 Let Assumptions 1.1, 1.2, 1.8 and 5.6 be satisfied. Assume in addition
that

sup || B(t) |l £(x,,x) < +00.
teR

Let n € [0,8) be given. Then for each A > w+ 1, each f € BC"(R,X) andt € R

t t

j/\"'(f)(t) = lim Ug(t,s)/\RA(A)f(s)ds = / Ug(t,s))\R)\(A)f(s)ds, (5.15)

to——0o0 to — 0
exists. Moreover, the following properties hold

i) For each n € [0,8) and each A > w+ 1, ;7; is a bounded linear operator from
BC"(R, X) into itself. More precisely for any v € (—3,0)

1T (D)l < CA ) fllgs Vf € BCYR,X) with 5 € [0, —1],

where C (1,v) is the constant introduced in Proposition 5.8.
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ii) For each n € [0,8), each A > w+ 1 and each f € BC"(R, X) we have

TN (D) =U§(t7l)«7f(f)(l)+/ Ug (8, s)ARA(A) f(s)ds, ¥(t,1) € A (5.16)

l

Proof. Let n € [0, ) be given. Let A > w + 1 be given and fixed. Recall

U)\(tﬂf()) = UB(t7S))\R)\(A)f(S)dS, V(t7t0) €A,

to

and observe that

T (£)oa (1, to) = / U ()N () (5)ds, ¥(ti o) € A,

to

and
T = , lim It (t)ua(t, to), Vt € R.
0——00
To prove the existence of the limit, we will show that for each fixed t € R, {TII* (¢)vx (¢, to) }io <t
is a Cauchy sequence. Fix t € R. Let f € BC"(R, X) be given. Let to,r € R such that
to < r <t. Then we have

I (Hox(tto) = U (t7) / U (ry $)ARA(A) f(5)ds + / U (1, )\RA(A) £ (s)ds
— U (t,r)oa(r, to) + I ()or(t, 7)

and
Ot (t)ua(t, to) — O (#)va(t,7) = Ug(t, )T (r)va(r, to). (5.17)

Hence by Proposition 5.8 we can find a constant C(1,7y) > 0 with y € (=3, —n) such
that

[T+ (8)oa(t to) — TIF (o, 7)l| - < ke PEIC(1,7) sup e f(s)]
s€lto,r]

S K/e_ﬁ(t_"‘)a(l’ry)‘lfnn Sup e'Y(T_S)en‘Sl

SE[tU,T‘]

g/@e‘ﬁ(t‘”é(l,7)\|f||,7e‘7(t—r) sup eY(t=s)enlsl
s€[to,r]

S Kjef(ﬁ‘l")/)(t*"‘)a(]_’Py)”f”n sup e"/(tfs)en(ltfsl“r‘tl).
s€[to,r]
Then using the fact that 5+~ > 0 and 7 + v < 0 we obtain
T (€)ox(t, to) — T (Eua(t, 7)]| < ke~ CEDEIC(L,5) | f]|ye,

that is
lim ||TTT (t)va(t, to) — ITT (£)va(t, 7)|| = O.

to,r——00
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This proves the existence of the limit (5.15) for any fixed t € R.
(i): Let n € [0, B) be given. Let v € (—3,0). By Proposition 5.8 we can find a constant
C(1,v) > 0 such that

ITTF (t)oa(t, to)|| < C(1,v) sup ") f(s)||, V(t,to) € A.

seltot]

Then for all (¢,%9) € A

[T (#)oa(t, to) Lv) sup "= f(s)]

C(,v)
Se[to,t]
(LV)Han sup e”(t=s)enls|
Se[to,t]
C(1,v)||f|l, sup ert==enlt=sl+nlt]
Se[to,t]
(1,V)||f||ne77‘t| sup e(l""ﬁ)(t—S)7
s€[to,t]

1,v

and since v + 7 < 0 we obtain

I (Boa(tto)ll - < C(Lv)]| £l

(5.18)
The result follows by letting tg — —oo in (5.18).
(i1): Let n € [0,3) and (t,1) € A be given. Then
TN (H)(@) (1 / U3 (1, s)ARx(A) f(s)ds +/ U3 (t, s)ARx(A) f(s)ds

U (60T (f +/ U (£, s)ARA(A)f(s)ds.
l

This completes the proof. m

Lemma 5.11 Let Assumptions 1.1, 1.2, 1.3 and 5.6 be satisfied. Assume in addition
that

sup || B(t)] £(x,,x) < +00.
teR

Let n € [0,8) be given. Then for each A > w+ 1, each f € BC"(R,X) and ty € R

t

+oo
Ty (f)(to) == — lim U (to, s)ARA(A) f(s)ds := —/ Ug (to, $)ARA(A) f(s)ds,

t—+o0 to
(5.19)
exists. Moreover the following properties hold

i) For each n € [0,5) and each A > w + 1, J, is a bounded linear operator from
BC"(R, X) into itself. More precisely for any v € (—3,0)

1T ()l < CA ) fllgs Vf € BC(R, X) with 7 € [0, ],

where C (1,v) is the constant introduced in Proposition 5.8.
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ii) For each n € [0,8), each A > w+ 1 and each f € BC"(R, X) we have
Iy () =Ug (8, DTy (H) + /lt Up (t,s)ARA(A)f(s)ds, V(t,1) € A (5.20)
Proof. Let n € [0, ) be given. Let A > w + 1 be given and fixed. Recall
nltto) = [ Unlt, ARNA)6)ds, W00 0) € &
Observe that
Us (to.)on(t,t0) = [ U (to, INBA(A) (s)ds, ¥(t,10) € A,

to

and
Ix ()(to) = = lim 2x(t,t0), Vto € R,
with
2a(t,to) i= Ug (to, t)ua(t, to), V(t,to) € A. (5.21)
To prove the existence of the limit, we will show that for each tg € R, {wa(t,%0) }t>¢, 18

a Cauchy sequence. Let f € BC"(R, X) be given. Let t,r € R such that t; < r < t.
Then we have

alttn) = [ Up(to, IARNAN (5)ds + U t0.1) [ U () RA(A)] ()

to

= 2x(r,to) + Ug (to,r)2a(r, 1),

and
Zx(t,to) — 2x(r, to) = Ug (to, ) 2a (7, 1). (5.22)

Then by Proposition 5.9 and the definition of zy in (5.21) we can find a constant 6’(1, ) >
0 with v € (=8, —n) such that

Ix(t,t0) = 2a(ry o) < ke #=RIC(1,5) sup 17D f(s)]

sE€t,r]
< me‘B(T_tO)C(l,'y)||f||ne_7(t_t0) sup eY(s—to)enls
s€[t,r]
< He—ﬁ(r—to)@(l,7)||f||ne—v(r—to)e—w(t—r) sup eY(s—to)enls|
SE[t,r]
S 14/67(6“"7)(7’7“1)6(1’fy)Hf”ne*’Y(t*T) sup 67(57750)677'5'
sEt,r]

S K/e_(’g—i_’)l)(”‘_to)c(l,’)’)Hf”n sup eW(S—tO)eUM
s€[t,r]

< me‘(ﬁﬂ)“’—tﬂ)@(l,7)|\f||,, sup eY(s—to)en(ls—tol+ltol)
SE[t,r]

< Re*(ﬁJrW)(T*to)a(l’,-y)Hf”n sup e(vtm(s—to)enltol
SE[t,r]
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and since S+ v > 0, v+ 1 < 0 we obtain
127 (£ to) — 2a(r, to)l| < we™ PFNT=EIE(L, )| || e,

which gives
lim ||za(t,to) — 2 (7, t0)|| = 0,

t,r—-4o0

and proves the existence of the limit (5.19).
i) Let n € [0, 8) be given. Let v € (—3,0). Note that by Proposition 5.9 we can find a
constant C(1,v) > 0 such that

lwa(t, to)[| < C(1,v) sup =) f(s)], V(t,t0) € A.

SE[to, ]

Then for all (¢,t9) € A

lwa(t, to)|| < C@Q, )| flly sup e’(—to)enlsl

R s€E[to,t]
< C(L)||fll, sup er—to)enlls—tol+Itol)
R s€[to,t]
< C(L)|Iflly sup e tmis=toenltol,
s€Eto,t]
and since v + 1 < 0 we obtain
[t o)l < C(Lw)[£]lpem!. (5.23)

The result follows by letting t — 400 in (5.23).
(ii) Let n € [0, 8) and (,1) € A be given. Then
400
/ Ug (1, $)ARA(A) f(s)ds — Ug (1, $)ARA(A) f(s)ds

t too

Uz (l, t)/l Ug (t,s)ARA(A) f(s)ds —Ug(1,t) ) Ug (t,s)ARA(A) f(s)ds

and because Ug (1, t) is invertible from II™ (¢)(Xo) into I (1)(Xo) with inverse Ug (t,1)
and J, (f)(1) € II" (1)(Xo) one gets

t +oo
U 0T == [ Uz s~ [ Uz @M A) ()
_/l Ug (t, $)ARA(A) f(s)ds + T (f)(B),

and the result follows. m

Lemma 5.12 Let Assumptions 1.1, 1.2, 1.8 and 5.6 be satisfied. Assume in addition
that

sup || B(t)|| (x,,x) < 400.
teR
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Letn € [0, 8) be given. For each A\ > w+1 and each f € BC"(R, X) define
“+o0

INH)(E) = T (@) + T (H)(E) =:/ Ip(t,s)ARA(A)f(s)ds, VE € R, (5.24)

Then the following properties hold
i) For each n € [0,8) and each X\ > w + 1, T is a bounded linear operator from
BC"(R, X) into itself. More precisely for any v € (—,0)
175(Dlly <2 )| flly, ¥f € BC"(R,X) with ne[0,~v),  (5.25)
where 6’(1, v) is the constant introduced in Proposition 5.8.

it) For each n € [0, 5), each A > w+1 and each f € BC"(R, X) we have
¢
TN = Un(t DTN + [ Unlt MRAA)S($)ds, (e € A (5.20
1

iit) For each n € [0, ), each f € BC"(R, X), Jr(f) is uniformly convergent on com-
pact subset of R as A — 4o00.
i) For each f € BUC(R,X) C BCO(R, X) with relatively compact range, Jx(f) is
uniformly convergent on R as A — 4o0.
Proof. The proof of (i) follows from Lemmas 5.10 and 5.11.
(ii) Let n € [0,8), f € BC"(R,X) and (t,1) € A be given. Since Jy (f)(I) € II* (1),
Ty (f)(1) € II" (1) one gets from (5.16) and (5.20)

I (H)(#) = Ug(t, NI ()T (f)(1) +H+(t)/l Ug(t,s)A\Rx(A)f(s)ds. (5.27)
and
Iy (H@) =Us(t, DI~ )Ty (1) +H7(t)/l Us(t, s)A\RA(A) f(s)ds. (5.28)

and the result follows by adding up (5.27) and (5.28) combined with the fact that TI* (¢)+
I=) =1t + () = 1.
(iii) To do this we will prove the convergence for J ;‘ and J, as A goes to +o0c. Let
n €10,8) and f € BC"(R, X) be given. Let ¢ > 0 be given given and fixed. Let r > 0
be large enough such that R

2kePTC (L) fll, < e (5.29)
We first prove the convergence for 7. ;r as A goes to +o0o. Indeed by using (5.27) combined
with the estimate in (i) we obtain for each A\, p > w +1, each t € R

1T () = THHON < we PITF)(E - r) - T () (E=7)]
+5 . Up(t, s)ARA(A) — pR,(A) f(s)ds||

< 2/%*“5(1,V)||f|\nt
+ull [ Us(t, s)[ARA(A) — pRy(A) f(s)ds]|

t—r
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and by using (5.29) we obtain the estimate

t

1T (F) @) = THHO <e+wll | Ut s)ARA(A) — uRu(A) f(s)ds|, Yt € R.

t—r
(5.30)
Now infer from Theorem 1.6 that
t
lim Ug(t,s)[ARA(A) — uR,(A)f(s)ds = 0,
A, pp— 400 t—p

uniformly for ¢ in a compact subset of R and (5.30) yields
lim |73 (F)(t) = TS (N O <e,

A, u——+o0

uniformly for ¢ in a compact subset of R. Since € > 0 is arbitrarily fixed we conclude by
a Cauchy sequence argument that Alim J. ;‘ (f)(t) exists uniformly for ¢ in a compact
— 400

subset of R.

Now we prove the convergence for J, . First recall that for each t € R, Ug (t+7,1) is
invertible from I~ (¢)(Xy) into II™ (¢+7)(Xo) with inverse Ug (t,t+7). Then by applying
Ug (t,t 4+ r) to the left side of (5.28) one gets for all t € R

Ug(t,t+r)Jy (Nt +r) =Ug(t,t+r)Us(t+r O (£)T5 ()(E)

+r

U (6t + )T (L4 1) / Up(t +r, s)\RA(A)f(s)ds, Vi € R,

t
that is

t+r
Us (bt + )T ()t +1) = T (F)(D) +U}§(t,t—|—r)/t Up(t +1,5)ARx(A)f(s)ds, Vi € R,

so that

Ty (H)t) =Ug(t,t+r) Ty (f)(t+r)=Ug(t, t+r) v Up(t+r,s)ARx(A) f(s)ds, Vt € R.

Then for each \,u > w+ 1, each t € R
175 (H) &) = T (NN < ke PIT(HE+71) = T ()t +7)]

—+r

+|| / Us (¢, 5)ARA(A) — uR, (A)]f(s)ds]
< 2k~ E(1,0) | £l
t+r
T / Up(t + . $)AR(A) — uRu(A)]f(s)ds])

and by using (5.29) we obtain the estimate
t+r
1Tx (N =T (HON < e+ f<«'||/t Up(t + 1, 8)ARA(A) — pRy,(A)]f (s)ds]].
(5.31)
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Now we infer from Theorem 1.6 that
t+r
lim Up(t+r,s)[ARA(A) — uR,(A)]f(s)ds =0,

A p—+oo Jy

uniformly for ¢ in a compact subset of R and (5.31) yields

lim 77 (F)(t) = T (H@)] <e.

A, pu—+00
uniformly for ¢ in a compact subset of R. Since € > 0 is arbitrarily fixed we conclude by
a Cauchy sequence argument that )\lim Ty (f)(t) exists uniformly for ¢ in a compact
—+o00

subset of R.
Finally we obtain that

lim J\(f)(t) = lim JF()E)+ lim T (@),

A——+o00 A——+o0 A—~+o00

exists uniformly for ¢ in a compact subset of R.
(iv) The proof use the same argument as in the proof of 7). The uniform convergence
on R is obtained by using Proposition 4.1 which ensures that the limits

t

lim Ug(t,s)[ARA(A) — uR,(A)]f(s)ds =0,
Ap—+0o Ju 4
and
t+r
lim Up(t+r,s)[ARA(A) — uR,(A)]f(s)ds =0,
A, pp——400 t

are uniform fort € R. m
Now we are ready to prove an analogue of Theorem 5.4 for our purpose.

Theorem 5.13 Let Assumptions 1.1, 1.2 and 1.3 be satisfied. Assume in addition that

sup || B(t)|| £(x,,x) < 400.
teR

Then the following assertions are equivalent

i) The evolution family {Up(t, )} .s)ea has an exponential dichotomy.
it) For each f € BC(R, X), there exists a unique integrated solution v € BC(R, Xj)
of (1.1).

Moreover if Ug has an exponential dichotomy with exponent 3 > 0, then for eachn €
[0,8) and each f € BC"(R, X)) there exists a unique integrated solution u € BC"(R, Xy)
of (1.1) which is given by

“+o0
u(t) = lim J\(f)(t) = lim Tp(t,s)ARA(A) f(s)ds, Vt € R,

A—+oo A——+oo o

where {I'(t,5)}t,s)er2 is the Green’s operator function associated to {Up(t,s)}t,s)en-
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Proof. (i) =(ii) This is a direct consequence of Lemma 5.12 by taking the limit
when X goes to +oo in (5.26).

(i) = (i) First of all note that since BC(R, Xy) C BC(R, X), the property i) ensures
that for each f € BC(R, Xj) there exists a unique integrated solution v € BC(R, Xg) of
(1.1). Furthermore note that if uy € BC(R, Xy) is a solution of (1.1) for f € BC(R, Xo)
then by Corollary 3.1 we know that it satisfies the integral equation

us(t) = Ug(t,to)zo +/ Ug(t,s)f(s)ds, ¥t > to,

to

and (i) follows by Theorem 5.4. The proof is complete. m
As a consequence of the foregoing theorem we can obtain the following persistence
result for exponential dichotomy

Theorem 5.14 Let Assumptions 1.1, 1.2, 1.3 and 5.6 be satisfied and assume in addi-
tion that

sup [ B(t)]l £(xo,x) < +oo.
teR

Then there exists € > 0 such that for each strongly continuous family {C(t)}ier C
L(Xo, X) satisfying

sup 1B(t) = C()ll 2(x0,x) < €,

te

the evolution family generated by

du(t)
dt

has an exponential dichotomy.

= (A4 C())u(t), forteR. (5.32)

Proof. The proof of this theorem is classical. Then we will only sketch the proof.
Note that the the evolution family generated by (5.32) has an exponential dichotomy if
and only if for each f € BC(R, X) there exists a unique u € BC'(R, Xj) satisfying

d%(tt) = (A+C@)u(t) + f(t), for t e R.
or equivalently
du(t)
dt

This is equivalent to solve for each f € BC(R,X) the fixed point problem to find
u € BC(R, X) such that

u(®) = J(C() = BO)Ju(.) + f()()

= (A+ B(t)u(t) + [C(t) — B(t)]u(t) + f(¢t), for t € R.

where
+oo

J(g)(t) = lim Tp(t,s)ARA(A)g(s)ds, Vt € R

A—+oo o

which can be performed by using the uniform estimates (5.25) (for n = 0) obtained in
Lemma 5.12. m
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6 Example 1

In order to illustrate our results we will apply some of the results to a parabolic equation
Let p € [1,400) and I := (0,1). Consider the following parabolic equation with
non-local boundary condition for each initial time ¢; € R

ou(t,z)  9%u(t, )

+ au(t,x) + g(t,x), for t > tg and = € (0,1),

ot Oa?
SULULE / Bo(t, 2)p()dz + ho(t) (6.1)
ou

+

g@i D) 2/151(t7$)¢($)dx+h1(t)

u(to,.) = ¢ € LP(I,R),

with a« > 0, g € C(R,LP(I,R)), ho,h1 € C(R,R) and fy, 51 € C(R,LI(I,R)) (with
Lri=1).
Abstract reformulation: In order to incorporate the boundary condition into the state

variable, we consider
X :=R?*xLP(I,R)

which is a Banach space endowed with the usual product norm
T

w1 || = lzol + [ ] + lleell Lo
¥

and we set
Xo := {0g2} x LP(I, R).
We consider A : D(A) C X — X the linear operator defined by
©'(0)
A < O > =1 —¢'(1)
¥ 0"
with
D(A) := {Og2} x W?P(I,R).

By construction Ay the part of A in Xy coincides with the usual formulation for the
parabolic equation (6.1) with homogeneous boundary conditions. Indeed Aq : D(Ag) C
Xy — Xy is a linear operator on X defined by

(%) =(%)
P P

D(Ap) = {02} x {g € W?P((0,1),R) : ¢(0) = /(1) = 0} .
In the following lemma we will first summarize some classical properties for the linear
operator Ag.

with
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Lemma 6.1 The linear operator Ay is the infinitesimal generator of {Ta,(t)},~q, an
analytic semigroup of bounded linear operators on Xo. Moreover, T4, (t) is compact for
each t > 0 and (0,+00) C p(Ag). The spectrum of Ay is given by

o(Ao) = {—(wk)? : k € N}
and each eigenvalue N\ := —(mk)? is associated to the eigenfunction
Y () := cos(mkx).

Furthermore each eigenvalue A\ is simple and the projector on the generalized eigenspace
associated to this eigenvalue is given by

O ORz
Hk,o( * )=<M<M)d¢ )
4 TToerdr

Q,={AeC:Re(N) >w}, YweR,

Set
define for \ € C,
AN = pP(et —e™),

where

= VA
Next we compute explicitly the resolvent of A.

Lemma 6.2 For each w4 > 0 such that
Q,C{AeC:AN)#0}Cp(A),

and for each \ := p? € Q,, we have

0R2 Yo
(AI—A)( ) ): 0 | e

!
Op2 _ Jo
(% )=o)«
. Al(x) 1 AQ(’I’) 1 Al(x) 1 ! — s
A=A T A W T A m/q I

where
A (z) = p? [e"(kz) + ef”(lf‘r)} and Ay(z) = p? [e™H + i) |
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Proof. In order to compute the resolvent we set

1 e’}
u(zx) = i/o e Hlr=slf(s)ds = i /_Jr el f(s5)ds

where f extends f by 0 on R\ [0,1]. We have

x +oo
u(x) L [/ e H@=9) f(s)ds + e"(ms)f(s)ds}

— 00 x

BT

o) o ) R 7
u'(z) = _5/ e M) f(s)ds + 5/ ") f(5)ds
We set
L[ L e
u(0) =y = — e " f(s)ds and u(l) =1 := — e M%) £(5)ds
( ) 0 2# o ( ) ( ) 1 2# | ( )

and we observe that
W/ (0) = iy and /(1) = iy

We set
up(z) := e " and us(x) := e"*.

In order to solve the problem

0 Yo
® f

we look for ¢ under the form
p(x) = u(x) + z1u1(2) + 22u2(2),

where z1, z0 € R.
We observe that to verify the boundary conditions

—¢'(0) = yo and ¢'(1) =y
is equivalent to verify
{ u'(0) + 2117 (0) 4+ 22u5(0) = —yo
u'(0) + z1uf (0) + z2ub(0) = 1
so we must solve the system

2104 (0) 4+ 22u5(0) = —yo —u'(0)
21l (1) + zubh(1) y1 —u'(1)
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which is equivalent to

— 21 +uzo = —Yo — K0
—pe Hz1  tpetza =y +um

hence

= T —pet (—yo — o) + w1 (y1 + p))
oy e (=yo — o) + w1 (Y1 + py)]

and the result follows. m
The following estimation shows that .4 is not a Hille-Yosida operator.

Lemma 6.3 We have the following estimations

0< liminf A"

()\I—A)AH < limsup A" ()\I—A)AH < +o0,
A(ER)—+o00 LX) A(ER)>+o0 L(X)
with
. 2
Py
Proof. Let A > 0 be large enough. We have
0 \/>
_ A .
W=7 o || =l e e
. A0
Lr
Set
R
™= N
we have
VA [ va Wy VA v Vo
A AN ’ P N ’ p < < N AN p
A oy e e = e M ] <o < 255 (167 s + e e
and y
VA ||eﬁ'||Lp _ VA (/1 @Pﬁwdx> P
AN AMev™ —e=v2) o
and

lim Ya\'2r 2 = (1/p)'/? >0,

A— 400

and the result follows. m

By using Lemmas 6.1-6.3, we deduce that Assumption 3.4 in Ducrot, Magal and
Prevost [17] is satisfied. Therefore by applying Theorem 3.11 in [17] we obtain the
following lemma.

Lemma 6.4 The linear operator A satisfies Assumption 1.1 and Assumption 1.2.

Remark 6.5 Since p(A) # 0, one can prove that o(Ag) = o(A) (see [33]).
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Abstract Cauchy problem: By identifying w(¢,.) and v(t) := ( u(()fz) ) we can

rewrite equation (6.1) as the following abstract Cauchy problem for each initial time
to € R

dilit) = Av(t) + av(t) + B(t)v(t) + f(t), for t >ty and v(ty) = ( 031;2 ) , (6.2)
where
J; Bolt, )p(x)dx ho(t)
B(#) ( Or > — | T hitnyede | and 7@ = [ ma)
7 0ps glt,.)

By using Lemma 6.1 we know that (A + al)o the part of (A + af) in X = R? x
LP((0,400),R), is the infinitesimal generator of {T{ 4+ar), (t)}t>0 an analytic semigroup
of bounded linear operators on Xy. By using Lemma 6.4 we deduce that (A + ol)
generates an integrated semigroup {S( Atal) (t)} +>o- Consider for each initial time ¢y € R
the parabolic equation

2
t
dult,z) _ 97ult,z) + au(t,x), for t > tg and x € (0,1),

ot Ox2
R e 63)
+8u(t71) = [, Bi(t, x)p(x)dx

u(to, ) =pe L;D([’ R)a
this equation corresponds to the abstract Cauchy problem for each initial time tg € R

do(t)
dt

= (A4 al)v(t) + B(t)v(t), for t > to and v(ty) = < 03122 ) . (6.4)

Variation of constants formula : By using Proposition 1.5 we obtain the following
result.

Proposition 6.6 The Cauchy problem (6.4) generates a unique evolution family
{Us(t,8)}(t,s)ea C L(Xo). Moreover Ugs(-,to)xo € C([to, +00), Xo) is the unique solu-
tion of the fized point problem

d t
Un(t,to)xo = T(A+QI)O (t—to)l‘o + p / S(A+a[)(t— S)B(S)UB(S,to)CL'()dS, t > 1. (6.5)
to

If we assume in addition that

su}g 180 (t, Mlza + |1B1(E, )|lpe < 400
te

then the evolution family {Up(t, )} s)ea is exponentially bounded.

By using Theorem 1.6 we obtain the following result.
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Theorem 6.7 For each tg € R, each zo € Xy and each f € C([to, +0], X) the unique
integrated solution vy € C([to,+00], Xo) of (6.2) is given for each t > ty by

vs(t) = Upl(t, to)zo + R lim Up(t, s)A\R (A + aI)f(s)ds (6.6)

—+oo to

where the limit exists in Xo. Moreover the convergence in (6.6) is uniform with respect
to t,tg € I for each compact interval I C R.

Exponential dichotomy result : By using Theorem 5.13 we obtain the following
result

Theorem 6.8 Assume that

Suﬂpg 180 (t, Mpa + |131(E, )lpe < 400
te

Then the following assertions are equivalent
i) The evolution family {Up(t,s)},s)en has an exponential dichotomy.

it) For each f € BC(R,X), there exists a unique integrated solution u € BC(R, Xo)
of (6.2).
Assumption 6.9 Assume that a > 0 and o # —(7k)?,Vk € N.

Then the spectrum of A + oI does not contain any purely imaginary eigenvalue, and by
using Lemma 6.1 and Remark 6.5 we deduce that

o(A+al)=o(Ag+al)={—(rk)*+a:keN}.
Therefore
0¢ o(Ao+al).

Then U(t, s) := Ta+ar(t — s) has an exponential dichotomy and we can apply Theorem
5.14 with A+ B(t) :== A+ ol and C(t) := B(t).

Theorem 6.10 Let Assumption 6.9 be satisfied. There exists € > 0 such that

sup [|Bo(t, lza + [[B1(t )a <€
teR

implies that the evolution family {Up(t, )} (+,s)ea C L£(Xo) has an exponential dichotomy.

7 Example 2

In this section we briefly illustrate our results with an application to an age-structured
model which is a hyperbolic partial differential equation. We consider

Ou(t, a) + dgu(t,a) = —pu(t,a), for t >ty and a > 0,

+oo
u(t,0) = ; B(t,a)u(t,a)da (7.1)

u(t07 ) =pE Lf_(((),#’OO),R),
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with po > 0, 8 € C(R, L4((0, +00), R)) (with & + ¢ =1).
As in the preceding example we define the Banach space

X = RxLP((0, +0), R)

in order to incorporate the boundary condition. The Banach space X is endowed with

the usual product norm
r
1(0)| =+t

Xo := {0} x LP((0,+0),R)).
We consider A : D(A) C X — X the linear operator defined by

a(8)=(70)

D(A) := {0} x WP((0, +o0), R).

The following lemma is proved in [32, Lemma 8.1 and Lemma 8.3].

Set

with

Lemma 7.1 The linear operator A satisfies Assumptions 1.1 and 1.2. Moreover we
have )
0 lim A?r||Rx(A .
< Jim Ar[IRA(A)]l 200 < +oo

Lemma 7.1 implies that the part Ag of A on Xy := D(A) generates a Cy-semigroup
{Ta0 () }1>0-

Now we consider the family of bounded linear operators {B(t)}:>0 C £(X) given by

B(t) < ; ) = b m’()a%o(a)da , v( ; > € X.

Hence by identifying u(t,.) and v(t) := < u%lf{z ) >, system (7.1) rewrites as the following
abstract Cauchy problem for each initial time ¢y € R

d%(f) = Au(t) + B(t)o(t), for t > to and v(tg) = < Off > : (7.2)

Proposition 7.2 The Cauchy problem (7.1) generates a unique evolution family
{UB(t,8)}t,syea € L(Xo). Moreover Up(-,to)zo € C([to, +00), Xo) is the unique solu-
tion of the fixed point problem

d t
UB(t,to)l’o = TAO (t — to)l’o + % / SA(t — S)B(S)UB(S,t())ondS, t Z to.
to
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If we assume in addition that

sup|[[B(t, )] ze < 400
teR

then the evolution family {Up(t,s)}x s)ea is exponentially bounded.

By using Theorem 1.6 we also obtain the following result concerning the existence of
exponential dichotomy.

Theorem 7.3 Assume that
sup ||B(¢, )||pe < 400
teR
Then the following assertions are equivalent
i) The evolution family {Up(t,s)}x,s)ea has an exponential dichotomy.

it) For each f € BC(R,X), there exists a unique integrated solution v € BC(R, Xo)

of
du(t)

dt

= Av(t) + B(t)v(t) + f(t), forteR.
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